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ON ./-NORMAL EMBEDDED SUBGROUPS AND
THE STRUCTURE OF FINITE GROUPS
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Abstract

Let G be a group and H be a subgroup of G. H is said to be .#-normal supplemented in G if
there exists a normal subgroup K of G such that G = HK and H; K < G for every maximal
subgroup H; of H. Furthermore, H is said to be ./-normal embedded in G if there exists a normal
subgroup K of G suchthat G = HK and HN K = 1 or HN K is /-normal supplemented in G.
In this paper, some new criteria for a group to be nilpotent and p-supersolvable for some prime p
are obtained.

1. Introduction

In this paper, all groups considered are finite groups.

In finite group theory, it has been an active field to investigate the influence
of the properties of subgroups on the structure of a finite group, and many
good results have been obtained in this field. Among the lots of properties of
subgroups, a good method is to use the “complemented subgroup”. Let G be a
group and H be a subgroup of G. Then H is said to be complemented in G if
there exists a subgroup K of G suchthat G = HK and HN K = 1. As aclass
of basic subgroups of a finite group, primary subgroups attract the interest
of many group workers, and many classical results are obtained by applying
the property of complemented subgroups to primary subgroups. In [6], Hall
proved that a group G is solvable if and only if its every Sylow subgroup is
complemented in it. Arad and Ward [1] proved that G is solvable if and only
if its every Sylow 2-subgroup and Sylow 3-subgroup is complemented in it.
A. Ballester-Bolinches and Guo in [2] proved that G is supersolvable with
elementary abelian Sylow subgroup if and only if its every minimal subgroup
is complemented in it.

In [7], Miao gave the definition of .#-supplemented subgroups of a group
G: a subgroup H of G is called a .#-supplemented subgroup of G (or .-
supplemented in G) if there exists a subgroup B of G such that G = H B and
T B is a proper subgroup of G for every maximal subgroup 7" of H. In the
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same paper, Miao gave some conditions of supersolvability of a group G under
the assumption that some primary subgroups are .#-supplemented in G.

On the other hand, the embedded property of some subgroups also have
great influence on the structure of a group, see [3], [9] for example.

It is natural to ask the following question:

QUESTION. If we combine the property of .#-supplemented subgroups and
the embedded property of subgroups together, what can be obtained about the
property of a group?

In this paper, we first give the following definitions, and then we will proceed
to give some conditions for a group to be nilpotent and p-supersolvable for
some prime p.

DerNITION 1.1. Let G be a group and H be a subgroup of G. H is said
to be ./-normal supplemented in G if there exists a normal subgroup K of G
such that G = HK and H,; K < G for every maximal subgroup H; of H.

DerNITION 1.2. Let G be a group and H be a subgroup of G. H is said to
be ./#-normal embedded in G if there exists a normal subgroup K of G such
that G = HK and H N K = 1 or H N K is /#-normal supplemented in G.

Our main results are as follows.

THEOREM A. Let G be a group. If every maximal subgroup of every Sylow
subgroup of G is M-normal embedded in G, then G is nilpotent.

THEOREM B. Let G be a group and P be a Sylow p-subgroup of G, where p
is an odd prime divisor of |G|. If every maximal subgroup of P is M -normal
embedded in G, then G is p-supersolvable.

Let & be a class of groups. & is said to be a formation provided that (1) if
G € & and H is a normal subgroup of G, then G/H € &, and (2) if G/M
and G/N are in &, then G/(M N N) € &%. Furthermore, % is said to be
saturated if G € & whenever G/ ®(G) € F. Itis well known that the class of
all p-supersolvable groups and the class of all nilpotent groups are saturated
formations. Besides, let 7(G) = {p | p is a prime and p divides |G|} and G
be a group with n(G) = {p1, p2, ..., Pm}» P1 > P2 > --- > pp. If there
exists a chain of subgroups

1=G0§G1§§Gm:G

such that G; is normal in G fori = 0, 1, ..., m and for each i the quotient
G;/G;_; is isomorphic to a Sylow p;-subgroup of G. Then G is said to have
a Sylow tower of supersolvable type. All other terminology and notation are
standard, see [8].
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2. Preliminaries

In this section, we will give some lemmas which are useful in the proof of our
main results.

LeEMMA 2.1 ([8, Theorem 1.6.10]). If H is a subgroup of G with |G : H| =
p, where p is the smallest primer divisor of |G|. Then H < G.

LEMMA 2.2. Let P be a Sylow p-subgroup of a group G, where p is the
smallest primer divisor of |G|. Then G is p-nilpotent if and only if P is -
normal embedded in G.

ProOF. If G is p-nilpotent, then it is trivial that P is .#-normal embedded
in G.

Conversely, suppose that P is ./-normal embedded in G. Then there exists
a normal subgroup L of G suchthat G = PLand PNL =1lor PN Lis
A -normal supplemented in G. If P N L = 1, then G is p-nilpotent. Suppose
that PN L # 1. Then P N L €Syl,(L) and it follows from Lemma 2.1 of [7]
that P N L is #-supplemented in L. Therefore, L is p-nilpotent by Lemma
2.9 of [7], and thus G is p-nilpotent, as claimed.

LEMMA 2.3. Let G be a group. Then the following hold:

(1) IfH < L < G and H is M-normal embedded in G, then H is M -normal
embedded in L;

(2) Let N <9 G and N < H. If H is M-normal embedded in G, then H/N
is M -normal embedded in G/N;

() If H is a w-subgroup and N is a normal ww-subgroup of G, then HN /N
is M-normal embedded in G/ N if and only if H is #M-normal embedded
in G.

Proor. The proof is trivial and is left to the reader.

LEMmaA 2.4 ([10, Lemma 2.6]). Let P be a Sylow subgroup of a group G
and N a normal subgroup of G. If P N N < ®(P), then N is p-nilpotent.
3. Proof of main results

In this section, we will give the proof of our main results. We first give the
following lemma, which is useful for the proof of Theorem A.

LEMMA 3.1. Let G be a group and p be the smallest primer divisor of
|G |. If every maximal subgroup of every Sylow p-subgroup of G is #M-normal
embedded in G, then G is p-nilpotent.

PROOF. Suppose that the theorem is false and let G be a counterexample of
minimal order.
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Let D be a maximal subgroup of some Sylow p-subgroup of G. Then D is
-normal embedded in G. Therefore, there exists a normal subgroup K of G
suchthat G = DK and DN K = 1 or D N K is //-normal embedded in G.

If [ID| = p,then DN K = 1 or D. Suppose that D N K = 1. Let H be
a Sylow p-subgroup of K. Then |H| = p and H is a maximal subgroup of
some Sylow p-subgroup of G. By the hypothesis, H is .#-normal embedded
in G, and thus H is .#-normal embedded in K by Lemma 2.3. Since G is a
counterexample of minimal order, we have that K is p-nilpotent, and thus G
is p-nilpotent, which is a contradiction. Suppose that D N K = D. Then D is
-normal supplemented in G. Therefore, there exists a normal subgroup T
of G such that G = DT and T < G. By arguing similarly as above, we have
that T is p-nilpotent, and thus G is p-nilpotent, another contradiction.

Therefore, |D| > p. If 0,(G) # 1. Then G/0,(G) satisfies the hypo-
thesis of this theorem by Lemma 2.3 and G/O, (G) is p-nilpotent by the
choice of G, whence G is p-nilpotent, which is a contradiction. So, we may
assume that 0,(G) = 1.If DN K = 1, then DK < G for every max-
imal subgroup D; of D, and thus D is .#-normal supplemented in G. Since
G/K = D, there exists a normal series K I K; < --. < K, < G and
|G : Ks| = p. Let T be an arbitrary Sylow p-subgroup of K. Then T is a
maximal subgroup of some Sylow p-subgroup of G, and thus T is .#-normal
embedded in G. It follows from Lemma 2.3 that T is .#-normal embedded in
K. Now by Lemma 2.2, K| is p-nilpotent, which gives the contradiction that
G is p-nilpotent. If DN K # 1, then D N K is .#-normal supplemented in G.
Write D = D N K and let T be a normal subgroup of G such that G = DT,
and D|T < G for every maximal subgroup D, of D. Since G/ T is a p-group,
there exists a normal subgroup 7/T of G/T and |G/T : T,/T| = p. It fol-
lows that 7} < G and |G : T{| = p, by arguing similarly as above, we have a
contradiction, completing the proof.

PrOOF OF THEOREM A. Suppose that the theorem is false and let G be a
counterexample of minimal order.

It follows from Lemma 3.1 that G has a Sylow tower of supersolvable
type. Therefore, let p be the largest prime divisor of |G| and P be a Sylow
p-subgroup of G. Then P is normal in G. We will get a contradiction by
distinguishing the following two cases.

Case 1: PN ®(G) # 1. Let L be a minimal normal subgroup of G con-
tained in P N ®(G). Suppose that L is not a maximal subgroup of P, then by
Lemma 2.3 we have that G/ L satisfies the hypothesis of this theorem, and thus
G/L is nilpotent by the choice of G. It follows that G is nilpotent, which is a
contradiction. Therefore, L is a maximal subgroup of P. Then L = PN (G).
By the hypothesis of this theorem, we have that L is .#-normal embedded in
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G. Therefore, there exists a normal subgroup K of G such that G = LK and
LNK = 1or LNK is #-normal supplemented in G. As L < ®(G), we have
that K = G, and thus L = P N ®(G) is ./ -normal supplemented in G. Let B
be a normal subgroup of G such that G = (PN ®(G))B. Then G = B and for
every maximal subgroup P; of P N ®(G), PiB = B = G, which contradicts
that P N ®(G) is A -normal supplemented in G.

CAse2: PN®(G) = 1. By Theorem 1.8.70f [S], P = Ly X Ly x--- X Ly,
where each L; is a minimal normal subgroup of G fori = 1,2, ...,¢.Ift =1,
then P is a minimal normal subgroup of G. Let E be a maximal subgroup of
P. Then there exists a normal subgroup K of G such that G = EK and
ENK =1or EN K is #-normal supplemented in G. As PN K < G, we
havethat PNK = Por PNK =1.If PNK = P,then ENK = E, whence
E is #(-normal supplemented in G. If PN K = 1, then E N K = 1, and thus
E|K < G for every maximal subgroup E| of E, which also shows that E is
M -normal supplemented in G. Now let B be a normal subgroup of G such that
G = EB and E| B < G for every maximal subgroup E; of E.If PN B =1,
then £ N B = 1. Therefore, E = P, which is a contradiction. If PN B = P,
then E < P < B,and thus G = EB = B, whence E\B = B = G for every
maximal subgroup E; of E, which is also a contradiction. Therefore, r > 2.
Write L = L;. If L is not a maximal subgroup of P, then G/L satisfies the
hypothesis of this theorem by Lemma 2.3, and thus G/L is nilpotent by the
choice of G. If t > 2, then L, is not a maximal subgroup of P, and thus G/L;
is nilpotent similarly. It follows that G = G/(L; N L) is nilpotent, which
is a contradiction. Therefore, t = 2 and L, is a maximal subgroup of P and
|L,| > p. Now by the hypothesis of this theorem, L, is .#-normal embedded
in G. Therefore, there exists a normal subgroup K of G such that G = L, K
and L,NK = 1 or L,NK is #-normal supplemented in G. Let B be a normal
subgroup of G such that G = L, B and T B < G for every maximal subgroup
T of L,. It follows that G = L,(TB). As L,NTB < G and L, is minimal
normal in G, we have that L, N T B = 1. Therefore, |L,| = |G : TB| = p
by Lemma 2.3 of [7], which is a contradiction. Therefore, L is a maximal
subgroup of P and t = 2. Similarly arguing as above, we have that L is also
a maximal subgroup of P. It follows that |L;| = |L,| = p. By hypothesis,
L = L, is #-normal embedded in G. Then there exists a normal subgroup
K of G suchthat LN K = 1 or L N K is /#-normal supplemented in G.
If LN K =1, then K is nilpotent by Lemma 2.3 and the choice of G. For
every g € n(G) and g # p and Q €Syl, (G). It follows that Q €Syl, (K) and
0 < K, and thus Q < G. Noticing that the Sylow p-subgroup of G is also
normal, we have that G is nilpotent, which is a contradiction. If L N K # 1,
then L N K = L and L is ./#-normal supplemented in G. By arguing similarly



248 R. CHEN, X. ZHAO AND R. LI

as above, we can get a contradiction, completing the proof.
The following two lemmas are useful in the proof of Theorem B.

LEMMA 3.2. Let G be a group and p be an odd prime divisor of |G|. If
every Sylow p-subgroup of G is M-normal embedded in G, then G is p-
supersolvable.

PrOOF. Suppose that the theorem is false and let G be a counterexample of
minimal order. Then by Lemma 2.3, we may assume that 0, (G) = 1.

Let P be a Sylow p-subgroup of G. Then there exists a normal subgroup K
of G suchthat G = PK and PN K = 1 or PN K is /#-normal supplemented
inG.If PNK =1or PNK = P, then P is ./-normal supplemented in
G and P;,K < G for every maximal subgroup P; of P.As |G : K| =p
by Lemma 2.3 of [7], we have that G/(P;K)¢ is isomorphic to a subgroup
of §,. Let T = N(P;K)g. Then T N P < ®(P), and T is p-nilpotent by
Lemma 2.4. Since O, (G) = 1, we have that T = 1. Therefore, G = G/T
is isomorphic to a subgroup of §, x §, x --- x §,, and thus ®(P) = 1. It
follows that P N K < ®(P) = 1, and thus K is the normal Hall p’-subgroup
of G. Therefore, K = 0,(G) = 1, which is a contradiction.

Supposethatl] < PNK < P.Then PNK isaSylow p-subgroup of K, and
P N K is #-normal supplemented in K. We have that O, (K) < 0,(G) = 1.
Now by arguing similarly the pair (P N K, K) as the pair (P, G) in the above
paragraph, we can also get a contradiction, completing the proof.

LEMMA 3.3. Let G be a group and P be a Sylow p-subgroup of G, where p
is an odd prime divisor of |G|. If every minimal subgroup of P is M-normal
embedded in G, then G is p-supersolvable.

ProOF. Let L be a minimal subgroup of P. Then there exists a normal
subgroup K of G suchthat G = LK and LN K = 1 or L N K is ./#-normal
supplemented in G. As L is of order p, we havethat LNK = lorLNK = L.
In each case, we have that L is ./#-normal supplemented in G. It follows from
Theorem 4 of [4] that G is p-supersolvable, as claimed.

ProOOF OF THEOREM B. Suppose that the theorem is false and let G be
a counterexample of minimal order. If |[P| = p?, then the theorem is true
by Lemma 3.3. Therefore, we may assume that |P| > p?. Since G/ 0,(G)
satisfies the hypothesis of this theorem by Lemma 2.3, if O, (G) # 1, then
G/0,(G) is p-supersolvable by the choice of G, and thus G is p-super-
solvable. Therefore, we may assume that O,/ (G) = 1.

We will get a contradiction by the following steps.

STEP 1: O,(G) # 1. Let E be a maximal subgroup of P. Then there exists
anormal subgroup K of G suchthat G = EK and ENK = lor ENK is /-
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normal supplemented in G. Since G/K = E/E N K is a p-group, there exists
a normal subgroup K; of G such that K < K| and |G/K| = p. Now let P,
be a Sylow p-subgroup of K. Then P; must be a maximal subgroup of some
Sylow p-subgroup of G and P; is /#-normal embedded in G by the hypothesis.
It follows from Lemma 2.3 that P; is .#/-normal embedded in K;. Then by
Lemma 3.2 one has that K is p-supersolvable. Since O, (K) < 0,(G) =1,
we have that O,(K) # 1, and thus 0,(G) # 1.

STEP 2: 0,(G) N ®(G) = 1. If 0,(G) N ®(G) # 1, then we can choose
a minimal normal subgroup L of G such that L < 0,(G) N ®(G). If L
is not a maximal subgroup of P, then the choice of G leads to that G/L
is p-supersolvable, and thus G is p-supersolvable, which is a contradiction.
Therefore, 0,(G) N ®(G) is a maximal subgroup of P. Let P; = 0,(G) N
@ (G). Then there exists a normal subgroup K of G such that G = P; K and
PN K is #-normal supplemented in G. As P; < ®(G), we havethat G = K,
and thus P; is ./-normal supplemented in G. Therefore, there exists a normal
subgroup B of G suchthat G = Py Band T B < G for every maximal subgroup
T of P;. As P < ®(G), we can also have that G = B, which contradicts that
TB < G. So we conclude that 0,(G) N ®(G) = 1.

STEP 3: final contradiction. By the above claim and Theorem 1.8.7 of [5],
we have that 0,(G) = Ly x Ly x - -- x L;, where each L; is a minimal normal
subgroup of G fori =1,2,...,¢.

LetL € {Ly,Ly,...,L;}. If |P/L| < p, then we can choose a maximal
subgroup E of P such that E < L. Then there exists a normal subgroup K of
G suchthat G = EK and EN K = 1 or E N K is ./#-normal supplemented
in G. As L is minimal normal in G, we havethat LN K =1lorLNK = L.
In the former case, we have that E N K = 1, and thus £, K < G for every
maximal subgroup E; of E, thatis to say E is .#-normal supplemented in G.
In the latter case, E = E N K is also .#-normal supplemented in G. Now let
B be a normal subgroup of G such that G = EB and E|B < G for every
maximal subgroup E;| of E. Since G = EB = E(E\B) = L(E|B), and
LN E{B =1, wehave that |L| = |G : E| K|, which equals to p by Lemma
2.3 of [7], and this is a contradiction. Therefore, |P/L| > p and there exists
a maximal subgroup H of P such that L < H. By the hypothesis there exists
a normal subgroup K of G suchthat G = HK and HNK =1lor HNK is
{-normal supplemented in G.

If r =1, then O,(G) = Ly = L is a minimal normal subgroup of G.
IfLNK =L,then L < HN K. Write T = H N K. Then there exists a
normal subgroup B of G such that G = T B and T} B < G for every maximal
subgroup 71 of T. As L £ ®(G), we have that L £ O,(T). Therefore,
there exists a maximal subgroup 7) of H such that T = LT;. It follows that
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G =TB = LT\B, and thus |L| = |G : T;B| = p by Lemma 2.3 of [7]. On
the other hand, G/ L satisfies the hypothesis of this theorem by Lemma 2.3, the
choice of G leads to that G/L is p-supersolvable, and thus G is p-solvable. It
follows that C5 (0, (G)) = 0,(G) since O, (G) = 1. Therefore, G/0,(G) =
G/Cg(0,(G)) is isomorphism to a subgroup of Aut(L), which is abelian,
and thus is p-supersolvable. Therefore, G is p-supersolvable, a contradiction.
Therefore, L N K = 1. It follows that K < Cg(L). Similarly as in the former
argument, we have that G is p-solvable, and thus K < C¢(0,(G)) < 0,(G),
which is also a contradiction.

Therefore, + > 2, and neither L; nor L, is a maximal subgroup of P. It
follows that both G/L; and G /L, satisfy the hypothesis of this theorem by
Lemma 2.3, by the choice of G we have that both G/L and G/L, are p-
supersolvable, and thus G = G/(L; N L,) is p-supersolvable, which is a final
contradiction, completing the proof.
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