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THE DIRICHLET PROBLEM FOR THE COMPLEX
HESSIAN OPERATOR IN THE CLASS Nm(�, f )
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Abstract
Let� ⊂ Cn be a boundedm-hyperconvex domain, wherem is an integer such that 1 ≤ m ≤ n. Let
μ be a positive Borel measure on �. We show that if the complex Hessian equation Hm(u) = μ

admits a (weak) subsolution in�, then it admits a (weak) solution with a prescribed least maximal
m-subharmonic majorant in �.

1. Introduction

Complex Monge-Ampère equations play an important role in pluripotential
theory, complex analysis, and have many applications in Kähler geometry.
See [5], [7], [8], [16], [13], and the references therein.

Recently complex Hessian equations have attracted the attention of many
researchers. See [17], [6], [10], [11], [9], [18], [19], [15], [20], and [22]. They
appear in many geometric problems, including J -flow [23] and quaternionic
geometry [4]. They are also important from PDE’s point of view as they can
be considered as non linear PDE’s of second order which interpolate between
(linear) complex Poisson equations (m = 1) and (non linear) complex Monge-
Ampère equations (m = n).

One of the central problems in this area is the resolution of the Dirichlet
problem for complexm-Hessian equations. Given a positive Borel measure μ
on � and a continuous function φ on ∂�, find a function u in the domain of
definition of the Hessian operator Hm such that

Hm(u) := (ddcu)m ∧ βn−m = μ in � and u = φ in ∂�, (1.1)

whereβ := ddc|z|2. Observe that whenu is a C 2 function, thenHm(u) is them-
th elementary symmetric polynomial of the eigenvalues of the complex Hessian
(∂2u/∂zj ∂z̄k) of u. In the general case, equation (1.1) should be understood in
the sense of currents on �.
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A related problem is to characterize the range of the complex Hessian oper-
ator. One of the main steps in this study is the so called subsolution problem.
Namely, assuming the necessary condition that the Dirichlet problem (1.1)
admits a subsolution in a given class of admissible functions, does it admit a
solution in the same class? This problem was solved by Kołodziej [16] for the
complex Monge-Ampère equation in the class of bounded plurisubharmonic
(psh) functions and generalized later by Åhag, Cegrell, Czyż, and Hiê.p [2] to
unbounded psh functions.

Recall that a function w ∈ Em(�) is a subsolution to the Hessian equation
Hm(u) = μ in a given class U ⊂ Em(�) if w ∈ U and satisfies the inequality
Hm(w) ≥ μ in the weak sense on �.

For the complex Hessian equation the subsolution problem in the class of
bounded m-subharmonic functions was solved by Ngoc Cuong Nguyen [20].
Recently, Vu Viet Hung and Nguyen Van Phu [15] solved the subsolution
problem for positive Borel measures in the class Fm(�). See Definition 2.4.

In order to introduce our main result let us first make the following obser-
vation. When the measure μ is singular with respect to the Lebesgue measure,
a solution with zero boundary values in the classical sense does not always
exist, even in the simplest case of the unit disc in C and μ with finite mass. In
this case, the Green potential of the measure μ is the unique solution whose
least harmonic majorant is zero.

Our main result solves the subsolution problem for complex Hessian equa-
tions and positive Borel measures, with prescribed least maximal m-subhar-
monic majorants.

Main Theorem. Let � ⊂ Cn be a bounded m-hyperconvex domain and
μ be a positive Borel measure on �. Assume that there exists a function ω ∈
Em(�) such that μ ≤ Hm(ω) in the sense of currents on �. Then for every
function f ∈ Em(�) ∩ MSH m(�), there exists a function u ∈ Em(�) such
that Hm(u) = μ and ω + f ≤ u ≤ f . In particular, if we require ω to be in
Nm(�), then u ∈ Nm(�, f ).

Note that in general a solution does not exist if the Borel measure μ is not
dominated by the Hessian measure of a function in the class Em(�), even if
f = 0 and μ has finite mass (see Example 5.5). Note also that Main Theorem
is not true for any f ∈ Em(�) as observed in Remark 5.4. The maximality
of f is a natural condition which generalizes boundary values in the classical
Dirichlet problem and the inequality ω + f ≤ u ≤ f is for m-subharmonic
functions a natural non-linear substitute for the Riesz decomposition theorem
for subharmonic functions as explained in the same remark.

Let us mention that Main Theorem gives a non trivial generalization of the
result of Hung and Phu [15], who considered the case of a Borel measure with
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finite mass and f = 0. Indeed, we can find and increasing sequence (μj )j∈N
of Borel measures with finite mass converging to μ and by [15] we have a
corresponding sequence of solutions (uj )j∈N, but we are not able to conclude
that it converges to a solution u of Hm(u) = μ.

The proof of Main Theorem is done in several steps. We first establish an
appropriate comparison principle in the class Nm(�, f )which is interesting in
its own (see Section 3). Then we solve the Dirichlet problem when the Borel
measure μ is non m-polar i.e. μ puts no mass on m-polar sets of �, under
a technical extra condition that there is a m-subharmonic function which is
μ-integrable in �. (See Section 4.)

The next step is to use a generalized Radon-Nikodym theorem to write
μ = μ1 + μ2, where μ1 is absolutely continuous with respect to m-capacity
and μ2 a singular measure supported on a set of m-capacity zero. Then, we
approximate μi , i = 1, 2, by measures μNi for which we know how to solve
the Dirichlet problem in Nm(�, f ).

Finally we use the classical Perron envelope to construct a sequence (uN)
in Nm(�, f ) such that Hm(uN) = μN1 + μN2 . To conclude, we show that the
sequence (uN) converges to some u ∈ Nm(�, f ) that satisfies Hm(u) = μ.
(Section 5.1.)

These results, as well as the entire content of this paper, are already in our
preprint [12] posted on arXiv in December 2017. We learned recently that Van
Thien Nguyen published an article [21] on the same subject without mentioning
our preprint. However, the overlap is not so important and our results are more
general.

2. Preliminaries

2.1. The class of m-subharmonic functions

In this section we give some basic properties of admissible functions for the
complex Hessian equation. Such functions are called m-subharmonic (m-sh).
They are subharmonic and non-smooth in general. Define

�̆m := {
α ∈ C(1,1) : α ∧ βn−1 ≥ 0, α2 ∧ βn−2 ≥ 0, . . . , αm ∧ βn−m ≥ 0

}
,

where C(1,1) is the space of real (1, 1)-forms with constant coefficients in Cn.
A (1, 1)-form belonging to �̆m is called m-positive.
If T is a current of bidegree (n− k, n− k), with k ≤ m. Then T is called

m-positive if for all m-positive (1, 1)-forms α1, . . . , αk we have

α1 ∧ α2 ∧ · · · ∧ αk ∧ T ≥ 0.

Definition 2.1. Let u:� → R ∪ {−∞} be a subharmonic function in �.
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(i) If u ∈ C 2(�), then u ism-sh if the form ddcu belongs pointwise to �̆m.

(ii) In general, u is called m-sh if the inequality

ddcu ∧ α1 ∧ · · · ∧ αm−1 ∧ βn−m ≥ 0, α1, . . . , αm−1 ∈ �̆m,
holds in the weak sense of currents in �.

(iii) We denote by SH m(�) the set of all m-sh functions in � and by
SH −

m(�) the set of all u ≤ 0 in SH m(�).

(iv) A function u ∈ SH m(�) is said to be maximal if for any v ∈ SH m(�)

such that v ≤ u outside a compact subset of � we have v ≤ u in �.

(v) We let MSH m(�) denote the family of maximal functions in SH m(�).

Błocki [6] observed that up to a point pluripotential theory can be adapted
to m-subharmonic functions.

For locally bounded m-sh functions u1, . . . , uk , k ≤ m, the complex Hes-
sian operator is defined inductively by

Hm(u1, . . . , uk) := ddcu1 ∧ · · · ∧ ddcuk ∧ βn−k
= ddc(u1dd

cu2 ∧ · · · ∧ ddcuk ∧ βn−k).
This is a closed positive current. In particular, the complexm-Hessian measure
of u ∈ SH m(�) ∩ L∞

loc(�) is defined to be

Hm(u) = (ddcu)m ∧ βn−m.
Observe that if u ∈ C 2(�) then

Hm(u) = σm(λ1, . . . , λn)β
n,

where σm(λ1, . . . , λn) is the elementary symmetric polynomial of degreem in
the eigenvalues (λ1, . . . , λn) of the complex Hessian of u.

Definition 2.2.
(i) A set P ⊂ Cn is calledm-polar if for any z ∈ P there exists a neighbor-

hoodV of z and a function u ∈ SH m(V ) such thatP ∩V ⊂ {u = −∞}.
(ii) We will say that a Borel measure on � is non m-polar if it vanishes on

all m-polar sets in �.

Definition 2.3. We say that a function u is strictlym-sh on� if it ism-sh
on� and for everyP ∈ � there exists a constantCP > 0 such that the function
z �→ u(z)− CP |z|2 is m-subharmonic in a neighborhood of P .

Definition 2.4. Let � ⊂ Cn be a bounded domain.
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(i) We say that � is m-hyperconvex if there exists a continuous m-sh func-
tion ϕ:� → R− such that {ϕ < c} � �, for every c < 0.

(ii) We say that� is strictlym-pseudoconvex if there exists a smooth strictly
m-sh function ρ on some open neighborhood�′ of �̄ such that ∇ρ �= 0
on ∂� and � = {z ∈ �′ : ρ(z) < 0}.

(iii) A fundamental exhaustion (�j ) of an m-hyperconvex domain � is a
sequence of strictlym-pseudoconvex domains such that�j � �j+1 � �

for every j , and ∪∞
j=1�j = �.

Note that a fundamental exhaustion (�j ) of an m-hyperconvex domain �
always exists. Indeed, it follows fromÅhag, Czyż, and Hed [3] that� admits an
exhaustion function ρ that is negative, smooth, and strictlym-sh. Then one can
choose a sequence (aj ) decreasing to 0 for which�j = {z ∈ � : ρ(z) < −aj }
is strictly m-pseudoconvex.

2.2. Cegrell’s classes and approximation of m-sh functions

The following classes of m-sh functions were introduced and investigated by
Lu in [18], [19].

Definition 2.5. Let � ⊂ Cn be an m-hyperconvex domain.

(i) We denote by E 0
m(�) the class of bounded functions u ∈ SH −

m(�) such
that limz→ξ u(z) = 0, ∀ξ ∈ ∂� and

∫
�
Hm(u) < +∞.

(ii) We denote by Fm(�) the class of functions u ∈ SH −
m(�) such that there

exists a sequence (uj ) in E 0
m(�) decreasing to u in� and supj

∫
�
Hm(uj )

< +∞.

(iii) For every p > 0 we denote by E
p
m(�) the class of functions ψ ∈

SH −
m(�) such that there exists a decreasing sequence (ψj ) in E 0

m(�)

satisfying limj→+∞ ψj(z) = ψ(z) and supj
∫
�
(−ψj)pHm(ψj ) < +∞.

(iv) We denote by F
p
m(�) the subclass of functions ψ in E

p
m(�) for which

supj
∫
�
Hm(ψj ) < +∞.

(v) We denote by Em(�) the class of all u in SH −
m(�) such that for every

z0 ∈ � there exists a neighborhood U ⊂ � of z0 and a decreasing
sequence (uj ) in E 0

m(�) converging to u on U with supj
∫
�
Hm(uj ) <

+∞.

(vi) Let E ⊂ � be a Borel subset: The Cm-capacity of E with respect to �
is defined by

Cm(E) := Cm(E,�) = sup

{∫
E

Hm(θ), θ ∈ SH m(�),−1 ≤ θ ≤ 0

}
.
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Let uk ∈ Em(�), k = 1, . . . , m. It follows from [18, Theorem 3.14] that if
(ukj )j are sequences in E 0

m(�), decreasing to uk as j → +∞, then the sequence
of measures Hm(u1

j , . . . , u
m
j ) converges weakly to a positive Radon measure

which does not depend on the choice of the sequence (ukj )j . One then can
define Hm(u1, . . . , umj ) to be this weak limit. In particular, for u ∈ Em(�),
Hm(u) is well defined and it is a Radon measure on �.

It follows from the work of Błocki [6] and the local property of the class
Em(�) that maximal m-sh functions u are precisely the m-sh functions sat-
isfying Hm(u) = 0. See also Hung [14]. For m = 1, maximal subharmonic
functions coincide with harmonic functions. This is why they play an important
role in the m-subharmonic potential theory.

Now we introduce an important notion to describe boundary values of m-
subharmonic functions.

Definition 2.6. Let � be an m-hyperconvex domain, u ∈ SH −
m(�), and

define the function ũ on� by ũ = (limj→+∞ uj )∗, where v∗ denotes the upper
semicontinuous regularization of a locally upper bounded function v on�, the
sequence (uj ) in SH −

m(�) is defined by

uj = sup{φ ∈ SH m(�) : φ ≤ u on � \�j },
and (�j ) is a fundamental exhaustion of �.

The sequence (uj ) is increasing, which implies that supj u
j = limj→+∞ uj

and that ũ ∈ SH m(�). Moreover, by definition u ≤ ũ. It follows from [18,
Theorem 1.7.5] that if u ∈ Em(�) then ũ ∈ Em(�).

Proposition 2.7.
(i) If u ∈ Em(�), then ũ ∈ Em(�) ∩ MSH m(�) and ũ is the smallest

maximal m-subharmonic majorant of u in �. Moreover, if u is maximal
then ũ = u.

(ii) Let u, v ∈ Em(�) and α ∈ R, α ≥ 0. Then ũ+ v ≥ ũ+ ṽ, and α̃u = αũ.
Moreover, if u ≤ v then ũ ≤ ṽ.

Proof. The statements in (ii) follow directly from the definition. We prove
(i). By [19, Theorem 3.1] there exists a sequence (uk) in E 0

m(�) ∩ C (�) such
that uk ↘ u. Fix j ≥ 1 and put

ϕ
j

k = sup{φ ∈ SH m(�) : φ ≤ uk on � \�j }.
Then Hm(ϕ

j

k ) = 0 on �j for all k ≥ 1, (ϕjk )k is decreasing and uj ≤ ϕ
j

k for
all k ≥ 1, where

uj = sup{φ ∈ SH m(�) : φ ≤ u on � \�j }.



THE DIRICHLET PROBLEM FOR THE COMPLEX HESSIAN OPERATOR 293

Set ϕj := limk→+∞ ϕ
j

k ∈ SH m(�). Since ϕj (z) ≤ u(z) for all z ∈ � \ �j ,
we have ϕj ≤ uj on �. Hence ϕj = uj on �. It follows from the continuity
of the complex Hessian operator along decreasing sequences thatHm(uj ) = 0
on �j . Using [15, Theorem 3.10], we conclude that ũ is maximal.

For the second statement let v ∈ Em(�) ∩ MSH m(�) such that v ≥ u on
�. If h is a candidate defining uj then h ≤ v outside the compact set�j � �.
Since v is maximal we deduce that h ≤ v on �. We thus have uj ≤ v on �,
which implies ũ ≤ v.

Remark 2.8. The definition of the function ũ is independent of the choice
of the fundamental exhaustion of �.

Indeed, let (�j ) and (�
′
k) be two fundamental exhaustions of � and take

vj and uk as in Definition 2.6. Then we have that u ≤ ṽ. This implies, by (i)
in Proposition 2.7, that ũ ≤ ṽ. Then by symmetry we get ũ = ṽ.

Definition 2.9. Let Nm(�) := {u ∈ Em(�) : ũ = 0}.
It follows from Proposition 2.7 that Nm(�) is a convex cone and that it is

precisely the set of functions in Em(�) with smallest maximal m-sh majorant
identically zero.

Remark 2.10. Fm(�) ⊂ Nm(�) ⊂ Em(�).

Indeed, by definition Nm(�) ⊂ Em(�). For the first inclusion take u ∈
Fm(�). By definition of ũ we have u ≤ ũ, hence ũ ∈ Fm(�). Since ũ
is maximal, it follows from [14, Lemma 1] that ũ = 0. This proves that
u ∈ Nm(�).

Definition 2.11. Let Km(�)be one of the function classes E 0
m(�), Fm(�),

F
p
m(�), or Nm(�) and f ∈ Em(�).

(i) We denote by Km(�, f ) the class of all u ∈ SH m(�) satisfying f ≥
u ≥ ϕ + f for some ϕ ∈ Km(�).

(ii) We denote by K a
m(�, f ) the class of all u ∈ SH m(�) satisfying f ≥

u ≥ ϕ + f for some ϕ ∈ Km(�) such that Hm(ϕ) is non m-polar.

Proposition 2.12. Assume that f ∈ Em(�) and u ∈ SH −
m(�) such that

u ≤ f . Then there exists a decreasing sequence (uj ) in E 0
m(�, f ) that con-

verges pointwise to u on�, as j → +∞. Moreover, if f ∈ SH m(�)∩C (�),
then (uj ) can be chosen such that uj ∈ E 0

m(�, f ) ∩ C (�).

Proof. By [19, Theorem 3.1] there exists a sequence (ϕj ) in E 0
m(�)∩C (�)

such that ϕj ↘ u. Set

uj = sup{ψ ∈ SH m(�) : ψ ≤ min(ϕj , f )}.
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Observe that ϕj + f is a candidate defining uj , hence ϕj + f ≤ uj ≤ f . This
reveals that uj ∈ E 0

m(�, f ). We also have that uj ↘ u.
Now, if f is continuous on �̄ then, using ϕj + f ≤ uj ≤ f we have

lim
z→ξ

(uj )∗(z) = lim
z→ξ

(uj )
∗(z) = f (ξ), for all ξ ∈ ∂�.

It thus follows from [6, Proposition 3.2] that uj is continuous on �̄.

Proposition 2.13. Let f ∈ Em(�) and ϕ ∈ SH −
m(�) ∩ L∞

loc(�). If (uj )
is a decreasing sequence in Nm(�, f ) which converges pointwise to u ∈
Nm(�, f ) as j → +∞, then limj→+∞

∫
�
(−ϕ)Hm(uj ) = ∫

�
(−ϕ)Hm(u).

Proof. Assume first that
∫
�
(−ϕ)Hm(u) < +∞. By Lemma 2.14 below,

the sequence
( ∫

�
(−ϕ)Hm(uj )

)
j

is increasing and bounded from above by∫
�
(−ϕ)Hm(u). Since a function in Em(�) is locally in Fm(�), it follows

from [15, Theorem 3.5] that the sequence ((−ϕ)Hm(uj ))j converges weakly
to (−ϕ)Hm(u) and the desired limit of the total masses is valid.

If
∫
�
(−ϕ)Hm(u) = +∞, using again [15, Theorem 3.5], we get

lim
j→+∞

∫
�

(−ϕ)Hm(uj ) = +∞.

Lemma 2.14. Let u, v ∈ Nm(�, f ), u ≤ v, and T be a closed m-positive
current of the form T = ddcω2 ∧ . . . ∧ ddcωm ∧ βn−m, where ωj ∈ Em(�),
2 ≤ j ≤ m. Then for all ϕ ∈ SH −

m(�) the following inequality holds∫
�

(−ϕ) ddcv ∧ T ≤
∫
�

(−ϕ) ddcu ∧ T . (2.1)

Proof. If
∫
�
(−ϕ) ddcu ∧ T = +∞ then the conclusion holds trivially.

Assume that
∫
�
(−ϕ) ddcu∧T < +∞. It follows from [19, Theorem 3.1] that

there exists a sequence (ϕk) in E 0
m(�)∩C(�) such that ϕk ↘ ϕ, as k → +∞.

Since u ∈ Nm(�, f ), there exists ψ ∈ Nm(�) such that f ≥ u ≥ f +ψ . Let
(�j ) be a fundamental exhaustion of � and set vj = max(u, ψj + v), where
ψj is given by Definition 2.6. Then vj ∈ Em(�), vj = u on�\�j , u ≤ vj , and
(vj ) is an increasing sequence that converges pointwise to v quasi-everywhere
on �, as j → +∞. For r ≥ j , let ũ ∈ Fm(�) such that ũ ≥ u and ũ = u on
�r . Put ṽj = max{ũ, vj }. Then ṽj ∈ Fm(�), ṽj = vj on �r and ṽj = ũ on
� \�j ⊃ � \�r . Put T̃ = ddcω̃2 ∧ · · ·∧ ddcω̃m∧βn−m, where ω̃� ∈ Fm(�)
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such that ω̃� = ω� on�r . Integrating by parts as in [19, Theorem 3.16] we get∫
�r

(−ϕk) ddcu ∧ T −
∫
�r

(−ϕk) ddcvj ∧ T

=
∫
�r

(−ϕk) ddcũ ∧ T̃ −
∫
�r

(−ϕk) ddcṽj ∧ T̃

=
∫
�

(−ϕk) ddcũ ∧ T̃ −
∫
�

(−ϕk) ddcṽj ∧ T̃

=
∫
�r

(ṽj − ũ) ddcϕk ∧ T̃

≥ 0.

By letting r → +∞, we get∫
�

(−ϕk) ddcu ∧ T ≥
∫
�

(−ϕk) ddcvj ∧ T .

Since (vj ) converges to v quasi everywhere, it follows that (vj ) converges to v
in Cm-capacity in�. Since ϕk is bounded, it follows from [15, Theorem 3.10]
that (−ϕk) ddcvj ∧T converges weakly to (−ϕk) ddcv∧T as j → +∞. Thus

lim
j→+∞

∫
�

(−ϕk) ddcvj ∧ T ≥
∫
�

(−ϕk) ddcv ∧ T .

Then (2.1) holds for ϕk . Since
∫
�
(−ϕ) ddcu ∧ T < +∞, letting k → +∞

and using monotone convergence theorem one obtains the desired inequality.

Theorem 2.15. Assume thatμ is a positive measure on�. Then there exists
φ ∈ E 0

m(�), 0 ≤ � ∈ L1
loc(Hm(φ)), and a positive measure ν carried by an

m-polar set, such that μ = �Hm(φ)+ ν.

This result is known as Cegrell’s decomposition theorem. Proof. This can
be deduced from Cegrell’s decomposition theorem in [7] and the same argu-
ments as in [19, Theorem 5.3].

Lemma 2.16. If u ∈ Em(�) then 1{u>−∞}Hm(u) vanishes on m-polar sets.

Proof. Set v = eu. A direct computation shows that Hm(v) ≥ emuHm(u).
Let E ⊂ � be an m-polar set and let Ek := E ∩ {u > −k}. Then, since v is
bounded,

0 =
∫
Ek

Hm(v) ≥
∫
Ek

e−kmHm(u).
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It follows that
∫
Ek
Hm(u) = 0 for all k. Letting k → +∞ we arrive at the

conclusion.

3. A comparison principle for the class Nm(�, f )

The goal of this section is to establish several versions of the comparison
principle for the class Nm(�, f ) that will be used later.

Lemma 3.1. Let u, v ∈ Em(�) be such that lim infz→ξ [u(z) − v(z)] ≥ 0,
for all ξ ∈ ∂�. Let T = ddcω1 ∧ · · ·∧ddcωm∧βn−m, where ωj ∈ SH m(�),
−1 ≤ ωj ≤ 0, j = 1, . . . , m. Then

1

m!

∫
{u<v}

(v − u)mT +
∫

{u<v}
(−ω1)Hm(v) ≤

∫
{u<v}∪{u=v=−∞}

(−ω1)Hm(u).

Note that the condition lim infz→ξ [u(z) − v(z)] ≥ 0, for all ξ ∈ ∂� is
equivalent to {u < v − ε} � �, for all ε > 0.

Proof. Fix ε > 0 and an open set �′ such that {u < v − ε} � �′ � �.
Let ũ be a function in Fm(�) such that ũ ≥ u and ũ = u on �′. Set

vε := max(ũ, v − 2ε).

Then vε ∈ Fm(�), vε ≥ ũ, and vε = ũ on � \ �′. It follows from [10,
Theorem 6] that

1

m!

∫
�

(vε − ũ)mT +
∫
�

(−ω1)Hm(vε) ≤
∫
�

(−ω1)Hm(ũ).

By the maximum principle, see [15, Theorem 3.6], we also have

1{ũ<v−2ε}Hm(vε) = 1{ũ<v−2ε}Hm(v),

and
1{ũ>v−2ε}Hm(vε) = 1{ũ>v−2ε}Hm(ũ).

Note also that
∫
�
(−ω1)Hm(ũ) < +∞ because ũ ∈ Fm(�) andω1 is bounded.

We thus have

1

m!

∫
{ũ<v−2ε}

(v−2ε−ũ)mT +
∫

{ũ<v−2ε}
(−ω1)Hm(v) ≤

∫
{ũ≤v−2ε}

(−ω1)Hm(ũ).

Since {ũ < v − 2ε} ⊂ �′ and u = ũ on �′, it follows that

1

m!

∫
{u<v−2ε}

(v−2ε−u)mT +
∫

{u<v−2ε}
(−ω1)Hm(v) ≤

∫
{ũ≤v−2ε}

(−ω1)Hm(ũ).
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Observe also that {ũ ≤ v − 2ε} ⊂ {ũ < v − ε} ∪ {ũ = v = −∞}. We thus
have 1

m!

∫
{u<v−2ε}

(v − 2ε − u)mT +
∫

{u<v−2ε}
(−ω1)Hm(v)

≤
∫

{ũ<v−ε}
(−ω1)Hm(ũ)+

∫
{ũ=v=−∞}

(−ω1)Hm(ũ)

=
∫

{u<v−ε}
(−ω1)Hm(u)+

∫
{ũ=v=−∞}

(−ω1)Hm(ũ).

To obtain the last line we note that {ũ < v − ε} ⊂ �′ and u = ũ on �′.
On the other hand, it follows from [15, Proposition 5.2] that

1{ũ=−∞}Hm(ũ) ≤ 1{u=−∞}Hm(u).

We therefore have

1

m!

∫
{u<v−2ε}

(v − 2ε − u)mT +
∫

{u<v−2ε}
(−ω1)Hm(v)

≤
∫

{u<v−ε}
(−ω1)Hm(u)+

∫
{u=v=−∞}

(−ω1)Hm(u).

Letting ε ↘ 0 we arrive at the conclusion.

Theorem 3.2. Let f, v ∈ Em(�) and u ∈ Nm(�, f ) and assume that
v ≤ f on �. Let T = ddcω1 ∧ . . . ∧ ddcωm ∧ βn−m, where ωj ∈ SH m(�),
−1 ≤ ωj ≤ 0, j = 1, . . . , m. Then

1

m!

∫
{u<v}

(v − u)mT +
∫

{u<v}
(−ω1)Hm(v) ≤

∫
{u<v}∪{u=v=−∞}

(−ω1)Hm(u).

Proof. Since u ∈ Nm(�, f ), by definition there exists φ ∈ Nm(�) such
that φ + f ≤ u ≤ f . Let (�j ) be a fundamental exhaustion of � and define
φj as in Definition 2.6. Then φj ↗ 0 quasi everywhere. Since v ≤ f , we have

u ≥ φ + f = φj + f ≥ φj + v, on � \�j .
Fix ε > 0. By elementary reason we have Hm(v + φj ) ≥ Hm(v). Applying
Lemma 3.1 to u and v + φj − ε, we get

1

m!

∫
{u<v+φj−ε}

(v + φj − ε − u)mT

+
∫

{u<v+φj−ε}
(−ω1)Hm(v) ≤

∫
{u≤v+φj−ε}

(−ω1)Hm(u). (3.1)
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On the other hand, (1{u<v+φj−ε}(v + φj − ε − u)m)∞j=1 and (1{u<v+φj−ε})∞j=1
are increasing sequences that converge to 1{u<v−ε}(v − ε − u)m and 1{u<v−ε},
respectively, as j → +∞ quasi everywhere on �. Note also that T puts
no mass on m-polar sets. By Lemma 2.16, 1{v>−∞}Hm(v) also vanishes on
m-polar sets. Therefore, (1{u<v−ε+φj })∞j=1 converges to 1{u<v−ε} almost every-
where with respect to 1{v>−∞}Hm(v), and (1{u<v−ε+φj }(v− ε+ φj − u)m)∞j=1
converges to 1{u<v−ε}(v− ε− u)m almost everywhere with respect to T . Now
using the monotone convergence theorem in (3.1) we obtain

1

m!

∫
{u<v−ε}

(v − ε − u)mT +
∫

{u<v−ε}
(−ω1)Hm(v) ≤

∫
{u≤v−ε}

(−ω1)Hm(u).

The desired inequality is obtained by letting ε → 0+.

Corollary 3.3 (Weak Comparison Principle). Let u, v, f ∈ Em(�) be
such that Hm(u) is a non m-polar measure on � and Hm(u) ≤ Hm(v). Then
u ≥ v on � if one of the following conditions is satisfied:

(1) lim infz→ζ [u(z)− v(z)] ≥ 0 for every ζ ∈ ∂�,

(2) u ∈ Nm(�, f ) and v ≤ f .

Proof. Suppose that lim infz→ζ [u(z) − v(z)] ≥ 0, for all ζ ∈ ∂�. Fix
ω ∈ SH m(�) such that −1 ≤ ω ≤ 0. Fix ε > 0. Then {u + ε < v} � �,
hence

∫
{u+ε<v}Hm(v) < +∞. By Lemma 3.1 we get

εm

m!

∫
{u+2ε<v}

Hm(ω) ≤ 1

m!

∫
{u+ε<v}

(v − ε − u)mHm(ω)

≤
∫

{u+ε<v}
(−ω)[Hm(u)−Hm(v)] ≤ 0.

Hence Cm({u + 2ε < v}) ≤ 0. Thus, u + 2ε ≥ v. Let ε tends to 0, then we
obtain that u ≥ v on �.

Suppose now that u ∈ Nm(�, f ) and v ≤ f . Then there exists ϕ ∈ Nm(�)

such that f + ϕ ≤ u ≤ f . Let ϕj be the sequence associated to ϕ and a
fundamental exhaustion (�j ) as in Definition 2.6 and let ε > 0. The same
argument as above applied to u+ 2ε and v+ ϕj yields u+ 2ε ≥ v+ ϕj in�.
Letting j → +∞ and then ε → 0+, we get the desired inequality.

4. The Dirichlet problem in Nm(�, f ) for f ∈ MSH m(�)
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4.1. The Perron envelope

We shall first study the following Dirichlet problem with continuous boundary
data: ⎧⎪⎪⎨⎪⎪⎩

u ∈ SH m(�) ∩ L∞
loc(�),

Hm(u) = μ,

lim sup
z→ξ

u(z) = f (ξ), ∀ξ ∈ ∂�.
(4.1)

Here� is a boundedm-pseudoconvex domain, f ∈ MSH m(�)∩C (∂�) and
μ is a positive measure on �.

A function v ∈ SH m ∩ L∞
loc(�) is said to be a subsolution of the Dirichlet

problem (4.1) if Hm(v) ≥ μ and lim supz→ξ v(z) ≤ f (ξ) for every ξ ∈ ∂�.
We let Bm(μ, f ) denote the set of all subsolutions. The function

Um(μ, f ) = sup{v : v ∈ Bm(μ, f )}
is called the Perron envelope for the Dirichlet problem (4.1).

Lemma 4.1. If Bm(μ, f ) is non-empty, then the Perron envelope for the
Dirichlet problem (4.1) is a subsolution, i.e., Um(μ, f ) ∈ B(μ, f ).

Proof. It follows from Choquet’s lemma that there exists a sequence
(ϕj )j∈N in Bm(μ, f ) such that (supj∈N ϕj )∗ = U ∗

m(μ, f ). Thus U ∗
m(μ, f ) ∈

SH m(�). Since f is maximal, ϕj ≤ f on �. We thus have that

lim sup
z→ξ

U ∗
m(μ, f )(z) ≤ f (ξ),

for all ξ ∈ ∂�. On the other hand, by [18, Theorem 1.3.16],

Hm(max
1≤j≤k(ϕj )) ≥ μ.

Since max1≤j≤k(ϕj ) ↗ U ∗
m(μ, f ) almost everywhere as k → +∞, it fol-

lows from [18, Theorem 1.3.10] that Hm(U ∗
m(μ, f )) ≥ μ. We deduce that

U ∗
m(μ, f ) ∈ Bm(μ, f ), hence U ∗

m(μ, f ) ≤ Um(μ, f ). We finally have
Um(μ, f ) = U ∗

m(μ, f ) ∈ Bm(μ, f ) as desired.

4.2. The Dirichlet problem with smooth boundary data

Our goal in this section is to prove an analogue of a result of Cegrell [7] for
the complex Hessian equation.

Theorem 4.2. Let� ⊂ Cn be a smoothly bounded strictlym-pseudoconvex
domain f ∈ MSH m(�)∩C ∞(∂�). Assume thatμ is a positive measure with
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finite mass in �. Then for p ≥ 1 there exists a unique u ∈ F
p
m(�, f ) with

Hm(u) = μ if and only if ther exists A > 0 such that∫
(−ϕ)pdμ ≤ A

(∫
(−ϕ)pHm(ϕ)

) p

p+m
, ∀ϕ ∈ E 0

m(�). (4.2)

Note that it follows from the work of Li [17] thatUm(dV ,f ),Um(dV ,−f ) ∈
SH m(�) ∩ C ∞(�). For simplicity denote by f̄ := Um(0,−f ). Using [19,
Theorem 3.22] we then get∫

�

Hm(f + f̄ ) ≤
∫
�

Hm(Um(dV, f )+ Um(dV,−f )) < +∞.

This implies that f + f̄ ∈ E 0
m(�).

Proof of Theorem 4.2. Assume that μ = Hm(u) with u ∈ F
p
m(�, f ).

Then 0 ≥ u+f̄ ≥ ϕ+f+f̄ for someϕ ∈ F
p
m(�). Sinceϕ+f+f̄ ∈ F

p
m(�),

then by [19, Theorem 3.9], u+f̄ ∈ F
p
m(�). Therefore, by [19, Proposition 5.4

and Theorem 6.2], the measure ν := Hm(u+ f̄ ) satisfies the inequality (4.2)
with μ replaced by ν. Since μ = Hm(u) ≤ ν, so does μ.

To prove the “only if” statement we first observe that the inequality (4.2)
implies that μ puts no mass on m-polar sets. Indeed, let E � � be a compact
set and let

uE := sup{ψ ∈ SH −
m(�) : ψ ≤ −1 in E}

be its relativem-extremal function in�. Let (Ej ) be a decreasing sequence of
regular compact sets in� such thatE = ∩jEj . We can chooseEj to be the (1/
j)-neighborhood of E for j ≥ 1. Then it follows from [18, Proposition 1.4.9]
that u∗

Ej
= uEj is continuous in�. Moreover, by [18, Proposition 1.4.2] uEj ↗

u∗
E quasi everywhere in � and Hm(uEj ) −→ Hm(u

∗
E) weakly in � as j →

+∞. Therefore, since uEj = −1 inEj , it follows from inequality (4.2) applied
to uEj that for any j ∈ N,∫

E

dμ ≤
∫
Ej

dμ ≤
∫
�

(−uEj )p dμ ≤ A

(∫
�

(−uEj )pHm(uEj )
)p/p+m

= A(Capm(Ej ))
p/p+m.

Observe that the last equality follows from [18, Proposition 1.4.11 and Propos-
ition 1.4.12]. On the other hand, since Capm(Ej ) → Capm(E) as j → +∞,

then μ(E) ≤ A(Capm(E))
p

p+m . This inequality is true for any compact subset
in �. Hence by outer regularity it follows that μ(E) ≤ A(Cap∗

m(E))
p

p+m for
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any Borel set in �, which proves our claim that μ puts no mass on m-polar
sets. Applying the decomposition theorem ([19, Theorem 5.3]) we get

μ = gHm(φ), φ ∈ E 0
m(�), g ∈ L1

loc(�,Hm(φ)).

Let μj = min(g, j)Hm(φ). Then μj ≤ Hm(j
1/mφ) ≤ Hm(j

1/mφ + f ) and
it follows from [20, Theorem 2.2] that there exists uj ∈ SH m(�) ∩ L∞(�)
such that Hm(uj ) = μj and uj = f on ∂�. Since f is maximal then uj ≤ f

on �. This, coupled with the weak comparison principle applied to uj and
j 1/mφ+f implies that j 1/mφ+f ≤ uj (since limz−→ξ (uj − j 1/mφ−f ) = 0
for all ξ ∈ ∂�), which yields that uj ∈ Nm(�, f ). On the other hand, it
follows from [18, Theorem 1.8.17] thatμ = Hm(v)with v ∈ E

p
m(�). However,

since
∫
�
Hm(v) < +∞, this implies that v ∈ F

p
m(�). Furthermore, we have

Hm(v + f ) ≥ μ ≥ μj = Hm(uj ). Thus using again the weak comparison
principle, we obtain v + f ≤ uj ≤ f for all j ≥ 0. To finish the proof it is
enough to observe that by construction (uj ) decreases to some m-sh function
u. Letting j −→ +∞ we infer that u ∈ F

p
m(�, f ) and Hm(u) = μ.

4.3. The Dirichlet problem for non m-polar measures

In this section we solve the Dirichlet problem for non m-polar measures. We
first establish several intermediate results.

Proposition 4.3. Let � ⊂ Cn be a bounded m-pseudoconvex domain and
let f ∈ MSH m(�) ∩ C (∂�). If μ is a positive measure on � such that the
envelope Um(μ, f ) ∈ SH m(�) ∩ L∞(�) and limz→ξ Um(μ, f )(z) = f (ξ),
∀ξ ∈ ∂�, then for every positive measure ν dominated by μ, the envel-
ope Um(ν, f ) solves Hm(Um(ν, f )) = ν and satisfies the inequality f ≥
Um(ν, f ) ≥ Um(μ, f ).

Proof. We follow the ideas in [7]. Suppose that� is smoothly bounded and
strictly m-pseudoconvex. Assume further that ν is compactly supported and
f ∈ MSH m(�) ∩ C ∞(∂�). Since ν ≤ μ, then Bm(μ, f ) ⊂ Bm(ν, f ),
which yields that Bm(ν, f ) �= ∅ and that Um(μ, f ) ≤ Um(ν, f ). Since
Um(ν, f ) + f̄ ∈ E 0

m(�) ∩ Bm(ν, 0), then Bm(ν, 0) �= ∅, so Lemma 4.1
yields that Um(ν, 0) ∈ E 0

m(�) ∩ Bm(ν, 0), therefore, by [19, Lemma 5.1] one
can find ψ ∈ E 0

m(�) ⊂ F
p
m(�) such that Hm(ψ) = ν. Hence ν satisfies (4.2)

for every p ≥ 1. By Theorem 4.2 there is a unique ϑ ∈ F
p
m(�, f ) such that

Hm(ϑ) = ν and limz→ξ ϑ(z) = f (ξ), ∀ξ ∈ ∂�. In fact the definition of
Um(ν, f ) implies that ϑ = Um(ν, f ).

Now if ν does not necessarily have a compact support, consider νj =
1Kj ν where (Kj )j is an increasing sequence of compact subsets of � such
that ∪jKj = �. Then (νj ) is an increasing sequence of compactly supported
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measures that converges weakly to ν. By the first part, we getHm(Um(νj , f )) =
νj and Um(μ, f ) ≤ Um(νj , f ) ≤ f . Since (Um(νj , f ))j is decreasing, then
by the continuity of the complex Hessian operator along decreasing sequences
Hm(Um(ν, f )) = ν and f ≥ Um(ν, f ) ≥ Um(μ, f ).

For the general case, when � is only m-pseudoconvex and f ∈
MSH m(�) ∩ C (∂�), choose an increasing sequence (�k)∞k=1 of smoothly
bounded strictly m-pseudoconvex domains of � such that supp ν � �1.
Since each fk := f|∂�k = Um(0, f )|∂�k is upper semicontinuous, there ex-
ists fk,j ∈ C ∞(∂�k) with fk,j ↘ fk , as j → +∞. By the first part of the
proof, there exists a unique uk,j ∈ SH m(�k) ∩ L∞(�k) with Hm(uk,j ) = ν,
uk,j = Um(ν, fk,j ), and limz→ξ uk,j (z) = fk(ξ), ∀ξ ∈ ∂�k . Therefore,
Um(ν, f )|�k ∈ Bm(ν, fk,j ), so Um(ν, f )|�k ≤ uk,j . Since uk,j ↘ uk , as
j → +∞, it follows from the continuity of the Hessian operator along de-
creasing sequences that Hm(uk) = ν and

Um(μ, f ) ≤ Um(ν, f ) ≤ uk ≤ Um(0, fk) = Um(0, f )|�k on �k,

where the last equality follows from the weak comparison principle. On the
other hand, observe that the inequality

uk+1|∂�k ≤ Um(0, fk+1)|∂�k = Um(0, f )|∂�k = fk,

implies that the sequence (uk)∞k=1 is decreasing. Let u denote its limit. In order
to finish the proof it remains to show that u = Um(ν, f ). Since Hm(uk) = ν

and
lim inf
z→ξ

u(z) = f (ξ) = lim inf
z→ξ

Um(ν, f )(z), ξ ∈ ∂�

and since Hm(u) = Hm(Um(ν, f )), then applying the weak comparison prin-
ciple yields that u = Um(ν, f ).

The following theorem was proved for the Monge-Ampère operator by
Åhag. (See [1, Theorem 3.4].)

Theorem 4.4. Let � ⊂ Cn be a bounded m-hyperconvex domain and μ is
a positive non m-polar measure on � with finite total mass. Then for every
f ∈ MSH m(�)∩C (�) there exists a uniqueu ∈ F a

m(�, f )withHm(u) = μ.

Proof. The case f = 0 follows from [19, Theorem 1.2]. For the general
case, we proceed as in [1, Theorem 3.4]. Since μ is non m-polar and has
a finite total mass, it follows from Theorem 2.15 that there exist functions
φ ∈ E 0

m(�) and 0 ≤ � ∈ L1
loc(Hm(φ)) such thatμ = �Hm(φ). For each j ∈ N,

set μj := min{�, j}Hm(φ) and observe that μj ≤ Hm(j
1/mφ). So, by [20,

Theorem 2.2] there exists a unique ψj ∈ E 0
m(�) such that Hm(ψj ) = μj . This

construction implies that (ψj )j is decreasing, ψj + f ∈ SH m(�) ∩ L∞(�),
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limz→ξ (ψj+f ) = f (ξ) for every ξ ∈ ∂�, andUm(Hm(ψj+f ), f ) = ψj+f .
The above equality implies thatHm(ψj +f ) ≥ μj . Therefore, by Theorem 4.3
the function Uj := Um(μj , f ) satisfies Uj ∈ E 0

m(�, f ), Hm(Uj ) = μJ and
f ≥ Uj ≥ ψj + f for each j . Moreover the sequence (Uj )j is decreasing.
Since μ(�) < +∞ by assumption, it follows that

sup
j

∫
�

Hm(ψj ) = sup
j

∫
�

Hm(Uj ) ≤ sup
j

μj (�) ≤ μ(�) < +∞.

Therefore ψ := limj→+∞ ψj ∈ F a
m(�) and u := limj→+∞ Uj satisfy u ∈

Em(�), Hm(u) = μ and f ≥ u ≥ ψ + f on �. Uniqueness follows from the
weak comparison principle.

Remark 4.5. We define Um(μ, f ) to be the solution obtained by The-
orem 4.4. When μ = Hm(v) with v ∈ E a

m(�), then we define Um(μ, 0) :=
limj Um(1�jμ, 0).

Theorem 4.6. Suppose μ ≤ Hm(v) where v ∈ N a
m (�). Then for every

bounded maximal m-subharmonic function f there exists a unique ϕ ∈
N a
m (�, f ) with μ = Hm(ϕ).

Proof. We first claim that if φ ∈ E 0
m(�) with supp(Hm(φ)) � �, then we

can find u ∈ E 0
m(�, f ) such that Hm(u) = Hm(φ). Indeed, let (fk)k∈N and

(φk)k∈N be sequences of functions in E 0
m(�) ∩ C (�) such that (fk) decreases

to f and (φk) decreases to φ on �. Let (�j )j∈N be a fundamental exhaustion
of � satisfying supp(Hm(φ)) � �0. For each k ∈ N, define the sequence
j �−→ f

j

k = (fk)
j associated to the sequence (�j ) according to Definition 2.6

with u = fk . Fix k, j ∈ N and observe that φk+f jk ∈ C (∂�j ). Then it follows
from [11, Theorem 2.10] that there existsgj,k ∈ MSH m(�j )∩C (�j ) such that
gj,k|∂�j

= φk+fk . Using Theorem 4.4 one can find a uniqueuj,k ∈ F a
m(�j , gj,k)

such that Hm(uj,k) = μ on �j . Now define{
�j,k = max(uj,k, φk + f

j

k ), on �j ,

�j,k = φk + f
j

k , on � \�j .

Then �j,k ∈ SH −
m(�) and f jk ≥ �j,k ≥ f

j

k + φk on �. Fix j ∈ N. Then for
any k ∈ N, we have uj,k+1 ≤ uj,k on �j , which implies that �j,k+1 ≤ �j,k
on �. Hence f j ≥ limk→+∞�j,k ≥ f j + φ on �. Set ψj := limk→+∞�j,k .
Since f ∈ MSH m(�) it follows that f j = f and f ≥ ψj ≥ f + φ on �.

Now for each j ∈ N, set uj := limk→+∞ uj,k on �j and proceed to prove
that

uj = ψj on �j and ψj+1 ≥ ψj on �. (4.3)
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To prove the first statement of (4.3), fix j ∈ N and observe that ψj ≥ uj on
�j , since uj,k ≤ �j,k on �j for any k ∈ N. Moreover we have⎧⎨⎩

lim sup
z→ξ

(φ + f )(z) ≤ uj,k(ξ) = φk(ξ)+ fk(ξ), for ξ ∈ ∂�j ,

Hm(φ + f ) ≥ Hm(uj,k) = Hm(φ), on �j .

Hence, uj ≥ φ + f on �j and then ψj = max{uj , f + φ} ≤ uj on �j . In
particular we have Hm(ψj ) = Hm(φ) in �j . This proves the first statement of
(4.3).

To prove the second statement of (4.3), observe that we have for any j ∈ N,{
ψj+1 = ψj = φ + f, on � \�j+1,

ψj+1 = uj+1, on �j+1.

Observe that ψj+1 = uj+1 ≥ φ + f = ψj on �j+1 ∩ (� \ �j), and then
ψj+1 ≥ ψj on ∂�j+1. Since Hm(ψj+1) = Hm(φ) ≤ Hm(ψj ) on �j+1, it
follows from the weak comparison principle Corollary 3.3 that ψj+1 ≥ ψj on
�j+1. Hence ψj+1 ≥ ψj on �.

Now set u = (limj→+∞ ψj)∗. Then Hm(u) = Hm(φ) and f ≥ u ≥ f + φ,
which proves the required properties.

Finally since μ is non m-polar, then applying Theorem 2.15 we get

μ = �Hm(g), g ∈ E 0
m(�), 0 ≤ � ∈ L1

loc(Hm(g)).

For each k, use [19, Theorem 5.1] to find a function ψk ∈ E 0
m(�) such that

Hm(ψk) = μk := 1�k inf(�, k)Hm(g). By the claim above we can find uk ∈
E 0
m(�, f ) such that Hm(uk) = μk , where (uk) is a decreasing sequence with
f ≥ uk ≥ ψk + f . Since ψk ≥ v (by Corollary 3.3), then f ≥ uk ≥ v + f .
Letting k → +∞ yields u := limk uk ∈ Nm(�, f ) and Hm(u) = μ. This
establishes the existence part of the theorem. The uniqueness follows from the
weak comparison principle.

We finally prove the main result of this section.

Theorem 4.7. Letμ be a nonm-polar positive measure on�. If there exists
a function ϕ ∈ Em(�), ϕ �≡ 0 such that

∫
�
(−ϕ)dμ < +∞, then for every

function f ∈ Em(�)∩ MSH m(�), there exists a unique u ∈ Nm(�, f ) such
that

Hm(u) = μ.

Proof. The uniqueness is due to Corollary 3.3. For the existence part we
split the proof into two steps.
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Step 1. We first assume that f ≡ 0 and prove that there exists u ∈ N a
m (�)

such that Hm(u) = μ.
Let (�j ) be an exhaustion sequence for � and let μj = 1�jμ, j ≥ 1.

It follows from [19, Theorem 1.2] that there exists uj ∈ F a
m(�) such that

Hm(uj ) = μj . Then by the comparison principle (see Corollary 3.3) (uj ) is
decreasing.

Fix a function h ∈ E 0
m(�) such that 0 > h ≥ max(u1, ϕ). Then h ≥ uj

for all j , and Hm(h) is not identically zero. Integrating by parts as in [19,
Theorem 3.16] we get for any j ∈ N,∫

�

(−uj )Hm(h) ≤
∫
�

(−h)Hm(uj ) ≤
∫
�

(−ϕ) dμ < +∞.

Set u := limj→+∞ uj . Then taking the limit in the previous inequality, we
get

∫
�
(−u)Hm(h) ≤ ∫

�
(−ϕ)dμ < +∞, which implies that u �≡ −∞, hence

u ∈ SH m(�).
Now we prove that u ∈ Em(�). Fix an open relatively compact subset

W � �, and consider for each j ∈ N the following function:

vj := sup{v ∈ SH −
m(�) : v ≤ uj on W }.

Then vj ↘ u on W and Hm(vj ) is supported on W . Since uj ≤ vj , then by
Lemma 2.14 we get∫

�

(−ϕ)Hm(vj ) ≤
∫
�

(−ϕ)Hm(uj ) ≤
∫
�

(−ϕ) dμ < +∞.

Set t := supW ϕ < 0. The above inequality yields∫
�

Hm(vj )=
∫
W

Hm(vj )≤ |t |−1
∫
�

(−ϕ)Hm(vj )≤ |t |−1
∫
�

(−ϕ) dμ < +∞.

Therefore, u ∈ Em(�).
It remains to prove that u ∈ N a

m (�). For each fixed j ∈ N, set νj =
(1 − 1�j )μ and observe that∫

�

(−ϕ)dνj ≤
∫
�

(−ϕ) dμ < +∞.

We can thus apply the arguments above to findwj ∈ E a
m(�) such thatHm(wj ) =

νj . For each k > j we have that uk ∈ F a
m(�) and Hm(uk) ≤ Hm(uj + wj).

It follows from Corollary 3.3 that uk ≥ uj + wj . Letting k → +∞ we obtain
u ≥ uj + wj .
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By Remark 2.10 we have ũj = 0. Therefore, it follows from (ii) Proposi-
tion 2.7 that

wj ≤ w̃j = w̃j + ũj

≤ ˜(wj + uj )

≤ ũ.

Fix h ∈ E 0
m(�) such that h �≡ 0 and h ≥ max{ϕ,−1}. For each k > j

let wj,k be the unique function in F a
m(�) such that Hm(wj,k) = 1�kνj . Then

wj,k ↘ wj as k → +∞. Applying Theorem 3.2 with f = v = 0, T = Hm(h),
and u = wj,k we get∫

�

(−ũ)mHm(h) ≤
∫
�

(−wj)mHm(h)

= lim
k→+∞

∫
�

(−wj,k)mHm(h)

≤ lim
k→+∞m!

∫
�

(−h)Hm(wj,k)

= lim
k→+∞m!

∫
�

(−h)1�k (1 − 1�j )dμ

≤ m!
∫
�

(−h)(1 − 1�j )dμ.

Letting j → +∞ we obtain
∫
�
(−ũ)Hm(h) = 0, which implies that ũ = 0.

Step 2. We now treat the general case, i.e. f is not identically 0.
Since f ∈ Em(�), [19, Theorem 3.1] implies that there exists a decreasing

sequence (fk) in E 0
m(�)∩ C (�̄) that converges pointwise to f on�. Let (�j )

be a fundamental exhaustion of �. For each k ∈ N, consider the sequence
f
j

k := (fk)
j associated to fk by the formula of Definition 2.6. Then f jk ∈

E 0
m(�) and f jk is maximal on �j . Let μj := 1�jμ. For each j ∈ N, μj is a

Borel measure compactly supported on� that puts no mass onm-polar sets and
we have that μj(�j ) ≤ μ(�) < +∞. Then by [19, Theorem 1.2] there exists
a unique ϕj ∈ F a

m(�j ) ⊂ N a
m (�j ) such that Hm(ϕj ) = μj on �j . Moreover,

from Theorem 4.6, for any j, k ∈ N there exists uj,k ∈ F a
m(�j , f

j

k ) such that
Hm(uj,k) = μj on�j . SinceHm(uj,k) = Hm(ϕj ) ≤ Hm(ϕj +f jk ), by the weak
comparison principle we get for any j, k ∈ N f jk ≥ uj,k ≥ ϕj + f jk on�j and
for each fixed j ∈ N, (uj,k)k∈N is a decreasing sequence. Letting k → +∞,
we obtain f j ≥ uj ≥ ϕj + f j on �j , i.e., uj ∈ Fm(�j , f

j ) ⊂ Nm(�j , f
j ).

Since f is maximal, we have f j = f , thus uj ∈ Nm(�j , f ).
On the other hand, by the definition of μj and by the fact that (�j ) is an

increasing sequence we have that Hm(uj ) = μ = Hm(uj+1) on �j . Then
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(uj )j is decreasing and we get that f ≥ uj ≥ ϕj + f on �j . By the first
step one can find a function v ∈ N a

m (�) such that μ = Hm(v). Then by
the weak comparison principle we get f ≥ uj ≥ ϕj + f ≥ v + f . Thus
u := (limj→+∞ uj ) ∈ Nm(�, f ) with Hm(u) = μ. This completes the proof.

5. The subsolution theorem

In this section we will prove our main theorem. This result was proved in [2]
by Åhag, Cegrell, Czyż, and Hiê.p for psh functions. The results obtained in
the previous sections will allow us to proceed similarly as in [2].

5.1. The Dirichlet problem for singular m-polar measures

Note that it follows from Theorem 2.15 that a Borel measure can be written
as the sum of two measures, the first one is non m-polar while the second one
is carried by an m-polar set. We are going to prove that these measures are
both the Hessian of some functions in the class Em(�). Having this in hand,
we also prove the following: given two functions ψ, v ∈ Em(�) with ψ̃ = 0,
ṽ = f . If Hm(ψ) is non m-polar and Hm(v) is carried by an m-polar set, and
if we add the assumption that any function belonging to E 0

m(�) ∩ C (�) is
integrable with respect to Hm(ψ)+Hm(v), then there exists ϕ ∈ Em(�) such
that Hm(ϕ) = Hm(ψ)+Hm(v) and ϕ̃ = f .

The proof of our main theorem will be a consequence of the above decom-
position whose proof requires several intermediate results

Let u ∈ Em(�). It follows from Theorem 2.15 thatHm(u) = αu+νu, where
αu = fuHm(ψu) and νu is a positive measure carried by an m-polar set.

Lemma 5.1. Let u, v ∈ Em(�). If there exists φ ∈ Em(�) such that Hm(φ)
is non m-polar and if |u− v| ≤ −φ, then νu = νv .

Proof. We first assume that u, v, φ ∈ Fm(�). By [19, Lemma 3.10], it is
enough to show that for any ρ ∈ E 0

m(�)∫
�

(−ρ)νu =
∫
�

(−ρ)νv, (5.1)

Indeed, the assumption |u − v| ≤ −φ yields that v + φ ≤ u. Therefore, it
follows from Lemma 2.14 that∫

�

(−ρ)Hm(u) ≤
∫
�

(−ρ)Hm(v + φ) < +∞,

for all ρ ∈ E 0
m(�). Now set Tk = (ddcv)m−k∧ βn−m. It follows from [15,

Lem. 5.6] that
∑m

k=1 C
k
m(dd

cφ)k∧Tk � Cm, whereCm is them-Hessian capa-
city with respect to�. Hence νv+φ = νv and αv+φ = αv+∑m

k=1 C
k
m(dd

cφ)k∧
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T . Then the last inequality implies that∫
�

(−ρ)νu ≤
∫
�

(−ρ)(νv +Hm(φ)) < +∞.

We claim that
∫
�
(−ρ)νv = ∫

�
(−ρ)νu. Indeed, let A be an m-polar set such

that νu(� \ A) = νv(� \ A) = 0, then there exists ϕ ∈ SH −
m(�) such that

A ⊂ {ϕ = −∞}, if we take ρk = max{ρ, ϕ/k}, then we still have∫
�

(−ρk)νu ≤
∫
�

(−ρk)(νv +Hm(φ)) < +∞.

Letting k → +∞, we get∫
{ϕ=−∞}

(−ρ)νu ≤
∫

{ϕ=−∞}
(−ρ)(νv +Hm(φ)) < +∞.

SinceHm(φ) is nonm-polar then
∫
�
(−ρ)νv ≤ ∫

�
(−ρ)νu for everyρ ∈ E 0

m(�).
As u and v play a symmetrical role, the equality (5.1) follows.

To deal with the general case, recall the following fact. If w ∈ Em(�), then
by definition for any open set �′ � �, there exists w′ ∈ Fm(�) such that
w′ = w on �′. Consider the greatest extension ŵ of w defined as follows

ŵ := sup{ψ ∈ SH −
m(�);ψ ≤ w on �′}.

Then ŵ ∈ SH −
m(�),w

′ ≤ ŵ on� and ŵ = w on�′. Hence ŵ ∈ Fm(�) and
ŵ = w on �′. Observe that by definition if w1 ≤ w2 on �′ then ŵ1 ≤ ŵ2 on
�. Applying this construction to u, v and φ on a fixed open set �′ we obtain
functions û, v̂ and φ̂ in Fm(�) such that |û − v̂| ≤ −φ̂ on �. Applying the
first case to these functions we conclude that νû = νv̂ on �. Since û = u and
v̂ = v on �′ we conclude that νu = νv on �′. As �′ � � was arbitrary, this
proves that νu = νv on �.

The main theorem will be a consequence of the following two propositions.

Proposition 5.2. Let v ∈ Nm(�) be such that Hm(v) is carried by an
m-polar set and

∫
�
(−ξ)Hm(v) < +∞ for all ξ ∈ E 0

m(�) ∩ C (�). Then the
following function

u := sup{ϕ ∈ SH m(�) : ϕ ≤ min(v, f )}
satisfies u ∈ Nm(�, f ) and Hm(u) = Hm(v) as measures on �.

Proof. Observe that f +v ism-subharmonic in� and f +v ≤ min(v, f ).
Therefore u is well defined and since min(v, f ) is upper semicontinuous func-
tion, u ∈ SH m(�) and f + v ≤ u ≤ f . Hence u ∈ Nm(�, f ). By [19,
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Theorem 3.1] we can choose a decreasing sequence (vj )j∈N in E 0
m(�)∩ C (�)

that converges pointwise to v in �. By Theorem 4.7, for each j ∈ N there
exists ωj ∈ Nm(�, f ) such that Hm(ωj ) = Hm(vj ). We claim that vj ≥ ωj
on � for any j ∈ N. Indeed for any fixed j , max(vj , ωj ) ∈ E 0

m(�). Moreover,
by [18, Theorem 3.1.16], we have

Hm(max(vj , ωj )) ≥ 1{vj>ωj }Hm(vj )+ 1{ωj≥vj }Hm(ωj ) = Hm(vj ),

in the sense of Borel measures on �. By the comparison principle [18, Corol-
lary 1.3.14], it follows that max(vj , ωj ) ≤ vj on �, which yields the required
inequality vj ≥ ωj .

Now fix j ∈ N and define the following function:

uj := sup{ϕ ∈ SH m(�) : ϕ ≤ min(vj , f )}.
Then uj ∈ E 0

m(�, f ) and uj ≥ ωj . By Lemma 2.14 we get∫
�

(−ξ)Hm(uj ) ≤
∫
�

(−ξ)Hm(ωj ),

for all ξ ∈ E 0
m(�) ∩ C (�). Moreover Proposition 2.13 yields∫

�

(−ξ)Hm(u) ≤
∫
�

(−ξ)Hm(v) (5.2)

for all ξ ∈ E 0
m(�) ∩ C (�).

On the other hand, since u ≤ v, it follows from [15, Lemma 5.2] that

1{v=−∞}Hm(v) ≤ 1{u=−∞}Hm(u),

in the sense of Borel measures on �. Hence∫
�

(−ξ)Hm(v) =
∫

{v=−∞}
(−ξ)Hm(v)

≤
∫

{u=−∞}
(−ξ)Hm(u)

≤
∫
�

(−ξ)Hm(u),

for all ξ ∈ E 0
m(�) ∩ C (�). This inequality together with (5.2) yield that∫

�
(−ξ)Hm(u) = ∫

�
(−ξ)Hm(v) for all ξ ∈ E 0

m(�) ∩ C (�).
Since

∫
�
(−ξ)Hm(v) < +∞ for all ξ ∈ E 0

m(�)∩C (�), it follows from [19,
Lemma 3.10] that Hm(u) = Hm(v) as Borel measures on �. Thus, the proof
is completed.
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To state the next proposition we need the following notation.

F (Hm(ψ), v) := {ϕ ∈ Em(�) : Hm(ψ) ≤ Hm(ϕ) and ϕ ≤ v}.
Proposition 5.3. Let ψ ∈ N a

m (�) and v ∈ Nm(�, f ) be such that Hm(v)
is carried by an m-polar set and for all ξ ∈ E 0

m(�) ∩ C (�),∫
�

(−ξ)(Hm(ψ)+Hm(v)) < +∞.

Then the following function

u := sup{ϕ : ϕ ∈ F (Hm(ψ), v)},
satifies u ∈ Nm(�, f ) andHm(u) = Hm(ψ)+Hm(v) in the sense of measures
on �.

Proof. It follows from Choquet’s lemma that u∗ = (supj≥1 φj )
∗ for some

sequence (φj )j∈N belonging to F
(
Hm(ψ), v

)
. Observe that u∗ ∈ Em(�) and

we can assume that the sequence (φj ) increases to u∗ almost everywhere
in �. By continuity of the Hessian operator for increasing sequences, we
have Hm(φj ) → Hm(u

∗) in the weak sense on �. As Hm(φj ) ≥ Hm(ψ),
it follows that Hm(u∗) ≥ Hm(ψ). Moreover since u∗ ≤ v, it follows that
u∗ ∈ F

(
Hm(ψ), v

)
, which yields that u∗ = u. On the other hand, ω + v ∈

F (Hm(ψ), v), hence u ∈ Nm(�, f ).

By Theorem 2.15, there exists αu, νu two positive measures on� such that
Hm(u) = αu + νu with αu is non m-polar and νu is carried by an m-polar
set. Since |u − v| ≤ −ψ , then by Lemma 5.1, νu = νv = Hm(v). Note that
αu ≥ Hm(ψ). Indeed, we have Hm(u) = αu + νu ≥ Hm(ψ). Since Hm(ψ) is
non m-polar then for a Borel subset B ⊂ � we get∫

B

αu =
∫
B\{u=−∞}

αu =
∫
B\{u=−∞}

Hm(u)

≥
∫
B\{u=−∞}

Hm(ψ) =
∫
B

Hm(ψ).

By Proposition 2.12 there exists a decreasing sequence (vj )j∈N in E 0
m(�, f )

that converges pointwise to v on � i.e., there exists γj ∈ E 0
m(�) such that

γj + f ≤ vj ≤ f . It follows then from [15, Proposition 5.6] that∫
A

Hm(vj ) ≤
∫
A

Hm(γj +f ) ≤ C(m)

(∫
A

Hm(γj )

)1/m(∫
A

Hm(f )

)1/m

= 0,
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for every m-polar set A ⊂ �, which implies that Hm(vj ) vanishes on m-polar
sets. Furthermore, since∫

�

(−ξ)(Hm(ψ)+Hm(vj )) < +∞, for all ξ ∈ E 0
m(�) ∩ C (�),

it follows from Theorem 4.7 that there exists ωj ∈ Nm(�, f ) such that

Hm(ωj ) = Hm(vj )+Hm(ψ).

According to the weak comparison principle applied to ωj and vj we get ωj ∈
F (Hm(ψ), vj ). Hence we can consider the function

uj := sup{ϕ : ϕ ∈ F (Hm(ψ), vj )}.
The sequence (uj ) decreases pointwise to u, as j → +∞. Furthermore,
Lemma 2.14 yields∫

�

(−ξ)Hm(uj ) ≤
∫
�

(−ξ)Hm(ωj ) =
∫
�

(−ξ)(Hm(ψ)+Hm(vj )).

Letting j → +∞ and using Proposition 2.13, we get∫
�

(−ξ)Hm(u) =
∫
�

(−ξ)(αu + νu) ≤
∫
�

(−ξ)(Hm(ψ)+ νu),

for all ξ ∈ E 0
m(�) ∩ C (�). Since αu ≥ Hm(ψ), it follows that

∫
�
ξαu =∫

�
ξHm(ψ) for all ξ ∈ E 0

m(�) ∩ C (�). Hence αu = Hm(ψ) and the proof is
completed.

5.2. Proof of the subsolution theorem

We give here the proof of the main theorem from the introduction.
Proof of the main theorem. By Theorem 2.15 there exists φ ∈ E 0

m(�) and a
function 0 ≤ � ∈ L1

loc(Hm(φ)) such that μ = �Hm(φ)+ ν.
We claim that one can find �,� ∈ Em(�) such that �,� ≥ ω, Hm(�) =

�Hm(φ), Hm(�) = ν, and ν is carried by {� = −∞}. Indeed, since μ ≤
Hm(ω), it follows from the Radon-Nikodym decomposition theorem that

�Hm(φ) = τ1{ω>−∞}Hm(ω) and ν = τ1{ω=−∞}Hm(ω),

where 0 ≤ τ ≤ 1 is a measurable function. For each j , use [19, Theorem 5.1]
to find �j ∈ E 0

m(�) such that

Hm(�j ) = min(�, j)Hm(φ) =: μj .
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By Corollary 3.3 �j ≥ ω and (�j ) is a decreasing sequence. Therefore,

� = lim
j→+∞�j ∈ Em(�) and Hm(�) = �Hm(φ).

On the other hand, τ1{ω=−∞}Hm(ω) is a positive measure vanishing outside
{ω = −∞}, then by [15, Proposition 5.8] there exists � ∈ Em(�) such that
Hm(�) = ν and � ≥ ω. This proves the claim.

Let now (gj )j∈N be an increasing sequence of measurable functions on �
with compact support which converges to g := 1{ω=−∞}τ . It follows from [15,
Proposition 5.7] that there exists a decreasing sequence (ωgj )j∈N in Fm(�) that
converges pointwise toωg such thatHm(ωgj ) = gj Hm(ω). Moreoverωg ≥ ω.
Hence it follows from the continuity of the Hessian operator along decreasing
sequences that Hm(ωg) = 1{ω=−∞}τHm(ω) = ν. Set for each j ∈ N,

vj := sup{ϕ ∈ SH m(�) : ϕ ≤ min(ωgj , f )}.
Then it follows from Proposition 5.2 that vj ∈ Nm(�, f ) and Hm(vj ) =
Hm(ω

gj ) for each j ∈ N. On the other hand set for each j ∈ N,

uj := sup{ϕ : ϕ ∈ F (Hm(�j ),min(ωgj , f ))}.
Then (uj )j∈N is a decreasing sequence which converges to somem-sh function
u. By Proposition 5.3 uj ∈ Nm(�, f ) and Hm(uj ) = Hm(�j )+Hm(ω

gj ) for
each j ∈ N. Furtheremore, we have ω + f ≤ uj ≤ f for any j . Hence we
get the desired result by letting j −→ +∞. Note that if ω ∈ Nm(�) then
u ∈ Nm(�, f ). This completes the proof of main theorem.

Remark 5.4. (1). The main theorem fails in general if f is not maximal.
Indeed, letμ = Hm(ω)withω ∈ E 0

m(�) and letf ∈ Em(�) such thatHm(f ) >
Hm(ω) (take for example f = ω+ (‖z‖2 −A) with A > 0 is such that f ≤ 0
in �), suppose that there exists u ∈ Em(�) such that ω + f ≤ u ≤ f in �
and Hm(u) = μ. Since limz→ξ (u− f )(z) ≥ limz→ξ (ω + f − f )(z) = 0 for
all ξ ∈ ∂� and Hm(u) is non m-polar, then by using the weak comparison
principle we get u ≥ f . This implies that u = f in �, which contradicts the
fact that Hm(f ) > μ.

(2). Assume thatω ∈ E 0
m(�)withm = 1,μ is a positive measure with finite

total mass, and f is a subharmonic function with continuous boundary values.
Then the solution to the Dirichlet problem for the Poisson equation �u = μ

with boundary values f can be written u = f̃ + gμ, where f̃ is the harmonic
extension of f from the boundary to � (the least hamonic majorant of u) and
gμ is the Green potential of the Borel measure μ, so that f + ω ≤ u ≤ f̃ .

In the general case, under the sole assumption thatf ∈ Em(�), the statement
of the main theorem is still valid with the conclusion that f + ω ≤ u ≤ f̃ ,
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where f̃ is the least maximal m-subharmonic majorant of f . If f is maximal
then f̃ = f and we obtain the conclusion of the main theorem. Therefore,
the hypothesis of maximality of f in the statement of the main theorem is
natural and its conclusion can be seen as a non-linear version of the Riesz
decomposition theorem in classical potential theory.

The following example shows that in general a solution does not exist if the
Borel measure μ is not dominated by the Hessian measure of a function in the
class Em(�), even if f = 0 and μ has finite mass.

Example 5.5. Let � = B ⊂ C3 be the unit ball and fix 0 < r < 1.
From [18, Lemma 1.4.3.], the relative extremal 2-subharmonic function of the
B̄(0, r) of radius r is given by

ur = u2,B̄(r),B = max

{
−1 − ‖z‖−1

1 − r−1
,−1

}
.

By [18, Theorem 1.4.12 and Example 1.4.14] we have

∫
B

(ddcur)
2 ∧ β = 2

3

r2

(1 − r)2
.

Also from the fact that ur ≡ −1 on B̄(r) and by [18, Theorem 1.4.11] we have
(ddcur)

2 ∧ β = 0 on B \ S(r).
Set for j ≥ 2, aj = 1/j 1/2, bj = 1/(j 1/2 log j), and rj = 1/(1 + bj ). Then

rj ↗ 1,
∑+∞

2 a2
j = +∞ and

∑+∞
2 ajbj = +∞.

Observe that for j ≥ 2, one can show that aj
∑j

k=2 ak < 2. Indeed

j∑
k=2

ak =
j∑
k=2

1√
k

≤
j∑
k=2

∫ k

k−1

dx√
x

=
∫ j

1

dx√
x
< 2

√
j .

Set ϕj = aj (1 − rj )/(rj )urj = ajbjurj for j ≥ 2 and uN := ∑N
j=2 ϕj

for N ≥ 2. Then uN ∈ E 0
2 (B) and for any N and the sequence (un)N≥2

decreases to −∞. Indeed, if z ∈ B, there exists j0 such that z ∈ B(rj0), then
urj = −1 for j ≥ j0, so that ϕj (z) = −ajbj , for any j ≥ j0. This implies that

uN(z) = ∑N
j=2 ϕj (z) ≤ − ∑N

j≥j0
ajbj ↘ −∞ as N → +∞.

Since (ddcϕj )2 ∧ β = 0 in B(rj ) for any j , it follows that for k ≤ j we
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have∫
B

(log |z|)2ddcϕj ∧ ddcϕk ∧ β =
∫
B\B(rj )

(log |z|)2ddcϕj ∧ ddcϕk ∧ β

≤ (log rj )
2
∫
B

ddcϕj ∧ ddcϕk ∧ β

= (log rj )
2ajbjakbk

∫
B

ddcurj ∧ ddcurk ∧ β.

From mixed inequalities (see [9]), it follows that∫
B

(log |z|)2 ddcϕj ∧ ddcϕk ∧ β

≤ (log rj )
2ajbjakbk

(∫
B

H2(urj )

) 1
2
(∫

B

H2(urk )

) 1
2

= (log rj )
2ajbjakbk

2

3

1

bj

1

bk

= 2

3
(log(1 + bj ))

2ajak.

Recall that uN = ∑N
j=2 ϕj and set μN := H2(uN) for N ∈ N with N ≥ 2.

Then we have∫
B

(log |z|)2dμN =
∫
B

(log |z|)2
(
ddc

N∑
j=2

ϕj

)2

∧ β

=
N∑

j,k=2

∫
B

(log |z|)2 ddcϕj ∧ ddcϕk ∧ β

≤ 2
N∑
j=2

j∑
k=2

∫
B

(log |z|)2 ddcϕj ∧ ddcϕk ∧ β

≤ 4

3

N∑
j=2

(log 1 + bj )
2aj

j∑
k=2

ak

≤ 8

3

N∑
j=2

(log(1 + bj ))
2 < +∞,

since aj
∑j

k=2 ak ≤ 2. The last series converges because

(log(1 + bj ))
2 � b2

j = (√
j log(j)

)−2
.
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Finally it follows from the last estimate that the sequence of Borel measures
(μN) have locally uniformly bounded masses in B. Since it is increasing, it
converges to a Borel measure μ on B such that for any N ∈ N, μN ≤ μ.

We claim that for the Borel measure μ, there is no function u ∈ E −
2 (B)

such that μ = (ddcu)2 ∧ β. Indeed, assume that there exists u ∈ E −
2 (B) such

that μ = (ddcu)2 ∧ β. Then since uN ∈ E 0
m(B), the Borel measure μN is non

m-polar for anyN and we can apply the weak comparison principle Corollary
to conclude that u ≤ uN in B for any N . Since uN ↘ −∞ as N → +∞, it
follows that u ≡ −∞ in B, which is a contradiction.
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2. Åhag, P., Cegrell, U., Czyż, R., and Hiêp, P. H., Monge-Ampère measures on pluripolar sets,
J. Math. Pures Appl. (9) 92 (2009), no. 6, 613–627.
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