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SOME TWO-POINT BOUNDARY VALUE PROBLEMS
FOR SYSTEMS OF HIGHER ORDER FUNCTIONAL
DIFFERENTIAL EQUATIONS

SULKHAN MUKHIGULASHVILI

Abstract

In the paper we study the question of the solvability and unique solvability of systems of the higher
order differential equations with the argument deviations

W™ (6) = piOuin1 (@) +qi@0), G =T,n), fortel:=]a,bl,

and _
w" (1) = F)(®) + qoi (), (i =T,n), forrel,
under the conjugate

j1—1 jp—1 . T . I —— .
uEll )(a)zaijl, MEJZ )(b)zb”l’ ]]=l,ki’ J2=17mi7kis l:],l’l

and the right-focal

j1—1 jp—1 . — . — .
uf” )(a):a,-j], MEJZ )(b):bijz, Ji=Lki, jp=k+1my, i=1n,

boundary conditions, where u,+1 = u1, n > 2, m; > 2, p; € Loo(I; R), qi,q0i € L(I; R),
7;: I — [ are the measurable functions, F; are the local Caratheodory’s class operators, and k; is
the integer part of the number m; /2.

In the paper are obtained the efficient sufficient conditions that guarantee the unique solvability
of the linear problems and take into the account explicitly the effect of argument deviations, and
on the basis of these results are proved new conditions of the solvability and unique solvability
for the nonlinear problems.

1. Introduction

Consider on the interval I = [a, b] the systems of the higher order linear
differential equations with argument deviations

™ (1) = piuip (1) + (), (i =Tn), (1.1)
and the system of the higher order nonlinear functional differential equations
™ (1) = F;)(@) +qu (1), (@ =T,n), (1.2)
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where n > 2, m; > 2, upq1 = ui, u := Wu;)!_;, qi,q0i € L(I;R), pi €
Lo (I, R), t;: 1 — I are measurable functions, and F; € K(C™" " L)
(See Definitions 1.1 below).

In this work we study systems (1.1) and (1.2) under the conjugate

(j1—1 (ja—1)
u” '(a) = aij,,  u;”" (b)) = by,

_ - . (1.3y)
j1=17ki7 j2=15mi_kia l= , 1,
and the right-focal
Gi—=1) (=1
u; (@) = aij,, u, (b) = byj,,
J1 J2 - (132)
h=Lk, p=k+1m;, i=1n,
boundary conditions, where k; := [m;/2] is the integer part of the num-

ber m; /2.

Throughout the paper we use the following notations: N is the set of the
natural numbers; R = ]—o00, +oo[, R+ = [0, +o0o[; R" is the space of the
nth dimensional column vectors x := (x;){_, with the components x; € R,
(i = 1,n), and the norm ||x|| = 37, |x;[; C~'(I; R) is the Banach space
of the functions u: I — R which are continuous together with their (n — 1)th
derivatives, with the norm

n
lullcrr = max{z WDt e 1};
i=1
Cme-mn (] R™) is the Banach space of the vector-functions u := (u;)7_;: 1 —
R", where u; € C!"~'(I; R), (i =1, n), with the norm

n  m;
j—1
| e mnzmax{ZZml?f )(t)l:teI},

i=1 j=1
and for the case when m; = 1, (i = 1, n), we will use the notations
CYI; R") :=C" ' (I; RY),  Mlullco := llullcr.t;

cn-! (I; R) is the set of the functions u: I — R which are absolutely continu-
ous together with their (n — 1)th derivatives; L(/; R) is the Banach space of the
Lebesgue integrable functions p: I — R withthe norm || p|; = fab [p(s)|ds;
Lo (I; R) is the space of the essentially bounded measurable functions p: I —
R withthenorm || p|loc = esssup{|p(¢)| : t € 1}; Loo(I; R")isthe space of the
n-dimensional vector-functions p := (p;);_;: 1 — R", with p; € L(I; R),
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(i = 1,n); M"(I) is the set of the Vector—functions_r = (r)]_: 1 — 1",
with the measurable components 7;: I — I, (i = 1, n). Also we define the
functional p: L(I; R) x M'(I) — R, by the equality

2 b 1/2
p(y, 1) = b—</ Iy(S)IIf(S)—SIdS) ,
—a\J,

where if y € L(I; R) and € M'(1), and for an arbitrary x € R we assume
that

1 ifx >0,
sgnx = {
-1 ifx <O.
By a solution of problem (1.2), (1.3,), r € {1, 2}, we u_nderstand a vector-
function u := (u;);_, where u; € C™~(I; R), (i = 1, n), which satisfies

system (1.2) almost everywhere on I and satisfies conditions (1.3,).

DEerINITION 1.1. We will say that the operator F:C™v"([; R") —
L~ (I; R) belongs to the Caratheodory’s local class K (C™™ L), if F is
continuous operator, and for an arbitrary » > 0 the inclusion

sup{|F () (0)] : |xllcm.mn < r,x € C™(I; R)} € Loo(I: Ry),

holds.

The boundary value problems for the functional differential equations attract
the attention of many mathematicians and are intensively studied. At present
the foundation of the general theory of such kind of problems are already
laid and many of them are investigated in details (see [1]-[11], [15]-[22], and
references therein). But many of mentioned results have something in common,
for such an important class of functional differential equations as differential
equations with argument deviations, the effect of argument deviations can
not be taken into consideration explicitly. Also, there remains a wide class
of boundary value problems on the solvability of which not much is known.
Among them are the two point boundary value problems systems of higher
order differential equations with argument deviations or in general of higher
order functional differential equations.

The aim of our paper is a generalisation for the problems (1.1), (1.3;)
and (1.1), (1.3;) of the results of paper [12] of 1. Kiguradze and T. Kusano
from 1999. In that article (see also [13]) the authors notice that if p is the
constant sign function, then the periodic problem

u® () = pu®) +q@), w0 =u""Vw@, (=1,...,n),

is uniquely solvable if n is odd, or n = 2m and (—1)"p(z) < 0, but for
the case n = 2m, when (—1)"p(t) > 0, p # 0, they proved that (See
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Theorem 1.1 in [5]) the mentioned periodic problem is uniquely solvable if
one of the following two conditions holds:

/bl s <2 (2N o por< () I

N S e or e a.e. on

B p “b—a\b—a PROV=\3 "4 ’
(1.4)

where | p| % (27 /(b —a))". The integral conditions of (1.4) still are not sharp,
while the pointwise conditions of (1.4) are optimal (see Remark 1.1 in [12]).

Our generalisations of the mentioned results explicitly take into considera-
tion argument deviations, and, using them, we find the efficient sufficient con-
ditions of solvability and unique solvability for nonlinear problems (1.2), (1.3;)
and (1.2), (1.3,), when system (1.2) in some sense is close to the mentioned
linear system.

2. Main results
2.1. Linear problems

In this section we consider the question of the unique solvability of prob-
lems (1.1), (1.3;) and (1.1), (1.3,).

THEOREM 2.1. Let the functions t € M"(I), and p € Ly (I; R"), be such
that the conditions

0<o,pi(t), (i=1,n), fortel, (2.1)

where o; € {—1, 1}, and

n Do mi
n .7T
[ [Clpills + pCoi IPiIE) < 42‘—1“’(—) @2
Pl 2(b —a)

hold. Then problem (1.1), (1.31) is uniquely solvable.

THEOREM 2.2. Let the functions t € M"(I), and p € Lo (I; R") be such
that conditions (2.1), and

n U T S m;
l—[(4|lpi||oo + p(pi, I pill ) < 4 (m) , (2.27)

i=1
hold. Then problem (1.1), (1.3;) is uniquely solvable.
From Theorems 2.1 and 2.2 follows

COROLLARY ﬁLet the functions t € M"(I), p € Loo(I; R"), and o; €
L(I; Ry), (i =1, n), be such that conditions (2.1),

Ipillool piOIITi (1) — 1] < i (1), (G =1,n), aeonl, (2.3)
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and

n

Z?:]"li
7T 1/2 257 ki—n il
i i 2 i=1"™ JR—
| ||:||P ||oo+b_a”a I i| < (Z(b a))

i=1

hold. Then problem (1.1), (1.3y) is uniquely solvable.

COROLLARY 2._4.Let the functions Tt € M"(I), p € Loo(I; R"), and «; €
L(I; R,), (i =1, n), be such that conditions (2.1), (2.3), and

ﬁ 2|Ipl||oo + i ||al||2/2 < 2}1 L Z[:l mi’
b-a 2(b—a)

i=1

hold. Then problem (1.1), (1.3;) is uniquely solvable.
From the last corollaries with o; = 0 immediately follows

COROLLARY 2.5. Let the functions Tt € M"(I) and p € Lo (I; R") be such
that conditions (2.1),

POty =11 =0, @ =1,n), aeonl (2.4)

and

n Yiimi
; 22 > ki—n T
[Tlpilleo < (—Z(b—a)

i=1
hold. Then problem (1.1), (1.3y) is uniquely solvable.

COROLLARY 2.6. Let the functions t € M"(I) and p € Ly (I; R") be such
that conditions (2.1), (2.4), and

ﬁ” illoo < T =
11 Pilloo 2b—a)

hold. Then problem (1.1), (1.3;) is uniquely solvable.
For the illustration of Theorems 2.1 and 2.2 we consider here the system
ui(t) = p1Ouz(t) +q1(1),  uz(t) = pp(OHur (T®) +q2(1), (2.5

with p1, p» € Loo(I; R) and T € M'(I), under boundary conditions (1.3)
and (1.3;), and the equation

u™ (1) = p(u(r (1) +q (@), (2.6)
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where m = 2k + 2, (k € N), under boundary conditions

u® @y =cj, uHP0)=cy, j=1k+1, (2.71)
and

u®=2(q) = e, u@ =Dy = crjy = 1,k+1. (2.72)

Then from Theorems 2.1 and 2.2 immediately follow the corollaries

COROLLARY 2.7. Let r € {1,2}, the functions pi, p» € Ls(I; R), and
T € M'(I), be such that conditions (2.1) with n = 2, and

s 1/2
Ilpllloo(rllpzllooerT ||p2||oo/ |p2()1|T(s) — 5] ds) )
1 T 4
<2r+1 b—al’

COROLLARY 2.8. Let r € {1,2}, and the functions p € Lo(I; Ry), T €
M (I), be such that the conditions

hold. Then problem (2.5), (1.3,) is uniquely solvable.

0<op(t) fortel,

where o € {—1, 1}, and

b 1/2 m
T
I’||p||oo+bT(”p”oo ’ Ip(S)IIt(s)—slds) <2(2r)k+1(2(b—_a)) ,

hold. Then problem (2.6), (2.7,) is uniquely solvable.

2.2. Nonlinear problems

For the formulation of our main result we need the following definitions:

DEFINITION 2.9. Let T € M" (1), then we will say that
h e D (1), (2.8y)
if h € Loo(I; R"), and for an arbitrary p € L (1; R"), such that
0<aipi(t) <hi(t)(i =1,n) for 1 €l, (2.9)
where 0; € {—1, 1}, (i =1, n), the homogeneous system

u"(t) = pi(Ouii (T (1))@ =T, n), (2.10)
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where u, | = uj, under the boundary conditions

u V@ =0, u k) =0,

L L (2.11y)
=Lk, jp=1m —k, i=1,n,
has no nontrivial solution.
DErFINITION 2.10. Let T € M" (1), then we will say that
he D, (1), (2.87)

if h € Lo(I; R}) and for an arbitrary p € Lo (I; R"), for which condi-
tions (2.9) holds, the homogeneous system (2.10) under the boundary condi-
tions . .
u" V@ =0, u k) =0,

(2.11,)

=1k, jp=k+1m, i=1n,
has no nontrivial solution.

THEOREM 2.11. Let r € {1,2} and the functions t € M"(I), h €
Lo (I; R"), be such that inclusion (2.8,) holds. Moreover, let the continu-
ous operators Vy;, Voi: C™"n([; R*) — Ly (I; Ry), and the numbers
o, € {—1,1}, (i =1, n), ry > 0, be such that the conditions

Vi (x) (1) < min{Vy; (x)(#), hi(1) — Vi;(x)(@) : 1 € I}

Jor |xlgmem >ro,t €1, (i =1,n), (2.12)

and

+ 00t Xl emem) for lxllomem = ro, t € 1, (i = T,n),  (2.13)

with x 1= (x;)]_, € C""n(I; R"), x,41 = x1, hold, where the functions
ni: 1 x Ry — R, are summable in the first argument, nondecreasing in the
second one, and admit to the conditions

1 [ —
lim —/ ni(s,p)ds =0, (i=1,n). (2.14)
p—>+00 p J,

Then problem (1.2), (1.3,) has at least one solution.

COROLLARY 2.12. Let the number ro > 0, the functions Tt € M"(I), h €
Lo (I R'}), and the continuous operators

Vig, Vai: " (I3 R") —> Loo(I Ry)
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be such that the conditions

n

iki T Do mi
2||h; hi, )iV <45 | —— , 2.15
E( 1B lloo + pChis TIRNIL) < (2(b_a)> (2.151)

and (2.12)—(2.14) hold, where the functions n; : I X Ry — R, are summable
in the first argument and nondecreasing in the second one. Then problem (1.2),
(1.31) has at least one solution.

COROLLARY 2.13. Let the number ry > 0, the functions t € M"(I), h €
L (15 R'}), and the continuous operators

Vii, Vaj : C"™02" (13 R") — Loo(I5 Ry)

be such that the conditions
n U T S m;
il o hi, ©)|h; AN — , 2.15
H( Iilloo + o Chiy T 1 1X7) < (2(b—a)) (2.15y)
and (2.12)—(2.14) hold, where the functions n;: I x Ry — R, are summable

in the first argument and nondecreasing in the second one. Then problem (1.2),
(1.3;) has at least one solution.

For the case when (1.2) is the system of the higher order differential equa-
tions with the argument deviations of the form

w (@) = fi(t, uin (m(@0) + qu(t), @ =T,n), (2.16)

where u, 1 =uj,and f; : I x R — R, (i = 1, n), are the functions from the
Caratheodory’s class, the following Corollaries are true

COROLLARY 2.14. Let r € {1,2}, and the functions t € M"(I), h €
Lo (15 RY}), be such that inclusion (2.8,) holds. Moreover, let the Cara-
theodory’s class functions fy;, foi:1 X R - R4, (i = 1, n), and the numbers
o e{-1,1}, (i = 1,_n), ro > 0, be such that the conditions

fri(t, x) < min{ fi; (¢, x), h;(t) — f1;(t,x):t €1} for x e R,t €1,
2.17)
and

[fi(t, x) —0i fri(t, x)x| < foi(t, ) |x[ +0i (2, [x]) for |x| =ro, 1 €1,
(2.18)
hold for alli € {1, n}, where the functions n;: I x R, — R, are summable in
the first argument, nondecreasing in the second one, and satisfy the conditions
(2.14). Then problem (2.16), (1.3,) has at least one solution.
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ExAMPLE 2.15. As example consider the system of the differential equa-
tions

w0 (t) = o;hi (t) sin [l emremtti 1 (5 (1)) + qoi (1), G =T, n), (2.19)

where o € {—1, 1}, u,41 = uy, and the functionst € M"(I),h € L (I, R}),
are such that inclusion (2.8, ) holds where r € {1, 2}. Then from Theorem 2.11
withrg =0, n; =0, and Vy; (u)(t) = h; (¢) sin ||u||cmi.mn, Vo; = 0, it follows
the solvability of problem (2.19), (1.3,).

THEOREM 2.16. Let r € {1,2}, and the functions t € M"(I), h €
L (15 R}), be such that inclusion (2.8,) holds. Moreover, let the numbers
o; € {—1, 1} be such that the conditions

0 <oi(fi(t,x) — fi(t, y))sgn(x — y) < h;(1)|x — y|
forx,yeR tel, (i=1,n), (2.20)

hold, where the functions n;: I X R, — R are summable in the first argument,
nondecreasing in the second one, and satisfy conditions (2.14). Then problem
(2.16), (1.3,) is uniquely solvable.

From Theorem 2.16 and Corollaries 2.12, 2.13 follows

COROLLARY 2.17. Let r € {1, 2}, and the functions t € M"(I), and h €
L (I; RY}), be such that conditions (2.15,) and (2.20) hold. Then problem
(2.16), (1.3,) is uniquely solvable.

ExaMpLE 2.18. As example consider on / the system of the differential
equations
(my) ui1(7; (1)) . —
u; (1) = ojhi(1) +qoi(), @G =1,n), (22I)
(I + luip1 (i (1)) D%
where 0 € {—1,1}, o; € (0, 1), u,4+1 = uy, and the functions t € M" (1),
h € Loo(I, RY), qoi € L(I; R"), are such that inclusion (2.8,) holds where
r € {1, 2}. Then from Theorem 2.16 follows the unique solvability of prob-
lem (2.21), (1.3,).
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3. Auxiliary propositions

First we consider Propositions 3.1-3.3 which are contained in [9] (Theorems
256-258)

PROPOSITION 3.1. Let x € C°(I; R), x' € Loo(I; R), fabx(s)ds =0, and
x(a) = x(b), then

b b—a\® [?
/ x2(s)ds < (—) / x(s) ds.
a 2r a

ProposiTION 3.2 (Wirtinger). Let v € 50(1; R), vV € Lo(I; R), and
v(b) =v(a) =0, then

b N2 b
/vz(s)ds§<bn—a) / v2(s) ds. 3.1)

PROPOSITION 3.3. Let v € C°(I; R), v' € Loo(I; R), and v(a) = 0 or

v(b) =0, then
b N2 b
/ v2(s)ds < 4(bn_a) f v (s) ds.

LemMa 3.4. Letng € N, v € C™(I; R), v € Loo(I; R), and v (b) =
v (a), (i =0,n9 — 1). Then

b b—ua 2(no—ko) pb -
/ (v<k°)(s))2 ds < ( 5 ) / (v(”")(s))2 ds, (ko =1,np).

(3.2)
Moreover if the function v changes sign, then
b b—a 2no  pb
/ vi(s)ds < 4( ) / W™ (s))* ds, (3.3)
a 27T a
and iffab v(s)ds =0, then
b b—a 2no  pb
/ vi(s)ds < (2—) / ™ (s))* ds. (3.4)
a v a

Proor. Validity of (3.2) ((3.4)) immediately follows from Proposition 3.1
with x = v/(x = v), because v(a) = v(b) and therefore fah v (s)ds = 0. Let
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now the function v changes the sign, then there exists the point ¢ € ]a, b[ such
that v(c¢) = 0, and if
v(t) forc <t <b,
x(t) = {

v(t—(b—a)) forb<t<c+ (b—a),

thenx(c¢) = x(c+ (b —a)) =0,x € 5([c, c+b—-a);R),x € Loo([c,c+
(b — a)]; R), and in view of Proposition 3.2 we get

c+(b—a) 5 b—a 2 c+(b—a) »
/ x“(mdn < <—n ) / x*(n)dn.

On the other hand in view of the definition of the function x we have

c+(b—a) c c+(b—a) c
/ x*(n)dn = / v?(s) ds, / x(m)ydn = / v?(s)ds,
b a b a

and v(t) = x(¢) for t € [c, b]. The last three expressions results into the

inequality ) N2 b
/ V2(s)ds < 4(—) / v2(s)ds,
a 2‘7[ a

from which by (3.2) (with ky = 1) inequality (3.3) follows.

LEMMA 3.5. Letm € N, v € E"“l(l; R) be a nonzero function, v™ €
Loo(I; R), k = [m/2], and

v @) =0, v2VB)=0, ji=1k jp=Lm-k (35
Then the following inequalities

b ‘ b—a 2(m—j) b
/ WP (s))>ds < 42+ (T) / W™ ()*ds, (j=0,1),
a ¢ (3.6)
hold.

_ ProOF. In view of conditions (3.5) it is clear that the function v~ €
C*=1(I; R) at least min{m — k, k} times changes the sign in the open interval
la, b[, and then all the functions v ~**" (r = 0,k — 1), change sign at
least once in Ja, b[. Therefore for an arbitrary r € {0, m — k — 1} there exist
¢ € Ja, bl, o, € {—1, 1}, and the sets of the positive measure I, C ]a, c,[,
I, C ]c,, b], such that

v 1 e)y=0 and (=)o, v* (@) >0 forrel,, (i=1,02).
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Then for an arbitrary r € {0, n — k — 1}, due to Proposition 3.3 we get the
inequalities
a\* [¢
) / W D (5)) ds,

) /(v(k+r+1)(s)) ds,

/'CV (v(k+r)(s))2 ds < 4<Cr _

/ W*t (s)*ds < 4(

from which it is clear that

/ W (5))* ds <4<b ) / @ D)2 ds, (r=0,m —k—1).

Now by iteration of the least inequalities we obtain

2(m—k)
/ (W (s))2ds < 47 k(b = ) / WM E)Pds. ()

On the other hand, from conditions (3.5) follows thatinequalities (3.1) and (3.2)
with ng = k and kg = 1 hold. Now if we substitute inequality (3.7) in (3.2)
with (np = k and ky = 1) we get that (3.6) for j = 1 is valid. Also if we
substitute (3.6) with j = 1 in (3.1) we obtain (3.6) for j = 0.

Also note that from Proposition 3.3 follows

LEMMA 3.6. Letm € N, v € C"'(I; R), v™ € Lo(I; R), k = [m/2],
and

v V@) =0, v VB)y=0, ji=1,k, jp=k+1,m.

Then the following inequalities

b ) (b —
/ W (s))?ds < 4’"—f<

hold.

a\2m=i) b
) /(v(’")(S))zds, (=00,

Now for an arbitrary A € (0, 1), and the function 2 € Lo (I; R), consider
the systems of the nonlinear functional differential equations

u™ (t) = Aorhi(Dui 1 (1 (1)) + (1 = VIF@)(@) + g0 ()], (@ =T, n),
(3.8)
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where u = (u;)7_;, uny1 = uy, and 0; € {—1,1}, ( = I,_n), under the
boundary conditions

u V@) = ray,, w7V (b) = Aby,,
(3.91)

j1=]aki7 j2=17mi_kiv i=1,n,

and j j
ufj'_l)(a) = aij,, u;jz_l)(b) = Abjj,,
(3.92)

h=Lk, jp=k+1,m, i=1,n,

with k; = [m; /2].
It is not difficult to verify that the following proposition is true.
PROPOSITION 3.7. Let r € {—1,1}, m = Z;:l mj, a9 = 0, and o; =

Z;-:l mi(i = 1, n). Then for an arbitrary 1 € (0, 1), problems (3.8), (3.9),

and (2.10), (2.11,) are equivalent respectively to the problems
w{(1) = A8 (Dwi (5 (0) + (= DIFE@)O + o], (= T,m),
Wy, \+ji41(@) = Adij,, Wa, \441(b) = )&Ez‘jz,

j]=0’ki_1’ j2=0,mi—ki—1, l= , 1,

and
w; (1) = pi (w1 (7 (1)),
W +ji+1(@) =0, wg,_4+j,11(b) =0,
j1=0k—1, jp=0m—k—1, i=1n,
where w = (wj);.”zl, Wyl = Wy = uy, and for all i € 1, n the following

identities hold

aijl = aijl’ bijz = bijz (.]1 = 07 ki - 15 j2 = 0’ m; — ki - 1)7
We 41 = Uiy he, = hi,  goo, = qois

gﬂliEO—i’ ﬁaiEpi’ Fai(w)EE(M),

and ~ N ~ _
O’j/’lj = 1, o;pj = 1, Fj(w) = Wjt1, &oj = 0,

if j € {on, a2, ..., a,}. Moreover, it is clear that |wl|co = |lullcmi...om.

REMARK 3.8. It is not difficult to verify that the propositions analogous to
Proposition 3.7 are valid for problems (3.8), (3.9;), and (2.10), (2.115;).
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Taking into account Proposition 3.7 and Remark 3.8 we get the following
modifications of Corollary 2 of paper [15], which is formulated for the system
of the first order equations.

ProposITION 3.9. Let r € {1, 2}, the functions Tt € M"(Il), and h €
Lo (I; R™), be such that inclusion (2.8,) holds, and there exists a positive
number py such, that for an arbitrary A € (0, 1) every solution u of problem
(3.8), (3.9,) admits to the estimate

lullcmicom < pi. (3.10)

Then problem (1.2), (1.3,), has at least one solution.

LEmMA 3.10. Let r € {1, 2} and the functions t € M"(I), h € Lo(I; R"),
be such that inclusion (2.8,) holds. Then there exist a positive number py > 0,
such that an arbitrary solution u = (u;)!_, of problem (2.10), (1.3,) admits
to the estimate

lutllcmem < 00 D (e + gillL)s (3.11,)
i=1

where y; = Z;q:l la;j| + Z}”;I"" |bij|, and yr; = Zfi:l la;j| + Z;n:_kH 1bijl,
provided that inequalities (2.9) hold, for given o; € {—1, 1}, (i = 1, n).

To prove this lemma, we need Lemma 3.11, which can be proved analog-
ously as Lemma 1.1 of [14], in which z, z; € C%I: R), (k € N).

LEMMA 3.11. Let y, y € L(I; R), 7,74 € Loo(I; R), (k € N),

lim |[zx —zlle =0, limsup|lylL < +o0,
k— 400 k——+o00

and limy_, | o f; yi(s)ds = fat y(s) ds uniformly on 1. Then
t t
klim / vi(s)zr(s) ds :f v(s)z(s)ds uniformlyonI.
—+o0 J, a

ProoF. Assume that the Lemma 3.10 is not true for » = 1. Then for all
k € N there exist the functions py := (pix)_;, gk = (qix)7_, € Loo(I; R"),
and the numbers a;;«, b;j,x € R, such that

b
0 < 0ipir(t) < hi(t),/ pi(s)ds #0, (i =1,n), (3.12)
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and the problem

ul? (1) = piOui (T () + g (1), (@ =1, n),

1 1
ul @) =aijp, w7V b)) = bijg,

jlzl’ki7 jzzl’mi_kia izl’n

where u, 1 1x = uix, has such a solution uy := (u;);_, that

n
g llcmimn >k Z(Vlik + llgixllL),
i=1

where y;; = Z?:l laiji| + Z;":"fk" |bijk|. Then if we suppose that

and v := (vj)?_,, we obtain

“L - 1
locllem e = 1,3 G+ 1Gieln) < 7 (3.13)

i=1
and the equalities

v (1) = pu Vi (T () + G (1), (i =T1,n), forrel,

v @) =@, vV ) = b (3.14)

jlzlski7 j2:1,mi—ki, lzl,—n7
where v, 1x = vk, from which due to (3.12) and (3.13) we have

Iv,-(,'Z“)(t)lsh,-(t)+|c7ik(t)|, (G =Tn), fortel. (3.15)

an arbitrarily fixed iy € {1, n}, sequences (v(’))k 1» (] = 0, m; — 1), are
uniformly bounded and equicontinuous on /. By the Arzela-Ascoli lemma,
without loss of generality it can be assumed that these sequences are uniformly
convergent on /. Therefore for arbitrary i € {1, n}, there exists such function
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v, € C"o'(I; R) that v}’ = lim v, (j = 0,m; — 1). Then from (3.13)
—+00

and (3.14), follows that the function v := (v;)}_, € C™""(I; R"), admits

to the conditions (2.11;), and

Iim |jvx — v|lcmieme =0, ||V]lcmimn = 1. (3.16)
k—+00
Set Pi(t) = [ pir(s)ds, (i = 1, n), then from (3.12) we get

[5)
Pi(a) = 0,0 < 0; (P (t2) — Pi(11)) < / hi(s)ds, (3.17)

n

fora <t <t, < b,andthenthe sequences (Pik),::f, (i= I,_n), are uniformly
bounded and equicontinuous on /. Then by the Arzela-Ascoli lemma, without
loss of generality it can be assumed that these sequences uniformly converge.
Therefore if we denote the limits of these sequences by P;, we get

klim Py(t) = P;(t), (i =1,n), uniformlyon/, (3.18)
——+00

and then from (3.17) follows that

%) -
0ol = Pt = [ mds. (=T
3
Consequently the functions P; are absolutely continuous, there exist the func-
tions p; € L(I; R) such that P;(t) = f; pi(s)ds, and inequalities

0<o;pit) <hi(t), (i=1n), forrel (3.19)

hold. Then due to (3.16), and (3.18), by Lemma 3.11 with y;(¥) = pix(¢),
2k (t) = vip 14 (1: (1)), we obtain

kErJPoo/ Pik(S)Ui+1k(Ti(S))dS=/ pi()vip(ti(s)ds, (@ =1,n),

(3.20)
uniformly on /. Therefore if we integrate the equations of system (3.14) from
a to t, and pass to the limit as k — 400, due to conditions (3.13), (3.16),
and (3.20), we find that v is a solution of problem (2.10), (2.11;). Then from
the inclusion & € P;(I), and conditions (3.19) follows that problem (2.10),
(2.11;) has only the zero solution v = 0, and we get the contradiction with the
second equality of (3.16). L.e., our assumption is invalid and estimation (3.11,)
holds. For r = 2 the proof of our lemma is analogous.
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4. Proof of main results

PROOF OF THEOREM 2.1. It is known from the general theory of boundary
value problems for functional differential equations that problem (1.1), (1.3;)
has the Fredholm’s property (see [15]), and therefore problem (1.1), (1.3) is
uniquely solvable if and only if the homogeneous problem (2.10), (2.11;) has
only the trivial solution. Assume the contrary that problem (2.10), (2.11;) has
the nontrivial solution (v;){_,, and introduce notations

Mpt1 =M1, Upik i= U, (Kk=1,2), ppp1:=p1, Ty 1= 10,
mo = my, Vo ‘= Up, Po ‘= Dn, T0 := Tp-
4.1)
Let now there exists r € {1, n} such that v,y; = 0, then from system (2.10)

we get that vﬁ’"') = (, from which in view of conditions (2.11;) (in the point
a) we have

m,—k,

(my—j) my—k—j
t_ r J
WOy = Y U @O G k=T (42)
Jj=1

(my —k — j)!

Therefore in view of conditions (2.11;) (in the point ) we get the following
system of algebraic linear equations

m—k,
b—a) " Byx; =0, (k=0,m, —k —1), (4.3)
j=1

where x; = v\ (a)(b — a)" 51, By = 1/(m, — k — j)!, and it is
not difficult to verify that det(B¢;) # 0. Therefore " a)y =0, (j =
1,m, —k,), and from (4.2) it is clear that v, = 0. After analogous n — 1
steps we get that v; = O for all i € {I,_n}, which is the contradiction with
our assumption. Thus vi('"") # 0, ( = 1,n), and then if we assume that

8; = fab | pi (s)lvi2+1(t,»(s)) ds,(i=1,n+1),and$,,; = 6, then from (2.10)
and (4.1) it follows that

b
0 < / W™ ()2 ds < Ipillacdis G =T,

b b
0 </ (i () ds =/ (0" (5)) ds
a a
< IP1lloodt = lIPatilloobnt 4.4)

and therefore _
6>0, (=1n+1). 4.5)
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Also note that in view of conditions o; p; > 0, representations
b
8 = o / 0" ($)vig1(s) ds
b 7i (s)
n / I <s>|vi+1<r,»<s))( / V1 ) ds) ds  (46)
a N

are valid for all i € {1, n}. Now note that the Schwarz inequality, (3.6) with
k=kiti,m =m;q1, j =0, and (4.4) imply the following estimations

b b b 12
o [ v}’”"’(s)viﬂ(s)dsf( [ arras [ v,al(s)ds)

< 2t (b — a) [y
b b ) ) 1/2
X ( / " (s))* ds / (v (s))zds>

< =kt (p — ) )"

X (I pillooll Pitilloo) /% (8:8: 1) " 4.7)

foralli € {1, n}. Also the Schwarz inequality, (3.6) withk = k; 1, m = m;|,
j = 1 and (4.4), imply the following estimations

b 7 (s)
/ |pi<s)|vi+1<ri<s>>(/ v;+1<s>ds)ds

b 7 (s) 1/2
S/ |Pi(S)|Ui+1(Ti(S))|Ti(S)—S|1/2</ U,{i](é)dés:) ds

_Nmi=l b 172

S 2mi+l—2ki+l+1 (b]-[—(l) (/ |Pi(S)||Ti(S) _ Slds)
b a1/2 b 1/2

x ( / I (s)|v?+1(ri<s>)ds> ( / (vfﬁ"l*l)(s))zds)

" b—a mj+ . -
<2mm= "“(T) p(pir T Pisilledibicn)'?  (=T.n). (4.8)

Now if we substitute in representations (4.6) estimations (4.7) and (4.8) we
obtain

o b —a mi4
§; < 2min i <T> 212l 27 + p(pir @) ]l Pisilloodidivn) 2,
4.9)
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foralli e {1, n}, and if we multiply all inequalities (4.9), then by the notations
Sp+1 = 61, pn+1 = p1,and (4.5), we getthe contradictimith condition (2.24).
Therefore our assumption is invalid and v; =0, (i = 1, n).

PrROOF OF THEOREM 2.2. It is known from the general theory of boundary
value problems for functional differential equations that problem (1.1), (1.35)
has the Fredholm’s property (see [15]), and therefore problem (1.1), (1.35)
is uniquely solvable iff the homogeneous problem (2.10), (2.11;) has only
the trivial solution. Assume the contrary that problem (2.10), (2.11,) has the
nontrivial solution (v;)?_,, and introduce the notations (4.1). Then if there
exists r € {1, n} such, that v,,; = 0, analogously as in the previous proof,
we obtain that system (4.3) where k = k., m, — 1, has only the zero solution,
and we get the contradiction with our assumption. Therefore analogously as
in the previous proof, but by using Lemma 3.6 instead of Lemma 3.5, we get
the following estimations

b mi41
e mo (b—a\"""
o; / v ($)vig1(s) ds < 2min (T ) U1pillooll Pis1lloo) 2 (8:8i41) %,

a

and

b 7 (s)
/ |pi ()] vig1(Ti (S))(/ v§+1(§)d€) ds

Amis1=2 b—a\"" 12,
< . ,O(Pu Tz)(”pz-H”oo(S 51+1)

foralli € {1, n}. Now if we substitute these two estimations in formula (4.6),
analogously as in the previous proof we obtain the contradiction with condi-
tion (2.2;). Therefore our assumption is invalid and v; =0, (i = 1, n).

PrOOF OF COROLLARY 2.7. Validity follows from Theorem 2.1 if r = 1,
and Theorem 2.2 ifr =2, withn =2, my =mr, =2, 11 =t, 70 = T.

ProoF oF CorROLLARY 2.8. Itis not difficult to verify that if the function u
is the solution of problem (2.6), (2.7,) then the vector function (u,-)i-‘:1 where
u; = u®~2) is the solution of problem (1.1), (1.3,) withn =k + 1, p; = 1,
g =0t =t,m =23 =1,k), pes1 = P. Ges1 =g, Myt = 2, Ty = T.
Then from Theorem 2.1 if r = 1, and Theorem 2.2 if r = 2 follows validity
of our corollary.

ProOOF OF THEOREM 2.11. Let A € (0, 1) be an arbitrary fixed number, and
u = (u;)!_, is a solution of problem (3.8), (3.9,). Let also py and y,; be the
numbers defined in Lemma 3.10, then due to condition (2.14) there exists the
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constant p; > rg, such that the inequality

n b
po Y (leulle + vri +/ ni(s, p)ds) < p forp > pi (4.10)
i=1 @

holds where «;(t) = 1 + |qgo;(¢)|. Now assume that ||u||¢cmi.-..a > p1, and
introduce the notation

F;(u)(t) — oi Vi (u) (Ouj11(7; (1))
+ Vo ) (@) |uip1 (zi ()| + 0i (2, Nlullcrmiomn ) + 1
2(Vai ) (@) w1 (Ti ()| + ni (2, lullemimn ) + 1)

fort € I, thenitis notdifficult to verify that u is a solution also of system (1.1),
with

pi(t) = oiAh;(t)
+ 01 (1 — 1) (07 Qi (1) — D) Vai (u) (1) sgn i1 (i (1)) + Vi () (1)),
gi (1) = (1 = M) (Q@vi(1) = DIL + i (@, llulleme-mn)] + qoi (1)).

On the other hand in view of conditions (2.13) the inequalities

v (1) :=

0<v() <1, (i=1n), (4.11)
hold, and therefore the estimation
Ahi(t) + (1= 1) (Vi (u) (1) — Vai (u) (1))
< oipi(t) = Ahi(1) + (1 = D) (Vii @)(@) + Vai () (1)),
is valid from which by (2.12) and (4.11) we obtain
0<oipi(t) <hi(t), (=1,n), fortel, (4.12)
lgi (D] < 1+ Iqoi (D] + ni (t, Nullcmm)  fort € 1. (4.13)

Then for an arbitrary solution u of problem (1.1), (3.9,) due to (4.12) and (4.13)
from Lemma 3.10 we get the estimation

ity (4.10). Therefore our assumption is invalid and estimation (3.10) holds,
and then from Proposition 3.9 follows the solvability of problem (1.2), (1.3,).
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PrROOF OF COROLLARY 2.12 (2.13). In view of conditions (2.15,) and i €
Loo(I; RY), T € M"(I), for such p; € Lo(I; R) that conditions (2.9) hold,
in view of Theorem 2.1 if » = 1 and Theorem 2.2 if r = 2, problem (2.10),
(2.11,) has only the zero solution, and therefore inclusion (2.8,) holds. Thus
all the assumptions of Theorem 2.11 are fulfilled and then problem (1.2), (1.3,)
is solvable.

PROOF OF COROLLARY 2.14. Letx € C™v-»"(]; R"), and
gi(t) = sup{| fi(t, y) — o fri(t, W)yl : |yl < ro}i =1,n) fort € 1.

Then in view of (2.18) and the fact that the functions 7; are nondecreasing in
the second argument we obtain

| fi(t, xip1 (T (1)) — 0; f1i (¢, xi1 (T () X141 (73 (1)) |

for |x|[¢mem > ro,t €1, (i =1,n), (4.14)

and due to (2.14) the equalities
1 [ -

lim — | (g(s)+ni(s,p))ds =0, (i=1,n), (4.15)
0

p—>+o0 p J,
are fulfilled. Therefore if we introduce the notations
Fi(x)(@) = fi(t, xip1 (i (1)),
Vi) (1) = fii (¢, Xip (mONxip1 (ni (1), (G =1,2),

due to (2.17), (4.14), and (4.15), we get that all the assumptions of The-
orem 2.11 hold, from which the validity of our corollary immediately follows.

PrOOF OF THEOREM 2.16. From condition (2.20) it is clear that all the
conditions of Corollary 2.14 withrg = 0, f1; = foi = h;/2,and n; = | f; (-, 0)]
hold. Therefore it remains to prove that problem (2.16), (1.3,) has no more
then one solution.

Let u; := (uy;)!_, and U, := (uz;)}_, be an arbitrary solutions of prob-
lem (2.16), (1.3,) and u = u; — u>. Then the function u admits to conditions
(2.11,), and from condition (2.20) we obtain that

0 < ouu™ (1) sgnuj 1 (% (1)) < hi(Dlui 1 (r: ()| for 1 € 1.
Therefore if we define the functions p; by the equalities

w0 Jui 1 (i (0))  ifuip (i () # 0,
pi(t) =
ifu; (7 (1)) =0,
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we get that u is a solution of the linear homogeneous problem (2.10), (2.11,),
and the functions p; satisfy inequalities (2.9). Thus from the inclusion & €
D, . (I) it follows that u = 0, and therefore u| = u,.
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