
MATH. SCAND. 127 (2021), 382–404

SOME TWO-POINT BOUNDARY VALUE PROBLEMS
FOR SYSTEMS OF HIGHER ORDER FUNCTIONAL

DIFFERENTIAL EQUATIONS

SULKHAN MUKHIGULASHVILI

Abstract
In the paper we study the question of the solvability and unique solvability of systems of the higher
order differential equations with the argument deviations

u
(mi )

i (t) = pi(t)ui+1(τi (t)) + qi(t), (i = 1, n), for t ∈ I := [a, b],

and
u

(mi )

i (t) = Fi(u)(t) + q0i (t), (i = 1, n), for t ∈ I,

under the conjugate

u
(j1−1)

i (a) = aij1 , u
(j2−1)

i (b) = bij2 , j1 = 1, ki , j2 = 1, mi − ki , i = 1, n,

and the right-focal

u
(j1−1)

i (a) = aij1 , u
(j2−1)

i (b) = bij2 , j1 = 1, ki , j2 = ki + 1, mi, i = 1, n,

boundary conditions, where un+1 = u1, n ≥ 2, mi ≥ 2, pi ∈ L∞(I ; R), qi , q0i ∈ L(I ; R),
τi : I → I are the measurable functions, Fi are the local Caratheodory’s class operators, and ki is
the integer part of the number mi/2.

In the paper are obtained the efficient sufficient conditions that guarantee the unique solvability
of the linear problems and take into the account explicitly the effect of argument deviations, and
on the basis of these results are proved new conditions of the solvability and unique solvability
for the nonlinear problems.

1. Introduction

Consider on the interval I = [a, b] the systems of the higher order linear
differential equations with argument deviations

u
(mi)
i (t) = pi(t)ui+1(τi(t)) + qi(t), (i = 1, n), (1.1)

and the system of the higher order nonlinear functional differential equations

u
(mi)
i (t) = Fi(u)(t) + q0i (t), (i = 1, n), (1.2)
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where n ≥ 2, mi ≥ 2, un+1 := u1, u := (ui)
n
i=1, qi, q0i ∈ L(I ; R), pi ∈

L∞(I, R), τi : I → I are measurable functions, and Fi ∈ K(Cm1,...,mn , L∞)

(See Definitions 1.1 below).
In this work we study systems (1.1) and (1.2) under the conjugate

u
(j1−1)

i (a) = aij1 , u
(j2−1)

i (b) = bij2 ,

j1 = 1, ki, j2 = 1, mi − ki, i = 1, n,
(1.31)

and the right-focal

u
(j1−1)

i (a) = aij1 , u
(j2−1)

i (b) = bij2 ,

j1 = 1, ki, j2 = ki + 1, mi, i = 1, n,
(1.32)

boundary conditions, where ki := [mi/2] is the integer part of the num-
ber mi/2.

Throughout the paper we use the following notations: N is the set of the
natural numbers; R = ]−∞, +∞[, R+ = [0, +∞[; Rn is the space of the
nth dimensional column vectors x := (xi)

n
i=1 with the components xi ∈ R,

(i = 1, n), and the norm ‖x‖ = ∑n
i=1 |xi |; Cn−1

1 (I ; R) is the Banach space
of the functions u: I → R which are continuous together with their (n − 1)th

derivatives, with the norm

‖u‖Cn−1
1

= max

{ n∑
i=1

|u(i−1)(t)| : t ∈ I

}
;

Cm1,...,mn(I ; Rn) is the Banach space of the vector-functions u := (ui)
n
i=1: I →

Rn, where ui ∈ C
mi−1
1 (I ; R), (i = 1, n), with the norm

‖u‖Cm1 ,...,mn = max

{ n∑
i=1

mi∑
j=1

|u(j−1)

i (t)| : t ∈ I

}
,

and for the case when mi = 1, (i = 1, n), we will use the notations

C0
n(I ; Rn) := C1,...,1(I ; Rn), ‖u‖C0

n
:= ‖u‖C1,...,1;

C̃n−1(I ; R) is the set of the functions u: I → R which are absolutely continu-
ous together with their (n−1)th derivatives; L(I ; R) is the Banach space of the
Lebesgue integrable functions p: I → R with the norm ‖p‖L = ∫ b

a
|p(s)| ds;

L∞(I ; R) is the space of the essentially bounded measurable functions p: I →
R with the norm ‖p‖∞ = ess sup{|p(t)| : t ∈ I };L∞(I ; Rn) is the space of the
n-dimensional vector-functions p := (pi)

n
i=1: I → Rn, with pi ∈ L∞(I ; R),
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(i = 1, n); Mn(I) is the set of the vector-functions τ := (τi)
n
i=1: I → I n,

with the measurable components τi : I → I , (i = 1, n). Also we define the
functional ρ: L(I ; R) × M1(I ) → R+ by the equality

ρ(y, τ ) = 2π

b − a

(∫ b

a

|y(s)||τ(s) − s| ds

)1/2

,

where if y ∈ L(I ; R) and τ ∈ M1(I ), and for an arbitrary x ∈ R we assume
that

sgn x =
{ 1 if x ≥ 0,

−1 if x < 0.

By a solution of problem (1.2), (1.3r ), r ∈ {1, 2}, we understand a vector-
function u := (ui)

n
i=1 where ui ∈ C̃mi−1(I ; R), (i = 1, n), which satisfies

system (1.2) almost everywhere on I and satisfies conditions (1.3r ).

Definition 1.1. We will say that the operator F : Cm1,...,mn(I ; Rn) →
L∞(I ; R) belongs to the Caratheodory’s local class K(Cm1,...,mn , L∞), if F is
continuous operator, and for an arbitrary r > 0 the inclusion

sup
{|F(x)(t)| : ‖x‖Cm1 ,...,mn ≤ r, x ∈ Cm1,...,mn(I ; Rn)

} ∈ L∞(I ; R+),

holds.

The boundary value problems for the functional differential equations attract
the attention of many mathematicians and are intensively studied. At present
the foundation of the general theory of such kind of problems are already
laid and many of them are investigated in details (see [1]–[11], [15]–[22], and
references therein). But many of mentioned results have something in common,
for such an important class of functional differential equations as differential
equations with argument deviations, the effect of argument deviations can
not be taken into consideration explicitly. Also, there remains a wide class
of boundary value problems on the solvability of which not much is known.
Among them are the two point boundary value problems systems of higher
order differential equations with argument deviations or in general of higher
order functional differential equations.

The aim of our paper is a generalisation for the problems (1.1), (1.31)
and (1.1), (1.32) of the results of paper [12] of I. Kiguradze and T. Kusano
from 1999. In that article (see also [13]) the authors notice that if p is the
constant sign function, then the periodic problem

u(n)(t) = p(t)u(t) + q(t), u(i−1)(b) = u(i−1)(a), (i = 1, . . . , n),

is uniquely solvable if n is odd, or n = 2m and (−1)mp(t) ≤ 0, but for
the case n = 2m, when (−1)mp(t) ≥ 0, p �≡ 0, they proved that (See
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Theorem 1.1 in [5]) the mentioned periodic problem is uniquely solvable if
one of the following two conditions holds:∫ b

a

|p(s)| ds ≤ 2

b − a

(
2π

b − a

)n−2

or |p(t)| ≤
(

2π

b − a

)n

a.e. on I ,

(1.4)

where |p| �≡ (2π/(b−a))n. The integral conditions of (1.4) still are not sharp,
while the pointwise conditions of (1.4) are optimal (see Remark 1.1 in [12]).

Our generalisations of the mentioned results explicitly take into considera-
tion argument deviations, and, using them, we find the efficient sufficient con-
ditions of solvability and unique solvability for nonlinear problems (1.2), (1.31)
and (1.2), (1.32), when system (1.2) in some sense is close to the mentioned
linear system.

2. Main results

2.1. Linear problems

In this section we consider the question of the unique solvability of prob-
lems (1.1), (1.31) and (1.1), (1.32).

Theorem 2.1. Let the functions τ ∈ Mn(I), and p ∈ L∞(I ; Rn), be such
that the conditions

0 ≤ σipi(t), (i = 1, n), for t ∈ I, (2.1)

where σi ∈ {−1, 1}, and

n∏
i=1

(
2‖pi‖∞ + ρ(pi, τi)‖pi‖1/2

∞
)

< 4
∑n

i=1 ki

(
π

2(b − a)

)∑n
i=1 mi

, (2.21)

hold. Then problem (1.1), (1.31) is uniquely solvable.

Theorem 2.2. Let the functions τ ∈ Mn(I), and p ∈ L∞(I ; Rn) be such
that conditions (2.1), and

n∏
i=1

(
4‖pi‖∞ + ρ(pi, τi)‖pi‖1/2

∞
)

< 4n

(
π

2(b − a)

)∑n
i=1 mi

, (2.22)

hold. Then problem (1.1), (1.32) is uniquely solvable.

From Theorems 2.1 and 2.2 follows

Corollary 2.3. Let the functions τ ∈ Mn(I), p ∈ L∞(I ; Rn), and αi ∈
L(I ; R+), (i = 1, n), be such that conditions (2.1),

‖pi‖∞|pi(t)||τi(t) − t | ≤ αi(t), (i = 1, n), a.e on I , (2.3)
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and

n∏
i=1

[
‖pi‖∞ + π

b − a
‖αi‖1/2

L

]
< 22

∑n
i=1 ki−n

(
π

2(b − a)

)∑n
i=1 mi

hold. Then problem (1.1), (1.31) is uniquely solvable.

Corollary 2.4. Let the functions τ ∈ Mn(I), p ∈ L∞(I ; Rn), and αi ∈
L(I ; R+), (i = 1, n), be such that conditions (2.1), (2.3), and

n∏
i=1

[
2‖pi‖∞ + π

b − a
‖αi‖1/2

L

]
< 2n

(
π

2(b − a)

)∑n
i=1 mi

,

hold. Then problem (1.1), (1.32) is uniquely solvable.

From the last corollaries with αi ≡ 0 immediately follows

Corollary 2.5. Let the functions τ ∈ Mn(I) and p ∈ L∞(I ; Rn) be such
that conditions (2.1),

|pi(t)||τi(t) − t | = 0, (i = 1, n), a.e on I (2.4)

and
n∏

i=1

‖pi‖∞ < 22
∑n

i=1 ki−n

(
π

2(b − a)

)∑n
i=1 mi

hold. Then problem (1.1), (1.31) is uniquely solvable.

Corollary 2.6. Let the functions τ ∈ Mn(I) and p ∈ L∞(I ; Rn) be such
that conditions (2.1), (2.4), and

n∏
i=1

‖pi‖∞ <

(
π

2(b − a)

)∑n
i=1 mi

hold. Then problem (1.1), (1.32) is uniquely solvable.

For the illustration of Theorems 2.1 and 2.2 we consider here the system

u′′
1(t) = p1(t)u2(t) + q1(t), u′′

2(t) = p2(t)u1(τ (t)) + q2(t), (2.5)

with p1, p2 ∈ L∞(I ; R) and τ ∈ M1(I ), under boundary conditions (1.31)
and (1.32), and the equation

u(m)(t) = p(t)u(τ (t)) + q(t), (2.6)
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where m = 2k + 2, (k ∈ N), under boundary conditions

u(2j−2)(a) = c1j , u(2j−2)(b) = c2j , j = 1, k + 1, (2.71)

and

u(2j−2)(a) = c1j , u(2j−1)(b) = c2j , j = 1, k + 1. (2.72)

Then from Theorems 2.1 and 2.2 immediately follow the corollaries

Corollary 2.7. Let r ∈ {1, 2}, the functions p1, p2 ∈ L∞(I ; R), and
τ ∈ M1(I ), be such that conditions (2.1) with n = 2, and

‖p1‖∞
(

r‖p2‖∞ + π

b − a

(‖p2‖∞
∫ b

a

|p2(s)||τ(s) − s| ds
)1/2

)
<

1

2r+1

(
π

b − a

)4

,

hold. Then problem (2.5), (1.3r ) is uniquely solvable.

Corollary 2.8. Let r ∈ {1, 2}, and the functions p ∈ L∞(I ; R+), τ ∈
M1(I ), be such that the conditions

0 ≤ σp(t) for t ∈ I,

where σ ∈ {−1, 1}, and

r‖p‖∞+ π

b − a

(
‖p‖∞

∫ b

a

|p(s)||τ(s)−s| ds

)1/2

< 2(2−r)k+1

(
π

2(b − a)

)m

,

hold. Then problem (2.6), (2.7r ) is uniquely solvable.

2.2. Nonlinear problems

For the formulation of our main result we need the following definitions:

Definition 2.9. Let τ ∈ Mn(I), then we will say that

h ∈ D1,τ (I ), (2.81)

if h ∈ L∞(I ; Rn+), and for an arbitrary p ∈ L∞(I ; Rn), such that

0 ≤ σipi(t) ≤ hi(t)(i = 1, n) for t ∈ I, (2.9)

where σi ∈ {−1, 1}, (i = 1, n), the homogeneous system

u
(mi)
i (t) = pi(t)ui+1(τi(t))(i = 1, n), (2.10)
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where un+1 = u1, under the boundary conditions

u
(j1−1)

i (a) = 0, u
(j2−1)

i (b) = 0,

j1 = 1, ki, j2 = 1, mi − ki, i = 1, n,
(2.111)

has no nontrivial solution.

Definition 2.10. Let τ ∈ Mn(I), then we will say that

h ∈ D2,τ (I ), (2.82)

if h ∈ L∞(I ; Rn+) and for an arbitrary p ∈ L∞(I ; Rn), for which condi-
tions (2.9) holds, the homogeneous system (2.10) under the boundary condi-
tions

u
(j1−1)

i (a) = 0, u
(j2−1)

i (b) = 0,

j1 = 1, ki, j2 = ki + 1, mi, i = 1, n,
(2.112)

has no nontrivial solution.

Theorem 2.11. Let r ∈ {1, 2} and the functions τ ∈ Mn(I), h ∈
L∞(I ; Rn), be such that inclusion (2.8r ) holds. Moreover, let the continu-
ous operators V1i , V2i : Cm1,...,mn(I ; Rn) → L∞(I ; R+), and the numbers
σi ∈ {−1, 1}, (i = 1, n), r0 > 0, be such that the conditions

V2i (x)(t) ≤ min{V1i (x)(t), hi(t) − V1i (x)(t) : t ∈ I }
for ‖x‖Cm1 ,...,mn ≥ r0, t ∈ I , (i = 1, n), (2.12)

and

|Fi(x)(t) − σiV1i (x)(t)xi+1(τi(t))| ≤ V2i (x)(t)|xi+1(τi(t))|
+ ηi(t, ‖x‖Cm1 ,...,mn ) for ‖x‖Cm1 ,...,mn ≥ r0, t ∈ I , (i = 1, n), (2.13)

with x := (xi)
n
i=1 ∈ Cm1,...,mn(I ; Rn), xn+1 = x1, hold, where the functions

ηi : I × R+ → R+ are summable in the first argument, nondecreasing in the
second one, and admit to the conditions

lim
ρ→+∞

1

ρ

∫ b

a

ηi(s, ρ) ds = 0, (i = 1, n). (2.14)

Then problem (1.2), (1.3r ) has at least one solution.

Corollary 2.12. Let the number r0 > 0, the functions τ ∈ Mn(I), h ∈
L∞(I ; Rn+), and the continuous operators

V1i , V2i : C
m1,...,mn(I ; Rn) −→ L∞(I ; R+)
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be such that the conditions

n∏
i=1

(
2‖hi‖∞ + ρ(hi, τi)‖hi‖1/2

∞
)

< 4

n∑
i=1

ki

(
π

2(b − a)

)∑n
i=1 mi

, (2.151)

and (2.12)–(2.14) hold, where the functions ηi : I ×R+ → R+ are summable
in the first argument and nondecreasing in the second one. Then problem (1.2),
(1.31) has at least one solution.

Corollary 2.13. Let the number r0 > 0, the functions τ ∈ Mn(I), h ∈
L∞(I ; Rn+), and the continuous operators

V1i , V2i : Cm1,...,mn(I ; Rn) −→ L∞(I ; R+)

be such that the conditions

n∏
i=1

(
4‖hi‖∞ + ρ(hi, τi)‖hi‖1/2

∞
)

< 4n

(
π

2(b − a)

)∑n
i=1 mi

, (2.152)

and (2.12)–(2.14) hold, where the functions ηi : I × R+ → R+ are summable
in the first argument and nondecreasing in the second one. Then problem (1.2),
(1.32) has at least one solution.

For the case when (1.2) is the system of the higher order differential equa-
tions with the argument deviations of the form

u
(mi)
i (t) = fi(t, ui+1(τi(t))) + q0i (t), (i = 1, n), (2.16)

where un+1 = u1, and fi : I × R → R, (i = 1, n), are the functions from the
Caratheodory’s class, the following Corollaries are true

Corollary 2.14. Let r ∈ {1, 2}, and the functions τ ∈ Mn(I), h ∈
L∞(I ; Rn+), be such that inclusion (2.8r ) holds. Moreover, let the Cara-
theodory’s class functions f1i , f2i : I × R → R+, (i = 1, n), and the numbers
σi ∈ {−1, 1}, (i = 1, n), r0 > 0, be such that the conditions

f2i (t, x) ≤ min{f1i (t, x), hi(t) − f1i (t, x) : t ∈ I } for x ∈ R, t ∈ I,

(2.17)

and

|fi(t, x) − σif1i (t, x)x| ≤ f2i (t, x)|x| + ηi(t, |x|) for |x| ≥ r0, t ∈ I,

(2.18)

hold for all i ∈ {1, n}, where the functions ηi : I ×R+ → R+ are summable in
the first argument, nondecreasing in the second one, and satisfy the conditions
(2.14). Then problem (2.16), (1.3r ) has at least one solution.
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Example 2.15. As example consider the system of the differential equa-
tions

u
(mi)
i (t) = σihi(t) sin ‖u‖Cm1 ,...,mn ui+1(τi(t)) + q0i (t), (i = 1, n), (2.19)

where σ ∈ {−1, 1}, un+1 = u1, and the functions τ ∈ Mn(I), h ∈ L∞(I, Rn+),
are such that inclusion (2.8r ) holds where r ∈ {1, 2}. Then from Theorem 2.11
with r0 = 0, ηi ≡ 0, and V1i (u)(t) = hi(t) sin ‖u‖Cm1 ,...,mn , V2i ≡ 0, it follows
the solvability of problem (2.19), (1.3r ).

Theorem 2.16. Let r ∈ {1, 2}, and the functions τ ∈ Mn(I), h ∈
L∞(I ; Rn+), be such that inclusion (2.8r ) holds. Moreover, let the numbers
σi ∈ {−1, 1} be such that the conditions

0 ≤ σi(fi(t, x) − fi(t, y)) sgn(x − y) ≤ hi(t)|x − y|
for x, y ∈ R, t ∈ I , (i = 1, n), (2.20)

hold, where the functions ηi : I×R+ → R+ are summable in the first argument,
nondecreasing in the second one, and satisfy conditions (2.14). Then problem
(2.16), (1.3r ) is uniquely solvable.

From Theorem 2.16 and Corollaries 2.12, 2.13 follows

Corollary 2.17. Let r ∈ {1, 2}, and the functions τ ∈ Mn(I), and h ∈
L∞(I ; Rn+), be such that conditions (2.15r ) and (2.20) hold. Then problem
(2.16), (1.3r ) is uniquely solvable.

Example 2.18. As example consider on I the system of the differential
equations

u
(mi)
i (t) = σihi(t)

ui+1(τi(t))

(1 + |ui+1(τi(t))|)αi
+ q0i (t), (i = 1, n), (2.21)

where σ ∈ {−1, 1}, αi ∈ (0, 1), un+1 = u1, and the functions τ ∈ Mn(I),
h ∈ L∞(I, Rn+), q0i ∈ L(I ; Rn), are such that inclusion (2.8r ) holds where
r ∈ {1, 2}. Then from Theorem 2.16 follows the unique solvability of prob-
lem (2.21), (1.3r ).
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3. Auxiliary propositions

First we consider Propositions 3.1–3.3 which are contained in [9] (Theorems
256–258)

Proposition 3.1. Let x ∈ C̃0(I ; R), x ′ ∈ L∞(I ; R),
∫ b

a
x(s) ds = 0, and

x(a) = x(b), then ∫ b

a

x2(s) ds ≤
(

b − a

2π

)2 ∫ b

a

x ′2(s) ds.

Proposition 3.2 (Wirtinger). Let v ∈ C̃0(I ; R), v′ ∈ L∞(I ; R), and
v(b) = v(a) = 0, then∫ b

a

v2(s) ds ≤
(

b − a

π

)2 ∫ b

a

v′2(s) ds. (3.1)

Proposition 3.3. Let v ∈ C̃0(I ; R), v′ ∈ L∞(I ; R), and v(a) = 0 or
v(b) = 0, then ∫ b

a

v2(s) ds ≤ 4

(
b − a

π

)2 ∫ b

a

v′2(s) ds.

Lemma 3.4. Let n0 ∈ N , v ∈ C̃n0−1(I ; R), v(n0) ∈ L∞(I ; R), and v(i)(b) =
v(i)(a), (i = 0, n0 − 1). Then∫ b

a

(v(k0)(s))2 ds ≤
(

b − a

2π

)2(n0−k0) ∫ b

a

(v(n0)(s))2 ds, (k0 = 1, n0).

(3.2)

Moreover if the function v changes sign, then∫ b

a

v2(s) ds ≤ 4

(
b − a

2π

)2n0
∫ b

a

(v(n0)(s))2 ds, (3.3)

and if
∫ b

a
v(s) ds = 0, then∫ b

a

v2(s) ds ≤
(

b − a

2π

)2n0
∫ b

a

(v(n0)(s))2 ds. (3.4)

Proof. Validity of (3.2) ((3.4)) immediately follows from Proposition 3.1
with x = v′(x = v), because v(a) = v(b) and therefore

∫ b

a
v′(s) ds = 0. Let
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now the function v changes the sign, then there exists the point c ∈ ]a, b[ such
that v(c) = 0, and if

x(t) =
{

v(t) for c ≤ t ≤ b,

v(t − (b − a)) for b < t ≤ c + (b − a),

then x(c) = x(c + (b − a)) = 0, x ∈ C̃([c, c + (b − a)]; R), x ′ ∈ L∞([c, c +
(b − a)]; R), and in view of Proposition 3.2 we get∫ c+(b−a)

c

x2(η) dη ≤
(

b − a

π

)2 ∫ c+(b−a)

c

x ′2(η) dη.

On the other hand in view of the definition of the function x we have∫ c+(b−a)

b

x2(η) dη =
∫ c

a

v2(s) ds,

∫ c+(b−a)

b

x ′2(η) dη =
∫ c

a

v′2(s) ds,

and v(t) = x(t) for t ∈ [c, b]. The last three expressions results into the
inequality ∫ b

a

v2(s) ds ≤ 4

(
b − a

2π

)2 ∫ b

a

v′2(s) ds,

from which by (3.2) (with k0 = 1) inequality (3.3) follows.

Lemma 3.5. Let m ∈ N , v ∈ C̃m−1(I ; R) be a nonzero function, v(m) ∈
L∞(I ; R), k = [m/2], and

v(j1−1)(a) = 0, v(j2−1)(b) = 0, j1 = 1, k, j2 = 1, m − k. (3.5)

Then the following inequalities∫ b

a

(v(j)(s))2 ds ≤ 4m−2k+1

(
b − a

π

)2(m−j) ∫ b

a

(v(m)(s))2 ds, (j = 0, 1),

(3.6)

hold.

Proof. In view of conditions (3.5) it is clear that the function v(m−k) ∈
C̃k−1(I ; R) at least min{m − k, k} times changes the sign in the open interval
]a, b[, and then all the functions v(m−k+r), (r = 0, k − 1), change sign at
least once in ]a, b[. Therefore for an arbitrary r ∈ {0, m − k − 1} there exist
cr ∈ ]a, b[, σr ∈ {−1, 1}, and the sets of the positive measure I1r ⊂ ]a, cr [,
I2r ⊂ ]cr , b[, such that

v(k+r)(cr ) = 0 and (−1)iσrv
(k+r)(t) > 0 for t ∈ Iir , (i = 1, 2).



TWO-POINT BVP FOR SYSTEMS OF FUNCTIONAL DIFFERENTIAL EQUATIONS 393

Then for an arbitrary r ∈ {0, n − k − 1}, due to Proposition 3.3 we get the
inequalities∫ cr

a

(v(k+r)(s))2 ds ≤ 4

(
cr − a

π

)2 ∫ cr

a

(v(k+r+1)(s))2 ds,

∫ b

cr

(v(k+r)(s))2 ds ≤ 4

(
b − cr

π

)2 ∫ b

cr

(v(k+r+1)(s))2 ds,

from which it is clear that∫ b

a

(v(k+r)(s))2 ds ≤ 4

(
b − a

π

)2 ∫ b

a

(v(k+r+1)(s))2 ds, (r = 0, m − k − 1).

Now by iteration of the least inequalities we obtain∫ b

a

(v(k)(s))2 ds ≤ 4m−k

(
b − a

π

)2(m−k) ∫ b

a

(v(m)(s))2 ds. (3.7)

On the other hand, from conditions (3.5) follows that inequalities (3.1) and (3.2)
with n0 = k and k0 = 1 hold. Now if we substitute inequality (3.7) in (3.2)
with (n0 = k and k0 = 1) we get that (3.6) for j = 1 is valid. Also if we
substitute (3.6) with j = 1 in (3.1) we obtain (3.6) for j = 0.

Also note that from Proposition 3.3 follows

Lemma 3.6. Let m ∈ N , v ∈ C̃m−1(I ; R), v(m) ∈ L∞(I ; R), k = [m/2],
and

v(j1−1)(a) = 0, v(j2−1)(b) = 0, j1 = 1, k, j2 = k + 1, m.

Then the following inequalities∫ b

a

(v(j)(s))2 ds ≤ 4m−j

(
b − a

π

)2(m−j) ∫ b

a

(v(m)(s))2 ds, (j = 0, 1),

hold.

Now for an arbitrary λ ∈ (0, 1), and the function h ∈ L∞(I ; Rn+), consider
the systems of the nonlinear functional differential equations

u
(mi)
i (t) = λσihi(t)ui+1(τi(t)) + (1 − λ)[Fi(u)(t) + q0i (t)], (i = 1, n),

(3.8)
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where u := (ui)
n
i=1, un+1 = u1, and σi ∈ {−1, 1}, (i = 1, n), under the

boundary conditions

u
(j1−1)

i (a) = λaij1 , u
(j2−1)

i (b) = λbij2 ,

j1 = 1, ki, j2 = 1, mi − ki, i = 1, n,
(3.91)

and
u

(j1−1)

i (a) = λaij1 , u
(j2−1)

i (b) = λbij2 ,

j1 = 1, ki, j2 = ki + 1, mi, i = 1, n,
(3.92)

with ki = [mi/2].
It is not difficult to verify that the following proposition is true.

Proposition 3.7. Let r ∈ {−1, 1}, m = ∑n
j=1 mj , α0 = 0, and αi =∑i

j=1 mj(i = 1, n). Then for an arbitrary λ ∈ (0, 1), problems (3.8), (3.91),
and (2.10), (2.111) are equivalent respectively to the problems

w′
i (t) = λσ̃i h̃i(t)wi+1(τi(t)) + (1 − λ)[F̃i(w)(t) + g̃0i (t)], (i = 1, m),

wαi−1+j1+1(a) = λ̃aij1 , wαi−1+j2+1(b) = λb̃ij2 ,

j1 = 0, ki − 1, j2 = 0, mi − ki − 1, i = 1, n,

and

w′
i (t) = p̃i(t)wi+1(τi(t)),

wαi−1+j1+1(a) = 0, wαi−1+j2+1(b) = 0,

j1 = 0, ki − 1, j2 = 0, mi − ki − 1, i = 1, n,

where w := (wj )
m
j=1, wm+1 = w1 = u1, and for all i ∈ 1, n the following

identities hold

ãij1 = aij1 , b̃ij2 = bij2 (j1 = 0, ki − 1, j2 = 0, mi − ki − 1),

wαi−1+1 ≡ ui, h̃αi
≡ hi, g̃0αi

≡ q0i ,

σ̃αi
≡ σi, p̃αi

≡ pi, F̃αi
(w) ≡ Fi(u),

and
σj h̃j ≡ 1, σj p̃j ≡ 1, F̃j (w) ≡ wj+1, g̃0j ≡ 0,

if j �∈ {α1, α2, . . . , αn}. Moreover, it is clear that ‖w‖C0
m

= ‖u‖Cm1 ,...,mn .

Remark 3.8. It is not difficult to verify that the propositions analogous to
Proposition 3.7 are valid for problems (3.8), (3.92), and (2.10), (2.112).
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Taking into account Proposition 3.7 and Remark 3.8 we get the following
modifications of Corollary 2 of paper [15], which is formulated for the system
of the first order equations.

Proposition 3.9. Let r ∈ {1, 2}, the functions τ ∈ Mn(I), and h ∈
L∞(I ; Rn), be such that inclusion (2.8r ) holds, and there exists a positive
number ρ1 such, that for an arbitrary λ ∈ (0, 1) every solution u of problem
(3.8), (3.9r ) admits to the estimate

‖u‖Cm1 ,...,mn ≤ ρ1. (3.10)

Then problem (1.2), (1.3r ), has at least one solution.

Lemma 3.10. Let r ∈ {1, 2} and the functions τ ∈ Mn(I), h ∈ L∞(I ; Rn),
be such that inclusion (2.8r ) holds. Then there exist a positive number ρ0 > 0,
such that an arbitrary solution u = (ui)

n
i=1 of problem (2.10), (1.3r ) admits

to the estimate

‖u‖Cm1 ,...,mn ≤ ρ0

n∑
i=1

(γri + ‖qi‖L), (3.11r )

where γ1i = ∑ki

j=1 |aij | + ∑mi−ki

j=1 |bij |, and γ2i = ∑ki

j=1 |aij | + ∑mi

j=ki+1 |bij |,
provided that inequalities (2.9) hold, for given σi ∈ {−1, 1}, (i = 1, n).

To prove this lemma, we need Lemma 3.11, which can be proved analog-
ously as Lemma 1.1 of [14], in which z, zk ∈ C0(I ; R), (k ∈ N).

Lemma 3.11. Let y, yk ∈ L(I ; R), z, zk ∈ L∞(I ; R), (k ∈ N),

lim
k→+∞

‖zk − z‖∞ = 0, lim sup
k→+∞

‖yk‖L < +∞,

and limk→+∞
∫ t

a
yk(s) ds = ∫ t

a
y(s) ds uniformly on I . Then

lim
k→+∞

∫ t

a

yk(s)zk(s) ds =
∫ t

a

y(s)z(s) ds uniformly on I .

Proof. Assume that the Lemma 3.10 is not true for r = 1. Then for all
k ∈ N there exist the functions pk := (pik)

n
i=1, qk := (qik)

n
i=1 ∈ L∞(I ; Rn),

and the numbers aij1k, bij2k ∈ R, such that

0 ≤ σipik(t) ≤ hi(t),

∫ b

a

pik(s) ds �= 0, (i = 1, n), (3.12)
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and the problem

u
(mi)
ik (t) = pik(t)ui+1k(τi(t)) + qik(t), (i = 1, n),

u
(j1−1)

ik (a) = aij1k, u
(j2−1)

ik (b) = bij2k,

j1 = 1, ki, j2 = 1, mi − ki, i = 1, n,

where un+1k = u1k , has such a solution uk := (uik)
n
i=1 that

‖uk‖Cm1 ,...,mn ≥ k

n∑
i=1

(γ1ik + ‖qik‖L),

where γ1ik = ∑ki

j=1 |aijk| + ∑mi−ki

j=1 |bijk|. Then if we suppose that

vik(t) = uik(t)/‖uk‖Cm1 ,...,mn , q̃ik(t) =
n∑

i=1

qik(t)/‖uk‖Cm1 ,...,mn ,

ãij1k = aij1k/‖uk‖Cm1 ,...,mn , b̃ij2k = bij1k/‖uk‖Cm1 ,...,mn ,

γ̃ik = γ1ik/‖uk‖Cm1 ,...,mn ,

and vk := (vik)
n
i=1, we obtain

‖vk‖Cm1 ,...,mn = 1,

n∑
i=1

(γ̃ik + ‖q̃ik‖L) ≤ 1

k
, (3.13)

and the equalities

v
(mi)
ik (t) = pik(t)vi+1k(τi(t)) + q̃ik(t), (i = 1, n), for t ∈ I ,

v
(j1−1)

ik (a) = ãij1k, v
(j2−1)

ik (b) = b̃ij2k,

j1 = 1, ki, j2 = 1, mi − ki, i = 1, n,

(3.14)

where vn+1k = v1k , from which due to (3.12) and (3.13) we have

|v(mi)
ik (t)| ≤ hi(t) + |̃qik(t)|, (i = 1, n), for t ∈ I . (3.15)

According to equalities ‖vk‖Cm1 ,...,mn = 1, conditions (3.14), and (3.15) for
an arbitrarily fixed i0 ∈ {1, n}, sequences (v

(j)

i0k
)+∞
k=1, (j = 0, mi − 1), are

uniformly bounded and equicontinuous on I . By the Arzela-Ascoli lemma,
without loss of generality it can be assumed that these sequences are uniformly
convergent on I . Therefore for arbitrary i0 ∈ {1, n}, there exists such function
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vi0 ∈ C̃mi0−1(I ; R) that v
(j)

i0
= lim

k→+∞ v
(j)

i0k
, (j = 0, mi − 1). Then from (3.13)

and (3.14), follows that the function v := (vi)
n
i=1 ∈ Cm1,...,mn(I ; Rn), admits

to the conditions (2.111), and

lim
k→+∞ ‖vk − v‖Cm1 ,...,mn = 0, ‖v‖Cm1 ,...,mn = 1. (3.16)

Set Pik(t) = ∫ t

a
pik(s) ds, (i = 1, n), then from (3.12) we get

Pik(a) = 0, 0 ≤ σi(Pik(t2) − Pik(t1)) ≤
∫ t2

t1

hi(s) ds, (3.17)

for a ≤ t1 ≤ t2 ≤ b, and then the sequences (Pik)
+∞
k=1, (i = 1, n), are uniformly

bounded and equicontinuous on I . Then by the Arzela-Ascoli lemma, without
loss of generality it can be assumed that these sequences uniformly converge.
Therefore if we denote the limits of these sequences by Pi , we get

lim
k→+∞ Pik(t) = Pi(t), (i = 1, n), uniformly on I , (3.18)

and then from (3.17) follows that

0 ≤ σi(Pi(t2) − Pi(t1)) ≤
∫ t2

t1

hi(s) ds, (i = 1, n).

Consequently the functions Pi are absolutely continuous, there exist the func-
tions pi ∈ L(I ; R) such that Pi(t) = ∫ t

a
pi(s) ds, and inequalities

0 ≤ σipi(t) ≤ hi(t), (i = 1, n), for t ∈ I (3.19)

hold. Then due to (3.16), and (3.18), by Lemma 3.11 with yk(t) = pik(t),
zk(t) = vi+1k(τi(t)), we obtain

lim
k→+∞

∫ t

a

pik(s)vi+1k(τi(s)) ds =
∫ t

a

pi(s)vi+1(τi(s)) ds, (i = 1, n),

(3.20)

uniformly on I . Therefore if we integrate the equations of system (3.14) from
a to t , and pass to the limit as k → +∞, due to conditions (3.13), (3.16),
and (3.20), we find that v is a solution of problem (2.10), (2.111). Then from
the inclusion h ∈ Pτ (I ), and conditions (3.19) follows that problem (2.10),
(2.111) has only the zero solution v ≡ 0, and we get the contradiction with the
second equality of (3.16). I.e., our assumption is invalid and estimation (3.11r )
holds. For r = 2 the proof of our lemma is analogous.
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4. Proof of main results

Proof of Theorem 2.1. It is known from the general theory of boundary
value problems for functional differential equations that problem (1.1), (1.31)
has the Fredholm’s property (see [15]), and therefore problem (1.1), (1.31) is
uniquely solvable if and only if the homogeneous problem (2.10), (2.111) has
only the trivial solution. Assume the contrary that problem (2.10), (2.111) has
the nontrivial solution (vi)

n
i=1, and introduce notations

mn+1 := m1, vn+k := vk, (k = 1, 2), pn+1 := p1, τn+1 := τ1,

m0 := mn, v0 := vn, p0 := pn, τ0 := τn.
(4.1)

Let now there exists r ∈ {1, n} such that vr+1 ≡ 0, then from system (2.10)
we get that v(mr )

r ≡ 0, from which in view of conditions (2.111) (in the point
a) we have

v(k)
r (t) =

mr−kr∑
j=1

v
(mr−j)
r (a)(t − a)mr−k−j

(mr − k − j)!
, (k = 0, mr − kr − 1). (4.2)

Therefore in view of conditions (2.111) (in the point b) we get the following
system of algebraic linear equations

(b − a)kr−k

mr−kr∑
j=1

βkjxj = 0, (k = 0, mr − kr − 1), (4.3)

where xj = v
(mr−j)
r (a)(b − a)mr−kr−j , βkj = 1/(mr − k − j)!, and it is

not difficult to verify that det(βkj ) �= 0. Therefore v
(mr−j)
r (a) = 0, (j =

1, mr − kr), and from (4.2) it is clear that vr ≡ 0. After analogous n − 1
steps we get that vi ≡ 0 for all i ∈ {1, n}, which is the contradiction with
our assumption. Thus v

(mi)
i �≡ 0, (i = 1, n), and then if we assume that

δi := ∫ b

a
|pi(s)|v2

i+1(τi(s)) ds, (i = 1, n + 1), and δn+1 = δ1, then from (2.10)
and (4.1) it follows that

0 <

∫ b

a

(v
(mi)
i (s))2 ds ≤ ‖pi‖∞δi, (i = 1, n),

0 <

∫ b

a

(v
(mn+1)

n+1 (s))2 ds =
∫ b

a

(v
(m1)
1 (s))2 ds

≤ ‖p1‖∞δ1 = ‖pn+1‖∞δn+1, (4.4)

and therefore
δi > 0, (i = 1, n + 1). (4.5)
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Also note that in view of conditions σipi ≥ 0, representations

δi = σi

∫ b

a

v
(mi)
i (s)vi+1(s) ds

+
∫ b

a

|pi(s)|vi+1(τi(s))

(∫ τi (s)

s

v′
i+1(ξ) dξ

)
ds (4.6)

are valid for all i ∈ {1, n}. Now note that the Schwarz inequality, (3.6) with
k = ki+1, m = mi+1, j = 0, and (4.4) imply the following estimations

σi

∫ b

a

v
(mi)
i (s)vi+1(s) ds ≤

(∫ b

a

(v
(mi)
i (s))2 ds

∫ b

a

v2
i+1(s) ds

)1/2

≤ 2mi+1−2ki+1+1((b − a)/π)mi+1

×
(∫ b

a

(v
(mi)
i (s))2 ds

∫ b

a

(v
(mi+1)

i+1 (s))2 ds

)1/2

≤ 2mi+1−2ki+1+1((b − a)/π)mi+1

× (‖pi‖∞‖pi+1‖∞)1/2(δiδi+1)
1/2 (4.7)

for all i ∈ {1, n}. Also the Schwarz inequality, (3.6) with k = ki+1, m = mi+1,
j = 1 and (4.4), imply the following estimations∫ b

a

|pi(s)|vi+1(τi(s))

(∫ τi (s)

s

v′
i+1(ξ) dξ

)
ds

≤
∫ b

a

|pi(s)|vi+1(τi(s))|τi(s) − s|1/2

(∫ τi (s)

s

v′2
i+1(ξ) dξ

)1/2

ds

≤ 2mi+1−2ki+1+1

(
b − a

π

)mi+1−1(∫ b

a

|pi(s)||τi(s) − s| ds

)1/2

×
(∫ b

a

|pi(s)|v2
i+1(τi(s)) ds

)1/2(∫ b

a

(v
(mi+1)

i+1 (s))2 ds

)1/2

≤ 2mi+1−2ki+1

(
b − a

π

)mi+1

ρ(pi, τi)(‖pi+1‖∞δiδi+1)
1/2 (i = 1, n). (4.8)

Now if we substitute in representations (4.6) estimations (4.7) and (4.8) we
obtain

δi ≤ 2mi+1−2ki+1

(
b − a

π

)mi+1[
2‖pi‖1/2

∞ + ρ(pi, τi)
]
(‖pi+1‖∞δiδi+1)

1/2,

(4.9)



400 S. MUKHIGULASHVILI

for all i ∈ {1, n}, and if we multiply all inequalities (4.9), then by the notations
δn+1 = δ1, pn+1 = p1, and (4.5), we get the contradiction with condition (2.21).
Therefore our assumption is invalid and vi ≡ 0, (i = 1, n).

Proof of Theorem 2.2. It is known from the general theory of boundary
value problems for functional differential equations that problem (1.1), (1.32)
has the Fredholm’s property (see [15]), and therefore problem (1.1), (1.32)
is uniquely solvable iff the homogeneous problem (2.10), (2.112) has only
the trivial solution. Assume the contrary that problem (2.10), (2.112) has the
nontrivial solution (vi)

n
i=1, and introduce the notations (4.1). Then if there

exists r ∈ {1, n} such, that vr+1 ≡ 0, analogously as in the previous proof,
we obtain that system (4.3) where k = kr , mr − 1, has only the zero solution,
and we get the contradiction with our assumption. Therefore analogously as
in the previous proof, but by using Lemma 3.6 instead of Lemma 3.5, we get
the following estimations

σi

∫ b

a

v
(mi)
i (s)vi+1(s) ds ≤ 2mi+1

(
b − a

π

)mi+1

(‖pi‖∞‖pi+1‖∞)1/2(δiδi+1)
1/2,

and∫ b

a

|pi(s)|vi+1(τi(s))

(∫ τi (s)

s

v′
i+1(ξ) dξ

)
ds

≤ 2mi+1−2

(
b − a

π

)mi+1

ρ(pi, τi)(‖pi+1‖∞δiδi+1)
1/2,

for all i ∈ {1, n}. Now if we substitute these two estimations in formula (4.6),
analogously as in the previous proof we obtain the contradiction with condi-
tion (2.22). Therefore our assumption is invalid and vi ≡ 0, (i = 1, n).

Proof of Corollary 2.7. Validity follows from Theorem 2.1 if r = 1,
and Theorem 2.2 if r = 2, with n = 2, m1 = m2 = 2, τ1 ≡ t , τ2 ≡ τ .

Proof of Corollary 2.8. It is not difficult to verify that if the function u

is the solution of problem (2.6), (2.7r ) then the vector function (ui)
k
i=1 where

ui = u(2i−2) is the solution of problem (1.1), (1.3r ) with n = k + 1, pi ≡ 1,
qi ≡ 0, τi ≡ t , mi = 2 (i = 1, k), pk+1 ≡ p, qk+1 ≡ q, mk+1 = 2, τk+1 = τ .
Then from Theorem 2.1 if r = 1, and Theorem 2.2 if r = 2 follows validity
of our corollary.

Proof of Theorem 2.11. Let λ ∈ (0, 1) be an arbitrary fixed number, and
u := (ui)

n
i=1 is a solution of problem (3.8), (3.9r ). Let also ρ0 and γri be the

numbers defined in Lemma 3.10, then due to condition (2.14) there exists the
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constant ρ1 > r0, such that the inequality

ρ0

n∑
i=1

(‖αi‖L + γri +
∫ b

a

ηi(s, ρ) ds
)

< ρ for ρ ≥ ρ1 (4.10)

holds where αi(t) = 1 + |q0i (t)|. Now assume that ‖u‖Cm1 ,...,mn ≥ ρ1, and
introduce the notation

νi(t) :=
Fi(u)(t) − σiV1i (u)(t)ui+1(τi(t))

+ V2i (u)(t)|ui+1(τi(t))| + ηi(t, ‖u‖Cm1 ,...,mn ) + 1
2(V2i (u)(t)|ui+1(τi(t))| + ηi(t, ‖u‖Cm1 ,...,mn ) + 1)

for t ∈ I , then it is not difficult to verify that u is a solution also of system (1.1),
with

pi(t) = σiλhi(t)

+ σi(1 − λ)
(
σi(2νi(t) − 1)V2i (u)(t) sgn ui+1(τi(t)) + V1i (u)(t)

)
,

qi(t) = (1 − λ)
(
(2νi(t) − 1)[1 + ηi(t, ‖u‖Cm1 ,...,mn )] + q0i (t)

)
.

On the other hand in view of conditions (2.13) the inequalities

0 < νi(t) < 1, (i = 1, n), (4.11)

hold, and therefore the estimation

λhi(t) + (1 − λ)(V1i (u)(t) − V2i (u)(t))

≤ σipi(t) ≤ λhi(t) + (1 − λ)(V1i (u)(t) + V2i (u)(t)),

is valid from which by (2.12) and (4.11) we obtain

0 ≤ σipi(t) ≤ hi(t), (i = 1, n), for t ∈ I , (4.12)

|qi(t)| ≤ 1 + |q0i (t)| + ηi(t, ‖u‖Cm1 ,...,mn ) for t ∈ I . (4.13)

Then for an arbitrary solution u of problem (1.1), (3.9r ) due to (4.12) and (4.13)
from Lemma 3.10 we get the estimation

‖u‖Cm1 ,...,mn ≤ ρ0

n∑
i=1

(
‖αi‖L + λγri +

∫ b

a

ηi(s, ‖u‖Cm1 ,...,mn ) ds

)
,

which in view of the assumption ‖u‖Cm1 ,...,mn ≥ ρ1, contradicts with inequal-
ity (4.10). Therefore our assumption is invalid and estimation (3.10) holds,
and then from Proposition 3.9 follows the solvability of problem (1.2), (1.3r ).
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Proof of Corollary 2.12 (2.13). In view of conditions (2.15r ) and h ∈
L∞(I ; Rn+), τ ∈ Mn(I), for such pi ∈ L∞(I ; R) that conditions (2.9) hold,
in view of Theorem 2.1 if r = 1 and Theorem 2.2 if r = 2, problem (2.10),
(2.11r ) has only the zero solution, and therefore inclusion (2.8r ) holds. Thus
all the assumptions of Theorem 2.11 are fulfilled and then problem (1.2), (1.3r )

is solvable.

Proof of Corollary 2.14. Let x ∈ Cm1,...,mn(I ; Rn), and

gi(t) = sup{|fi(t, y) − σif1i (t, y)y| : |y| ≤ r0}(i = 1, n) for t ∈ I .

Then in view of (2.18) and the fact that the functions ηi are nondecreasing in
the second argument we obtain

|fi(t, xi+1(τi(t))) − σif1i (t, xi+1(τi(t)))xi+1(τi(t))|
≤ f2i (t, xi+1(τi(t)))|xi+1(τi(t))| + gi(t) + ηi(t, ‖x‖Cm1 ,...,mn )

for ‖x‖Cm1 ,...,mn ≥ r0, t ∈ I , (i = 1, n), (4.14)

and due to (2.14) the equalities

lim
ρ→+∞

1

ρ

∫ b

a

(gi(s) + ηi(s, ρ)) ds = 0, (i = 1, n), (4.15)

are fulfilled. Therefore if we introduce the notations

Fi(x)(t) = fi(t, xi+1(τi(t))),

Vji(x)(t) = fji(t, xi+1(τi(t)))xi+1(τi(t)), (j = 1, 2),

due to (2.17), (4.14), and (4.15), we get that all the assumptions of The-
orem 2.11 hold, from which the validity of our corollary immediately follows.

Proof of Theorem 2.16. From condition (2.20) it is clear that all the
conditions of Corollary 2.14 with r0 = 0, f1i ≡ f2i ≡ hi/2, and ηi ≡ |fi(·, 0)|
hold. Therefore it remains to prove that problem (2.16), (1.3r ) has no more
then one solution.

Let ũ1 := (u1i )
n
i=1 and ũ2 := (u2i )

n
i=1 be an arbitrary solutions of prob-

lem (2.16), (1.3r ) and u = ũ1 − ũ2. Then the function u admits to conditions
(2.11r ), and from condition (2.20) we obtain that

0 ≤ σiu
(mi)
i (t) sgn ui+1(τi(t)) ≤ hi(t)|ui+1(τi(t))| for t ∈ I.

Therefore if we define the functions pi by the equalities

pi(t) =
{

u
(mi)
i (t)/ui+1(τi(t)) if ui+1(τi(t)) �= 0,

0 if ui+1(τi(t)) = 0,
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we get that u is a solution of the linear homogeneous problem (2.10), (2.11r ),
and the functions pi satisfy inequalities (2.9). Thus from the inclusion h ∈
Dr,τ (I ) it follows that u ≡ 0, and therefore ũ1 ≡ ũ2.
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