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STRONG MORITA EQUIVALENCE FOR
INCLUSIONS OF C*-ALGEBRAS INDUCED
BY TWISTED ACTIONS OF A COUNTABLE

DISCRETE GROUP

KAZUNORI KODAKA

Abstract

We consider two twisted actions of a countable discrete group on o-unital C*-algebras. Then by
taking the reduced crossed products, we get two inclusions of C*-algebras. We suppose that they
are strongly Morita equivalent as inclusions of C*-algebras. Also, we suppose that one of the
inclusions of C*-algebras is irreducible, that is, the relative commutant of one of the o -unital
C*-algebra in the multiplier C*-algebra of the reduced twisted crossed product is trivial. We show
that the two actions are then strongly Morita equivalent up to some automorphism of the group.

1. Introduction

In the previous papers [11], [12], we discussed strong Morita equivalence
for twisted coactions of a finite dimensional C*-Hopf algebra on unital C*-
algebras and unital inclusions of unital C*-algebras. Also, in [13], we clarified
the relation between strong Morita equivalence for such twisted coactions and
strong Morita equivalence for the associated unital inclusions of unital C*-
algebras. In the present paper, we shall discuss the same subject as above in the
case of twisted actions of a countable discrete group on o -unital C*-algebras.

Let (o, wy) and (8, wg) be twisted actions of a countable discrete group G
on o-unital C*-algebras A and B, and let A Xy, G and B Xg 4, , G denote
the twisted reduced crossed products of A and B by («, wy) and (8, wg),
respectively. Then we obtain the inclusions of C*-algebras A C A Xy y,.r G
and B C B Xg y, » G. In this paper, we first review that if (¢, w,) and (8, wg)
are strongly Morita equivalent, then in the same way as in Combes [6] or Curto,
Muphy and Williams [7], the inclusions A C A Xg, y,.G and B C B Xy, G
are strongly Morita equivalent. However, it is not clear that the converse result
holds in general. Our main result, Theorem 5.5, is as follows: We suppose that
the inclusion A C A Xg 4, .- G isirreducible, thatis, A'‘NM (A Xy, ,G) = C1.
If the inclusions A C A Xg,u,.» G and B C B Xg y, , G are strongly Morita
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equivalent, then there is an automorphism ¢ of G such that («?, w?) and
(B, wg) are strongly Morita equivalent, where (?, wﬁ) is the twisted action
of G on A defined by a?(a) = ay((a) and w(‘f(t, §) = wu(p (), ¢(s)) for
any ¢, s € G, a € A. This result is similar to [13, Theorem 6.2]. We remark
that the condition A’ N M (A X4y, » G) = CI holds if and only if (a, wy) is
a free twisted action of G on A (cf. Corollary 4.7). This freeness of («, wy)
plays an important role in §5.

We let K denote the C*-algebra of all compact operators on a countably
infinite dimensional Hilbert space and {e;;};jen its system of matrix units.
By a homomorphism between two C*-algebras, we will always mean a *-
homomorphism. This also applies to isomorphisms and automorphisms. For
each C*-algebra A, we denote by M (A) the multiplier C*-algebra of A. Let w
be an isomorphism of A onto a C*-algebra B. Then there is a unique strictly
continuous isomorphism of M(A) onto M(B) extending w by Jensen and
Thomsen [9, Corollary 1.1.15]. We denote it by 7. For an algebra A, we denote
by id4 the identity map on A; if A is unital, we denote by 14 the unit of A.
If no confusion arises, we denote them by id and 1, respectively. Throughout
this paper, we denote by G a countable discrete group with unit element e.

2. Preliminaries

First, we give some definitions. Let A be a C*-algebra. Let Aut(A) be the group
of all automorphisms of A and U (M (A)) the group of all unitary elements in
M(A).

DEerNITION 2.1. By a twisted action (o, wy) of G on A, we mean a map
o from G to Aut(A) and a map w, from G x G to U(M(A)) satisfying the
following conditions:

(1) oy ooy = Ad(wy(t, 5)) o oy,

(2) wa(t, s)wa (s, r) = a(Wa (s, r))we(t, sr),
(3) wu(t,e) = wyle, ) = 1y,

forall¢, s, r € G.

By easy computations, for any ¢t € G,

ae=id, we(t, 1) = (w17, 1)),
o = a1 0 Ad(w(t, 1)) = Ad(wa (7", 1)) 0 a1
Let (o, w,) be atwisted action of G ona C*-algebra A. Then we geta twisted

action («, wy) of G on M(A) such that @, is the unique strictly continuous
automorphism of M (A) extending o, to M(A) for any ¢ € G.
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We regard A and M (A) as C*-subalgebras of A X4 4, » G and M (A) Xy w, .r
G in the usual way, respectively. By considering the universal representation
of A on a Hilbert space 7, we may regard M (A) Xy, G and A Xg 4, » G
as acting non-degenerately on the same Hilbert space £2(G, ,). Then we can
see that M (A) Xy w,.r G C M(A Xy, » G) (cf. Pedersen [15, §§3.12 and 7.7]
for the case of an untwisted action). Thus we have the following inclusions of
C*-algebras:

A CAXgu,r G CMA Xgu,,rG)
M(A) C M(A) Xgu,r G C M(A Xg u,.r G).

We may also form (o ® idk, wy ® 1y(k)), the twisted action of G on A ® K.
As is well-known, there is an isomorphism of (A ® K) Xygid,w,o1,» G onto
(A Xg,u,r G) ® K such that its restriction to A @ K is the identity map on
A ® K. Thus

AQ®K C (AQ®K) Xggidw,e1.r G

and
AQK C (A Xy, G)®K

are isomorphic as inclusions of C*-algebras. We identify them as inclusions
of C*-algebras in this paper.

It is also well-known that there exists a canonical faithful conditional ex-
pectation from A X, » G onto A. The definition of a conditional expectation
can be found in Blackadar [2, II. 6.10]. One way to construct E 4 is as follows.

Let EM™ be the faithful canonical conditional expectation from M (A)
Mg w,,rG onto M (A) defined in Bédos and Conti [1, §3]. Then we may let EA
be the restriction of EM™ to A X4 4, G, thatis, E4 = EMWA) |, 5.

For each t € G, let §; be the function from G to M (A) defined by

lM(A), ifs =1t,

0, if s #t.

3 (s) =

Since 8, € £'(G, M(A)), 8, € M(A) Mo w,,r G. We regard &, as an element in
M (A Xq,u,.» G) by the above inclusion M (A) Xy w,r G C M(A Xgu,.r G).

Let {u;};c; be an approximate unit of A with ||u;|| < 1 forany i € I. We
fix the approximate unit {u;};c; of A in this paper. Let x € M (A Xy, G).
Then {E4 (x (u i6/))}ier 1s a Cauchy net in M (A) under the strict topology for
any t € G since o;(a) = 8,aé; forany t € G and a € A. Indeed, for any
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i,jel,aeA,
la(EA (xu;8) — E4 (xu;s)) |

= llaE* (x8} (ot (u;) — ot (u;)) |

= || E* (ax8] (et (u;) — oty (u))) |

= | E* (ax8) (ot (ui) — oy (u)) |

= llo, "(E*(ax8)) i —uj)| — 0 (i, j — 00).
Similarly,

I(E* (xui ) — E* (xujs))all = 0 (G, j — 00).

Let x, = lim; E4(xu;8}) for every x € M(A X4, , G) and t € G, where
the limit is taken under the strict topology in M (A). Then x, € M(A) for all
tregG.

DErFINITION 2.2. Let x € M(A Xy, G). For any t € G, let x; be the
element in M (A) defined in the above. We call x, the Fourier coefficient of x
att € G, and call {x;},c¢ the Fourier coefficients of x.

We note that if x € A X4, » G, then x, = EA(X(S;‘) is the usual Fourier
coefficient of x att € G, and that if x € M (A), then

x, ift=e,
0, ifr#e.
LEMMA 2.3. Let x € A Xy, G. If x, =0 forallt € G, then x = 0.

Xy =

ProOF. Foranya € A, t € G, we have
0= E*(x8")a(a) = E*(x8]a;(a)) = E*(xa8])

since o, (a) = §;a8;. Since A X4y, . G is the closed linear span of {ad] | a €
A,t € G}, EA(xy) =0forall y € A x4, G. Since E? is faithful, x = 0.
LEMMA 2.4. Let x € M(A Xg .y, r G). If x;, =0 forallt € G, then x = 0.

ProoF. Foranya € A, t € G, we have
0 = x;a;(a) = lim E* (x(u;8)))a; (@) = lim E* (x (u;0)87) = E*(xas8})
since o, (a) = 6;a8;. Since E A (xaéy) is the Fourier coefficient of the element

xaatt € G,byLemma2.3,xa = Oforanya € A. Thusforanya € A,t € G,
xad; = 0. Since A Mgy, G is the closed linear span of {ad; | a € A, t € G},
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xy =0forany y € A Xg,, G. We note that by [15, Proposition 3.12.3],
x can be regarded as a double centralizer on A X, G by multiplication.
Hence x = 0.

DEFINITION 2.5. Let (o, we) and (B, wg) be twisted actions of G ona C*-
algebra A. We say that (o, wy) and (8, wg) are exterior equivalent if there are
unitary elements {w;};c¢ C M (A) satisfying the following:

(1) B = Ad(w,) o oy,
(2) wrs = wg(t, s) wroy (ws)we(t, 5),

foranyt,s € G.

We refer to Packer and Raeburn [14] for more details about this notion.

Let A and B be C*algebras. Let X be an A — B-equivalence bimodule
(see Gracia-Bondia, Vérilly and Figueroa [8]). Note that X is often called an
A — B-imprimitivity bimodule (see e.g. Raeburn and Williams [16]). For any
a € A,be B,x € X, wedenote by a - x the left A-action on X and by x - b the
right B-action on X. Let X be the dual B — A-equivalence bimodule of X and
let X denote the element in X associated to an element x € X. Also, we regard
X as a Hilbert M(A) — M (B)-bimodule in the sense of Brown, Mingo and
Shen [4] as follows: Let Bg(X) be the C*-algebra of all adjointable right B-
linear operators on X. We recall that an adjointable right B-linear operator on
X is bounded. Then By (X) can be identified with M (A). Similarly let 4B(X)
be the C*-algebra of all adjointable left A-linear operators on X. Then 4B(X)
can be identified with M (B). Using these identifications, we may regard X as
a Hilbert M(A) — M (B)-bimodule. Let Aut(X) be the group of all bijective
bounded linear maps on X.

DEFINITION 2.6. Let (o, wy) and (B, wg) be twisted actions of G on C*-
algebra A and B, respectively. We say that («, w,) and (B, wg) are strongly
Morita equivalent if there are an A — B-equivalence bimodule X and a map A
from G to Aut(X) satisfying the following:

(1) a(alx, y) = alre(x), (),

) Bi({x,y)B) = (X (x), A (¥)) s

(3) (A 0 X)) (x) = wa(t, §) - Ays(x) - wp(t, 5)",
forany t,s € G, x,y € X, where we regard X as a Hilbert M(A) — M (B)-
bimodule in the above way.

We note that if the twisted actions (&, w,) and (8, wg) of G on A are exterior
equivalent, then they are strongly Morita equivalent. Indeed, let {w,};cc be
unitary elements in M (A) satisfying Conditions (1), (2) in Definition 2.5. We
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regard A as the trivial A — A-equivalence bimodule in the usual way and we
denote it by Xg. For any € G, let A, € Aut(Xy) be defined by

Ae(x) = O(,(x)w,*

for all x € X¢. Then one can easily check that A satisfies Conditions (1)—(3)
in Definition 2.6.

We recall the definition of strong Morita equivalence for inclusions of C*-
algebras.

DEFRINITION 2.7. Two inclusions of C*-algebras A C C and B C D with
AC = C and BD = D are said to be strongly Morita equivalent if there exists
a C — D-equivalence bimodule Y having a closed subspace X satisfying the
following conditions:

(1) a-xe Xand¢(x,y) € Aforalla € A,x,y € X,

(2) c{X,X)=Aand (Y, X) =C,
B) x-be Xand (x,y)p e Bforallbe B,x,y € X,

4 (X,X)p=Band (Y, X)p = D.

For each twisted action (o, w,) of G on a C*-algebra A, we get an inclusion
of C*-algebras A C A Xg .y, r G With A(A Xg .y, r G) = A Xgy,r G.

Let (o, wy) and (B, wg) be twisted actions of G on A and B, respectively.
We suppose that they are strongly Morita equivalent so that there are an A — B-
equivalence bimodule X and a map A from G to Aut(X) satisfying Conditions
(1)—(3) in Definition 2.6. We show that the inclusions of C*-algebras A C
A Xy u,r Gand B C B g, , G are strongly Morita equivalent in the same
way as in Combes [6] or Curto, Muhly and Williams [7]. Let L x be the linking
C*-algebra for X defined by

E PR (O

For more details about linking C*-algebras, wereferto [16, §3.2]. Letz, s € G.
Let y, be the map on Ly defined by

([a x:|> |:ozt(a) )\z(x)i|

Yt ~ = —

y b A(y)  Bi(b)

for all [ ’é b ] € Lx.Also, let w, (¢, s) be the unitary element in M (L x) defined

by wy(t.s) 0 }
0 wg(t, s)

aeA,beB,x,yeX}.

wy, (t,s) = |:
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for all ¢, s € G. Then by routine computations, one verifies that (y, w,) is a
twisted action of G on Ly. Let Ly X, 4, G be the twisted reduced crossed
product of Lx by (y, w,). Let p = [(1) 8] and g = [8 (1)] Then p and ¢ are
projections in M(Lx) C M(Lx X, w,., G) and they are full in M (Lx X 4,
G).Let Y = p(Lx Xy, G)q and X = pLxq. Then clearly X is a closed
subspace of ¥ and Y is an A X4y, » G — B Xg 4, , G-equivalence bimodule
by easy computations, where A Xg ., G and B Xg ., G are identified
with p(Lx X, G)p and q(Lx Xy, G)q, respectively. Furthermore,
identifying A and B with pLx p and gL xq, respectively, one readily obtains
that the inclusions A C A Xg,u,.» G and B C B Xy, , G are strongly Morita
equivalent with respect to Y and X. Hence we obtain the following proposition.

PROPOSITION 2.8. Let (o, wy) and (B, wg) be twisted actions of a count-
able discrete group G on C*-algebras A and B, respectively. If (o, wy) and
(B, wg) are strongly Morita equivalent up to some automorphism of G, then
the inclusions of C*algebras A C A Xy, G and B C B Xg .y, , G are
strongly Morita equivalent.

PROOF. Let ¢ be an automorphism of G. Let («?, w?) be the twisted action
of G on A defined by

af (@) = agpy(a@)  wl(t,s) = we (P (), P(5))

forany a € A, t, s € G. Then there is an isomorphism 7 of A X4 4, G onto
A X, wl.r G with |4 = id on A. Thus we may assume that (¢, w,) and
B, w ,3’) are strongly Morita equivalent. Hence by the above discussion, we get
that A C A Xy uw,r Gand B C B Xg 4, G are strongly Morita equivalent.

3. Relative commutants of inclusions of o -unital C*-algebras

Let A be a C*-algebra and p a projection in M (A ® K). We note that by [9,
E 1.1.8], there is an isomorphism of M (p(A ® K) p) onto pM (A ® K) p such
that its restriction to p(A ® K) p is the identity map on p(A ® K) p. We identify
M(p(A®K)p) with pM (A ® K) p by the above isomorphism. We begin this
section with the following lemma:

LEMMA 3.1. Let A C C be an inclusion of C*-algebras with AC = C. Then
the following conditions are equivalent:
(1) AnM(C) =Cl,
2) A’KYNM(C ®K)=Cl.

ProoF. (1)=(2): Let x € (A ® K) N M(C ® K). Then for any a € A,

k e K,
x(a®k)=(a@®k)x.
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Since A is dense in M (A) under the strict topology and AC=C,x(1Qk) =
(1 ® k)x for any k € K, where 1 denotes 1,(c). We note that

(I®e)MCRK)(I®ep) =M((1Qe)(CRK)(Qerr))
=M(CQe) =M(C)Qeyy.

Foranya € A,
(I®enx(1@eN@®er) =@®e)(@e)x(l ®ep).

Since A’ N M(C) = Cl1, there is a ¢ € C such that (1 ® ej1)x(1 ® e17) =
c(1®er;). Thus x(1 ® e11) = c(1 ® e11). Forany n € N,

x(1®em) =x(1®@e)1®@e)(1 ey,
= (1 Q®en)x(1®en)(1®ern)
= (1 ®en)c(l1®e)(l®ern)
= c(1 ® enn)-

Hence x(1® Y 7_ €ii) =c(1®> ", e;) foranyn € N. Since 1 ® Y _/_, e;;
is strictly convergent to 1y (cgk) asn — 00, x = cl. Thus (AQK)' N M(C®
K) = Cl.

2)=(1): Letx € A N M(C). Then x @ 1) € M(C ® K). For any
ac A kek,

@RNxRIyxk) =ax @k =xa®@k =(xQ lyx))la®k).

Thus x ® 1yxk) € (A ® K) N M(C ® K) = Clycgk). Therefore, there
isac € Csuch that x ® 1y k) = clycek)- Hence, x = clycgk). Thus
A'NM(C)=Cl.

Let A and B be o-unital C*-algebras and A C C and B C D inclusions
of C*-algebras with AC = C and BD = D. Then C and D are also o-unital.
We suppose that A C C and B C D are strongly Morita equivalent. Then in
the same way as in the proof of [10, Proposition 3.5] or Brown, Green and
Rieffel [3, Proposition 3.1], there is an isomorphism 6 of D®K onto C®K such
that 6| pgk is an isomorphism of B @ K onto A ® K. Let p = 0(1 () @ e11).
Then p is a projection in M(A @ K) C M(C ® K) and p is fullin A ® K and
C ® K, that is,

ARK)p(A®RK)=AQ®K

and

(C®K)p(C®K) =C®K.
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By the definitions of 8 and p, the inclusion of C*-algebras
(Ipmp) ®@en)(BRK)Aym ®@ern) C (ump ®@ein)(DQK)Y(yp eir)
is isomorphic to the inclusion of C*-algebras

pP(A®K)p C p(CR®K)p

as inclusions of C*-algebras. We will show that if B N M (D) = Cl, then
A NM(C)=Cl.

LEMMA 3.2. With the above notation and assumptions,

(A®K)'NM(C®K) = (A®K)NM(C ®K))p.

PrOOF. Let 7 be the map from (A ® K) N M(C ® K) to (A ® K)' N
M(C ® K))p defined by w(x) = xp for any x € (A ® K)' N M(C ® K).
Letx € (A ® K) N M(C ® K). Then for any ¢ € A ® K, xa = ax. Hence
xa = ax for any a € M(A ® K). This implies that = is a homomorphism
of ARK)Y NM(IC ® K)to ((A®K) N M(C ® K))p. It is clear that =
is surjective. We show that 7 is injective. We suppose that 7 (x) = 0. Then
xp=0.Forany y,z € AQK, yxpz = 0. Since x € (A ® KY, xypz = 0.
Since (A R K)p(A®K) =AQK, xa=0foranya € A ® K. Let ¢ be any
element in C ® K and let {u;} be an approximate unit of A ® K. Then u;c is
norm convergent to ¢ since

(A®K)(C®K)=CQ®K.

Thus xc = lim; xu;c = 0 since xu; = 0 for any i. Since x can be regarded as
adouble centralizer on A by multiplication by [15, Proposition 3.12.3], x = 0.
Since r is injective, we obtain the conclusion.

LeEMMA 3.3. With the above notation and assumptions,

(AK)YNM(C ®K)p C (p(A”K)p) N pM(C @ K)p.

ProoF. Let x € (A ® K) N M(C ® K). We show that
xp € (p(A®K)p)' N pM(C @K)p.

We note that xa = ax for any a € A ® K. Hence xp = pxp since p €
M(A ® K). Thus xp € pM(C ® K)p. Also, foranya € A Q K, xp(pap) =
xpap = (pap)xp. Hence xp € (p(A ® K)p)’. The claim clearly follows.
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LEMMA 3.4. With the above notation and assumptions, if B "M (D) = Cl,
then A’ N M(C) = Cl.

ProOOF. By the discussion before Lemma 3.2,
mi) ®@en)(BRK)YAyup ®eir) C (Iup Qei)(DQK)(1yp ®ein)

is isomorphic to (p(A ® K)p C p(C ® K)p as inclusions of C*-algebras.
Also,

Imp) ®@e)(BROK)YAypm ®ei) C (upm Qei)(DQK)Y(ypm Qeinr)

is isomorphic to B C D as inclusions of C*-algebras. Hence since B’ N D =
Cl, (p(A®K)p)' N p(C ® K)p = Cp. Thus by Lemma 3.3 ((A ® K)' N
M(C®K))p = Cp. Itfollows that (AQK)'NM (C®K) = C1 by Lemma 3.2.
Therefore, by Lemma 3.1, A’ N M (C) = CI.

4. Free twisted actions of a countable discrete group

We recall the following definitions (see [5], [17] and references therein). Let
« be an automorphism of a C*-algebra A.

DEFINITION 4.1. We say that « is inner if there is a unitary element w €
M (A) such that « = Ad(w). We say that « is outer if « is not inner.

DEFINITION 4.2. We say that « is free if « satisfies the following condition:
If x € M(A) satisfies that xa = «(a)x for alla € A, then x = 0.

Let (o, wy) be a twisted action of G on a C*-algebra A.

DEeFINITION 4.3. We say that («, wy) is outer if o, is outer for every t €

G\ {e}.

DEeFINITION 4.4. We say that (o, w,,) is free if the automorphism ¢; is free
forevery t € G\ {e}.

LEMMA 4.5. Let (o, wy) be a twisted action of G on a C*-algebra A. If
(a, wy) is free, then (o, wy) is outer. Furthermore, if A’ N M(A) = Cl1, then
the converse holds.

PrOOF. We suppose first that (o, wy) is free and that (o, wg) is not outer.
Then there are anelementt € G\ {e}and aunitary elementw € M (A) such that
o; = Ad(w). Thus for any a € A, o;(a) = waw*. Hence wa = «,(a)w for
alla € A. Since (o, wy,) is free, w = 0. This gives a contradiction. Therefore,
(o, wy) is outer. Next, we suppose that A’ N M(A) = C1 and that (o, wy) is
outer. Assume that (o, wy) is not free. Then there are an element t € G \ {e}
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and a non-zero element x € M(A) such that xa = «,(a)x for all a € A.
Hence ax* = x*o;(a) for any a € A. Thus x*xa = x*«,(a)x = ax*x for
any a € A. Hence x*x € Cl. Also, o;(a)xx* = xax* = xx*a;(a) for any
a € A. Thus xx* € C1. A computation gives (x*x — xx*)*(x*x — xx*) = 0,
i.e., x is normal, so we get that there exists some positive ¢ € R such that
x*x = xx* = cl. Let w = (1/4/c)x. Then w is a unitary element in M (A)
such that «;(a) = waw* for all a € A. This gives a contradiction. Therefore,
(o, wy) 1s free.

Let (o, w,) be a twisted action of G on a unital C*algebra A. Let £ A be the
faithful canonical conditional expectation from A X, G onto A defined
in §2. In the same way as Zarikian [17, Theorem 3.1.2], we obtain the following
proposition.

PROPOSITION 4.6. With the above assumption, the following conditions are
equivalent:

(1) The conditional expectation E* is unique,
(2) A N(A Xgu,r G) =A'NA,
(3) the twisted action (a, wy) is free.

PROOF. (1) = (2): This is immediate by [17, Lemma 3.1.1].

2)=@3): Lett € G\ {e} and x € A. We suppose that xa = «,(a)x for
all a € A. Then since a;(a) = 8;as}, 8;xa = ad;x for all a € A. Hence
8fx € A'N(A Xy, » G). By the definition of EA, EA(8}x) = 0. On the other
hand, since A’ N (A X, G) = A'N A, EA(8*x) = §*x. Hence x = 0.

(3) = (1): We suppose that (¢, wy) is free. Let F' be a conditional expecta-
tion from A Xg .y, » G onto A. Lett € G\ {e}. Forany a € A,

F(8)a = F(8;a) = F(a;(a)d;) = a,(a)F(5;)
since «,(a) = 8;aé’. Since (o, wy) is free, F(§,) = 0. Hence F(ad,) =
aF () =0= E4(ad,) foralla € A, t € G\ {e}, and it follows that F = E“4.

COROLLARY 4.7. Let («, wy) be a twisted action of G on a C*-algebra A.
Then the following conditions are equivalent:
(1) ANM(A Xgu,r G) =Cl,
2) ANM(A) = Cl and (a, wy) is free,
3) AANM(A) = Cl and (a, wy) is outer.

PrOOF. (1) = (2): Itis clear that A’ N M (A) = C1. We show that («, wy)
is free. Since M (A) Xy w,.r G C M(A Xg y,.r G),

M(A)' N (M(A) Xy, G) CA NM(A X, , G) = CL.
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Hence by Proposition 4.6, (¢, wy,) is free. Lett € G \ {e} and x € M (A). We
suppose that xa = «,(a)x for all a € A. Then since «; is strictly continuous,
xa = a,(a)x for alla € M(A). Hence x = 0 since (o, wy) is free. Thus
(a, wy) is free.

(2) = (1):Letx € AANM(A Xqu,, G). Forany t € G let x, be the
Fourier coefficient of x at t € G \ {e} defined in §2. Then for any a € A,

x;a = lim EA (xu;8%)a = lim E* (xu;87a) = lim E* (xu;0; ' (@)8])
= E*(xa; " (a)87) = E* (e, ' (a)x8)) = lim E*(a; " (a)xu;8)

= o, ' (a) lim E* (xu;87) = a; ' (a)x;.

Since (o, wy) is free x, = 0 for every ¢ € G \ {e}. Thus, settingy = x — x, €
M(A Xy, rG), wegetthaty, = Oforallt € G. Lemma?2.4 gives thaty = 0.
Hence, x = x, € A’ N M(A) = C1. This shows that (1) holds.

The equivalence (2) < (3) follows from Lemma 4.5.

LeEmma 4.8. Let (o, wy) be a free twisted action of G on a C*-algebra A.
Then (x ® id, wy, ® 1) is a free twisted action of G on A ® K.

ProOOF. Lett € G\ {e}. Let x be an element in M (A ® K) satisfying that
xy = (a; ®id)(y)x
forall y € A ® K. This implies that
xy = (o ®1d)(y)x
forall y € M(A) ® K. Hence we get that
x(1®e;i) =(1®e;i)x
for all i € N. Also, we have that
x(a ®ei) = (a(a) ®eii)x
foranya € A,i € N. Hence
(A ®@e)x(1@eii)a®eii) = (o (a) ®eii)(1®eii)x(l @ ei)

foralla € A, i € N. Since («, wy) is a free twisted action on A and we can
identify A with (1 ® ¢;;)(A @ K)(1 ® ¢;;),

(1®ei)x(1®e;)=0

for all i € N. Thus, since x(1 ® ¢;;) =0 foranyi € N, x = 0.
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5. Strong Morita equivalence for inclusions of C*-algebras

Let (a, wy) and (B, wg) be twisted actions of G on o-unital C*-algebras A
and B and let A Xy, G and B Xg y, » G denote the twisted reduced crossed
products of A and B by («, w,) and (8, wg), respectively. Then we obtain the
inclusions of C*-algebras A C A Xg u,r Gand B C B Xg .y, G.

We suppose that A C A Xg u,.» G and B C B Xy, , G are strongly Morita
equivalent. We regard K as the trivial K — K-equivalence bimodule. Then the
inclusions of C*algebras AQK C (A X, u,,r G)®Kand BRK C (B X g y,.r
G) ® K are also strongly Morita equivalent. Hence in the same way as in the
proof of [10, Proposition 3.5] or Brown, Green and Rieffel [3, Proposition 3.1],
there is an isomorphism 6 of (A Xy, » G) ® K onto (B xg ), » G) ® K such
that 0] sz is an isomorphism of A ® K onto B ® K. Also, as explained in §2,
the inclusion of C*-algebras

ARK C (A Xgu,,G) ®K

is isomorphic to
ARK C (AQ®K) Xugidw,e1,r G

as inclusions of C*-algebras, and
BRK C (B Xpu,r G)®K

is isomorphic to
B®K C (B®K) Xggiduelr G

as inclusions of C*-algebras. Thus 0 can be regarded as an isomorphism of
(A ® K) Xagid,w,01.r G onto (B ® K) Xggidwse1,- G such that 0]4gk is an
isomorphism of A @ K onto B @ K. Set 8, = 0| agk, ¥y = 6, o (@; ®1id) o 9,‘1
and wy, (¢, 5) = 0, (we(t,s) ® 1) forall ¢, s € G.

LEMMA 5.1. With the above notation and assumptions, (¢ ®1id, wy, ® 1) and
(v, wy) are strongly Morita equivalent.

PrOOF. Let 6, be the isomorphism of A ® K onto B ® K defined as above.
Let X4-1 be the AQ K— B ®K-equivalence bimodule obtained in the following
way: Set X,-1 = A®Kasavectorspaceover C. Foranya € AQK,b € BQK,
x,y € Xy, define

a-x =ax, x-b:x@;l(b),

A®K<x7 )’)=xy*’ <~xv y>B®K=0r(X*y)‘
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By easy computations, X,-1 is an A ® K — B ® K-equivalence bimodule. For
any € G, let ; € Aut(X,-1) defined by

Ai(x) = (o ®@ 1d)(x)

forall x € Xy-1. Then

Ak (A (X), 1 () = (; ®id)(xy™) = (o ® id) (agK (X, ),
(At (x), A (¥)) ok = 6, ((a ® id)(x*)’)) = Vt(er(X*y)) = ¥ ({x, ¥) gK)

forall x,y € X,-1,1 € G. Therefore, we obtain the conclusion.

Since the systems (A ® K, G, ® id, wy ® 1) and (B ® K, G, y, w,)
are conjugate, there is an isomorphism 7y of (A ® K) Xggid,w,1,» G onto
(B ® K) Xy, G such that my|agk = 6,. Then we have the following
commutative diagram:

(B ® K) >4ff®id,w¢;®1,r G (L (A ® K) >40t®id,w(,(®l,r G ”—9) (B ® K) >4y,wy,r G

T T T

B®K Or A®K Or B®K.

Let p be the isomorphism of (B ® K) X ggid,wse1.» G onto (B QK) X,y » G
defined by p = my 06~!. Then p|zgk = idon B®K. Forany ¢ € G, let ufmld
be the canonical unitary element in M ((B ® K) % ggid,w;@1,- G) implementing

B: ®id. Set v, = B(uf@’id) foreach t € G. Then forany b € B ® K,

vibv! = p!® ) p) /) = p((B, ®id)(B)) = (B, ® id)(b).

Hence v,b = (B, ® id)(b)v, forallb € BQK,r € G.

Let E2®K be the canonical conditional expectation from (B ® K) x yow,rG
onto B ® K and let {U;};c; be an approximate unit of B @ K. Let {b’};c; be
the Fourier coefficients of v, in M((B ® K) %, 4, G) with respect to {Ui }ie;-

LEMMA 5.2. With the above notation and assumptions, for any t,s € G,
b e B®K, we have

b'b = (B ®id) oy, (BB (%)

PrOOF. Let u! be the canonical unitary element in M ((B ® K) x yow, . G)
implementing y; for any s € G.Lett € G and b € B ® K. Then since
|bU; — U;b|| — 0 (i — 00), the Fourier coefficient of v;b at s € G is given
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by
lim EB®K (v,bUju?*) = lim EB®K (v, Uibu?*) = lim EB®K (0, Uiu?*y, (b))
= lim "% (0, U]y, (b) = by, ().
Moreover the Fourier coefficient of (8; ® id)(b)v; at s € G is given by
lim EE*K((B @ id)D)v,Uiu?*) = (B ® id) (b) lim EZ¥K (v, Uu?™)
= (B ®id)(b)b!.
Since v;b = (B; ® id)(b)v;, we get that
byys(b) = (B, ® id) ()b}

forallt, s € G,b € B®K. Since b is an arbitrary element in B ® K, replacing
b by y,~'(b), we obtain that

bib = (B, ® id) (v, (b))D!
forallt,s € G,b € B ® K, as desired.

Assume now that the actions («¢ ®id, w, ® 1) and (B ®id, wg ® 1) are free
on A®K and B®K, respectively and that (BQK)' "M (BRK) = Cl ysgk)-
Let ¢ be any element in G. Since v, # 0, there is an element sy € G such that
bi, # 0. Since sp € G is depending on ¢ € G, we denote it by ¢ (¢). Hence
b;(t) # 0, and by Lemma 5.2 for any b € B ® K, we have

blyyb = (B ®1d) 0 y,1)) (B)bly,).

Since (B ® K)' N M(B ® K) = Cl, by the proof of Lemma 4.5, there is a
unitary element w; € M (B ® K) such that

((B; ®id) 0 ¥, (b) = wibwy
forall b € B ® K. That is,
(B @ 1d) (D) = wy Yy (D) wy
forallb € B® K. Thus forany s € G, b € B K,

(B ®id) (y5-1 (D)) = Wiy (vs—1 (D)) wy -
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By Equation (x) in Lemma 5.2 and the above equation,

b'b = (B, @ id)(y,  (b)b!
= ((B; ®1id) o Ad(w,, (s‘l, s)*o yf])(b)bg
= [Ad(( ® id)(w, (s, 5)*)) o (B ®id) 0 y,-1]1(b)b}
= [Ad((B, ® id)(w,, (s7", $)*)) 0 Ad(w,) 0 Y4 © V51 1(b)D]
= [Ad((B ® id)(wy, (s, 5)")w;) 0 Ad(w, (B (1), s71) 0 Y0y 1(b)D!
= [Ad((B ® id)(wy, (s, ) )wewy (B (1), s71)) 0 Yy 1(B)DL.

Hence

wy (@ (1), s~ w (B ®id)(wy (s™', 9))bib
= Yoy (D)wy, (@ (1), s~ w (B, @ id)(w, (s, )b

forany s € G,b € BQK. Since (¢ ®id, w, ® 1) is free, sois (y, w,, ). Hence
the automorphism y ;-1 is free if s # ¢ (¢). Thus b. = 0 for any s € G with
s # ¢(t). Therefore, for any ¢t € G, there is a unique ¢ () € G such that

Boid
bfﬁ(r) #0,  plu; D= =1 ok ¢><t>

By the above discussions, we can regard ¢ as a map on G. We show that ¢ is
an automorphism of G.

LEMMA 5.3. With above notation and assumptions, ¢ is an automorphism

of G.

Proor. Lett,s € G. Then
vivs = p(uf P uf) = p((wp(t, $) ® Dul™) = p(wp(t, 5) ® Dy

Since p(b) = b forany b € B ® K, p(wg(r,s) ® 1) = wg(t,s) ® 1. Hence
v vy = (wg(t, s) ® 1)v,,. Then the Fourier coefficient of v,vs at r € G can be
computed as follows: Since v, = bfy ,u}; ) and v, = b} juf . we get that

lim EB®X (v, 0,U;u?*)
1

. B&K
llmE (b¢(z) ¢(t)b¢(5) ¢(S)Uu R

_ B®K
hmE (b¢(r>_¢(,>(b¢<v>)”¢<z> o) Uitt]")

(b¢(s))wy (¢ (t)v ‘P(S))ug(t)qs(v) UZM'},/*)

_ B®K
hm E (b¢(,)_¢(t)
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_ {b¢(f)_¢(t)(b (S))wy(¢(t)a¢(s))» ifr =¢@)d(s),
0, ifr # ) (s).

On the other hand, the Fourier coefficient of (wg(#, s) ® 1)v,s atr € G can be
computed as follows: Since v;; = bf;(”)u;(”), we get that

lim E%®% ((wp (2, 5) ® Dy, Uiul ™)

Uiul™)

= lim EPER ((wp(t, s) @ Dbl ol

B (wg(t,5) @ l)b;’m), if r = ¢(ts),
o, ifr £ G(ts).

As viv; = (wg(?, s) ® 1)vy, we obtain that

Y Y
Usnrps) = Ugpas)
b¢(,)V¢(t)(b¢(s))wy((f)(l), P(s)) = (wﬁ(t 5)® l)b,;)(;s) (k%)

for all £, s € G. Hence ¢(¢)¢p(s) = ¢(ts) for all ¢,s € G, i.e., ¢ is a ho-
momorphism of G to G. We show that ¢ is 1n]ect1ve Lett € G\ {e} and
suppose that ¢(¢) = e. By the definition of ¢, ,o(u,®1 ) = v = blul =b.
By Equation (x) in Lemma 5.2,

b'b = (B ® id) ()b,

forallb € B®K. Since B; ®id is a free automorphism of BQK, b, = 0. Hence
v, = 0. This is a contradiction. Thus ¢ (¢) # e, that is, ¢ is injective. Next we
show that ¢ is surjective. Since p is an isomorphism of (B ® K) X ggid,uye1.- G
onto (B ®K) Xy 4, » G, (BR®K) X, 4, , G is the closed linear span of the set

{bv, | b e BOK,1 € G} = {bbyuy, | be BRK, € G}
Also,
{bbfﬁ(l)u;ﬁm |be BK,t e G} = {bug(t) |be BK,t e G)

since b; ® is a unitary element in M (B ® K). Assume that ¢ is not surjective.
Then there is some element #y € G such that 7y ¢ ¢(G). Forany b € B ® K
and ¢ € G, the Fourier coefficient of bug(t) at o € G is can be computed as
follows:

lim EP®R(bul  Uiul™) = lim EP®®(byy o (Unul ui™) = 0.
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Thus, for any x € (B ® K) X, 4, » G, the Fourier coefficient of x at tp € G
is equal to 0. On the other hand, for an element » € B ® K with b # 0,
buj, € (B®K) .y, G and the Fourier coefficient of bu; atfy € G is equal
to b. This is a contradiction. Hence ¢ is surjective. Therefore, we have shown
that ¢ is an automorphism of G.

LEMMA 5.4. With the above notation and assumptions, (f ® id, wg ® 1)
and (y?, w‘f,’) are exterior equivalent, where (y?, wf,’) is the twisted action of

G on B ® K defined by yf(b) = Yp(r)(b) and w)‘f(t, §) = w, (1), ¢(s)) for
allt,s € G,b e B® K.

. . gt Y
ProOF. By the discussion before Lemma 5.3, v, = by, u,,, foranyr € G.

. ‘y . . t . .
Since v; and u,,, are unitary elements in M (B ® K), by, is a unitary element

in M(B®K) forany ¢t € G. Also, foranyb € BQK,t € G

(B ®id) (D) = vibv] = b;(,)ug(,)bugz)b;f,) = by Yo (D)D)
= (Ad(Dy ;) © Vo) (b)

Moreover, Equation (x) in the proof of Lemma 5.3 says that

bl‘

b0 o0y Ghie)Wy @0, D)) = (st $) ® Dbl

forallz, s € G. Therefore, (8, wg) and (y?, w?) are exterior equivalent.

We can now state the main theorem, which shows that the converse of Pro-
position 2.8 holds under the irreduciblity condition described in Corollary 4.7.

THEOREM 5.5. Let (o, wy) and (B, wg) be twisted actions of a countable
discrete group G on o -unital C*-algebras A and B, and let A X, » G and
B X g, r G denote the twisted reduced crossed products of A and B by («, wy)
and (B, wg), respectively. We suppose that A’ N M (A Xq,w,.» G) = C1. If the
inclusions of C*-algebras A C A Xy y,., G and B C B Xy, , G are strongly
Morita equivalent, then there is an automorphism ¢ of G such that (a«®, w?)
and (B, wg) are strongly Morita equivalent, where («?, w?) is the twisted
action of G on A defined by a?(a) = ag)(a) and wf(t, §) = wu (@ (1), d(s))
forallt,s € G, a € A.

PrOOF. Since A’'NM (A Xy w,.-G) = Cl,by Lemma3.4, B'NM (B Xy,
G) = Cl. Also, by Corollary 4.7, A’ N M(A) = C1, BN M(B) = Cl and
(o, wy), (B, wp) are free. Thus by Lemma 3.1, (B ® K)) N M(B @ K) =
C1uy(BeKk). Furthermore, by Lemma 4.8, (o ®id, w, ®1) and (8 ®id, wg® 1)
are free. On the other hand, since A C A Xy, G and B C B Xgy,, G
are strongly Morita equivalent, by the discussion before Lemma 5.2, there is
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an isomorphism 6 of (A ® K) Xugid w,e1.r G onto (B ® K) Xgeidwse1.r G
such that 0] 4gk is an isomorphism of A ® K onto B ® K. Set 6, = 0|29k and
¥, = 0, 0 (o, ®1id) oGr_l, wy (t,5) = 0,(wy (1, s)®1) forall 7, s € G. Then by
Lemmas 5.3 and 5.4, there is an automorphism ¢ of G such that (8®id, wg®1)
and (y?, w;’f) are exterior equivalent, hence strongly Morita equivalent, where

(y?, wf,’) is the twisted action of G on B ® K defined by ytd)(b) = Yu)(b)
and wf,’(t, 5) =w,(@(1),p(s)) forall 7,5 € G and b € B ® K. We note that
(¥, wy) and (@ ®id, w, @ 1) are strongly Morita equivalent by Lemma 5.1. It
follows that (¢, w;’f) and (o? ® id, wg’ ® 1) are strongly Morita equivalent.
Hence we can conclude that («¢? ®id, wgf ®1) and (B®id, wg®1) are strongly
Morita equivalent. As («?, w?) and (B, wg) are strongly Morita equivalent to
(@’ ®id, w? ® 1) and (B ® id, ws ® 1), respectively, we get that (¢, w?)
and (8, wg) are strongly Morita equivalent, as asserted.
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