Capital Investment Analysis

A prob[em oriented language with built-in facilities
for sensitivity analysis and simulation

By P.O. Hedegaard”

The article describes a problem oriented computer language which can
assist a decissionmaker in analysing bis investmentproblems before he
commits bimself lo capital expenditures. The theory bebind the sen-
sitivity analyses and simulations which can be made by the system iy
explained in details, and finaly the nse of the system is demonstrated
by an example of an investment problem.

1. Introduction

It is an exception if an investment decision can be made under full
certainty. Expectations as to future income — which is hoped to be
derived from the investment — will almost always be estimated with
more or less uncertdinty. Therefore, it is of great importance that the
decision maker 1s aware of this uncertainty, and that he tries to analyse
the consequences it may have to the profitability of the project.

One way of obtaining greater knowledge is to make sensitivity analyses
which can give information about which parts of the model are the
most critical ones and where it is therefore important to obtain as
accurate data as possible,

Sensitivity analyses itself gives no information about the uncertainty
of the data which are used, it only can tell something about which in-
tervals certain data should be kept within if the project should give a
certain profitability. Thereafter it is left to the decision maker to judge
whether uncertainty about the used data will be within these bound-
aries.
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The other way that is open if one wants to have a more detailed picture
of a project is to use simulations. The decision maker must here in ad-
vance make a judgement of the uncertainties of the used data, and the
model must be formulated in such a way that the judged uncertain-
ties can be taken into account in the calculations. The result of such a
simulation can for example be a probability distribution of the present
day value of the project.

2. Description of the System

The following is a description of a problem oriented computer lan-
guage which makes it very easy for the user to model his problem and
to make the simulations and the sensitivity analysis mentioned before.
The philosophy behind the system is a split-up of the problem in two
parts:

1. Data definition

2. Report definition

This philosophy is also behind the way in which the user builds up his
investment model. In the first part of the input to the system all data
relevant to the model are defined, and the second part defines all the
wanted reports and analysis. In doing so a great advantage is achieved
for the user, as a change in the basic data only have to be registered in
one place, and the system will hereafter make sure that the changes will
be taken into account anywhere in the model it is needed. From this
follows that alternative analyses are very easy to carry out.

2.1. Definition of Data

As mentioned earlier, the input starts by defining all relevant data. The
system distinguishes between the following types of data: investment
data, fixed income and cost, depriciations, sales/capacity data, variable
costs and finally variable income. All read data are stored in tables
with the following lay-out:

Type

! Forecast 1 forecast 2 forecast 3

Year 1

Year 2 Numeric data

Year 20

Table 2.1.



[n the table, “type” stands for one of the above mentioned data types.
There will therefore normally be at least 6 tables, i.e. one for each
data type. However, very often more tables will be present, because
variable cost and income can consist of several tables namely one table
for each element which goes into the cost or income. One might for
example think of a table for variable production cost, and another
table for variable transportation cost. The total variable cost will then
be the sum of these two elements.

Each column in the table contains data related to a certain part of the
model. For sales/capacity data, variable cost and variable income it
could be a column for each product which goes into the investment
model. The tabel for sales/capacity data will then for each product
have a column that contains information about the expected sales/pro-
duction of that particular product. In the same way the tables for
variable cost and income will have a column for the cost and income
which are related to the sales/production given in the sales/capacity
table.

Each row in a table holds data for one year, and the system has the
possibility of going up to 20 years.

The table for investments will keep information about the investments
which are necessary for the project. For example, the first element in
a column could keep information about investment in a new machine,
and the following elements in that column could then have information
about the investments that the new machine implies in the years to
come, and finally, the last element which is equivalent to the last year
of the machine’s life time can have the residual value.

All income and cost not directly related to volume are stored in the
table for fixed income and cost, that could be maintenance, rent as a
cost or income and so forth. Each group of fixed cost or income can
be read in as a seperate column in the table and the system will auto-
matically take care of the necessary summations. The criteria for
whether certain data should be defined as investments or as fixed cost
is a question about taxation. Those data which are defined as fixed
cost will automatically be deducted for tax purpose the same year as
they occur, whereas data defined as investments does not effect the
tax calculations.

The last table, depriciations, holds all the information about how much
the depriciations can be on each investment for each year. These data
are only used for tax calculations, and does not effect the cash flow
before tax.

Very often it involves quite some work to obtain and calculate the data
which should go into a model. Very often, one will see that there is a
relation between production of different products or berween cost and
income of products. The system has therefore been built in such a way



that data can be given either explicitly or implicitly. By explicit data
definition is meant that the exact value which should go into a certain
table in a certain column 1n a certain year must be punched in a punch
card. By implicit data definition is meant that the equation from which
the data can be calculated, using earlier defined data, can be punched
in a punch card, and the system will then carry out the necessary cal-
culations.

2.2. Report Specifications

When all the necessary data has been defined, the report specifica-
tions can start. The user can here define which reports he wants to
have in terms of contents and form. He can choose between print out
in table forms or as curves, or he can ask for special sensitivity or
simulation reports.

The system makes it possible for the user to ask questions of the type:
“"How much should the sales of a certain product change?”, "How
much should the price or the cost of one or severel products change?”,
"How much should a certain group of investments and/or cost and
income change?” in order to achieve a certain earning power. By asking
this type of questions to the system the decision maker will get a much
more detailed picture of the project possibilities and profitability than
the conventional investment calculations can give.

The answers will tell which elements in the model are the most critical
ones, and how broad the margin to operate within is.

To each of the above mentioned questions the system will give two
sets of answers, namely one set based on the result before tax, and one
set which is valid for the result after tax. Each set has again two
answers, first how big the changes should be per year, in percentage
of the original data, the assumption here is that the percentage change
is the same for every year of the project’s life-time. Secondly, the
answer will tell, how much the change should be per year in absolute
figures, the assumption here is that the change in absolute figures for
each year of the project’s life-time 1s constant,

Another very important type of report is based on stocastic simulation.
The user must here give an estimate of the uncertainty on the different
forecasts which goes into the model, f. ex. that the selling price can
vary within # 10 % and the production cost within + 15 9% and that
the sales at the same time can vary within + 8 %. The system will then
generate a number of forecasts which are within the given variation
intervals, and then calculate the resulting present day value., The result
will be given as a probability distribution for the present day value.



2.3, System Structure

Figure 1 shows, how the system is built up of two main parts. The
first part will read in all data and store them in tables as described
earlier. When the input stream comes to the report specifications, con-
trol is given to the other part of the system, where all analyses are made,
and where the building up and the printing out of reports are made.
Figure 2 shows in broad outline the progress in the calculations. First
all variable cost and income are picked up for each product to give
the contribution margin per unit per product for each year. Then the
contribution margins per unit are multiplied by the respective quantities
to obtain the contribution margin per product for the equivalent year.
The next will be that the total variable income and cost will be added
to the fixed income and cost. The tax calculations can now be made
on this sum minus depreciations. The only thing which 1s left now,
is to take the investments into account before the results before and
after tax for cach year of the project’s life-time can be calculated. If
the user only wants print-outs in the form of tables and curves for
the different forecasts, no further calculations are necessary, but in
case he wants sensitivity analysis and simulation reports, further and
more complicated calculations have to be carried out. These calcula-
tions will be explained in detail in the following.

3. Sensitivity Analysis and Simulation

If the result in year t is given the name R, the project’s present day
value with a given discount rate, r, is calculated in the following way:

L
K= XY By(l4r)t (I)
t—=1

where L is the project’s life-time.

If one wants to determine the carning power, i, one has to solve the
following equation for i
L
0= X Ry(l41)t (2)
f—=1
By mcans of these two basic equations it is, however, possible to get
much more relevant information our.

If the result of the year is broken down into its main components, it
could be written as follows:
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where P; stands for selling price for product j
stands for variable cost for product |

S; stands for sales of product j

F,, stands for fixed cost of type k

T stands for the tax percentage

I,, stands for investment no m

D,, stands for depriciation on investment no m
t  stands for the actual year

If all the used data have a certain error in them (indicated with small
letters) one will get:

Ry + n= [ 2 (P4 pi~Ci—;) (S +5;) --E (Fre+£) 1 (1-T),
)
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which is very easy rewritten to:
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As the three first elements (the first line) equals the original R, value
the error on R, is given by:
fp=( 2 (§;P;=S5; &+ Pis;— Cjsi 4 py s5-¢585) --E £, (1-T),

)
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If we now go back to the expression for the present day value (1)
L
K= 2 R((l4r)* (7)
t=1

that expression can, when the error 1s taken into account be written

L
Kik= 2 (R+r)(l4r)" (8)

From this expression we can find an expression for the error on the
present day value which will be:
L

k= 2 r(l+r)* (92)

=



by inserting the expression for the annual error, (6), this may be
written

L
=
k= 2 [(j (Sipi=S; ¢+ Psi=Cis; - p; 5i=G58;) = = £ )1 (1-T),
t—1 k
= ﬁ im.L"l“ i dm..tTt] (l"{‘r)‘b {10)

In order to progress with this expression it is necessary to make cer-
tain assumptions about the errors. In the system this expression is dealt
with under two different assumptions, partly that the percentage error
15 constant, and partly that the numeric value of the error is constant.

3.1. Constant Percentage Error

The first assumption is that the error can be expressed in percentages,
which for a certain variable is a constant percentage for the whole life-
time of the project. Thereafter, it is assumed that the error for a cer-
tain variable will have a certain numeric value which is a constant for
the whole life-time of the project.

By regrouping the elements in the expression for k, this can be writ-
ten as:

L
k=2 3 (5p;=5;¢+4Pisi=Cisj+p; 5i¢58) o (I=T) (1 4- 1)
|
L L
B 2 2 ka“—TJl(i'{"r)Tt_E 2z im.t{l‘[—r)'l (11)
k t=1 m t=1
L
+ 2 2 d, T(l40)
m t=1

First assumption was that the errors could be expressed as percentages,
which gives

P = Pipi%
5; = 5%
g = CjCj?"ﬂ
£, — Fifi%
L — Li %
d, = D,d, %

Where the left hand side gives the absclute error, whereas the right
hand side should be read as the original variable, multiplied by their



procentage error. If these expressions are introduced in the expression
for k (11), and at the same time errors of the second order are neg-
lected, one gets:

L
k=3 2 (5P;p;%—5;Cic; %+ PsS;s;%-CiS;5;%) (1-T) (14-1)
i 1
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By taking the time independent parts out of the time summation and
at the same time regroup, this can be written:

L
k=2 (s%+p%); 2 P8 (-T)(l4-r)*
] t=1
L
- 2 (sP4c%); & G5, (-T) (1+1)"
] t=1 (13)
L
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From this it can be seen, that when calculating the present day value,
if one makes the discounting for each type of element that goes into
the annual results seperately, it is relatively easy to calculate the effect
of a certain deviation from what was expected.

3.2. Constant Absolute Error

Now we will assume that the error has a constant absolute value, in-
stead of being a constant percentage. By splitting up the expression
for k in the same way as before, we may write:

L
k=2 I ($;pi=S; G+ Pisi=Cys;+ pi 5= ) (I-T) (14-1)
j =l
L L |
- 2 F T2 2 () (14)
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L
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As the numeric errors are assumed to be independent of time, they
;an be taken out of the time summations. This gives, after some re-
grouping, when we again neglect errors of the second order:

L L
c=2(pi~¢) & S(L-T)(l4n)t 4+ 2sp 2 (PG (I-T)g(14-1)
] t—1 J =1
L L
- 2h 2 (-T)(I4r)t-25, 2 (14r) (15)
1{' t=1 m t===1
L
+ 2d, 2 T (l41)
m =1

Again the expression is seen to be very easy to work with. The dis-
counting which here should be made on the expected sales, expected
unit prices, expected unit cost and so on, can be made completely in-
dependent of the error calculation.

If the user wants to have the system to make sensitivity analyses on
certain of the used forecasts, k is set to the original present day value
for the project, and the two expressions (13) and (15) are solved with
respect to the error on the forecasts given by the user (the errors of
the other forecasts are set to zero) that means one will have informa-
tion about how big the errors should be, in percentage and units, if the
present day value with the chosen discount rate should be zero (K —
k=0).

If, however, a stocastic simulation is wanted the -user must again
specify which forecasts the simulation should be made on, and more-
over within which intervals the errors should be. The system will then
generate random values for errors within the given intervals, and for
each set of values calculate the resulting value of the error. By doing
so a sufficient number of times, a probability distribution for the error
can be drawn under the given assumptions.

4. An example

A firm is considering to buy a new machine which will cost $15000.

The machine can produce 5 different products in the following quan-

tities: '

Product 1  First year 1000 units, thereafter increasing by 10 % per
year.



Product 2 First year 2000 units, thereafter increasing by 500 units
PEer y<ar.

Product 3 2/, of the production of product 1

Product 4 1/, of the total production of product 1 and product 2

Product 5 Half of the production of product 2 from the preceding
year.

The variable production costs are expected to be:

Product 1 First year 81.25 per unit thereafter increasing by 5 % per
year.

Product 2 None.

Product 3 81.00 per unit for the next 5 years.

Product 4 81.50 per unit for the first year, thereafter decreasing by
3 % per year.

Product 5 The average for product 1 and 3.

Moreover two of the products will have variable transportation costs,
which are:

Product 2 82.00 per unit, however, a quantity rebate of 80.10 per
unit for every 20 units will be given.
Product 4 $0.10 more than the transportation cost for product 2.

The firm thinks that the whole production can be sold, and they ex-
pect the following prices:

Product 1 Unchanged $2.00 per unit for the next 5 years.

Product 2 The first year $3.00 per unit, thereafter decreasing by
8 9% per year,

Product 3 Starts with $1.50 per unit and is then expected to in-
crease by $0.10 per year,

Product 4 Total variable cost plus 25 %.

Product 5 Variakle production cost plus $0.50.

Furthermore it should be taken into account that the machine can be
depreciated completely over 5 years. That there will be an installation
cost of 8500 and there will be a maintenance cost of 8165 the first
year, and then increasing by $15 per year.

The firm's marginal tax is 50 %, and they want to use a 10 % dis-
counting factor.



4.1. Construction of the Model
PROJECT  NEW MACHINE

INVEST
* MACHINE
1 15000
SALES
* PRD1
1 1000
PRD1 = PRD1(—1)*1.1 I =25
PRD2 = 1500 + 500%I [=15
PRD3 = PRD1%2/3 I=1,5
PRD4 = (PRD1 + PRD2)/3 I=1,5
PRDS5 = PRD2(-- 1)*0.5 =25
COST PRODUC '
* PRD1 PRD3
1 1.25 1.50
PRD1 = PRD1(— 1*1.05 [=2,5
PRD3 = 1.00 I=1,5
PRD1 = PRD1(— 1)*1.05 =25
PRD4 = PRD4(— 1}*0.97 [ =25
PRD5 = (PRD1 + PRD3)"0.5 =25
COST TRANSP
FRD2 = 2.0-PRD2 (SALES)*0.01/20 [=1,5
PRD4 = PRD2 + (.1 [=1,5
PRICE
* PRD2
1 3.00
PRD1 = 2.00 I=1,5
PRD2 = PRD2(—1)*0.92 [=2,5
PRD3 = 1.40 + 0.1*1 [=1,5

PRD4 = (PRD4(PRODUC) + PRD4({TRANSP))*1.25 I=1,5

PRD5 = PRD5(PRODUC) + 0.5 =25
DEDUCT
DEPRIC = 3000 =15
EXPENS |
MAINTAIN = 150* (1 + [/10) [=15
* INSTAL
1 500
TAX = 50
RATE = 10
REPORT
PRINT ALL
PLOT PDV



PLOT TOT
SENSITIV PRD1 PRD3
SENSITIV FRICE PRD+
SENSITIV PRODUC PRD4
SIMULATE 100
PRD1 SALES 12
PRD1 PRICE 15
SIMULATE 100
FPRD2 SALES 8
PRD4 SALES 18
STOP

4.2. Explanation to the Model

The first punch card have the key word PROJECT which simply says
that now starts the reading of all the data for a new project.

The next punch card has the key word INVEST, which means that the
data which now follows should be stored in the investment table.
Thereafter follows the card which gives the name of the forecasts
which should be placed as columns in the investment table, in this
case MACHINE. Now follows the data which should be stored in the
investment table with specification of year and value. In this case
15000 in year 1 which is the only investment cost.

The key word SALES which now follows makes the system ready to
receive capacity data. The capacity data are partly explicitly and partly
implicitly defined. First the expected sales of product 1 (PRD1) in
the first year (1000 units) are given explicitly. As the firm expects an
increase of 10 % per year of product 1, it can be left to the system to
calculate the expected sales for the following 3 years (year 2-5). This
is done by the instruction:

PRD1 = PRD1(—1)*1.1 [ =25

which says that the sales of product 1 should be equal to the sales of
the preceding year. PRD1{— 1), multiplied by 1.1, and that this
equation should be used from year 2 to year 5 (I = 2,5).

The sales of product 2 for all the 5 years can be calculated from an
expression, it was expected that the sales in the first year should be
2000 units and thereafter increase by 500 units per year, which can be
written as 1500 plus 500 times the year, or as input to the system

PRD2 = 1500 + 500*I I=1,5

where 500%] means that the 500 should be mulﬂplied by the number
of the actual year, and I = 1,5 means that the calculations should be
carried out for each of the years 1 to 5.



The sales of product 3 was estimated to be 2/3 of the sales of product
1. This is simply given by

PRD3 = PRD1%2/3 I==1,5

Finally, the sales of product 4, which was one third of the total sales of
product 1 and product 2 can be expressed as

PRD4 = (PRD1 + PRID2)/3 [=1,5

and then the last sales forecast for product 5, which was equal one
half of the sales of product 2 from the preceding year

PRDS = PRD2(— 1)*0.5  I=1,5
We have now completed the specifications of all the quantity data,
and the building up of the next table can start. It is in this example a
table for variable cost.
In the way the problem was formulated, two different variable costs
have to be taken into account, namely production cost and transporta-
tion cost. To keep them seperated, it is necessary to build up two
tables with different names. The way to do this 1s verv simple, it 1s
simply to give the key word COST together with the name which the
user wants to allocate to the table, for example

COST PRODUC

now follows explicit and/or implicit information about the data which
should be stored in the table for production cost. As the principles are
the same as at building the capacity table, there is no need to go into
details. It should only be mentioned that both product 1 and product
2 have to be given values in year 1 explicitly, and that the production
cost for product 3 is constantly $1.00 per unit for all 5 years.

After the last information about production cost has been read in,
there comes a new punch card with the key word COST, but now
followed by another name, namely TRANSP. The result of this is
that the system will start on a new table for variable cost, but this
time for transportation cost. The calculations for transportation cost
for product 2 is a little bit more complicated than the earlier used
expressions, and that is because of the quantity rebate, which means
that the costs are dependent on the expected sales. This relation is
expressed by the term PRD2(SALES) which means that the value
which should go into the calculation here, should be picked up from
the capacity table (SALES), and that it should be the estimated sales
of product 2 in the same year as for which the transportation cost
should be calculated. This operation should be carried out for each of
the years 1 to 5.

The last table which is related to volume dependent variables is the
variable income, This table is activated by the key word PRICE. Now
follows, as explained earlier, information about the volume dependent



income. It should only be mentioned that, in order to calculate the in-
come for product 4, which was the total variable cost plus 25 %, it is
necessary to pick data out from two of the earlier defined tables. This
is done with the terms PRD4(PRODUC) and PRD4(TRANS), where
the names within parentheses are the names the user have allocated
to the two cost tables.
The only extra information, needed now, is information about depre-
ciation and fixed cost and income. The depreciation is started with the
key word DEDUCT, followed by information about the annual de-
preciation, given either explicitly or implicitly. In this example, $3000
per year in all 5 years,
The fixed cost and income are introduced with the key word EXPENS.
In this example, we have first the maintenance cost which is calculated
by the system for each of the years 1 to 5 after the given equation,
and finally, the installation cost which is only of interest in the first
year.
The two last punch cards with input data gives information about the
marginal tax percentage and about, which discounting rate the user
wants to use in the calculations.
In order to finish the reading of data, and to start the report specifica-
tions, the key word REPORT should be used. This key word is follow-
ed by specifications of the reports the user wants to have written out.
The firste report specification, PRINT ALL, will result in a print-out
of all the forecasts which go into the model. Moreover, 11 columns
with totals will be written out
1 total sales
2 total variable costs
3 total variable income
4 total fixed cost and income
5 total investments
6 total depreciations
tax, calculated on contribution margines
8 tax, calculated on fixed cost and income and depriciations
9 total tax
10 cash flow before tax
11 cash flow after tax

PLOT TOT means the the above-mentioned 11 totals should be plot-
ted as curves.

The next report specification, PLOT PDYV, causes the system to plot
a curve which shows the present day value of the project as a function
of the discount rate.



Now follows three specifications for sensitivity reports. First the sen-
sitivity on product 1 and product 3. This automatically will give sensi-
tivity analyses on the sales of the two products, followed by sensitivity
analyses on the cost and income for the two products.

The next sensitivity report will analyse the selling price for product 4,
and finally the last sensitivity analysis will give information about,
how much the production cost for product 4 can vary.

Finally, the two last reports will tell something about, how the present
day value, before and after tax, can be expected to be if the original
forecasts do not hold.

It is first analysed, what will happen if the sales of product 1 have an
uncertainty of =+ 12 %, at the same time as the selling price for the
same product has an uncertainty of + 15 %.

The last report in this example tells, what will happen if the sales of
product 2 vary with + 8 % at the same time as the sales of product 4
is within + 18 %.

The last punch card, STOP, tells the system that the analysis of this
project is finished for this time.

4.3. Description of Output

The output which is showen, are som typical reports from the example.
The first sheet of output is simply a printout of the inputcards, which
makes it easy for the user to check back on his original problem for-
mulation when analysing the results.

The first report specification was PRINT ALL, which will tabulate all
forecasts as showen on the second output example. The four last lines,
named PDV, will probably need som explanation. The first line is
simply the discounted value of the forecasts. The second line is the
discounted value of the yearly forecast values multiplied by (1-T)
where T is the estimated marginal tax percentages for the equivalent
year, e.g. the discounted value of the forecast after tax. The last two
lines are only used for variable cost and income, and they are again
discounted values before and after tax, but now the forecast figures
have been multiplied by the equivalent quantities. The reason that
these figures are calculated and printed is, that they are all key figures
in the equations (13) and (15).

The next report example was caused by the specification PLOT PDV,
and it shows a curve of the present day value as a function of the
discount rate. It can be seen, that the earning power of this project is
about 40 %.

Then follows a part of the report which was requested by PLOT TOT.
This part shows the total sales in units, total variable costs in 8, total
variable income in &, total expenses in 8. Note that this curve (4)
has been scaled by 10. Scaling is done automatically by the system



when necessary. Finally the total investments are showen as curve (5).
There were also requests for sensitivity analysis in the example, and
the report is here showen for the specification SENSITIV PRD1
PRD2. This report should speak for it self.

The last output examples are the results from a stokastic simulation
on product 1. The sales was allowed to vary within + 12 % at the
same time as the price could vary within % 15%. 100 random
numbers within the variation intervals were generated and the resulting
present day value before and after tax were calculated. The print-outs
show the probability distribution before and after tax for the present
day value together with probabilities for different outcomes and the
accumulated probabilities.
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