MATH. SCAND. 127 (2021), 209-222

ASYMPTOTIC BEHAVIOR OF ;j-MULTIPLICITIES

THIAGO HENRIQUE DE FREITAS, VICTOR HUGO JORGE PEREZ
and PEDRO HENRIQUE LIMA

Abstract

Let R = @, en, Rn be a Noetherian homogeneous ring with local base ring (R, mo). Let Ry =
@nen Ry denote the irrelevant ideal of R and let M = @,z M, be a finitely generated graded R-
module. When dim(R() < 2 and q is an arbitrary ideal of Ry, we show that the j-multiplicity of
the graded local cohomology module jy(qo, H;q (M),,) has a polynomial behavior for all n < 0.

1. Introduction

Throughout this paper, let R = @,en, R, be a Noetherian homogeneous ring
with local base ring (R, mp). We also assume that R is standard which means
that R = Rg[R;] is a finitely generated Ry-algebra by elements of degree one.
Let Ry = ®,cn R, be the irrelevant ideal of R and m := my @ R, denote the
graded maximal graded ideal of R. Let M = &,z M, be a finitely generated
graded R-module.

It is well known that the study on the Hilbert-Samuel multiplicity of ideals
on Noetherian rings is a relevant topic of interest in Commutative Algebra
and Algebraic Geometry. In [1], Achilles and Manaresi introduced a extension
of the Hilbert-Samuel multiplicity, called j-multiplicity and since then, much
efforts have been made in order to extend the good properties of the usual
multiplicity (e.g. [12], [13] and [10]).

One interesting property is the asymptotic behavior of the Hilbert-Samuel
coefficients of the graded local cohomology modules. More precisely, when
dim(Ry) < 2, Brodmann, Fumasoli and Tajarod [3], Brodmann and Rohrer
in [6], and Brodmann, Rohrer and Sazeedeh [7] have shown that, if qq is an
mp-primary ideal of Ry and n < 0, the Hilbert-Samuel coefficients

eo(qo, Hg (M),)  and  e;(qo, Hg, (M),)

have a polynomial behavior, where H}'€+ (M) = GB,IGZH}'e+ (M), is the ith
graded local cohomology module of M with respect to R, [8].
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The main motivation to study graded modules H 1i?+ (M) and their graded
components comes from geometry. In geometric terms, it means to study the
asymptotic behavior of Serre cohomology modules of schemes and coherent
sheaves induced by a graded R-module M ([8], [4]). This motivates us to extend
their computations to j-multiplicity and consider the following question:

QUESTION. Let qg be an arbitrary ideal of Ry. Forn < 0, is the generalized
Hilbert-Samuel coefficient j;(qo, H Ilh (M),,) a numerical polynomial for i =
0,1,...,dim(Ry)?

From now on, let gy be an arbitrary ideal of Ry. Our main results (The-
orem 3.3 and Theorem 3.6) show that in the cases (i) and (ii) below, there
exists a numerical polynomial Q € Q[x] of degree less than i such that

Jo(ao, Hg (M),) = Q(n)  foralln < Oandi € N.

The two cases are

(i) dim(Ro) = I;
(i) dim(Ro) = 2 and dim(Hj, (M),) > 1 foralln < 0.

A key element for the proof of theses results is Theorem 3.1, that shows the
Artinianess of the graded R-modules

aoHy (M) aoHy (M)
Hr}loR(f—+) and FmoR<f—+>’
PoHy (M) poHpy (M)

where py C q are arbitrary ideals of Ry, when dim Ry < 1.

We briefly describe the content of the paper. In Section 2, we fix our nota-
tions and we recall the definitions on the Hilbert-Samuel polynomials for No-
etherian modules, Hilbert-Kirby polynomial for Artinian modules, Hilbert-
Samuel coefficients, generalized Hilbert-Samuel multiplicities and, in partic-
ular, the j-multiplicity. We also recall key remarks for the rest of the paper.
In Section 3, we start with an investigation concerning the Artinianess of the
graded local cohomology modules previously cited. Further we investigate the
polynomial behavior of the j-multiplicity jo(qo, H lih (M), forn < 0.

2. Set-up

First we fix our terminology and we establish some preparatory facts that will
be needed throughout the paper.

NotaTiON2.1. Fromnow on, let R = @,n, R, denote a Noetherian homo-
geneous ring with local base ring (Rp, 11p). We also assume that R is standard
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which means that R = Ry[R]is afinitely generated Ry-algebra by elements of
degree one. Let R, = @, n R, be the irrelevant ideal of R and m := my® R,
denote the graded maximal graded ideal of R. Let M = &,z M,, be a finitely
generated graded R-module.

Let (Ro, T R) denote the my-adic completlon of the local rmg (Ro, rno)
We also denote R := Ry ® r, R and M by the graded R-module Ry ® R M

The next facts can be found in [9] and ([3, Remark 2.1]).
(A) HILBERT POLYNOMIAL FOR NOETHERIAN MODULES. Let N = @,z N,
be a Noetherian R-module. Then the following statements are equivalent:
(i) £g,(N,) < oo foralln > 0.
(ii) There is some m € N with m'N,, = 0 for all n >> 0.

Moreover, by a similar argument showed in [14], if N satisfies the statements (i)
and (ii), we see that there exists an uniquely determined polynomial Py (n) €
Q[n] of degree at most dimg, (R /noR;) — 1 such that

Lry,(Ny) = Pn(n) foralln > 0.

The polynomial Py (n) is called the Hilbert-Samuel polynomial of N.

(B) HILBERT-KIRBY POLYNOMIAL FOR ARTINIAN MODULES. Let A =
@®,czA, be an Artinian R-module. Then all the Ryp-modules A, are Artinian
and the following statements are equivalent:

(i) The Ry-module A, is finitely generated for alln < 0.

(i1) £g,(A,) < ooforalln <« 0.
(iii) There is some m € N (which depends of n) with niyf A, = 0 for all
n < 0.
Moreover, by a similar argument as in [11, Theorem 2] and [7, Remark 2.1],
if A satisfies the statements of (i)—(iii), there exists an uniquely determined
polynomial P4(n) € Q[n] of degree at most dimg, (R;/moR;) — 1 such that

LR, (Ap) = P4(n) foralln <« 0.

So, we say that A is an Artinian graded R-module with Hilbert-Kirby polyno-
mial Py(n).

(C) GENERALIZED HILBERT-SAMUEL COEFFICIENTS. Let 7 be a finitely
generated module over Noetherian local ring (S, nt) and let I be an arbitrary
ideal of S. Set W = @2 'y (I"T/1"*'T). Since W is annihilated by a large
power of m1, the Hilbert-Samuel function

Hy () =Y Ls(Cu('T/1VH'T))

v=0
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is well defined. In [13], it is defined the generalized Hilbert-Samuel function
of I on T by H; r(n) := Hy(n) for every positive integer n > 0. Let d be a
positive integer such that d > dim T'. Then, for n large, H; r(n) is eventually
a polynomial Q% (n) of degree at most d and it can be written as

d .
. d —
Qb = > (=) i, T)(" ey l),
i=0

where j;(I, T),0 <i < d, are called the generalized Hilbert-Samuel coeffi-
cients of I withrespectto T. The coefficient jo(I, T) is called the j-multiplicity
of I with respect to T.

Note that, if I is m-primary ideal, the generalized Hilbert-Samuel function
coincides with the usual Hilbert-Samuel function; in particular, the generalized
Hilbert-Samuel coefficients j; (I, T') coincides with the usual Hilbert-Samuel
coefficients ¢; (I, T), foralli =0, ...,d.

Recall that the Krull dimension of

FU.T) :=G(T)/mG(T) = 1"T/mi"T
n=0

is called the analytic spread of I with respect to T and denoted by £(/, T). In
general, £(I, T) < dimT. By [12, Lemma 3.1], jo(I, T) # O if and only if
LU, T)=d.

Similarly to the usual Hilbert-Samuel multiplicity, there is an associativity
formula for j-multiplicity [12] given by

G Ty =" L5 (Ty)jo(I. S/p),

peAssh(T)

where Asshg(T) := {p € Assg(T) | dim(S/p) = dim(T)}. For these and
other properties about the j-multiplicities see [12] and [13].

Also, recall that x € m is an m-filter regular element with respect to an
S-module T, if it satisfies the following equivalent conditions:

(i) x is a nonzero divisor with respect to T/ ', (T);
(i) (0:7r x) S Ty(T);
(iii) x & UpeAsss(T)\{m} b.
So, in view of (iii), each m-filter regular element x € m is a parameter with
respectto 7. Let [ is an ideal of S. We say that x € [ is a superficial element

of I with respect to T, if there exists ¢ € N such that for all kK > ¢, we should
have (I*T'T :7 x) N I°T = I*T (see [9, Definition 8.5.1]).
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The following remark describes some well known properties in the literature
(e.g. [7D).

REMARK 2.2. (a) By the graded Flat Base Change Theorem for local co-
homology modules and functor extension, there are the following isomorph-
isms . _ o

Ro ®, Hj, (M), = HS (M),

and R R
(0245w, 90) @, Ro = (0 HE (), doRo)

for all n € Z, and for any ideal q¢p C Rp.

(b) Let (S, m) beA a Noetherian local ring and let 7' be a finite S-module. So
we have that dimg(S ®s T') = dimg(T).

(c) Without loss of generality we can move from finite residual field to
infinite as follows. For a Noetherian local ring (S, n1), let X be a variable over
S.Set§" = S[X]usix;. Then S € §' is a faithfully flat extension of Noetherian
local rings with the same Krull dimension. The residue field S’/mS’ of S
contains the residue field S/nt of S and is an infinite field. Since S is a faithfully
flat extension of a Noetherian local S-algebra, we get the same properties of
(a) and (b) for the ring S.

(d) Let (S, m) be a Noetherian local ring and let T be a finite S-module
with dim7 = 1. Let N = H2(T) and T = T/N. Note that H2(T) = 0
and dim T = dim T = 1, which implies that depth T = 1. Therefore T is a
Cohen-Macaulay S-module.

3. Artinianess and asymptotic behavior

The next result is a key ingredient for the rest of the paper.

THEOREM 3.1. Let dim Ry < 1 and let py, qo be ideals of Ry. Then, for all
i€ N(),
QOH§3+ (M)
PUH}Q+ (M)

. qoHy, (M)
1) Hl}IoR<p0H,";(M)
bo € qo.
Q0 Hy, (M)
boOoH,ing(M)
ideals of Ry.

) and 'y g (

) are Artinian R-modules provided

(i)

is an Artinian R-module, provided o, q¢ are my-primary

Prookr. (i) The short exact sequence

0 —> poHj (M)—>qoHy (M) —> aoHp (M)/poHp (M) —> 0
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induces the long exact sequence

| . qoH, (M)
0 —> Tz (PoHg, (M)) —> Tuor(00Hk, (M) —> F“‘”(W)

. . qoHy (M)
1 i 1 i 1
- HmOR (DOHR+(M)) — HmoR (quR+(M)) HmoR (m)

. qoHg (M)
H? H: (M H? Hi (M H? [ ———).
- my R( bo ( )) - moR( do R+( )) — mOR<pOHIl€+(M)>

Since dim Ry < 1, we may choose x € my such that /xRy = my. In fact, if
dim Ry = 0, choose x = 0, and if dim Ry = 1, choose x € mp\ Ui p;, where
P1, ..., denote all minimal primes of Ry. Also, v/moR = +/xR; whence
Hp p(boHp (M) = 0.

As Ty, r (90 H;€+ (M)) is a submodule of I'y, r (H,’e+ (M)), which is an Artin-
ian R-module [3, Theorem 2.5], we have that 'y, r (00 H llh (M)) is Artinian.
Therefore, to prove the statement it suffices to show that H]}IO r(PoH ,’g (M)) is

Artinian.
LetN =H Iih (M). Let £ = u(po) denote the minimal generating set of py.

Consider the natural epimorphism R — po. By tensorizing, we have another

epimorphism
f:N ®R, Rg —> N ®g, Po,

or even better, the following exact sequence
0 — Ker(f) — N ®g, Ry —> N ®g, Po —> 0,
which leads to a long one:

0— FmoR(Ker(f)) — 1_‘moR(N ®RO Rg) — l—1moR(N ®R0 pO)

- HxIIOR(Ker(f)) - H]IloR(N @Ry R(I)L) - ng(N ®r, Po)

I Hn[ R(Ker(f)) I II[()R(N ®R0 Rg) — n[ﬂR(N ®R0 pO)-
Since Hmo rKer(f)) = 0, one obtains an epimorphism

(N ®R0 Rg) — IlloR(N ®R() DO)

mo R

Once Hmo z(N) is Artinian by [3, Theorem 2.5], it follows that H]}lo r (N ®g, bo)

is Artinian.
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Now, by doing the same above steps done from the epimorphism f but now
performed for the epimorphism g: N ®g, Po — boN definedbyn ® j — jn,
one would end up in an epimorphism

HI:‘I()R(N ®RO p()) — H]LOR(DON)9

in a way that HI}IO r(PoN) will be Artinian, as desired.
(i1) By tensorizing the exact sequence

0 — qoHg, (M) — Hi (M) —> Hp (M)/aoHp, (M) — 0
by Ro/po, we obtain the long exact sequence

- —> Tor{* (Ro/po, Hy, (M)/aoHy_(M)) —> qoHy_ (M)/poaoHy, (M)
—> Hjy (M)/voHj (M) —> Hy (M)/(vo + o) Hy, (M) —> 0.

Now, the result follows by [3, Lemma 2.2] and [3, Corollary 2.6].

In the next result, let *ﬁ(—) denote the *Matlis dual functor of graded
R-modules (see [7, Remark 2.3] for more details).

PrOPOSITION 3.2. Let T be a graded R-module such that each Ry-module
T, is finitely generated. Suppose that the R-module L := 'y, g(T) is Artinian,
and that
LRy (T (Tn)) < 00 foralln € 7.

Then there exists a polynomial Py € Q[x] such that £g,(I'y,,. (T,)) = Pr(n)
Joralln < 0 and

deg(Py) = dimz *D(0 :7 mp) — 1.

Proor. Since L, = I'y,,(7,,) is an Artinian Ry-module finitely generated,
we get £(I'y,, (T,)) < oo foralln € Z.

As each L, is a finitely generated Ro-module, it follows that m5L = 0
for some k. In fact, since L is Artinian, m’é“L = m’(‘)L for some k so that
m'(‘)Ln = 0 for each n by Nakayama Lemma. Hence, L = (0 :r mg). The
result follows then by [7, Proposition 2.4].

Now we are prepared to show our first main result.

THEOREM 3.3. Assume that dim(Rg) < 1. Let i € Ng and let q¢ be an
arbitrary ideal of Ry. Then
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(1) there exists a numerical polynomial P € Q|[x] such that
q0Hj (M)
LR (F R<+> ) = P(n) foralln <0
o\ * mo q(z)Hlle+ M) ),

and R
deg(P) = dim}%D(O s, 00 mo) —1.

G HR, (M

(i) there exists a numerical polynomial Q € Q[x] of degree less than i such

that ) )
Jo(ao, Hg (M),) = Q(n)  foralln K0.

a0 Hj, (M)
03 H, (M)
Since the Ryp-module H Iih (M), is finitely generated for all i € Ny ([8, Pro-
position 15.1.5]), the result follows by Proposition 3.2.

(ii) First, by Remark 2.2, we may assume that Ry /1 is an infinite residue
field.

Note that if i = 0, the result is clear because H,g+ (M), =0forn « 0. So,
suppose that i > 0 and let the short exact sequence

ProoF. (i) By Theorem 3.1, the R-module I'y, R( ) is Artinian.

0—Tg M) — M — M/Tg (M) — 0.
This sequence induces a long exact sequence
oo —> Hyp (Tg, (M), — Hp (M), — Hy (M/Tg (M), —> ---

of Ro-modules. By mean of the isomorphism HI"e+ (M) ~ HI"e+ (M/T'g, (M)),
we may assume ', (M) = 0. By [3, Theorem 2.5], the R-module Ry/my ®
H Ilh (M) is Artinian for any i. Thus, by [3, Lemma 3.3], there exists an M-

regular element x € R; such that H lih (M), > H }§+ (M), 1 is surjective for
n K 0.
Therefore, if we apply cohomology to the exact sequence

0— M - M(1) — [M/xM](1) — 0,
we get a short exact sequence of Ryp-modules
0 — Hp '(M/xM),s1 — Hi (M), —> Hy (M), —> 0,
and by additivity of j-multiplicity [12, Theorem 3.11], we may conclude that

jo(ao, Hyy, (M)a) = jo(ao, Hiy, (M)as1) = jo(ao, Hig ' (M/xM),41)
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for all n < 0. Now, the statement (ii) follows by induction on i.

CoROLLARY 3.4 ([3, Theorem 3.5 (b)]). Assume that dim(Ry) < 1. Let
i € Ng and let g9 be an my-primary ideal of Ry. Then there exists a numerical
polynomial Q € Q[x] of degree less than i such that

eo(do, Hy, (M),) = Q(n)  forall n < 0.

In the following remark we recall some useful properties for the rest of the
paper.

REMARK 3.5. Choose an uncountable extension field L of K = Ry/my
(for instance, the field of fractions of a polynomial ring in uncountably many
indeterminates over K). Suppose Ry is a complete ring. By [5, Proposition 6],
there is a diagram of Noetherian local rings

17 80 ’ fO
R <~ Ry 25 Ry,

such that (R, my) and (R, my) are complete with residue fields K’ and K" =
L respectively, fy is surjective and gy turns R into an unramified flat R(-
algebra (that is, m Ry is the maximal ideal of Ry)).

In the proof of [5, Lemma 7] it is shown that

Hig, (M), @, R) = Hyy o 5 (M @1, R

Thus, tensorizing it by (fo_1 (q0) Ry ’”/(fo_l(qo)R(/)’)’"“, where q is an arbit-
rary ideal of Ry, we obtain

ap Hy (M), L o QOR)" Hy o (M ®@g, R}y
Q" Hy, (M), (fo '@ RGY"™ Hy g, gy (M @, R}

Ro RO

foralln € Z and i, m € Ny. By using [8, Theorem 13.1.8] it yields
ag Hy, (M),
Flllb (L) @Ry R(/)/

m+1 rri
Gy Hg, (M), _ .
: ( (fo @R " H g, gy (M ®r, RY) )
myRY - - .
"N QORI HY, o o (M @, R

By flatness and unramifiedness, it may be verified that g, (T')) = gy (T ®, Ry)
for an Ro-module 7' of finite length. Besides, Iy, (T) = Iy (T). With these
remarks and the definition of j-multiplicity we get

Jo(o, Hy, (M) = jo(fg ' (A0)Ry. Hp, g, o (M ®r, RY)n).
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THEOREM 3.6. Assume that dim(Rg) = 2. Let i € Ngy and let q¢ be an
arbitrary ideal of Ry. Ifdim(HIie+ (M),) = 1 foralln K< 0, there exists a
numerical polynomial Q € Q[x] of degree less than i such that

jo(ao, Hy (M),) = Q(n)  foralln < 0.

Proor. First, consider dim(H li?+ (M),) = 2 for infinitely many n € Z.
Because of it, % := |, s Assh(Hj,‘e+ (M),) N Assh(Ry) is a non-empty fi-
nite set and Assh(H §+ (M),) N Assh(Ry) # @ for infinitely many integers
n (see proof [7, Corollary 3.12]). So there exists ¢ € J7 such that q €
Assh(H Iih (M), for infinitely many integers ».

For any p € J/, the ring (Ry),, is Artinian. Since Ry, is a graded ring with an
local base ring (Ry)y, by the Flat Base Change Theorem for local cohomology

modules and [8, Exercise 7.1.4], we deduce that H,"€+ (M), = H("Rv)+ (M) =

H}(M,) is Artinian, where n denotes the maximal ideal of R,. Hence, [2,
Lemma 4.3] provides (HI"e+ M),y = (Hzih (M)y), is non zero for infinitely
many n < 0 if and only if it is non zero for n < O.

In particular, dim H,"e+ (M),, =2 forn < 0and Assh(H;'e+ (M),) is asymp-
totically stable forn — —oo. Now as (Rp)y is Artinian, by [3, Theorem 3.5 (a)]
there exists a numerical polynomial P := PH;;+(M),J (x) € Q[X] such that

deg(P) < i and PH,"Q(M)D (n) = E(RO)D((H;e+ (M)y),) for all n <« 0. So by the

associativity formula for j-multiplicity (see in the introduction, item (D)), for
n <K 0 we get

Joao, Hy (M)) = > gy, (Hg, (M)n)y) jo(d0. Ro/p)
peAssh(Hp, (M),)

= > Py an, Moo, Ro/p).

peAssh(Hj, (M),)

Therefore, there exists a numerical polynomial Q € Q[X] with deg(Q) < i,

such that ) ‘
Jo(ao, Hg (M),) = Q(n) foralln <« 0.

Now we may assume that dim(H,"e+ (M),) = 1forn <« 0. By Remark 2.2,
(a) — (c), we may assume that (Ry, 1) is complete. Consider the exact se-

quence _
0 — I'yrM) — M — M —0

where M = M/ T, r(M). This sequence induces the long exact sequence
++o —> Hp (Tuwr(M)) —> Hp (M)
L5 Hy (M) — Hy ' Tugr(M) —> ---.
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Since Hl"h (F'wyr(M)) is Artinian for all i € Z [3, Lemma 2.3], it follows
that Ker () and Coker(w) is Artinian. Now consider the short exact sequences

0 — Ker(u) — Hp (M) — Im(u) — 0

and o
0 — Im(n) — H;e+ (M) — Coker(u) — 0.

Also, since dimpg, (Ker(u),) = dimg,(Coker(u),) = 0 and jy(qo, —) is addit-
ive we deduce jy(qo, HI"e+ (M),) = jo(qo, H1ie+ (M),)) for all n < 0. We may
then assume that I', g (M) = 0.

By Remark 3.5, we may replace R and M by R ®g, R; and M ®g, R}
respectively and assume that the residue field K of the base ring Ry is uncount-
able.

Consider now the following sets:

S = | Assg,(T,) U|_J Assg,(My) UMin(Ro) S Spec(Ry)

nez kez

and

P = Assc,, (k) (Goy (T))\Var(G, (Ro) 4) S Spec(Go, (Ro))

neZ

where T, = H,"Q+ M),/ FmOR(H,"e+ (M),), Gy, (Ro) and G, (T,) is the associ-
ated graded ring of Ry withrespect to q¢ and the associated graded module of 7,
with respect to qo, respectively. Note that & and & are countable sets of ideals
of Ry and G, (Ry) respectively, since G,,(Ry) is Noetherian and G, (T},) is
finitely generated for all n € Z. Since I'y,,,g (M) = 0, no ideal in & contains
qu, and no ideal in & contains G, (Ro)+. Therefore, as K is uncountable,
we may apply [5, Proposition 4] to obtain an element x € qy-\ (a0 U |J &)
such that x + a3 € G4, (Ro)1\ U 2.

In particular, x € mg is a parameter element of Ry which is n1p-filter regular
with respect to M and H ;§+ (M), forall n < 0. So, x is a non zero divisor with

respect to the 1-dimensional Ry-module 7,, := H Iih M)/ Ty (H Iih (M), for
all n <« 0. Besides, x € qo is a superficial element respect to H ;h (M), for

all n « 0, so one has jy(ag, T,,) = jo(CJo, XLT) (see [12, Lemma 3.2]). Since
dim 7,,/x T, = 0 we conclude that

: ; : : T,
Jo(ao, Hg (M),) = jo(ao, T») = Jo <QO, - )
xT,

T, Hy (M),
=Lg, _T = {g, ; ; .
X1y XHR+(M)n+F1110(HR+(M)n)
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From [7, Lemma 5.6] and the exact sequence

T (Hj (M),) Hj (M),

0— - - — -
xHjy (M), N Ty (Hy (M),)  xHj (M),
Hj (M),

— 0,

- i i
xHp (M), + Ty (Hy, (M),)

it suffices to show that £ (H lih (M),/xH 1’:(,+ (M),,) is a numerical polynomial
of degree less than i for all n < 0.
Since x is a non-zero divisor with respect to M, one has

Ty (Hg, (M), /xHp (M),) € Ty (Hp (M /xM),).

Since 'y, r (HI"e+ (M /xM)) is Artinian, £ g, (', r (HI"e+ (M/xM),)) is anumer-
ical polynomial of degree less than i [7, Lemma 5.2]. As

Hy (M),/xHy (M),
is mp-torsion for all n < 0, we obtain the statement.

CoOROLLARY 3.7 ([7, Theorem 5.7]). Let dim(Ry) = 2, and let g be an
mo-primary ideal of Ry. Ifdim(H,ie+ (M),) > 1 foralln K 0, then there exists
a numerical polynomial Q € Q[x] of degree less than i such that

eoao, Hy, (M),) = Q(n)  foralln < 0.

For arbitrary dimension of Ry we obtain the following result.

THEOREM 3.8. Assume that Ry is either a finite integral extension of a
domain or essentially of finite type over a field. Let qy be an arbitrary ideal
of Ry. Fori € Ny, suppose that dim(H,"e+ (M),) = dim(Ry) — 1 for infinitely
many integers n € Z. Then there is a polynomial Q € Q[x] of degree less than

i such that . .
Jjo(qo, Hy, (M),) = Q(n)  foralln < O0.

Proor. If dim(H}h (M),) = dim(Ry), the proof follows analogously to
the first step of Theorem 3.6. If dim(HIie+ (M),) = dim(Ry) — 1, by [7, The-

orem 5.9] there is a non-empty set #" € Spec(Ry) with Assh(H,ie+ M), =W
for all n « 0. So, for every py € # one has dim(Ry/po) = dim(Ry) — 1, so
that dim((Ro)y,) < 1.

By the Flat Base Change Theorem, we obtain

Hig, ), (Myp,)n = (Hp (M),
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which is an (Ry),,-module of finite length. In this way,
(iRDO)Jr (Mpg)n = Fpo(H(iRDO)Jr (Mpg)n)

foralln <« 0. By [3, Theorem 3.5 (d)], there exists anumerical polynomial P €
Q[ X] such that deg(P) < i and K(RO)L’O (FDO(H(iRnO)+(MD0)n)) = P(n) for all
n < 0. The result follows by the associativity formula for j-multiplicity [12].

COROLLARY 3.9 ([7, Theorem 5.9]). Let i € Ny and assume that Ry is
either a finite integral extension of a domain or essentially of finite type over a
field. Suppose that dim(H ,"e+ (M),) = dim(Ry) — 1 for infinitely many integers
n € Z and let qy be an my-primary ideal of Ry. Then, there is a polynomial
Q € Q[x] of degree less than i such that

eo(qo, Hy, (M),) = Q(n)  foralln K 0.
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