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THE DIRICHLET PROBLEM FOR THE COMPLEX
HESSIAN OPERATOR IN THE CLASS A, (L2, f)

AYOUB EL GASMI

Abstract

Let 2 C C" be abounded m-hyperconvex domain, where m is an integer such that 1 < m < n. Let
1 be a positive Borel measure on 2. We show that if the complex Hessian equation H,, (1) = p
admits a (weak) subsolution in €2, then it admits a (weak) solution with a prescribed least maximal
m-subharmonic majorant in €2.

1. Introduction

Complex Monge-Ampere equations play an important role in pluripotential
theory, complex analysis, and have many applications in Kéhler geometry.
See [5], [71, [8], [16], [13], and the references therein.

Recently complex Hessian equations have attracted the attention of many
researchers. See [17], [6], [10], [11], [9], [18], [19], [15], [20], and [22]. They
appear in many geometric problems, including J-flow [23] and quaternionic
geometry [4]. They are also important from PDE’s point of view as they can
be considered as non linear PDE’s of second order which interpolate between
(linear) complex Poisson equations (m = 1) and (non linear) complex Monge-
Ampere equations (m = n).

One of the central problems in this area is the resolution of the Dirichlet
problem for complex m-Hessian equations. Given a positive Borel measure u
on €2 and a continuous function ¢ on 9€2, find a function u in the domain of
definition of the Hessian operator H,, such that

Hy) = @ddu)" AB"™ = in @ and u=¢ in 32,  (1.1)

where B := dd°|z|*. Observe that when u is a €2 function, then H,, () is the m-
th elementary symmetric polynomial of the eigenvalues of the complex Hessian
(0%u/dz 102x) of u. In the general case, equation (1.1) should be understood in
the sense of currents on 2.
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A related problem is to characterize the range of the complex Hessian oper-
ator. One of the main steps in this study is the so called subsolution problem.
Namely, assuming the necessary condition that the Dirichlet problem (1.1)
admits a subsolution in a given class of admissible functions, does it admit a
solution in the same class? This problem was solved by Kolodziej [16] for the
complex Monge-Ampere equation in the class of bounded plurisubharmonic
(psh) functions and generalized later by Ahag, Cegrell, Czyz, and Hiép [2] to
unbounded psh functions.

Recall that a function w € &,(2) is a subsolution to the Hessian equation
H,,(u) = p in a given class % C &,,(2) if w € % and satisfies the inequality
H,,(w) > u in the weak sense on 2.

For the complex Hessian equation the subsolution problem in the class of
bounded m-subharmonic functions was solved by Ngoc Cuong Nguyen [20].
Recently, Vu Viet Hung and Nguyen Van Phu [15] solved the subsolution
problem for positive Borel measures in the class %,,(2). See Definition 2.4.

In order to introduce our main result let us first make the following obser-
vation. When the measure p is singular with respect to the Lebesgue measure,
a solution with zero boundary values in the classical sense does not always
exist, even in the simplest case of the unit disc in C and p with finite mass. In
this case, the Green potential of the measure w is the unique solution whose
least harmonic majorant is zero.

Our main result solves the subsolution problem for complex Hessian equa-
tions and positive Borel measures, with prescribed least maximal m-subhar-
monic majorants.

MAIN THEOREM. Let Q2 C C" be a bounded m-hyperconvex domain and
W be a positive Borel measure on 2. Assume that there exists a function w €
&m () such that © < H,,(w) in the sense of currents on 2. Then for every
Sfunction f € &,(Q) N MSH ,,(Q), there exists a function u € &,() such
that Hy,(u) = wand w + f < u < f. In particular, if we require w to be in

N (2), thenu € N, (2, f).

Note that in general a solution does not exist if the Borel measure w is not
dominated by the Hessian measure of a function in the class &, (2), even if
f = 0 and p has finite mass (see Example 5.5). Note also that Main Theorem
is not true for any f € &,(R2) as observed in Remark 5.4. The maximality
of f is a natural condition which generalizes boundary values in the classical
Dirichlet problem and the inequality w + f < u < f is for m-subharmonic
functions a natural non-linear substitute for the Riesz decomposition theorem
for subharmonic functions as explained in the same remark.

Let us mention that Main Theorem gives a non trivial generalization of the
result of Hung and Phu [15], who considered the case of a Borel measure with
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finite mass and f = 0. Indeed, we can find and increasing sequence (4;);en
of Borel measures with finite mass converging to x and by [15] we have a
corresponding sequence of solutions (u;);en, but we are not able to conclude
that it converges to a solution u of H, (1) = w.

The proof of Main Theorem is done in several steps. We first establish an
appropriate comparison principle in the class A, (2, f) which is interesting in
its own (see Section 3). Then we solve the Dirichlet problem when the Borel
measure y is non m-polar i.e. ; puts no mass on m-polar sets of €2, under
a technical extra condition that there is a m-subharmonic function which is
p-integrable in 2. (See Section 4.)

The next step is to use a generalized Radon-Nikodym theorem to write
Ww = w1 + o, where p is absolutely continuous with respect to m-capacity
and w; a singular measure supported on a set of m-capacity zero. Then, we
approximate 4;, i = 1,2, by measures u for which we know how to solve
the Dirichlet problem in A, (<2, f).

Finally we use the classical Perron envelope to construct a sequence (u )
in A, (82, f) such that H, (uy) = Miv + ,uév To conclude, we show that the
sequence (uy) converges to some u € N,,(2, f) that satisfies H,,(u) = u.
(Section 5.1.)

These results, as well as the entire content of this paper, are already in our
preprint [12] posted on arXiv in December 2017. We learned recently that Van
Thien Nguyen published an article [21] on the same subject without mentioning
our preprint. However, the overlap is not so important and our results are more
general.

2. Preliminaries

2.1. The class of m-subharmonic functions

In this section we give some basic properties of admissible functions for the
complex Hessian equation. Such functions are called m-subharmonic (m-sh).
They are subharmonic and non-smooth in general. Define

fm = {a € C(l,l):a/\ﬁn_l 20,0{2/\,3”_2 >0,...,a" AB"T" 20},

where C(y 1y is the space of real (1, 1)-forms with constant coefficients in C".
A (1, 1)-form belonging to f‘m is called m-positive.
If T is a current of bidegree (n — k, n — k), with k < m. Then T is called
m-positive if for all m-positive (1, 1)-forms «;, ..., o we have

g ANar A Ao AT > 0.

DEeFINITION 2.1. Let u: Q — R U {—o0} be a subharmonic function in 2.
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() Ifu € €*(R), then u is m-sh if the form dd‘u belongs pointwise to T

(ii) In general, u is called m-sh if the inequality
ddu nay AN ANty AB"™ >0, o,...,0,_] € f‘m,

holds in the weak sense of currents in Q.

(iii) We denote by S ,,(2) the set of all m-sh functions in € and by
S, () the setof all u < 0 in S ,,(R2).

(iv) A function u € S ,,(R2) is said to be maximal if for any v € FH ,,(2)
such that v < u outside a compact subset of 2 we have v < u in .

(v) Welet #MSF ,,(2) denote the family of maximal functions in ¥, (£2).
Btocki [6] observed that up to a point pluripotential theory can be adapted
to m-subharmonic functions.

For locally bounded m-sh functions uy, ..., ug, k < m, the complex Hes-
sian operator is defined inductively by

H,wi,...,u;) :=ddui A--- ANddu; A ﬂnik
=dd(uiddus A -~ Addu A 5.

This is a closed positive current. In particular, the complex m-Hessian measure
of u € 3 ,,(2) N L2 () is defined to be

loc
H,(u) = (ddu)™ A g" ™.
Observe that if u € €*(S2) then

Hm(”) = O—m()Vla LR ) )"H)IBna

where g, (A1, ..., Ay) is the elementary symmetric polynomial of degree m in
the eigenvalues (A, ..., A,) of the complex Hessian of u.

DEFINITION 2.2.
(i) A set P C (" is called m-polar if for any z € P there exists a neighbor-
hood V of z and a functionu € 3, (V) suchthat PNV C {u = —o0}.

(i1)) We will say that a Borel measure on €2 is non m-polar if it vanishes on
all m-polar sets in 2.

DEFINITION 2.3. We say that a function u is strictly m-sh on €2 if it is m-sh
on 2 and forevery P € € there exists a constant Cp > 0 such that the function
7+ u(z) — Cp|z|* is m-subharmonic in a neighborhood of P.

DEFINITION 2.4. Let Q C C" be a bounded domain.
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(i) We say that €2 is m-hyperconvex if there exists a continuous m-sh func-
tion p: 2 — R~ such that {¢ < c} € R, for every ¢ < 0.

(i) We say that €2 is strictly m-pseudoconvex if there exists a smooth strictly
m-sh function p on some open neighborhood ' of € such that Vp # 0
ondQand Q ={z € Q' : p(z) < 0}.

(iii) A fundamental exhaustion (£2;) of an m-hyperconvex domain 2 is a

sequence of strictly m-pseudoconvex domains suchthat Q2; @ Q1 € Q
for every j, and U2, Q2; = Q.

Note that a fundamental exhaustion (£2;) of an m-hyperconvex domain 2
always exists. Indeed, it follows from Ahag, Czyz, and Hed [3] that €2 admits an
exhaustion function p that is negative, smooth, and strictly m-sh. Then one can
choose a sequence (g;) decreasing to 0 for which Q; = {z € Q : p(z) < —a;}
is strictly m-pseudoconvex.

2.2. Cegrell’s classes and approximation of m-sh functions

The following classes of m-sh functions were introduced and investigated by
Luin [18], [19].

DEFINITION 2.5. Let Q2 C C" be an m-hyperconvex domain.
(i) We denote by %,2 (£2) the class of bounded functions u € S ,,(S2) such
that lim,_,¢ u(z) = 0, V& € 92 and fQ H, (1) < +o0.

(i) We denote by #,,(2) the class of functions u € S, (£2) such that there
exists a sequence (u;) in %,2 (£2) decreasing to u in €2 and sup; fQ H, (u;)
< +00.

(iii) For every p > 0 we denote by &~ (Q) the class of functions ¥ €
S ,,(L2) such that there exists a decreasing sequence (1) in %”,2(82)
satisfying lim;_, 4 o, ¥j(z) = ¥ (z) and sup; fQ(—wj)pHm (¥) < +o0.

(iv) We denote by Z () the subclass of functions ¥ in &2 ($2) for which
sup; [o Hn () < +o0.

(v) We denote by &,,(2) the class of all u in 7 ,,(2) such that for every
Zo € K2 there exists a neighborhood U C 2 of zp and a decreasing
sequence (u;) in %,S(Q) converging to u on U with sup; fQ H,(u;) <
+00.

(vi) Let E C Q2 be a Borel subset: The C,,-capacity of E with respect to €2
is defined by

Cu(E)=C,(E, Q) = sup{f H,(0),0 € $9,,(2),—1 <6< 0}.
E
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Letuf € &,(Q), k = 1,..., m. It follows from [18, Theorem 3.14] that if
(uf ); are sequences in &0(Q), decreasing to u* as j — +o00, then the sequence
of measures H,, (u ]1., ..., uj") converges weakly to a positive Radon measure
which does not depend on the choice of the sequence (u;?) ;. One then can
define H,, (u', ..., u;") to be this weak limit. In particular, for u € &,(R),
H,, (u) is well defined and it is a Radon measure on £2.

It follows from the work of Btocki [6] and the local property of the class
&, (2) that maximal m-sh functions u are precisely the m-sh functions sat-
isfying H,,(u) = 0. See also Hung [14]. For m = 1, maximal subharmonic
functions coincide with harmonic functions. This is why they play an important
role in the m-subharmonic potential theory.

Now we introduce an important notion to describe boundary values of m-
subharmonic functions.

DEFINITION 2.6. Let €2 be an m-hyperconvex domain, u € S¢,,(2), and
define the function iz on Q by it = (lim;_, 4 u’)*, where v* denotes the upper
semicontinuous regularization of a locally upper bounded function v on €2, the
sequence (u/) in S, () is defined by

u =sup{p € SH,(Q) : ¢ <uonQ\Q},

and (£2;) is a fundamental exhaustion of 2.

The sequence (1) is increasing, which implies that sup; u/ = lim;_, 4o u/
and that u € S ,,(2). Moreover, by definition u < . It follows from [18,
Theorem 1.7.5] that if u € &,,(2) then u € &,,(Q2).

PrOPOSITION 2.7.

1) Ifu € ,(Q), then 1 € ,(Q) N MSI,, (L) and 1 is the smallest

maximal m-subharmonic majorant of u in Q2. Moreover, if u is maximal
then i = u.

(ii) Letu,v € &,,(R2) and «

Moreover, if u < v then

R, >0.Thenu +v > u+9, and du = oid.
<

S o
u<n.

ProoOF. The statements in (ii) follow directly from the definition. We prove
(i). By [19, Theorem 3.1] there exists a sequence () in %”,S(Q) N € (2) such
that u; \ u. Fix j > 1 and put

ol =sup{p € SHn(R) : ¢ < on Q\ Q).

Then Hm(go,{) =0on Q forallk > 1, ((p,{)k is decreasing and u/ < <p,{ for
all k > 1, where

u =sup{p € X, (L) :p <uonQ\ Q;}.
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Set ¢/ 1= limy_s 100 9] € FH (). Since ¢’ (z) < u(z) forall z € Q\ Q;,
we have ¢/ < u’/ on Q. Hence ¢/ = u’/ on Q. It follows from the continuity
of the complex Hessian operator along decreasing sequences that H,,(u’/) = 0
on ;. Using [15, Theorem 3.10], we conclude that # is maximal.

For the second statement let v € &,,(Q2) N MSF,,(2) such that v > u on
Q. If h is a candidate defining u/ then 2 < v outside the compact set §j c Q.
Since v is maximal we deduce that # < v on . We thus have u/ < v on Q,
which implies & < v.

REMARK 2.8. The definition of the function # is independent of the choice
of the fundamental exhaustion of 2.

Indeed, let (€2;) and (Q}c) be two fundamental exhaustions of €2 and take
v/ and u* as in Definition 2.6. Then we have that u < ¥. This implies, by (i)
in Proposition 2.7, that # < v. Then by symmetry we get = v.

DEFINITION 2.9. Let /;,(R) :={u € &,(RQ) : u = 0}.

It follows from Proposition 2.7 that .4, (€2) is a convex cone and that it is
precisely the set of functions in &, (€2) with smallest maximal m-sh majorant
identically zero.

REMARK 2.10. %,,(2) C N,,(2) C &,,(R2).

Indeed, by definition A}, (2) C &, (2). For the first inclusion take u €
Fn(2). By definition of # we have u < u, hence u € %#,(R2). Since u
is maximal, it follows from [14, Lemma 1] that & = 0. This proves that
u € N ().

DEFINITION 2.11. Let %, (£2) be one of the function classes £°(2), %,, (),
FE(Q), or N, (Q) and f € &,(RQ).

(i) We denote by 7,,(R2, f) the class of all u € LH () satisfying f >

u > ¢ + f for some ¢ € %, ().

(i) We denote by J7,¢ (K2, f) the class of all u € S ,,(R2) satistying f >
u > ¢+ f for some ¢ € J%,,(2) such that H, (¢) is non m-polar.

PROPOSITION 2.12. Assume that f € &,(Q2) and u € S, (2) such that
u < f. Then there exists a decreasing sequence (u;) in &.(2, f) that con-
verges pointwise tou on Q, as j — +00. Moreover, if f € SH n(Q)NE(Q),
then (uj) can be chosen such that u; € C@?,S(Q, Hn €(Q).

Proor. By [19, Theorem 3.1] there exists a sequence (¢;) in c%”n(z (QNE Q)
such that ¢; ~\ u. Set

uj = Sup{l[f S V%m(Q) : ‘// = l’l’lil'l(gl)j, f)}
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Observe that ¢; + f is a candidate defining u;, hence ¢; + f < u; < f. This
reveals that u; € Z,S(Q, f). We also have that u; \ u.
Now, if f is continuous on Q then, using ¢; + f < u; < f we have

ling(uj)*(z) = ling(uj)*(z) = f(&), forall £ €9Q.

It thus follows from [6, Proposition 3.2] that u; is continuous on Q.

PROPOSITION 2.13. Let f € &,(R2) and ¢ € SI,,(2) N Ly (). If (u;)
is a decreasing sequence in N,,(2, f) which converges pointwise to u €

N (2, f) as j — +o0, then lim;, o fQ(_QD)Hm(uj) = fg(_(p)Hm (u).

ProoOF. Assume first that f (—p)H,,(u) < +o00. By Lemma 2.14 below,
the sequence ( fQ(—(p)Hm (uj) i is increasing and bounded from above by

fQ(—ga)Hm (u). Since a function in &, () is locally in &%,,(R2), it follows
from [15, Theorem 3.5] that the sequence ((—¢)H,,(u;)); converges weakly
to (—¢) H,, (1) and the desired limit of the total masses is valid.

If fQ(—go)Hm (u) = 400, using again [15, Theorem 3.5], we get

lim /(—go)Hm(uj) = 400.
Q

Jj—>+o0

LEMMA 2.14. Let u,v € N, (2, f), u < v, and T be a closed m-positive
current of the form T = ddwy N ... Add w, N "™, where wj € &,(R),
2 < j < m. Then forall ¢ € SI,, () the following inequality holds

/ (—p)ddvAT < / (—p)dd‘u nT. 2.1
Q Q

Proor. If fﬂ(—(p) dd‘u N'T = 400 then the conclusion holds trivially.
Assume that fQ(—go) dd‘u NT < 4o0. It follows from [19, Theorem 3.1] that
there exists a sequence (¢ ) in ?5,2 () N C () such that ¢ \, ¢, as k — +00.
Since u € N,,(R2, f), there exists ¥ € A,,(2) suchthat f > u > f + . Let
(£2;) be a fundamental exhaustion of €2 and set v; = max(u, Y/ 4+ v), where
Y is given by Definition 2.6. Then v; € &,(2), v; = uon Q\Q;,u < v, and
(vj) is an increasing sequence that converges pointwise to v quasi-everywhere
on ,as j — 4oo.Forr > j,letu € #,(2) such that z > u and &t = u on
Q,. Put v; = max{u, v;}. Then v; € %,,(2), v; = v; on Q, and ¥; = i on
Q\Q; D Q\Q,. Put T =dd@, A+ Add@p, A B, where &y € Fpp(2)
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such that @, = wy on .. Integrating by parts as in [19, Theorem 3.16] we get
/ (=) ddu AT — / (—pr)ddv; AT
= / (—p) ddii AT — / (—o0) ddv; AT
Q Q
= / (—p) ddi AT — / (—r) ddv; AT
Q Q

= / @ — i) ddop AT
Q,
> 0.

By letting r — +o00, we get

/(—f/)k) dd‘u NT > /(—(pk)dd”vj AT.
Q Q

Since (v;) converges to v quasi everywhere, it follows that (v;) converges to v
in C,,-capacity in €2. Since ¢y is bounded, it follows from [15, Theorem 3.10]
that (—¢y) dd°v; AT converges weakly to (—¢i) dd°vAT as j — +o00. Thus

lim (—pr)ddvi AT > / (—gr)ddvAT.
Q Q

j—+oo

Then (2.1) holds for ¢;. Since fQ(—(p) dd‘u AT < o0, letting k — 400
and using monotone convergence theorem one obtains the desired inequality.

THEOREM 2.15. Assume that u is a positive measure on Q2. Then there exists
¢ € %,2 (Q),0 < ¢ e L (H,(¢)), and a positive measure v carried by an

loc

m-polar set, such that u = € H,,(¢) + v.

This result is known as Cegrell’s decomposition theorem. PROOF. This can
be deduced from Cegrell’s decomposition theorem in [7] and the same argu-
ments as in [19, Theorem 5.3].

LEMMA 2.16. If u € &,,(R2) then 1y, _o} H, (1) vanishes on m-polar sets.

PROOF. Set v = e“. A direct computation shows that H,, (v) > ™ H,, (u).
Let E C Q2 be an m-polar set and let E; := E N {u > —k}. Then, since v is
bounded,

0= [ Hy = / e H ().
Ey Eq
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It follows that f E, H,,(u) = 0 for all k. Letting k — +o00 we arrive at the
conclusion.

3. A comparison principle for the class ./, (2, f)

The goal of this section is to establish several versions of the comparison
principle for the class 4, (€2, f) that will be used later.

LEMMA 3.1. Let u, v € &,(2) be such that liminf,_,¢[u(z) — v(z)] > 0,
forallé € 90Q. Let T =dd oy A--- ANdd w, A B, where wj € SIH,, (),
—1<w <0,j=1,...,m. Then

1
— (w—w)"T +/ (—w1)Hpy(v) < / (—w1) Hy (u).
{u<v}

m! {u<v} {u<v}U{u=v=—00}

Note that the condition liminf,_¢[u(z) — v(z)] > 0, for all £ € 9Q is
equivalentto {u < v — ¢} € 2, forall ¢ > 0.

Proor. Fix ¢ > 0 and an open set ' such that {u < v — ¢} € Q' € Q.
Let i be a function in &%,,(2) such that # > u and # = u on ’. Set

Ve := max(u, v — 2¢).

Then v, € %,,(R), v > u, and v, = & on 2 \ Q. It follows from [10,
Theorem 6] that

1 —m -
— / (e —)"T + / (—w1)Hy (ve) < / (—w1) Hy (it).
m- Jq Q Q
By the maximum principle, see [15, Theorem 3.6], we also have

1{ﬁ<v72e}Hm (ve) = 1{1}<U728}Hm(v)7

and ~
1{ﬁ>v72s}Hm (ve) = 1{ﬁ>v72e}Hm ().

Note also that fQ(—wl)Hm () < +oobecause i € %,,(2) and w, is bounded.
We thus have

L (v—28—ﬁ)’”T+/

m! Jii<v—2e) {ii<v—2¢}

(—w1)Hy (v) < / (—w1) Hy (i1).

(fi<v—2¢}
Since {it < v —2¢} C Q' and u = & on &/, it follows that

L (v—28—u)mT+/

m! {u<v—2¢} {u<v—2¢}

(o) Hy(v) < / (—1) o i),

{a<v—2¢}
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Observe also that {it < v —2¢} C{u <v—¢e}U{u =v = —o0}. We thus

have 1
— (v—2e—uw)"T + / (—w1) Hp (v)

m! {u<v—2¢} {u<v—2¢}

< / (—w1) Hy (i) + / (—w1) Hy ()
{u<v—e}

{i=v=—00}
= / (—w1) Hy(u) + / (—w1) Hy ().
{u<v—e} {u=v=—00}
To obtain the last line we note that {it < v —¢} C Q" andu = 2 on Q.
On the other hand, it follows from [15, Proposition 5.2] that
Vi —oo) Hin (1) < 1y — ooy Hy ().

We therefore have
1

m! {u<v—2¢}

(v—2¢e—uw)"T + / (—w1) Hy (v)

{u<v—2¢}

< / (=) Hp (1) + / (=) Hp ().
{u<v—e}

{u=v=—00}
Letting € \, 0 we arrive at the conclusion.

THEOREM 3.2. Let f,v € &,(RQ) and u € N, (R, f) and assume that
V< fonQ LetT =dd‘wi N ... Ndd°wy N B"™", where w; € SI,,(2),
—1<w;<0,j=1,...,m. Then

1
— (v —w)"T + / (—w1)Hp(v) < / (—w1) Hy (u).
m: Jiu<v} {u<v} {u<vU{u=v=—00}

PrOOF. Since u € N,(£2, f), by definition there exists ¢ € A,,(2) such
that ¢ + f < u < f.Let (2;) be a fundamental exhaustion of €2 and define
¢’ as in Definition 2.6. Then ¢/ 0 quasi everywhere. Since v < f, we have

U=+ f=¢'+f=¢ +v, nQ\Q;

Fix ¢ > 0. By elementary reason we have H,, (v + ¢’) > H,,(v). Applying
Lemma 3.1 tou and v + ¢/ — &, we get

1

m! {u<v+¢/—e}

tf o conme= [ opHw. G
{u<v+¢/—¢} {u<v+¢i—e}

Ww+e¢/ —e—uw)"T
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On the other hand, (1y,<y4¢i—e (v + ¢ — e — u)m)/?'i1 and (1{M<U+¢j_g})j’il
are increasing sequences that converge to 1, <,—j(v — & — u)™ and 1, <y—g),
respectively, as j — 400 quasi everywhere on 2. Note also that 7 puts
no mass on m-polar sets. By Lemma 2.16, 1;,- _~} H,,(v) also vanishes on
m-polar sets. Therefore, (1{u<v_8+¢i});i1 converges to 1y, almost every-
where with respect to 1(,~ _ooy H,, (v), and (1, y—py iy (v — € + ¢/ — u)”’)]?’il
converges to 1y, .,— (v — & — u)™ almost everywhere with respect to 7. Now
using the monotone convergence theorem in (3.1) we obtain

L (v—a—u)mT-l-/

m! {u<v—e} {u<v—e}

(=) Hp (0) < / (=) ().

{u<v—e}
The desired inequality is obtained by letting ¢ — 0.

CoroLLARY 3.3 (Weak Comparison Principle). Let u, v, f € &,(2) be
such that H,, (1) is a non m-polar measure on 2 and H,,(u) < H,,(v). Then
u > v on Q if one of the following conditions is satisfied:

(1) liminf,_,,[u(z) —v(z)] = O for every ¢ € 0%,
Q) ueN(R2, fandv < f.

PRrOOF. Suppose that liminf,_,,[u(z) — v(z)] > 0, for all ¢ € 9Q. Fix
w € LI () suchthat —1 < w < 0.Fixe > 0. Then {u + ¢ < v} € L,
hence f{ H,,(v) < +o0o. By Lemma 3.1 we get

u+e<v}

em 1 m
— Hy(0) = — (v—¢&—u)"Hy(w)
m! {u+2e<v} m! {ut+e<v}

< / () [ Hyp () — Hp(0)] < 0.
{u+e<v}

Hence C,,({u + 2¢ < v}) < 0. Thus, u 4+ 2e > v. Let ¢ tends to 0, then we
obtain that ¥ > v on 2.

Suppose now that u € A,,(2, f) and v < f. Then there exists ¢ € A,,(R)
such that f + ¢ < u < f. Let ¢/ be the sequence associated to ¢ and a
fundamental exhaustion (£2;) as in Definition 2.6 and let ¢ > 0. The same
argument as above applied to u + 2¢ and v + ¢/ yields u + 2¢ > v + ¢/ in Q.
Letting j — +o00 and then ¢ — 0T, we get the desired inequality.

4. The Dirichlet problem in A,, (R, f) for f € MS ,,(R)



THE DIRICHLET PROBLEM FOR THE COMPLEX HESSIAN OPERATOR 299

4.1. The Perron envelope

We shall first study the following Dirichlet problem with continuous boundary

data:
- U € S ()N LE(DQ),

Hy (u) =, 4.1)
limsupu(z) = f(§), V& € dN.
z—&

Here Q is a bounded m-pseudoconvex domain, f € MASFH ,,(2) N6 (92) and
[ 1s a positive measure on 2.
A function v € 7, N L2.(Q) is said to be a subsolution of the Dirichlet

loc

problem (4.1) if H,,(v) > w and limsup,_,; v(z) < f (&) for every § € 9%2.
We let %B,,(e, f) denote the set of all subsolutions. The function

Um(l"ﬂ f) = Sup{v B VNS %’m(l’(’v f)}
is called the Perron envelope for the Dirichlet problem (4.1).

LEMMA 4.1. If B, (., [) is non-empty, then the Perron envelope for the
Dirichlet problem (4.1) is a subsolution, i.e., U, (i, f) € B(u, f).

Proor. It follows from Choquet’s lemma that there exists a sequence

(@j)jen in By (e, f) such that (sup;ey ;)" = Uy (i, f). Thus Uy (u, f) €
S I (R2). Since f is maximal, ¢; < f on 2. We thus have that

lim S;lp Uy, (@) = f(§),

for all £ € 92. On the other hand, by [18, Theorem 1.3.16],
H,,(max (¢;)) > u.
1<j<k

Since max;<;<(¢;) /" Uy (u, f) almost everywhere as k — +o0, it fol-
lows from [18, Theorem 1.3.10] that H,, (U (i, f)) > . We deduce that
Uy, f) € B, f), hence U (n, f) < Un(w, f). We finally have
Un(i, f) = Un(, ) € Bu(u, f) as desired.

4.2. The Dirichlet problem with smooth boundary data
Our goal in this section is to prove an analogue of a result of Cegrell [7] for
the complex Hessian equation.

THEOREM 4.2. Let Q2 C C" be a smoothly bounded strictly m-pseudoconvex
domain f € MSI,,(QL)NE>X(0R). Assume that ju is a positive measure with
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finite mass in Q. Then for p > 1 there exists a unique u € F5 (2, f) with
H,,(u) = w if and only if ther exists A > 0 such that

f (—)Pdp < A( / (—w)f’Hm(go)) T Ve egd@). (42

Note thatit follows from the work of Li[17] that U,,(d V, f),U,,(dV,— f) €
FIH () N €°(Q). For simplicity denote by f := U,,(0, — f). Using [19,
Theorem 3.22] we then get

Q Q

This implies that f + f € €2(RQ).

PROOF OF THEOREM 4.2. Assume that u = H,,(u) withu € Z5(Q, f).
Then0 > u+f > ¢+ f+ f forsome ¢ € F}(Q).Since p+ f+f € FH(Q),
then by [19, Theorem 3.9], u+ f € %} (S2). Therefore, by [19, Proposition 5.4
and Theorem 6.2], the measure v := H,,(u + f ) satisfies the inequality (4.2)
with u replaced by v. Since u = H,,,(u) < v, so does u.

To prove the “only if” statement we first observe that the inequality (4.2)
implies that p puts no mass on m-polar sets. Indeed, let £ € 2 be a compact

set and let
ug :=sup{y € S, () :y < —1inE}

be its relative m-extremal function in 2. Let (E£;) be a decreasing sequence of
regular compact sets in £ such that £ = N; E;. We can choose E; to be the (1/

J)- nelghborhood of E for j > 1. Then it follows from [18, Proposmon 1.4.9]
that u’ E, = UE, is continuous in £2. Moreover, by [18, Proposition 1.4.2] ug, /
u, quasi everywhere in Q and H,,(ug,) —> H,,(uy) weakly in Q as j —
+00. Therefore, since ug, = —1in Ej, it follows from inequality (4.2) applied
to ug; that for any j € N,

p/p+m
/du 5/ du 5/(—uEf)”d/A =< A(/ (_uE_,-)pHm(qu))
E Ej Q Q

= A(Cap,, (Ej))P/P+m.

Observe that the last equality follows from [18, Proposition 1.4.11 and Propos-
ition 1.4.12]. On the other hand, since Cap,, (E;) — Cap,, (E) as j — +o0,

then w(E) < A(Cap,,(E)) 747 . This inequality is true for any compact subset
in 2. Hence by outer regularity it follows that u(E) < A(Cap:‘n(E))l’%m for
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any Borel set in €2, which proves our claim that i puts no mass on m-polar
sets. Applying the decomposition theorem ([19, Theorem 5.3]) we get

=_gHn(@), ¢€&(Q), g€ Ly(Q Hu(@®)).

Let 1 = min(g. j)Hy (®). Then p; < Hy(j'"$) < H,(j/"¢ + f) and
it follows from [20, Theorem 2.2] that there exists u; € S, (2) N L™ (2)
such that H,,(u;) = u; and u; = f on Q2. Since f is maximal then u; < f
on 2. This, coupled with the weak comparison principle applied to u; and
jl/me + f implies that j!/"¢ + f < u; (since lim, ¢ (u; — j/"¢p— f) =0
for all £ € 9%2), which yields that u; € A, (2, f). On the other hand, it
follows from [18, Theorem 1.8.17] that u = H,, (v) withv € &~ (Q2). However,
since fQ H,, (v) < +oo, this implies that v € %} (2). Furthermore, we have
H,(v + f) > u > n; = Hy,(u;). Thus using again the weak comparison
principle, we obtain v + f < u; < f for all j > 0. To finish the proof it is
enough to observe that by construction (#;) decreases to some m-sh function
u. Letting j —> 400 we infer that u € #5 (2, f) and H,,(u) = .

4.3. The Dirichlet problem for non m-polar measures

In this section we solve the Dirichlet problem for non m-polar measures. We
first establish several intermediate results.

PrROPOSITION 4.3. Let Q2 C C" be a bounded m-pseudoconvex domain and
let f € MFIH,,(Q) NEOR). If u is a positive measure on Q such that the
envelope Uy, (s, f) € FI,(R) N L¥(Q) and lim__¢ U, (i, )(2) = f (&),
VE € 0%2, then for every positive measure v dominated by ., the envel-
ope Uy, (v, f) solves H, (U, (v, f)) = v and satisfies the inequality f >
Un, ) = Un(t, £).

Proor. We follow the ideas in [7]. Suppose that 2 is smoothly bounded and
strictly m-pseudoconvex. Assume further that v is compactly supported and
f e MFH,, () NE*0R). Since v < u, then B,,(u, f) C Bn(v, f),
which yields that %A, (v, f) # @ and that U, (u, f) < U,(v, f). Since
U,, )+ f € C@F,S(Q) N B, (v,0), then B,,(v,0) # &, so Lemma 4.1
yields that U, (v, 0) € %,2 () N B, (v, 0), therefore, by [19, Lemma 5.1] one
can find ¢ € %,2(9) C Z}5(Q) such that H,,(y) = v. Hence v satisfies (4.2)
for every p > 1. By Theorem 4.2 there is a unique ¥ € %} (2, f) such that
H,(¥) = v and lim,,; 9(z2) = f(§), Y& € 0Q. In fact the definition of
U, (v, f) implies that & = U,, (v, f).

Now if v does not necessarily have a compact support, consider v; =
1x,v where (Kj;); is an increasing sequence of compact subsets of €2 such
that U; K; = Q. Then (v;) is an increasing sequence of compactly supported
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measures that converges weakly to v. By the first part, we get H,,,(U,, (v;, f)) =
vi and Uy, (1, f) < U, (vj, f) < f. Since (U, (v}, f)); is decreasing, then
by the continuity of the complex Hessian operator along decreasing sequences
Hy(Up (v, f)) =vand f = Un(, ) = Un(u, f).

For the general case, when 2 is only m-pseudoconvex and f €
M, (2) N €(0L2), choose an increasing sequence (£2;)7, of smoothly
bounded strictly m-pseudoconvex domains of €2 such that supp v € £2;.
Since each fi := f,o, = Un(0, f)),o, is upper semicontinuous, there ex-
ists fy,; € €0 with fi ; \ fk, as j — 4o00. By the first part of the
proof, there exists a unique uy j € SH () N L () with H,, (uy,j) = v,
ur,j = Un(, fi.j), and lim,_ e uy j(z) = fi(§), V& € 0. Therefore,
U, (v, f)‘Qk € B, fir,j), s0 Uy(v, f)kzk < ug,j. Since ug; N\ Ui, as
Jj — oo, it follows from the continuity of the Hessian operator along de-
creasing sequences that H,, (u;) = v and

Um(/’L’ f) = Um(va f) Sup < Um(oa fk) = Um(O’ f)\gk on Qka

where the last equality follows from the weak comparison principle. On the
other hand, observe that the inequality

Uk+1)pq, = Un (0, fk—b—l)lmk = U, (0, f)|mk = fi,

implies that the sequence (u; )72, is decreasing. Let u denote its limit. In order
to finish the proof it remains to show that u = U,,(v, f). Since H,,(uy) = v

d
o limiénfu(z) = f(¢&) = limiénf Un(v, f)(z), & e

and since H,,(u) = H,, (U, (v, f)), then applying the weak comparison prin-
ciple yields that u = U,, (v, f).

The following theorem was proved for the Monge-Ampere operator by
Ahag. (See [1, Theorem 3.4].)

THEOREM 4.4. Let Q@ C C" be a bounded m-hyperconvex domain and 1 is
a positive non m-polar measure on S with finite total mass. Then for every
f e MSI,,(QNE () there exists auniqueu € F (2, f)with H, (1) = .

ProOF. The case f = 0 follows from [19, Theorem 1.2]. For the general
case, we proceed as in [1, Theorem 3.4]. Since w is non m-polar and has
a finite total mass, it follows from Theorem 2.15 that there exist functions
¢ € &R and0 < € € L} (H,(¢)) suchthat u = £H,,(¢). Foreach j € N,
set u; = min{¢, j}H,,(¢) and observe that u; < H, (j'"¢). So, by [20,
Theorem 2.2] there exists a unique v; € %,2(9) such that H,,(v/;) = ;. This
construction implies that (v/;); is decreasing, ¥; + f € S ,,(2) N L (),
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lim,¢(Y;+ f) = f(&) forevery & € 9, and U,,,(H,,(Y;;+ f), f) =¥+ f.
The above equality implies that H,, (¥; + f) > ;. Therefore, by Theorem 4.3
the function U; := U,,(u;, f) satisfies U; € %YS(Q, ), H,(Uj) = py and
f = U; = ¢ + f for each j. Moreover the sequence (U;); is decreasing.
Since ©(€2) < 400 by assumption, it follows that

wy[HM%szq/Hmmaswmqm>5um><+w.
i JQ j I/ J

Therefore ¥ := lim;_ 1o ¥; € F5(RQ) and u = lim;_, o U; satisfy u €
&n(2), Hy(u) = wand f > u > ¢ + f on Q. Uniqueness follows from the
weak comparison principle.

REMARK 4.5. We define U,,(u, f) to be the solution obtained by The-
orem 4.4. When u = H,,(v) with v € (), then we define U,, (i, 0) :=
lim; Uy, (1, 1, 0).

THEOREM 4.6. Suppose u < H,,(v) where v € N,!(2). Then for every
bounded maximal m-subharmonic function f there exists a unique ¢ €
NS f) with @ = Hu ().

ProoF. We first claim that if ¢ € gn? (€2) with supp(H,,,(¢)) € 2, then we
can find u € %”,S(Q, f) such that H,,(u) = H, (¢). Indeed, let (fi)ren and
(¢r)ken be sequences of functions in %5,2(52) N €(2) such that ( f;) decreases
to f and (¢ ) decreases to ¢ on 2. Let (£2;);en be a fundamental exhaustion
of € satisfying supp(H,,(¢)) € 2. For each k € N, define the sequence
j—> fi = (fv)/ associated to the sequence (£2;) according to Definition 2.6
withu = f;. Fixk, j € N and observe that ¢ + fkj € €(0%2;). Then it follows
from[11, Theorem 2.10] that there exists g; x € MS I ,,(2;)NE (2;j) such that
8jikiye, = ¢+ fi. Using Theorem 4.4 one can find aunique u; € %5 (2;, gj.x)

such that H,, (u; ) = w on ;. Now define

{ W; = max(u;, Pr + fkj), on Q;,
‘Dj,k=¢k+fkj, on Q\ Q;.

Then ¥, ; € 9, () and f{ > W; > f! + ¢ on Q. Fix j € N. Then for
any k € N, we have u; ;1 < uj; on ;, which implies that W; ;| < W,
on Q. Hence f7/ > limy_ 400 Wik > f7 + ¢ on Q. Set ¢; := limy_ 400 Vi
Since f € MSH ,,(Q) it follows that f/ = fand f > ¥; > f + ¢ on Q.
Now for each j € N, set u; := limy_, ;o uj; on 2; and proceed to prove

that
uj = 1//‘1' on Qj and 1//‘j+1 > Kllj on 2. (43)
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To prove the first statement of (4.3), fix j € N and observe that ¥; > u; on
Q;, since u;x < V¥, on Q; for any k € N. Moreover we have

limsup(p + f)(2) < u;jk(§) = ¢ (§) + fi(§), for& € 3%,

z—&
H,(¢p+ f) > Hm(uj,k) = H,(¢), on Qj'

Hence, u; > ¢ + f on ; and then y; = max{u;, f + ¢} < u; on ;. In
particular we have H,,(\/;) = H,,(¢) in ;. This proves the first statement of
4.3).

To prove the second statement of (4.3), observe that we have forany j € N,

wj+1=w]=¢+‘f’ OHQ\Q]'+],
Vgl = Ujq1, on £2;41.

Observe that Y41 = uj 1 > ¢+ f = ; on Q1 N (R \ ), and then
VYiv1 = ¥ on 0824. Since Hy, (Vjr1) = Hu(9) < Hy,(Y;) on )4, it
follows from the weak comparison principle Corollary 3.3 that ;| > v; on
Q1. Hence ¥j11 > v on Q.

Now set u = (limj_, ;o ¥;)*. Then H,,(u) = H,(¢) and [ > u > f + ¢,
which proves the required properties.

Finally since p is non m-polar, then applying Theorem 2.15 we get

pw="LH,(g), ge€&(Q), 0<leLl (H,(g).

For each k, use [19, Theorem 5.1] to find a function i, € %YS(Q) such that
H,,(Y) = py := 1g, inf (€, k) H, (g). By the claim above we can find u; €
?5,2 (2, f) such that H,, () = ux, where (uy) is a decreasing sequence with
f = ux > Yy + f. Since ¥, > v (by Corollary 3.3), then f > u; > v + f.
Letting k — +oo0 yields u := limy u, € N, (22, f) and H,(u) = w. This
establishes the existence part of the theorem. The uniqueness follows from the
weak comparison principle.

We finally prove the main result of this section.

THEOREM 4.7. Let 1 be a non m-polar positive measure on 2. If there exists
a function ¢ € &,(2), ¢ # 0 such that fQ(—(p)d/L < 400, then for every
function [ € &,(Q2) N MF I, (L), there exists a unique u € N, (2, f) such

that
Hy(u) = p.

ProoF. The uniqueness is due to Corollary 3.3. For the existence part we
split the proof into two steps.



THE DIRICHLET PROBLEM FOR THE COMPLEX HESSIAN OPERATOR 305

Step 1. We first assume that f = 0 and prove that there exists u € A ¢ ()
such that H,, (u) = pu.

Let (£2;) be an exhaustion sequence for 2 and let u; = 197, uw, j > 1.
It follows from [19, Theorem 1.2] that there exists u; € :”/Zﬁ(Q) such that
H, (u;) = p;. Then by the comparison principle (see Corollary 3.3) (u;) is
decreasing.

Fix a function & € %,S(Q) such that 0 > h > max(uy, ¢). Then h > u;
for all j, and H, (h) is not identically zero. Integrating by parts as in [19,
Theorem 3.16] we get for any j € N,

f (=t Hy (h) < / (—h) Hyn 1)) < f (—¢)du < +oo.
Q Q Q

Set u := lim;_, ;o u;. Then taking the limit in the previous inequality, we
get [o(—u)H,, (h) < [o(—¢)dp < 400, which implies that u # —oo, hence
u € S, ().

Now we prove that u € &,(£2). Fix an open relatively compact subset
W € €, and consider for each j € N the following function:

vj :=sup{v € S, () : v <ujon W}.

Then v; N\ u on W and H,,(v;) is supported on W. Since u; < vj, then by
Lemma 2.14 we get

/(—QO)Hm(Uj) = /(—QO)Hm(uj) < /(—(p)dﬂ < 4o00.
Q Q Q

Set ¢ := supyr ¢ < 0. The above inequality yields

me(vJ»): /Hmw,»)s|r|‘f(—w)Hm<vj>s|r|‘/(—w)du<+oo.
Q w Q Q

Therefore, u € &,,(Q2).
It remains to prove that u € A¢(Q2). For each fixed j € N, set v; =
(1 — 1g,) i and observe that

/(—QD)de < /(—w)du < +00.
Q Q

We can thus apply the arguments above to find w; € &4 (£2) suchthat H,, (w;) =
vj. For each k > j we have that uy € #/(Q2) and H,,(ux) < H, (u; + w;).
It follows from Corollary 3.3 that uy > u; + w;. Letting k — 400 we obtain
u = u; +w.
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By Remark 2.10 we have u; = 0. Therefore, it follows from (ii) Proposi-
tion 2.7 that ~

w; < w; = w; + U
E(wj—l—u,)
<u

Fix h € &(Q) such that h # 0 and h > max{gp, —1}. For each k > j
let w; x be the unique function in % (2) such that H,,(w; ) = 1g,v;. Then
wjx \( wj ask — +oo. Applying Theorem 3.2 with f =v =0,T = H,,(h),
and u = w; ; we get

/(—ﬁ)’”Hm(h) < /(—wj)'"Hm(h)
Q Q

= lim /(—wj,k)mHm(h)

k——00

k—+o00

< lim m'/( h)H,, (w; i)

= lim m'f( Mg, (1 —1g,)dn

k—+00

< m! f (=h)(1 = 1g))dp.
Q

Letting j — +o00 we obtain [, (—i) H,,(h) = 0, which implies that & = 0.

Step 2. 'We now treat the general case, i.e. f is not identically 0.

Since f € &,(R2), [19, Theorem 3.1] implies that there exists a decreasing
sequence (fi) in %,2 () NE(Q) that converges pointwise to f on £2. Let (£2;)
be a fundamental exhaustion of €2. For each k € N, consider the sequence
f! = (fi)! associated to f; by the formula of Definition 2.6. Then f! €
&9(Q) and fkj is maximal on €2;. Let u; := 1q . Foreach j € N, p; is a
Borel measure compactly supported on €2 that puts no mass on m-polar sets and
we have that 11;(2;) < ©(£2) < +o0o. Then by [19, Theorem 1.2] there exists
aunique ¢; € F(2;) C N(K2;) such that H, (¢;) = p; on ;. Moreover,
from Theorem 4.6, for any j, k € N there exists u; ; € F(S;, fkj) such that
Hy,(uj ) = pjon ;. Since Hy, (uj 1) = Hyu(9;) < Hy(@; + ), by the weak
comparison principle we get for any j, k € N fkj >ujr > @+ fkj on ; and
for each fixed j € N, (u; x)ren is a decreasing sequence. Letting k — +o00,
we obtain f/ > u; > ¢; + f/ on Q;,i.e., u; € F, (2, /) C Nu(K;, f7).
Since f is maximal, we have f/ = f, thus u; € N, (;, f).

On the other hand, by the definition of 1; and by the fact that (£2;) is an
increasing sequence we have that H,,(u;) = pu = H,(ujy1) on ;. Then
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(uj); is decreasing and we get that f > u; > ¢; + f on Q;. By the first
step one can find a function v € A,¢(S2) such that u = H,,(v). Then by
the weak comparison principle we get f > u; > ¢; + f > v + f. Thus
u = (limj 400 uj) € Nu (K2, f) with H,, (1) = p. This completes the proof.

5. The subsolution theorem

In this section we will prove our main theorem. This result was proved in [2]
by Ahag, Cegrell, Czyz, and Hiép for psh functions. The results obtained in
the previous sections will allow us to proceed similarly as in [2].

5.1. The Dirichlet problem for singular m-polar measures

Note that it follows from Theorem 2.15 that a Borel measure can be written
as the sum of two measures, the first one is non m-polar while the second one
is carried by an m-polar set. We are going to prove that these measures are
both the Hessian of some functions in the class &, (£2). Having this in hand,
we also prove the following: given two functions ¥, v € &,,(2) with ¥ = 0,
v = f.If H, () is non m-polar and H,,(v) is carried by an m-polar set, and
if we add the assumption that any function belonging to €2(2) N €(RQ) is
integrable with respect to H,,(¥) + H,,(v), then there exists ¢ € &, (£2) such
that H,, ((ﬂ) = H,(¥) + Hy(v) and (ﬁ = f

The proof of our main theorem will be a consequence of the above decom-
position whose proof requires several intermediate results

Letu € &,(R2). It follows from Theorem 2.15 that H,,, () = «,, +v,, where
oy, = fuH,(¥,) and v, is a positive measure carried by an m-polar set.

LEMMA 5.1. Let u, v € &, (R2). If there exists ¢ € &,,(2) such that H,, (¢)
is non m-polar and if [u — v| < —¢, then v, = v,.

ProOOF. We first assume that u, v, ¢ € %,,(2). By [19, Lemma 3.10], it is
enough to show that for any p € &°(Q)

/(—p)vu =/(—,0)vu, (6.1
Q Q

Indeed, the assumption |u — v| < —¢ yields that v + ¢ < u. Therefore, it
follows from Lemma 2.14 that

/(—p)Hm(u) < /(—,O)Hm(v + ¢) < oo,
Q Q
for all p € %,2({2). Now set Ty = (ddv)™ % A g"~™. It follows from [15,

Lem. 5.6] that Zle C ,’1‘1 (dd°¢)* AT, < C,,, where C,, is the m-Hessian capa-
city with respect to 2. Hence v,y = vy and oy = a0, + Y _p; CX (dd®)* A
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T. Then the last inequality implies that
/(—p)vu < /(—p)(vv + Hy(4)) < +o0.
Q Q

We claim that [,(—p)v, = [,(—p)v,. Indeed, let A be an m-polar set such
that v, (2 \ A) = v,(2\ A) = 0, then there exists ¢ € S, (2) such that
A C {¢ = —o0}, if we take pr = max{p, ¢/k}, then we still have

/ (—pove < / (=) vy + Hi () < +00.
Q Q

Letting k — 400, we get
/ (—P)Vu = / (—P)(Vv + Hm((b)) < 4-00.
{p=—00} {p=—00}

Since H,, (¢) isnonm-polarthen [, (—p)v, < [, (—p)v, forevery p € &2(R).
As u and v play a symmetrical role, the equality (5.1) follows.

To deal with the general case, recall the following fact. If w € &, (2), then
by definition for any open set Q' € €, there exists w’ € %, (£2) such that
w’ = w on Q. Consider the greatest extension w of w defined as follows

=sup{y € S, (Q2); ¥ <wonQ'}.

Then w € S ,,(2), w < wonQand w = w on Q. Hence w € #,,(2) and
w = w on . Observe that by definition if w; < w, on Q' then w; < W, on
Q. Applylng this construction to u, v and ¢ on a fixed open set Q' we obtain
functions #, v and ¢ in #,,(Q2) such that |z — 0| < qb on 2. Applying the
first case to these functions we conclude that v; = v; on . Since &4 = u and
v = v on " we conclude that v, = v, on . As Q' € Q was arbitrary, this
proves that v, = v, on Q.

The main theorem will be a consequence of the following two propositions.

PrOPOSITION 5.2. Let v € N,,(R2) be such that H,, (v) is carried by an
m-polar set and fQ(—s)Hm (v) < +oo forall & € g,g(Q) N 6 (). Then the
following function

= sup{p € S, () : ¢ < min(v, f)}

satisfies u € N, (2, f) and H, (u) = H,,(v) as measures on Q.

PrROOF. Observe that f + v is m-subharmonic in 2 and f +v < min(v, f).
Therefore u is well defined and since min(v, f) is upper semicontinuous func-
tion, u € S, () and f +v < u < f.Hence u € 4,(2, f). By [19,
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Theorem 3.1] we can choose a decreasing sequence (v;);en in é”n(; (Q)NEQ)
that converges pointwise to v in 2. By Theorem 4.7, for each j € N there
exists w; € N, (2, f) such that H,,(w;) = H,,(v;). We claim that v; > w;
on 2 for any j € N. Indeed for any fixed j, max(v;, w;) € %”,2(9). Moreover,
by [18, Theorem 3.1.16], we have

Hm(max(vj’ w/)) e l{vj>a)j}Hm(vj) + l{ijvj}Hm(wj) = Hm(vj)’

in the sense of Borel measures on €2. By the comparison principle [18, Corol-
lary 1.3.14], it follows that max (v;, ;) < v; on €2, which yields the required
inequality v; > w;.

Now fix j € N and define the following function:

uj = sup{ep € SH () : ¢ <min(vj, f)}.

Then u; € &X(Q, f) and u; > w;. By Lemma 2.14 we get
[ o < [ o).
Q Q
forall £ € %,2(9) N €(£2). Moreover Proposition 2.13 yields
/ (—&)Hy(u) < / (—&)Hy (v) (5.2)
Q Q

for all € € E2(Q) N E(Q).
On the other hand, since u < v, it follows from [15, Lemma 5.2] that

l{v:—oo}Hm (U) = l{u:—oo}Hm (u),

in the sense of Borel measures on 2. Hence

/(—%‘)Hm(v) =/ (=&)Hp (v)
Q {v=—00}

5/{_ }(—S)Hm(u)

sfeammx
Q

for all & € &°(Q) N €(Q). This inequality together with (5.2) yield that
Jo (=8 Hy(u) = [o(—&)H,,(v) forall & € EX(Q) N6 (RQ).

Since [,,(—&)H,, (v) < oo forallé € & (Q)NE(Q), it follows from [19,
Lemma 3.10] that H,,(u) = H,,(v) as Borel measures on 2. Thus, the proof
is completed.
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To state the next proposition we need the following notation.

F(Hu(¥), v) :=={p € &,(Q) : Hy(Y) < Hu(p) and ¢ < v}.

PROPOSITION 5.3. Let y € N,/ (2) and v € N, (L2, f)_be such that H,,(v)
is carried by an m-polar set and for all & € C@fﬂ(Q) N € (),

/Q(—S)(Hm(lﬂ) + H, (v)) < +o0.
Then the following function

u:=sup{p : ¢ € F(H,(),v)},

satifiesu € N, (2, f)and H,,(u) = H,,(¥)+ H,,(v) in the sense of measures
on S2.

ProOOF. It follows from Choquet’s lemma that u™ = (sup;. ¢;)* for some
sequence (¢;);cn belonging to 97(Hm W), v). Observe that u* € &,,(2) and
we can assume that the sequence (¢;) increases to u* almost everywhere
in 2. By continuity of the Hessian operator for increasing sequences, we
have H,(¢;) — H,(u*) in the weak sense on Q. As H,,(¢;) > H, (),
it follows that H,,(u*) > H,,(¥). Moreover since u* < v, it follows that
u* € F(Hy(), v), which yields that u* = u. On the other hand, w + v €
F(H, (), v), hence u € N,(2, f).

By Theorem 2.15, there exists «,,, v, two positive measures on €2 such that
H,(u) = o, + v, with «, is non m-polar and v, is carried by an m-polar
set. Since |u — v| < —, then by Lemma 5.1, v, = v, = H,,(v). Note that
o, > H, (). Indeed, we have H,,(u) = o, + v, > H,,({). Since H,, () is

non m-polar then for a Borel subset B C 2 we get

/au :/ oy :/ H,, ()
B B\{u=—o00} B\{u=—o00}

zf Hm(w>=/Hm<w>.
B\{u=—00} B

By Proposition 2.12 there exists a decreasing sequence (v;);en in E0(S2, f)
that converges pointwise to v on Q i.e., there exists y; € &°(Q) such that
vj + f <v; < f. It follows then from [15, Proposition 5.6] that

1/m 1/m
A A A A
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for every m-polar set A C €2, which implies that H,, (v;) vanishes on m-polar
sets. Furthermore, since

/ (—&)(Hy () + Hu(v))) < 400, forall & € £2(Q) N € (D),
Q

it follows from Theorem 4.7 that there exists w; € A, (2, f) such that
Hm(wj) = Hm(vj) + H, (Y).

According to the weak comparison principle applied to w; and v; we get w; €
& (H,, (), v;). Hence we can consider the function

uj 1= Sup{(p RS ‘O/T(Hm(W), vj)}'

The sequence (u;) decreases pointwise to u, as j — +oo. Furthermore,
Lemma 2.14 yields

f(—é)Hm(uj) S/(—S)Hm(wj) =/(—S)(Hm(¢)+Hm(vj))-
Q Q Q

Letting j — +o00 and using Proposition 2.13, we get
o = [ o+ < [ o+,
Q Q Q

for all £ € &(Q) N €(Q). Since o, > H,, (¥), it follows that [, Ea, =
fQ EH, () forall £ € %”,2(9) N € (). Hence o, = H,,(¥) and the proof is
completed.

5.2. Proof of the subsolution theorem

We give here the proof of the main theorem from the introduction.
Proof of the main theorem. By Theorem 2.15 there exists ¢ € &€°(Q2) and a
function 0 < ¢ € LllOC (H,,(¢)) such that u = £H,,(¢) + v.

We claim that one can find ®, ¥ € &,,(2) such that ®, ¥ > w, H, (V) =
LH,(¢), H,(®) = v, and v is carried by {® = —oo}. Indeed, since u <
H,, (), it follows from the Radon-Nikodym decomposition theorem that

{H, (¢) = Tl{w>7oo}Hm (w) and v = 7:l{wzfoo}I_Im (w),

where 0 < 7 < 1 is a measurable function. For each j, use [19, Theorem 5.1]
to find ¥; € %”,S(Q) such that

H, (V;) = min(¢, j)H,(¢) =: u;.
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By Corollary 3.3 ¥; > w and (W;) is a decreasing sequence. Therefore,

v = -hT V€ &,(R) and H, (V) =(H,($).
J—>T00
On the other hand, t1,=—oc0} H,; (@) is a positive measure vanishing outside
{w = —o0}, then by [15, Proposition 5.8] there exists ® € &,(2) such that
H,,(®) = v and ® > w. This proves the claim.

Let now (gj);jen be an increasing sequence of measurable functions on 2
with compact support which converges to g := 1{,=—_ 7. It follows from [15,
Proposition 5.7] that there exists a decreasing sequence (w% )jen in %, (2) that
converges pointwise to w? such that H,, (w¥) = g; H,,(w). Moreover 0¥ > w.
Hence it follows from the continuity of the Hessian operator along decreasing
sequences that H,, (0®) = 1{y=—00}T Hy (@) = v. Set for each j € N,

v; 1= sup{p € S, () : ¢ < min(w®¥, f)}.

Then it follows from Proposition 5.2 that v; € N,,(R, f) and H,(v;,) =
H,, (w%) for each j € N. On the other hand set for each j € N,

uj :=sup{e : ¢ € F(H,(¥;), min(w¥, f))}.

Then (u;);en is a decreasing sequence which converges to some m-sh function
u. By Proposition 5.3 u; € N, (R, f) and H, (u;) = H, (¥;) + H, (%) for
each j € N. Furtheremore, we have w + f < u; < f for any j. Hence we
get the desired result by letting j —> 4o00. Note that if w € A4,,(R2) then
u € N, (2, f). This completes the proof of main theorem.

REMARK 5.4. (1). The main theorem fails in general if f is not maximal.
Indeed, let 4 = H,,(w) withw € &°(Q) andlet f € &, (Q) suchthat H,, (f) >
H,, (w) (take for example f = w + (IzlI*> = A) with A > 0 is such that =<0
in 2), suppose that there exists u € &,(2) suchthatw + f <u < fin Q
and H,,(u) = p. Since lim,,¢ (u — f)(z) > lim,¢(w + f — f)(z) = 0 for
all £ € 02 and H,,(u) is non m-polar, then by using the weak comparison
principle we get u > f. This implies that u = f in €2, which contradicts the
fact that H,,(f) > u.

(2). Assume that w € %”,2 (2) withm = 1, u is a positive measure with finite
total mass, and f is a subharmonic function with continuous boundary values.
Then the solution to the Dirichlet problem for the Poisson equation Au = ©
with boundary values f can be written u = f + g,., where f is the harmonic
extension of f from the boundary to €2 (the least hamonic majorant of u) and
g is the Green potential of the Borel measure , so that f +w < u < f.

In the general case, under the sole assumption that f € &, (£2), the statement
of the main theorem is still valid with the conclusion that f +w < u < f ,
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where f is the least maximal m-subharmonic majorant of f. If f is maximal
then f = f and we obtain the conclusion of the main theorem. Therefore,
the hypothesis of maximality of f in the statement of the main theorem is
natural and its conclusion can be seen as a non-linear version of the Riesz
decomposition theorem in classical potential theory.

The following example shows that in general a solution does not exist if the
Borel measure w is not dominated by the Hessian measure of a function in the
class &,,(2), even if f = 0 and u has finite mass.

EXAMPLE 5.5. Let @ = B C C? be the unit ball and fix 0 < r < 1.
From [1 8, Lemma 1.4.3.], the relative extremal 2-subharmonic function of the
B(0, r) of radius r is given by

-1
1 —|iz|l
Ur = Uy pryp = Maxy—————, —1¢.

By [18, Theorem 1.4.12 and Example 1.4.14] we have

r2

/(aldcu,)2 AB= %—.
B 3(1—r)?

Also from the fact that u, = —1 on B(r) and by [18, Theorem 1.4.11] we have
(dd‘u,)> AB=0o0n B\ S(r).

Setfor j > 2,a; = 1/j"?,b; = 1/(j/?1og j),and r; = 1/(1 + b;). Then
ri /1, Z+°° ? = +00 and Zz ajbj = +oo0.

Observe that for j > 2, one can show that a; Zi:z ay < 2. Indeed

Z“" Af Z/k1 %“ﬁ

k= =2

Set ¢; = a;(1 — rj)/(rj)u,, = ajbju,, for j > 2 and uy := Zszz ®;

for N > 2. Then uy € %ZO(B) and for any N and the sequence (u,)y>2
decreases to —oo. Indeed, if z € B, there exists jy such that z € B(r))), then
u, = —lfor j > jo, so that (pj (z) = —ajbj, for any j > jo. This implies that
un(z) = Zjvzzfpj(z) < _Zj>]0 ajb; \( —oo as N — +o0.

Since (dd‘fgpj)2 A B = 01in B(r;) for any j, it follows that for k < j we
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have

f (log |z])*dd p; Add gy A B = (log |z])*dd p; A dd g A B
B B\B(r))

< (logr;)* / dd°e; Addg, A B
B
= (log rj)zajbjakbk/ ddu,, ANddu, N PB.
R :
From mixed inequalities (see [9]), it follows that

/ (log |z])* dd“g; A dd g A B
B

S(logrj)zajb/akbk</ Hz(”rj))2(/ HZ(”fk)>2
B

= )2 ib; b211
= (logrj)“a;b;a

2
= g(log(l + b])) a;dy.

Recall that uy = Zj'vzz @; and set uy := Hr(uy) for N € Nwith N > 2.
Then we have

N 2
/ (log [z)*dpuy = / (10g|z|)2(ddCZ(pj) A B
B B j=

-y | dogtely i, ndaei n g

k=2

ZZ / (log |z))* dd“p; A dd e A B

N
=3 Z (log(1 + b;))? < +o0,
j=2

since @; Y 7_, ar < 2. The last series converges because

(log(1 + b))* ~ b? = (v/jlog(j))
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Finally it follows from the last estimate that the sequence of Borel measures
(uy) have locally uniformly bounded masses in B. Since it is increasing, it
converges to a Borel measure p on B such that forany N € N, uy < u.

We claim that for the Borel measure u, there is no function u € &, (B)
such that © = (dd‘u)? A B. Indeed, assume that there exists u &, (B) such
that = (ddu)*> A B. Then since uy € %”,S(B), the Borel measure py is non
m-polar for any N and we can apply the weak comparison principle Corollary
to conclude that u < uy in B for any N. Since uy \, —oo as N — 400, it
follows that u = —oo in B, which is a contradiction.
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