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AUTHOR: Samson Abramsky, Radha Jagadeesan

TITLE: New foundations for the Geometry of Interaction

Abstract

QGirard has proposed the programme of Geometry of Interaction, which aims to
find a new middle ground between denotational and operational semantics, captur-
ing the essential features of computational dynamics in a syntax-free fashion using
denotational tools. He has implemented this programme using the formalism of
C*-algebras.

In this paper, we present a new formal embodiment of Girard’s programme, with
the following salient features:

1. Our formalisation is based on Domain Theory, rather than C*-algebras. We
replace Girard’s “execution formula” by a least fixpoint, essentially a gen-
eralisation of Kahn’s semantics for feedback in dataflow networks. Coupled
with the use of the other distinctive construct of Domain theory, the lifting
monad, this enables us to interpret the whole of Classical Linear Logic, and
to prove soundness in full generality, thus addressing the technical limitations
of Girard’s formalisation. ‘

2. We give a concrete computational interpretation of the Geometry of Interac-
tion in terms of dataflow networks. :

3. We show how the interpretation arises from the construction of a categorical
model of Linear Logic, and identify exactly what structure is required of the
ambient category in order to carry out the interpretation. This makes the
definition of the interpretation much more transparent.

AUTHOR: Roberto Amadio

TITLE: On the Adequacy of Per Models

Abstract

We consider a fixed point extension of the second order lambda calculus equpped
with a call by value evaluation mechanism. We interpret the language in a partial
cartesian closed category of directed complete partial equivalence relations over a
domain theoretic model of a type-free, call-by-value, lambda calculus. Our main
result is that the notions of syntactic and semantic convergence coincide.

AUTHOR: Gavin Bierman

TITLE: Type Systems, Linearity and Functional Languages

Abstract

In their early paper, Girard and Lafont showed that functional languages based
on linear logic could be implemented in an efficient way. For example, Lafont’s
machine requires no garbage collector. However, previous experience with so-called
linear functional languages has not been good: the program structure often be-
comes lost in annotations to placate the type checker. Ideally we would like to write
our programs in traditional functional languages and let the compiler produce the
appropriate annotations. We gained inspiration from Girard’s translation of intu-
itionistic types to intuitionistic linear logic types and have been investigating using
type systems to annotate lambda terms.

We have found problems with using linear logic types and have thus divided the
of-course modality to provide finer sharing information. We have found that such
a type system can infer more linearity than one based on linear logic alone.

My talk will discuss using linear logic to annotate lambda terms and reasons why
perhaps using just linear logic is not that helpful. I will discuss my type system and
highlight some differences between it and ones based on linear logic. I shall also
point out some future work.

AUTHOR: Stephen Brookes

TITLE: Computational Comonads and Intensional Semantics

AUTHOR: Thierry Coquand

TITLE: Interaction Sequences: Another Proof of Cut-Eliminations

Abstract

‘We present, a game-theoretic analysis of classical provability, where each formula
defines a game, and a proof for this formula defines a winning strategy for this
game. A cut is then seen as an "internal communication” between two players,
and the result of cut-elimination is replaced by the fact that ”internal chatters”
end eventually. We apply this to give a (may be new) proof of cut-elimination for
classical infinitary propositional logic.




AUTHOR: Roy Crole

TITLE: Recursive Types via Fixpoint Objects

Abstract

We introduce a new dependently typed equational logic, FIXmu which contains
both a type universe and a fixpoint object, building upon core material which was
introduced in Crole-Pitts. Within the logic FIXmu fixpoints are definable at the
level of terms, inducing fixpoints at the level of types by a coding through the
type universe. Thus we are able to solve recursive domain equations with the aid
of the fixpoint type. The logic has a clean categorical semantics, being modelled
by a particular variety of category-with-attributes. We note a mild generalisation
of information systems, from which we prove a representation theorem for Scott
predomains, and use this to describe a concrete model of our logic. FIXmu may
be viewed as a programming metalogic into which programming languages with
recursive types may be translated and reasoned about. We demonstrate this by
proving computational adequacy results of FIXmu for a PCF-style language with
recursive types.

(Crole-Pitts is the paper "New Foundations for Fixpoint Computations” pub-
lished in the 1990 LICS proceedings, Authors Roy L. Crole and Andrew M. Pitts).

AUTHOR: Peter Dybjer

TITLE:  Constructing a Frege Structure in Predicative Type Theory

Abstract

This talk describes the formalization and construction of Aczel’s Frege structures
in Martin-Lof’s predicative type theory. Frege structures are models of the Logical
Theory of Constructions, which is a consistent version of the theory in Frege’s
Grundgesiitze. It can also be viewed as a consistent version of illative combinatory
logic.

; A central part of the construction concerns the simultaneous definition of. the
notions of proposition and truth. This kind of definition has been called half-
positive, and has been explained by Aczel in classical set theory. In type theory
Aczel’s explanation can be refined: the presence of explicit proof objects makes
it possible to analyse it as a simultaneous inductive definition of the notion of
proposition and and a recursive definition of the notion of truth.

Another part is the construction of a model of the untyped lambda calculus. This
construction is another example of the use of a general formulation of inductive and
recursive definitions in type theory.

AUTHOR: Matthias Felleisen

TITLE: Observable Sequentiality and Full Abstraction

Abstract

One of the major challenges in denotational semantics is the construction of fully
abstract models for sequential programming languages. For the past fifteen years,
research on this problem has focused on developing models fpr PCF, and idealized
functional programming language based on the typed lambda calculus. Unlike most
practical languages, PCF has no facilities for observing and ezploiting the evaluation
order of arguments in procedures. Since we believe that such facilities are crucial
for understanding the nature of sequential computation, this paper focuses on a
sequential extension of PCF (called SPCF) that includes two classes of control
operators: error generators and escape handlers. These new control operators enable
us to construct a fully abstract model for SPCF that interprets higher types as
sets of error-sensitive functions instead of continuous functions. The error-sensitive
functions form a Scott domain that is isomorphic to a domain of decision trees. We
believe that the same construction will yield fully abstract models for functional
languages with different control operators for observing the order of evaluation.

AUTHOR: Michael Fourman

TITLE: Set-Theoretic Semantics for ML

Abstract

In this talk we describe joint work with Wesley Phoa. These are the initial
results of a project, recently begun, which seeks to define a categorical semantics
for Standard ML—in particular, one for which naive set-theoretic reasoning is sound.

Standard ML has both an expressive type structure and a powerful and flexible
modules system; giving a clean and unified denotational semantics for it is a chal-
lenging problem. This paper outlines an approach, based on naive set-theoretic and
categorical intuitions, to modelling a purely functional, explicitly typed variant of
ML—Pure ML’: We take a set-theoretic view of algebraic datatypes - - - —i.e. those
(possibly recursive) ML datatypes which contain no arrow types in their definitions.
Our goal is to explain how a domain-theoretic semantics, which is necessary in the
more general case, can be compatible with simple set-theoretic intuitions about
these particular datatypes. Synthetic domain theory allows us to make sense of
fixed points and recursive data types in a set-theoretic setting.

Our treatment of polymorphism and modules is novel. The idea that one needs
polymorphic types to model the polymorphic type constructors of ML is misleading.
Instead, we formalise the notion that a polymorphic type constructor is a construc-
tion on an indeterminate type, in a precise categorical sense. Our approach relies
on results from topos theory, the categorical formulation of constructive set theory.
the theory of classifying toposes and the notion of a generic structure, allow us to
interpret type variables explicitly, and provide a straightforward way of interpreting
signatures, functors and sharing specifications.
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AUTHOR: Bart Jacobs

TITLE: Affine and Material Semantics

Abstract

By a semantic analysis it can be shown that the standard embedding of intuition-
istic logic into (intuitionistic) linear logic — which makes essential use of Girard’s
| — can be factored in two different ways: either via affine logic (in which one
standardly has weakening but contraction only using an explicit operation !'*) or
via;material logic in which one has contraction and an operation 1L for weakening).
Operationally, one can think of

>IA  as A, asoften as you like;
1tA as A, at least once;
1A as A, at mostonce.

This yields two insights:

e Girard’s ! is not a primitive operation, but can be described as composite 1
oras ItL.

e Linear functions 1A — B use their input at least once: this suggests eager
evaluation. Similarly LA — B suggests lazy evaluation, because an element
o € A may be discarded.

All this has a clean categorical semantics using notions from monad theory,
introduced some 25 years ago by Anders Kock and Jon Beck.

AUTHOR: Barry Jay

TITLE: Tail Recursion Through Universal Invariants

Abstract

Tail-recursive constructions suggest a new style of semantics for datatypes, which
allows a direct match between specifications and tail-recursive programs. The se-
mantics is expressed in terms of the formal properties of loops, their fixpoints,
invariants and convergence. Convergent models of the natural numbers and lists
are examined in detail, and, under very mild conditions, are shown to be equivalent
to the corresponding initial algebra models.

AUTHOR: Peter Johnstone

TITLE: Variations on the Bagdomain Theme

Abstract

The recent introduction of the bagdomain monad on the 2-category of toposes
[1] was prompted by the work of S. Vickers [2] on domain-theoretic modelling of
databases, for which something more general than the powerdomain is required.
However, bagdomains come in an extraordinarily wide variety of flavours (much
wider than powerdomains), and it seemns likely that several of these besides the lower
bagdomain studied in [1] will find applications in theoretical computer science, for
example in the semantics of nondeterminism. The object of this talk will be to
convey something of the range of possibilities available, and to describe how they
relate to one another and to the various powerdomain monads.

[1] P.T. Johnstone, Partial Products, Bagdomains and Hyperlocal Toposes, to ap-
pear in Proceedings of the 1991 Durham Symposium on Applications of Cat-
egories in Computer Science.

[2] S.J. Vickers, Geometric Theories and Databases, ibid.

AUTHOR: Yves Lafont

TITLE: Genetic Abstract Machines

AUTHOR: Giuseppe Longo

TITLE: A new challenge: the categorical semantics of ad hoc polymorphism




AUTHOR: Eugenio Moggi

TITLE: Evaluation Logic, an overview

Abstract

Evaluation Logic aims to be a metalanguage for program logics in the same way
as the computational lambda-calculus aims to be a metalanguage for programml‘ng
languages. In this talk we review the categorical semantics prog)osgd so far, give
some examples of its expressiveness and indicate some problematic issues.

AUTHOR: Valeria de Paiva

TITLE: Full intuitionistic linear logic

AUTHOR: Wesley Phoa

TITLE: Synthetic domains and operational semantics

AUTHOR: Andrew M. Pitts

TITLE: Co-induction for recursively defined domains

Abstract

Recent work of Freyd on recursive types is based upon the characterization of
solutions to functorial domain equations as objects that are simultaneously inital
algebras and final coalbegras for functorial type contructors. Motivated by this
work I will present two apparently new proof principles for reasoning abouf, pr(.ado-
mains recursively defined using arbitrary (ie. possibly not functorial) comblnathns
of the sum, product, lifting and partial function space constructors. The first (1‘n-
duction) principle generalizes structural induction for inductive types and e.ntalls
Scott’s fixpoint induction. The second (co-induction) principle seems more inter-
esting: it characterizes the information ordering on a recursive type in ter}ns of a
notion of ”simulation” in the manner of Park and Milner. Abramsky’s "internal
full abstraction” result for the canonical model of his lazy lambda calculus is a
particular instance of this principle.

TITLE:

AUTHOR: John Power

TITLE: A logical framework based on categories with structure

Abstract

We outline the relationship of a broad class of logics and type theories with
categories with algebraic or, more generally, essentially algebraic structure, such
as cartesian closed categories, toposes, and monoidal closed categories. We then
move to the specific case given by logic programming. The general situation allows
us to define a notion of map between logic programs, which we use to define a
notion of an extension of a logic program. This acts as a basis upon which one can
begin a structural analysis of logic programs, and in particular we prove a precise
theorem giving local conditions under which all computations of a program lift to
its extension.

AUTHOR: Vaughan Pratt

TITLE: Event Spaces

Abstract

An event space is a poset with top and arbitrary nonempty joins, whose maps
preserve these. These form the first example know to this author of a nondegenerate
algebraic model of full linear logic, coherence spaces being nondegenerate but not
algebrfaic and complete semilattices being algebraic but degenerate. As such they
affirmatively answer Johnstone’s 1978 question as to whether there exist other self-
dual algebraic categories besides complete semilattices. An important application is
to concurrency, where event spaces and their dual state spaces strictly extend event
structures and their dual families of configuration.

AUTHOR: Eike Ritter

Abstract

This talk will present a way of explaining categorical abstract machines via
Ehrhard’s notion of D-category, which is a particular kind of indexed category.
This notion makes it possible to represent concepts that are important for the de-
sign of abstract machines, like environment or closure, directly in categorical terms.
We give a uniform treatment of the Cousineau-Curien CAM and Krivine’s machine,
and extend them to machines for the Calculus of Constructions. These machines
are constructed in three steps. Firstly, an equational presentation of the categor-
ical structure yields categorical combinators. Secondly, one derives inference rules

xi

Categorical Abstract Machines for Higher-Order Typed A-Calculi



describing the reduction to canonical combinators. There are several possible infer-
ence systems, e.g. one for eager reduction and another one for the lazy reduction.
Finally, these inference systems yield directly abstract machines.

If we apply this framework to the constant D-categories, which are the appropri-
ate structure to model the typed lambda-calculus, the eager machine is essentially
the CAM, and the lazy machine specializes to Krivine’s machine. Because the cat-
egorical structure corresponding to the Calculus of Constructions is a D-category
with additional properties, we get generalizations of the CAM and Krivine’s ma-
chine as well. It is also possible to derive an algorithm for the type checking of these
combinators, which uses the above reduction machines.

AUTHOR: Edmund Robinson

TITLE: A categorical account of parametricity and type abstraction

Abstract

John Reynlds has stressed the link between parametricity and type abstraction.
The aim of this work is to give a simple semantic account of the link in terms of
linguistic features and extensions of the category of types. At the moment the work
is at a preliminary stage.

AUTHOR: Andrea Schalk

TITLE: Power Locales

Abstract

As the category of locally compact locales is equivalent to the category of locally
compact sober spaces we can view the monads given by the various power locale
constructions as monads over topological spaces.

This setting makes it possible for us to determine the categories of algebras for
some of these monads.

xii

AUTHOR: Philip J. Scott

TITLE: Remarks on Pi Calculus and Linear Logic

Abstract

This work, joint with GianLuigi Bellin, examines connections of a version of
Milner’s Pi-caleulus (”Synchronous Pi Calculus”) with respect to its faithfulness
in reflecting proof-theoretic properties of Multiplicative and Additive linear logic.
This follows similar lines to the Abramsky program of ”process interpretations” of
linear logic.

If time permits, other recent work on connecting linear logic with concurrent
computation will be mentioned; in particular, with categorical models of concurrent
constraint programming.

AUTHOR: Thomas Streicher

TITLE: Towards an Axiomatization of Domain Theory in Type Theory

Abstract

We will present a first attempt of axiomatizing domain theory using the LEGO
implementation of the Extended Calculus of Constructions.

Furthermore we will show that propositions expressing continuity such as Scotts
Axiom are not extensionally realised.

AUTHOR: Paul Taylor

TITLE: Tarski’s theorem for cpo’s, constructively

Abstract

As regards giving a talk, I'd quite like to present my proof of Tarksi’s theorem
for cpos (not lattices) and monotone functions WITHOUT excluded middle. This
involves a reformulation of the theory of ordinals & transfinite induction and is valid
in any elementary topos. Some of the ideas came from synthetic domain theory, and
the reason for foreswearing excluded middle is with a view to importing as much
mainstream mathematics (including domain theory) as possible into toposes such
as the effective topos.

xiii




AUTHOR: Bob Tennent

TITLE: Semantics of Local Variables

| Abstract

A progress report on the use of categorical methods to address the problem
of giving sufficiently abstract semantics to local variable declarations in Algol-like
languages.

AUTHOR: Steven Vickers

TITLE: Topical categories of domains

Abstract

It is shown how many techniques of categorical domain theory can be expressed

simply in the general context of topical (i.e. internal in the category Top/S of

Grothendieck toposes with geometric morphisms) Cartesian -closed categories, the

toposes of objects and morphisms classifying information systems and approximable

mappings respectively. These techniques are illustrated in an example in which the

- ! corresponding points form a category equivalent to that of SFP predomains and
Scott continuous maps.

. AUTHOR: Philip Wadler
’ i TITLE:  There’s no substitute for linear logic
;é Abstract
. Some problems with substitution and the cut rule in linear logic are pointed out,

. and some variations on linear logic proposed.

Xiv

New Foundations
for the
Geometry of Interaction

Samson Abramsky and Radha Jagadeesan
Imperial College

(Paper to appear in LICS ‘92 anonymous - ftp: theory.doc.ic.ac.uk)
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Snd. - <5,9’> =

1

- C’X',k?’) = 9(1,9)

ﬂﬂ_ = <Fsﬁ~k) Sn;('k>(oqnj : ké“”'

@ From b

Derain, D with retracks

u:_ﬁQD:ut‘

a: D#—D)J_ 4 D q,‘-k

e: Th < D:_e‘?

Interpret ol Eﬁst as D,
retracks  to U internalize
constrwctions  from GI(@).
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5 : "DZZMM/ ___3 " D?.m-‘wv
Cut  wil be mﬁer{:)r_ebed bj J'uxﬁa?osiéiom

‘ a . J+ /+-o ‘
!;\ f‘l D m’+n
: D}lm"i-n"*f) — DQm“+n"+J

D Rm'+n'+9‘.

et m= m/+m” +]
L R

25

7

Dam+~ — Dam»

NOW SW’CV\; 5 :

L 2
o :D WV'_abw

0/(19;’34, e xm.jv;\) = (34,10, ) gm,xm)

| the per mubakion

rcpresem{?s the FPlow of informabion
tkrouak the cuts —~ the "maSSaje
cxckwae" FPunction.

We can define

FB(§,0) : D" — D"
PR () = oY (Vi 648)-f () |
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where T (u,i) =W,

/]’he, idea. is  that i & of rtPresentS
G Proo? m in CLL., FB(f,O‘)

will N’.Preseﬂf' on CL,;(?*PPQ& Pr()op
obtained, - bv cal - e(imiméion {)romflT
The dunamics of the cul -eliminabion
is modelpck bj the  sequence of iterabions
fo  the (—'mpomt

2@) "j!C’v) SZ@

i
i

¥

Qhrong  normalizabion is modelled bj Lhe
Puke  convergente  property

IS

x

4‘F{>x,pqmb C_(sMpw@oution' ' »Jil‘;ﬁé@&m
(L, £, x) 0
(y, x, LU i
(4, %, Y, ) X

So C’)C,\j) ] (v,“ﬁ)

Tn wmore  defail
orof (J..,,L,i,j) = Gj,x,,.i.‘L)
oo § ng,x, ny) = (D‘x, «ﬂ,'x,)

Note that a “Fresh cop © b Eke/_{)ammc{gm |
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o
| - Iterakion
0 oL, L, Xy, m(u,v))
1 (men), mln,D), L, L, miL,L)
. ’ :
L ‘(m(_u,v), m(x,g), L, L1, m(.L,L))
x 3 M), mluy), w, v, M(,’X,‘j))

S0 -Cx,v,mﬂu)v)) = (y,v, m(x,xﬁ).

3

py | (Amis, L), L)), L1, m(1,y))
3 L (mlwv) ,((m(x,\g)), L, L, m(x,g))

e A lm(wy) Llmiy)) w,v, mixy)

So (2, Y, mluy) ¥ (u, v, m(x,\g)).

A
Ttecation

0 (oL, xg, mln)

1 (Mme,)), L, L%, miL,D)




P |
= —
| L .
Lteration Theration | ;
o (L1, dl), y,2) o L, L, <l dW) xy)
! (w, £, dlL), 2, y) | 1 (cldL),d), L, c(d(L), d()), L) |
3 (w,w, W, 2,5) - . 2 (@), deb), <), dw), (d(0),d(), 1,1)
K (i, Wy w2, ‘f) }‘ 3 ( c(d(x),d(‘))), cldw), 40, cld(),d), v)
so (d0d,y,2) (w2, y) | L (0, dy)), c(dW), dW), <(d (), dly), u,v)
This  example llusbrafes how  synchronizabion | o (cldw,dl), xy) &= (), dly)), w V)
affects  the combext of an 0P Cowse .
This s e ﬁjyic«xl case where \Girand's
Lanter pretabion” dues et - fit- the  proof
o pree
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©  ( Soundness
nob egnt. ain 8,

then # T —> T,
FB(S. . o) = FB( . & )

P T T does

@ COAnverﬁeme)

Ge+d)
Ak, ®W -

R FBlf o)

the add; Ewe commwt@bvt}  . &iﬁht‘;““‘iiﬂ"‘ti
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valid:

L(PQ)-R —  L(PR, Q-R)

ab Prmmpm\ door OF H\e porm
) of rly).

Bub  this s wvalid ot all arguments

S0 we wanb  fo capbure Ehe idlea
0? H\e riﬂkt “slf\mPc " of ar(?ummts
for o ajven ProoP. ' ‘

Gwer\ S Dnﬂ DN

o\ep‘me
otomg{) = Int {0{6 D"’]f%{:d}'

E(S) : Sl\o(omg) . DY — DN
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My Interests

Lazy Functional Languages
...are a good thing

but

...are difficult to implement efficiently
Why?

e Laziness

e Garbage CoIIeCtion

e Copying of data structures

Optimisations

Previous Approaches
e Transformation
e Abstract Interpretation

e Exotic Type Systems
— Effects
— Single-Threading

- Linear Logic

Burstall & Darlington

Mycroft

Gifford & Lucassen
Guzman & Hudak
Girard & Lafont
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Plan of Talk: | Logics and Term Calculi

1. Linear Functional Languages

e “Curry-Howard Correspondence”

2. Linear Logic as a type system

Basic Idea: Relates

. My Type system(s
3. My Type sy (s) Propositions and Types

ional intuitions
4. Some operatio Proofs and Programs

5. Future Work Normalisation and Evaluation to HNF

In particular, it relates

Intuitionistic Logic to Lambda Calculus
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(Intuitionistic) Linear Logic

e Logic of “resources”
CHIM gives a Linear Term Calculus

Can build on top a Linear Functional Language

Examples:

e LIVE - Lafont
e Lilac - Mackie
e Linear ML - Gunter

7

Id CtI‘l—t:A z:A,Atu:B
z:okz:io N T,AFut/z]: B
THt: A
1‘Rl-*:l 1hLI‘,z:l}*letzbe=kint:A
®_RI‘}-t:A AFu:B &L T,z:A,y:Bkrt:C
NAFIQu:A®B INz:AQ Bltletzbez®yint:C
_ORI‘,:E:AFt:B __OLFE—t:A z:B,Aktu:C
' Az.t: A—oB T, f: A—B,AFu[(ft)/z]: C
'kt A F'ru:B
-R
& Tk (t,u): A&LB
L Fz:AkRt:C Ny:Bkt:C
[,z: A&BFletzbe(z,.)int:C I'z: A&Btletzbe(,y)int:C
R Lrt:4 _ Fru:B
I'kFinl(t): A® B Thinr(u): A® B

oL Tyz:AFu:C Ty:Bkv:C
I,z: A@® B casezofinl(z) = ulinr(r) = v: C

'Ft: A
T'Hi 1A

T,z:AFt: B
T,z:!AFletzbelzint: B

I-R

Dereliction

Io:lA,y:lAFt: B

Contracti
ontraction I'z:!AbFletzbez@yint: B

T'tt:B
JAbletzbe_int: B

Weakening s
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Advantages:
e Simple Strictness Analyser
e No garbage collector

e Linear data structures — no copying

Disadvantages:

1. Difficult to program in:

true = \z.\y.lety be — inx: a—o!f—oa
false = \x.\y.let x be — iny la—of—of
but

if ...then true else false

does not have a type. (Lilac)

At best it has the type la—ola—olx

Also consider:

S = Mf.Ag)z.letxbey®zinf y(gz)
: (la—of—o7y)—o(la—oB)—ola—oy

1 = Jdz.z:a—ox

But (S 1) is not well-typed.

2. Natural Deduction

e Substitution?

e Subject Reduction?

79




State of Play

Functional
compile |

Language

Lambda Calculus N

translate

Linear F. Language
lcompile
Linear Term Calc.

Possible solution: Use Girard's mapping:

a® =

(0 = 7)° =

(4

1(0°)—oT°

Extend mapping to terms.

Problem:

Makes every function non-linear in its arguments.

e No stricthess analysis

e Garbage collection still not needed

e Dereliction required for every variable access

8

Another Problem

e Unnecessary non-linearity

Azx.let x be y@z inlety be — inz :la—ola

and

AL.T . ax—ox

e Compare with B, C and I combinators where

B = S(KS)K
C = S(BBS)(KK)

I = SKK

81
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We spilt up the uses:

0]

>1

Discarded
Once

More than once

10

Non - La

83

aeos,
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simple Applicative Language:

Azx.e

l

|

@
e’

ll casee of (z,y) — [

| ifethenfelseg

| fixe

Type Derivations:

Ale.T

. . a
where assumption = x . 7

11
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d—
ziolbz:o

b7z:0'c'_€:7'

Ay.o
Dupl
A,z 0b+c F e[:r:/y, iL‘/Z] T

Are:T
A7m:00*_6:7'

Disc

A,fv:(fai'e:'r

AF Aze:olo T

Abs

AFe:o2o T Bll_f:o’
App

A,Bu*l‘_ef:’r

Ale:b I . J .
Cond € ool Bl—f o B }—g.a

A,BIUJ  ifethen felseg: o
Alke: J :

Pair eto B FRf:rT
Aa.*I,Bb*J - (e,f) Lo Ny T

AbJioanyT Bizioty:irihe:v

ABF case [ of (z,9) —eiv

where v Ju

12




86

Some sample typings:

Az YT : a—1-0ﬁ~900t
Ax.(Ay.z)x - aton

Az fz: (ailwﬁ)—lwilﬂ
Mz fo : (a2o8)toaloB
Az.x ! a—l—oa

>1
AL.T . o—o«

14
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Principal Types

Principal type = Canonical representation of all possi-
ble typings

Change Typing derivation:

AFe:7||C

Assumption = z : 0%

Constraint = aJu

Example types:
Az Ay.z  atofloa||a 21,630

Ar.(Ay.z)z : atoa||a D 1

AfAz.fz i (02of)loalof || 6D 1,cJa

Previous typing system, Fy
Constraint type system, .
Theorem

Any proof in by is contained in the set of proofs given
by k..

14
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Operational Ideas

Can identify Call-by-Value, Call-by-Name and Call-by-
Need

Three Instruction Machine (TIM)
(Fairbairn & Wray, 1987)

Very fast, closure reduction machine for functional lan-
guages.

Is a call-by-name machine, adapted to give call-by-need
behaviour. :

Optimise by translating Call-by-Need into Call-by-Name.

(Textual count gives 10% speed-up (Linear Logic?))

15
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Future Work

Resource Logic — Bounded Linear Logic
Linearity in a-denotational set-up

Justification of optimisations in an Operational
Semantics framework

Linear Arrays - Single-Threading

16
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EXAMPLE PROCESSES
SETS and BOOLEAN ALGEBRAS

The 4 sets with up to 3 elements:

\NFORMKTIN
T EVE“T Sc\-E'DOLES 1] . o o o 0
? Their power sets (Boolean algebras):
AVTOMATA . ! <>

TIME | oo |
2% isomorphic to S .
Reason: A = 25 contains meets and joins

These must be preserved in § = 24.

WoT CR(G-IN

@ (AFFINE)

AIMANCE

I

L @ Tt &uo‘tomc., INFONMITION MNIRNIC | Stow
. FAST vve
bl N

KN . "™~
16

THRK @ “
&y - - cAn

BRDLY @ s A FoRSET

W"“"‘@ CAN REVERSE TIME

PRIMITIVE  ONE-BIT™ CSCILLATCR :
LEARN , BACK UP, FORGET, ADVANCE

)

.
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WEBS and COHERENCE SPACES

Already seen the 4 discrete webs up to 3 elts.

FOSELS Nondiscrete webs up to 3 clements:
3 .
The 5 nondiscrete posets up to 3 elts: . . »
% a (-
5 b b .
S
o < G / [ 4
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FVINT STRUCTURE

Nielsen-Plotkin-Winskel

Event structure (X, <, #) is an ordered web.

The 3 3-elt event structures not webs or posets:

.Ib Ib % b

c® % c‘" a o

Their dual auto

99

Prime Algebraic

i
| Boolean Distributive |  Bvent
g i ¢ ven
% ot Algebras Poscts Latsices | Structures Coherent
; ; . Posets
. {
| I}
' . i
. . . . I
. .<\ . )
b D
/ ( /
o ’ h
o o 0 I
» y )
A S -
Scott
oo ?
(Co)Webs Coherence Domains
Spaces \
. Nz N < ? :
.o
. ! ?
']
! :
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~free roe D N el
Set-free Boolean Free Distributive Event  Prime Algebraic |
Event Event . Structure Coherent
Algebras Lattices

Spaces Spaces Spaces Posets

*

c o

: ®

Fr B v

Web-free
Coherence
Event Spaces
Spaces pe

0 T
S

!

P
A
&

%

{
&
<
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Event
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Mobility of Bounds

Idea: More bounds on the left means fewer on the right,
and vice versa.

Balance 1: Move all joins to schedules, leaving all
meets in automata.

Meaning of join in schedule:
concurrent (compound) event
Meaning of meet in automaton:
decision or branch state
This gives complete semilattices:
Schedules are complete join semilattices

Automata are complete meet semilattices

Balance 2: Swap empty meet and join.
Schedules become Bvent Spaces

Automata become State Spaces

103

1. Event Spaces and State Spaces

An Beent Space is a Poset (X, V, c0)
where V@ (2% — §) — X is Nonempty Join

and co € X is Top

A State Space is a Posct (X, A, qu)

where A : (2% — §) — X is Nonempty Mect
and g9 € X is Bottom

EXAMPLES

Event Spaces of Order < 4

DY [ A BA O i A <
1 2 3 4 5 6 '7 8 9
G ce

O POEE Py
@ gt’l’»ﬂ& Corresponding State Spaces of Order < 4

NS/

VBV ey

7 8 9
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5. Maps (= Homomorphisms)

DEE: AU EVENT MAP 5:S-T
A HoMOMORPMSM OF &VENT STICES ST
p

5. 5:(X\, oq)‘,-* (Xnv,) oq)
st. f(vY) = V§() gerex.
§(e0) = oof

o0

ll

SIMILARLY FOR STATE MAPS

.CATEGORIES £v AND St

105

L v -
THRET INYOLUTWNS: A , A) A

\V

Ey «—A 5t
S 1
A
A A~
S AV = A7 2 AT Lwear Nesmon (e
T a= At =AY omoer oAl
L < A = A=At "COMPLEMENT "
QBY ANALOGY WITH
BINARY RELATIONS
L
A = A—L1
L = 1

(seE \,.zi retnl)
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MONBDS ON (P : Set —=Set
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PRIMITIVE CPERATIINS
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Tail Recursion Through Universal Invariants

C. Barry Jay *
Colloquium
Department of Computer Science
University of Edinburgh

February 27, 1992

Abstract

Tail-recursive constructions suggest a new style of semantics for datatypes,
which allows a direct match between specifications and tail-recursive pro-
grams. The semantics is expressed in terms of the formal properties of
loops, their fixpoints, invariants and convergence. Convergent models of
the natural numbers and lists are examined in detail, and, under very mild
conditions, are shown to be equivalent to the corresponding initial algebra

models.

~M ]
“ ?EAvg.'s{GANS

FINE-DIM.
VECTOR

SPACES

.
5

LAWS

BUT + =X
¢ =D

v De MoRGAN

*Paper to appear in “Theoretical Computer Science”. Research supported by The Royal
Society of Edinburgh/BP.
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Qutline

¢ Primitive recursion underlies the initial algebra semantics of datatypes.
e Tail recursion is fundamental to programming.

¢ Ad hoc translation of code from primitive-recursion to tail-recursive form
arises in optimisation. )

Goal To model tail recursion directly.
Benefits
¢ Elevates status of tail recursion to at least that of primitive recursion.

¢ Direct translation of specifications into tail-recursive code.
N ,
N \

Disaavantages

e Harder Theory resulting from incorporating the ad hoc translations into
the formal structure.

117

Invariants

Consider the imperative program:

until b do f
Without loss of generality:
b(z) = true implies f(z) =z (z is fixed by f)
Hence:

fi(until b do f) =until b do f
which is to say that until b do [ is an invariant for f.

Deflnition 1 Let f be a loop on C. 4 function hi : .
invariant for f if fu (or morp. ism) g : C—Q is an

fig=g
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Universal Invariants

The until-loop makes the minimum number of identifications compatible with

Form the quotient Cyy of C under the corresponding equivalence relation.
Consider the following example: until z <4 do z~4.

Any invariant for f factors through mod4 in a umque way. That is mod4 is the
untversal invariant of the loop.

-
Deflnition 2 A universal invariant for a loop f on C is an invariant iav(f) :
C—Cy for f with the property that if g : C—Q is any other invariant for f then
there is a unique h : Cy—@Q such that g = inv(f); h

{k(mod4) 1 0<k<3)

{odd,even}

inv(f)

Inv(f)

g ] h
l

Q
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Convergent Loops

The control structure b is to be interpreted as choosing representatives z, which
satisfy & from the equivalence classes [z} € C, i.e. , by a splitting m : Co—C of
inv(f) such that

m; b= true

If this can always be done then f(z) = z iff §(z) = true and m satisfies
mif=f

Then we have
(lentil b do fl] = inv([|f[])im

In our example

m(k(modd)) =

Definition 1 If a loop f on C has a universal invariant inv(f) : C~C, which
has a splitting m : Cy—C that is fized by f then f converges to the monomorphism
m: Cy—C

inv(f)
f c Co
m
m;inv(f) = idg,
mf = m

If f converges to a subobject m : Cy—C on which b is true then until b do f
converges. The theory of general while-loops on ¢.p.o.’s is described in

C.B. Jay, Fixpoint and loop constructions as colimits, in: A. Carboni et al
(eds), Category Theory: Proceedings, Como 1990 Lecture Notes in Mathematics
1488 (Springer-Verlag, 1991) 187-192.

25
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The Mediating Morphism

When products or sums are defined by a universal property the unique map
introduced by the definition (the mediating morphism) is named as the pairing

or case construction. What name should the mediating map out of the universal
invariant be called?

; o inv(f)

Inv(f)
~ |
”~
g llhls m5g
Q
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Fixed Subobjects

Typically, a convergent loop f converges to its fixed subobject
An arrow ¢ : X—C' is fized by f if
foz=1zx

The universal such arrow, if it exists, is the subobject fix(f

) th h whi
such z factor. rough which all

Fix(f)

“/O

Its definition is dual to that of inv(f).
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Primitive Recursion

The primitive recursive functions form the smallest set of functions closed
under:

e The zero function zero : N—N

e The successor function succ: N>N

The projections 7\':c : N*=N

Examples

Substitution: if 4 : N*—N and each g;: N"—=N for 1 <1<k are primitive
recursive then
h(gl(xlr e 'ra:n)v Lo )gk(zl) e >zn))

In Sets if a loop converges then it terminates at its fixed subobject. T .
is primitive recursive.

Theorem 4 If f is a continuous loop on D in Pos(w) (bottomless c.p.o.’s) which
is increasing (x < f(z)) then it converges to its fized subobject with universal
invariant Y f : D—Fix(f) defined by

¢ Primitive Recursion: if g : N*-N and f: NxN¥xN—=N are primitive
recursive then h: NxN*— N defined by
ROy 2 u) = 9(¥n, Y20 )
Yf(z) =] f(x) h(snyynyas %) = F Y1 Yor e Yo MR Y1, Y2y W)
n

. is primitive recursive.
Proof Clearly Y f is continuous and invariant for f and Y f o £ix(f) = id. If

g: D—Q is an invariant for f then g(f*(2)) = g(z) and so We only need one copy of the natural numbers.

. i n o Primitive Recursion(II): if g : B—~C and f : NxBxC—C are any functions

g(Eix(f)Y fla))) = g([;l (=) then there is a h : NxB—C defined by ‘

= Ugls" () : moy) = g(y)

| " h(sn,y) = f(n.y, h(n,y)) |
= [Jg(z) = g()

If g and f are primitive recursive then so is h.

Replacing C by NxBxC and simplify again to
[}

¢ Primitive Recursion(IH): if g : B—C and f : C—C are any functions then
In general f"(z) will never be fixed by f so that, although f converges, it need there is an h : NxB—C defined by

not terminate. hO,y) = g(y)
- h{sn,y) = f(h(n,y))

If g and f are primitive recursive then so is h.

Without using elements this says:

ho(0xB)
ho(sxB)

[
- @
o
=l
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s ':rqg
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Initial Natural Numbers

Definition 5 An initial natural numbers object (N, 0, s) is given by
11— Ny

which has the following universal property: for all morphisms z : B—C and loops
f on C there is a unique morphism h = It(z, f) : NxB~C called the iterator of
z and f making the following diagram commute.

0xB B
B2 NxBZZ NxB
. h h
c c

f

o Neither B nor C need be powers of N.
o Neither z nor f need be primitive recursive.
o There are categories in which both the above conditions hold.

¢ Uniqueness of h in recursion theory is a consequence of an induction scheme.
Here it is assumed explicitly, as part of a universal property, i.e. initiality.

¢ In a cartesian closed category the parameter B may be suppressed (replaced
by 1) since C can be replaced by B—C.

Hence (N, 0, s) satisfies
N21+N

Any solution of this equation is called a natural numbers candidate or NNC.

125
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Tail Recursion

Let’s look at those equations for primitive recursion again:

z(z)
f(h(n, 2))

R0, 2)
h(sn, z)

1

Tail recursion modifies the second equation to perform f first:

h(z,0) z(z)
h(z,sn) = h(f(z},n)

This says that h is an invariant for the loop once(f) on CxN which performs
one step of the recursion,

once(f)(z,0) = (,0)
once(f)(z,sn) = (f(z)in)
In categorical notation once(f) is the arrow

[Cx0, fxN) O

CxN 2 Cx(1+N)2(Cx1)+(CxN) N

which is defined using the categorical products and coproducts (sums) and the
distributive law

Ax(B+C) % (AxB)+(AxC)
Ax0 = 0

Thus we have a distributive category.

10
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Convergent Natural Numbers

Peﬂnition 6 A N]YC (N,0,8) is a convergent natural numbers object if for every
oop ! on some ob].ect C the loop once(f) converges to C'x0 : C—CxN The
universal invariant is called the (convergent) iterator It(f) : CxN—C of f

once(f) CxN ———————

Lemma 7 Ifh: C—D isa loop

morphis
following diagram commutes rphism from f (on Cltog (on D) then the

-?—; CxN ) c
kl ‘ l ‘\ hxN h

q ~ N

’ o It(g) ?

Proof Observe that hx N is a loop morphism from once(f) to once(g). ]
Since f is a loop morphism from f to f we have

folt(f) =TIt(f)o(fxN) = It(f) o (Cxs) : CxN—C

which shows that It(f) is a candidate for the iterator of primitive recursion

11
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T . .
Uniqueness of the Natural Numbers he adequacy of this choice follows from the commutativity of
Nxp—2 NxB
Theorem 8 Let D be o distributive category. Then a NNC (N, 0, s) is initial iff OxB
it is convergent. For every loop f on C and z : B—C the two iterators are related (zxB)oc (zxB)oec
by
zx0 Cxs
B c
(f) = It(C,f)oc N OxN
It(z, f) = It(f)o(zxN)oc
z It(f) 1t(f)
Proof We will prove convergent implies initial here. c _.__f“ C
Let (N,0,s) be a convergent NNO. Assume now that h: NxB—C is a candi-
date for the iterator of z : B—~C and f: C—C ]
B B
B 0x NxB X NxB COrollary 9 Theprim‘t‘ e f
1twe recursive functi b
NNO in a distributive category. ons can Se represented by o convergent
h h
z
C c
f
Then A is a loop morphism from sxB to f.
O0xNxB
NxB — NxNxB
¢ Nxe plusx B
BxN DBy pun NxB
It(sxB)
hxN h
zx N X
CxN C
1t(f)
h=TIt(f)o(zxN)oc

Thus if there is an iterator for z and f it is unique.

12 13
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Some Arithmetic Functions

addition is given by plus = It(s).

e truncated subtraction is subt = It(p).

L]

multiplication is 7 o It({+,7')) o (0, NxN).

less-than-or-equals is given by isZero o subt : Nx N—N.

14

the minimum of two naturals is 7 o It(once(s)) o (0, NxN).
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Convergent Lists

A list candidate for A is a solution (L,nil, cons) of
121+ (AxL)
A right A-action a : C'xA—C on C induces a loop shunt(a) on CxL by

shunt(a)(z, [])
shunt(a)(z, ¢ :: as)

(=, )
(z®a, as)

It

where 2®a = a(z,a).
The list candidate (L,nil, cons) is convergent if every shunt(a) converges to
Cxnil : C—CxL. The universal invariant is then foldleft of a

toldi(a)

CxL C

Cxnil

In Sets and Pos(w) this is the usual operation foldleft on lists. If z € C and
a(z,a) is denoted za then

foldl(:c, [ah L TER ’an]) = (' v ((x@a,)eag) N ‘)®an

Le Jefi]

A NS
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Re.ese
e ——————
Lemma 2 foldl(cons.) oc: LxL—L is an invariant for foldl(cons,). Thus
there is a unique morphism h : L— L making the following diagram commute.
foldl(cons,
(xA S
h
<l
I

A 'L foldl(cons,)

It is an involution called reverse and defined by rev = foldl(cons,)o (nilxL).

L

Proof The proof of invariance is a small diagram-chase (or four line proof).

Now stack two copies of this square

L foldl(cons,)

L} ——

| A —— /
foldl(cons,)
¢ : h

[P L,

foldl(cons,)

shows that hoh = id;. Now

h = foldl(cons ) o co (Lxnil) = foldl(cons,) o (nilxL)

1% |Sa
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Initial Lists

An initial list object for A is an (L,nil,cons) such that for every z : B—C
and left A-action
a,=aoc: AXC—C

tbere is a unique morphism h = foldr(x, a.) : Lx B—C which makes the following
diagram commute

(nil, B) B
B LXB consx AxLxB
> h h
v v
c AxC
QC

In Seﬁs and Pos(w) h is foldright on lists. For z € C we have

foldr([ay,a,....,a,),7) = a;®(a,®(... (¢, ®2)...))




Uniqueness of List Objects

Theorem 10 Let D be a distributive category. Convergent list objects are initial.
Conversely, if there is an initial natural numbers object then initial list objects are
convergent. The fold operations are related by

foldr(C, a,) o (rev'xC)oc: CxL—C
foldl(a)o(zxrev)oc: LxB—C

foldl(a)
foldr(z, ;)

In particuler a natural numbers candidate is convergent iff it is initial and the
iteratators are related as above.

The proof does not use either projections or diagonals as such, unless they ap-
pear as iterators. Thus the pr%f\applies to many categories in which the product
is weaker than the usual categorical product, such as categories of partial maps, or
categories in which computations A— B are represented by arrows A—T5B where
T is a commutative computational monad. It even applies in models of linear
logic, and categories of abelian groups or vector spaces where there simply are not
projections or diagonals.

16
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D is-hributive Moncidas Calegore,
(D, ®,+)
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Theorzem Zf T is a (comometative)
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Preserves Ast d{/’eeﬁ,

fﬁ- «: CRA — 17¢C
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Domains and Continuous Functions

The results do not apply in the category of c.p.o.’s with bottom and all con-
tinuous functions. In this category (which is not distributive since it lacks sums)
there is no inital list object, with respect to either the separated or coalesced sum
since the desired fold operation may either fail to be unique or fail to exist {re-
spectiveiy). There is a sense in which the desired fist object is the convergent list
object, however.

If f is a loop on C then the loop shunt(a) can be defined, and converges to

C.L — CxL
z — (z,nil)
L o~ (L,1)

17

Extensions

These results should apply in an abstract setting to:
® a generai class of datatypes.

o full recursion.

Conclusions

The semantics of natural numbers and lists can be constructed directly from
tail-recursive intuitions, by using universal invariants. In many categories these
new concepts are equivalent to the initial algebra constructions. Where they are
known to differ, the tail-recursive approach seems preferable.

This approach allows the specification of tail-recursive progrms directly, with-
out first translating through primitive recursion,

18
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THE A&-CALCULUS 2

There are two ways to implement message passing:

e The first way is to consider objects as arrays that associate
to each message a method

object

internal state
message_1 | method_1

message.n | method_n

This first point of view has been extensively studied and
corresponds to the “objects as records” analogy [Cardelli88].
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THE A&-CALCULUS 3

¢ An other way to implement message passing (our approach)
is to consider the message as (an identifier for) a function and
the receiver as the argument of the function.

Example:

[ [myPoint move (3,4)] norm ]

norm is the message. Viewed as a function, it takes myPoint
of type Point, after that this has been moved by (3,4), and
returns the norm of myPoint.

As norm applies to arguments of different types (e.g. dimen-
sion), it is an “overloaded” function.

In general:

1. A message may behave in a different way on values of
different types.

Messages are (identifiers of) overloaded functions.

2. Message passing must act by call-by-value.

3. A regular function and its arguments are bound together
in the compiled code (compile-time type-checking), while
a method and the receiving object are united only at run-
time, i.e. during the computation. This tool is called
dynamic-binding
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Circle and Square subtypes of Picture
draw is a method defined on all of them

AgFicture [ draw] ...

L message._1i ]
class_name_1 | method_1

class_name_n | method.n

This is the approach used for example in CLOS

The three keyword of our approach:
e overloading
o call-by-value

¢ dynamic-binding

We look for a A-calculus WITH TERMS DEPENDING ON
TYPES to model them
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Some intuition

Overloaded function = finite collection of ordinary
functions stuck together to

form the different branches

Its type is the set of the types of its branches

Add to A—terms
(M&N)

Add to types
Vi -V, V= V}
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U<V &, any value of U can be used in the

place of a value of V

Given an overloaded function with n branches of type U; —
V; if we pass it an argument of type U then we choose the
branch j that “best approzximates” U.

U; = minj—; {Ui|U < U;}.

(My&e ... &M,) U Vidiztaa NU % M- N

The selection is done iff N is a value (to have dynamic binding
and call-by-value)
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run-time type: used to select branches (to compute)
compile-time type: used to type-check.

An overloaded type {U; — Vi}ier is well-formed if and only
if
Vi, j €I
U;<U; = Vi<V (1)
U; 4 U; = Jauniqueh el Up=inf{U,U;} (2)

Restriction (1)
M:{U, = V,U; — Va} with Uy < Uy and N : U;

the compile-time type of M N is Vi;
if the normal form of N has type Us then the run-time type
of M N will be V; and therefore V3 < Vi must hold.

Restriction (2)

Condition (2) assure the existence of minj—1..{Ui|U < Ui}
during the selection
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OO interpretation

(1) When sending a message, the smaller is the class of the
receiver the smaller is the type of the output.

Thus messages identify covariant families of methods

(2) In case of multiple inheritance methods defined in more
than one ancestor must be explicitily redefined.

m:{U; — Vi,U; = Vo}  with U; < Uy, Uy
then

- U3 defined by multiple inheritance from U; and U,
- m has been defined both in U; and U;
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Pretypes
Vi=A|lVV{V -V ...V, =V}

Subtyping
U, <U; i<V,
U-Vi<U, -V,

Viel,ijeJ U —V/ <U -V
{U} = V}jes AU = V'hie

Types

1. A € Types
2.if V4, V5 € Types then V; — V; € Types
3.ifforalls,j €1
(a) (U, V; € Types) and
(c) (U;U; = 3h el U,=inf{U;,U;})
then {U; — Vi}ier € Types
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Terms

Mi=zV | \e"M | M-M | e | M&"M | MeM

Type-checking Rules

[TAUT] V.V
[— INTRO] - M-V
AZUM.U -V
(- BLiv] MU-V NW<U
(=) M-N:V
[TAUT,] e:{}

MW <A{Ui = Viticn-yy NWL < U, =V,
(M&{Ui—’vg}iSnN); {Uz — V;}zSn
M:{U; = Vitier N:U U; = mine{Ui|U < U;}
MeN:V;

[{}INTRO]

[{}ELv]
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Operational semantics
B) (\z5.M)N > M[z® := N|
Bg) If N:U is closed and in normal form,
Uj = mm{UzIU S_ Ui},

(My&My) : {U; = Vi}iz1.n then

MieN forj <n
(Mi&eMp)eN > My-N forj=n

Base case

(e&Mi& ... &M,)eN >* M;-N

Main Theorems
e Generalized Subject Reduction: Let M:U. f M >* N
then N:U’, where U' < U.
e Strong Normalization: There is no infinite sequence of
reductions starting form a well-typed term

o Church-Rosser. Every term posses a unique normal form.

Tue A&-caLcuLus 12

Deriving records
Records can be encoded.

Take an infinite list of pairwise incomparable atomic types
L1, Ly, ... and introduce for each L; a constant ¢;: L;.

((€1:V1;...;€n:Vn))E{L1~—>V1’,”,Ln_.>1/;l}

1.
2. (ly=My;...ily=M)=(c& N My & .. . & Azl M)
with & ¢ FV(M;)

3. ML= M
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Some examples
Class-name = Atomic type
Class-name = type of the objects of the class.

We associate to a class-name the (record) type of its instance
variables

Two classnames are in subtyping relation if this relation has
been explicitly declared and it is feasible w.r.t the represen-
tation types.

Example 1

2DPoint = ((z : Int;y : Int))
8DPoint = ((z : Int;y : Int; 2 : Int))

3DPoint < 2DPoint

Norm = ( Aself 2P0 \/selfa? + selfy?
& Aself 3PFont | [self z? + selfy? + self.22
)

{2DPoint — Real, 8DPoint — Real}
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¢ Covariance

FErase = ( Aself 2DP‘”"ft.(:c = 0;y = self.y)
& Aself 3PPom (z = 0y = selfy; z = self.2)
)

{2DPoint — 2D Point, 8DPoint — 3D Point}

e Multiple inheritance

Color = {(c : String))
2DColPoint = ((z : Int;y : Int; ¢ : String))

set 2DColPoint< Color and 2DColPoint<2DPoint.

Erase = ( Aself PP (g = 0y = self.y)
& Aself 3PPomt (g = 0;y = selfy; z = self.z)
& Aself €T (¢ = “white”)
& Aself 2PCoPont (4 — 0,y = selfy; c = “white”)

)

{ 2DPoint — 2DPoint,
3DPoint — 3DPoint,
Color — Color,
2DColPoint — 2DColPoint}
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Tup Ak-carcuLus

class 2DPoint
state
x:Int;
y:Int
methods

Erase = x <~ 0;;
interface
Norm: Real;
Erase: Likeself
endclass

state z:Int
endclass

class Color
state c:String
methods Erase =
interface Erase:
endclass

class 2DColPoint is
methods Erase =
endclass

Norm = sqrt(self.x"2 + self.y"2);;

class 3DPoint is 2DPoint and

c <- "white";;
Likeself

Color, 2DPoint and
X <~ 0; c <- "white";;

15
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Definition of Equal

In object as record analogy:

2DEPoint =
(( z : Int;
y : Int;

Equal : 2D E Point — Bool))

3DEPoint =
( z : Int;
y : Int;
z : Int;

Equal : 3DEPoint — Bool))

2DEPoint £ 3DEPoint

In our system if we set 3DPoint< 2DPoint then an equality
function,with type:

Equal : {2DPoint — (2DPoint — Bool),
8DPoint — (3DPoini — Bool)}

would not be well-typed either.
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i

E’qual E( A(p, q)ZDPoz'ntXZDPoint. (p.’L‘ — QSC)AND

. - (py=2qy)
& /\(p’ q)B PomthDPomt.(p.x —_ QLU)AND

) (p.y = ¢.y)AND(p.z = q.2)

the function above has type:

{(2DPointx 2DPoint) — Bool, (8DPointx 3DPoint) — Bool}

Multiple dispatch

Equal E(e)\(p, q)ZDPointx2DPoint'
& /\(p, q)SDPointx3DPoint‘
& A(p, q)?0Fomtx3DPoint (5.3 — g 2)AND(p.y = .y)
& A(p, q)*Promt2PPoint (p.3 = ¢.2)AND(p.y = q.y)
) AND(p.z = 0)
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Main features

Things which were modeled:

¢ self and MyClass (Likeself, Likecurrent, etc...) with-
out recursion.

e The Fqual method.

e Multiple dispatch

e The roles of covariance and contravariance in subtyping
e A real type-dependent calculus

o A different way to study and implement object-oriented
languages

e The encoding of records

o A type sysem for CLOS
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Things to do:

Things that it is possible to model which are not included in

the paper: ¢ To add recursion.

| e To add second order types
o Syntactic difference between inheritance and subtyping ¢ To find out a semantics

e To add a new method to an existing class o To develop an implementation of an OO-language based

e To redefine an existing method without the need of total on this work.
recompilation and type-checking.

e To encode the full calculus of record values of Cardelli
and Mitchell

e modular programming with separate compilation

e super to any ancestor of the multiple subtyping hierarchy

e To force an object of a certain class to behave as if it
belonged to a superclass

Some of these features need the use of explicit coercions.
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Semantics of Local Variables

Bob Tennent
LFCS, University of Edinburgh
and
Queen’s University, Kingston, Canada

in collaboration with

Peter O’Hearn
Syracuse University, Syracuse, N.Y.

Problem: obtain a suitably abstract semantics for local-variable dec-
larations in an Algol-like language, as in

newz:int.z:=0;...c:=z+1...

Outline:

Semantical framework

L

Traditional approach

Possible-world approach

Procedures

Non-interference

Realizability
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Semantical Framework

0 = varlexplcomm|-~-|0——+9'

= {..,u~0, .} type assignments

locations

[var] = {0,1,2,...}
[exp] = S—=V,

expression meanings

[comm] = S— 5, command meanings
where S = [var] — V (states), and V' is a set of storable values.

6 — 671 = [6] — [¢] procedures

I7] = ILcaomelm(] environments

[P]:[x] — [6] when = - P:6
(s] € v), if [Elus=veV

and [X]u =2
1, if [Elus=1
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Traditional Approach to Local Variables

Syntax:
(7] ¢+ var) F C:comm
7 F new.C:comm

Semantics:

S = [var] — (V + {unused})

“marked” states

(s" | €~ unused), if [CJu's = s"
1, otherwise

frew:.Clus = {

where v = (u|¢m0)
§ = (s] £ u)
s(f) = unused
vy € V is a standard initial value

But, e.g., the equivalence

new:.C = C

(¢ not free in C) fails!

Need to ensure that “unused” locations really are unused in the block
body. Approaches:

1. determine the “storage support” of semantic entities (Meyer
et al.);

2. use possible-world semantics, in category theoretic form
(Reynolds et al.).
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Possible-World Semantics

e w,z,...are possible worlds.

e f:w — z is a change of possible worlds.

e Compatible changes of world are associatively composable and, ,

for any world w, there is an identity id,;w — w; i.e., possible
worlds and changes make up a category W.

o [6]w, [7]w are sets or domains appropriate to world w.

e For any world w, [P]w: [r]w — [0]w when = +- P:6.

o [6)f:[6]w — [f]z and [x]f:[x]w — [r]z are functions in- {“

duced by f, preserving identities and composites; ie., [0] and
[] are functors from W to D (or to S). :

e For any change f:w — z, the diagram

w [r]w [Pl

1 181/
T [z [6]«

commutes: i.e., [P] is a natural transformation from [x] to [8]

[6]w

[P]=

e Summary: interpret languages in functor categories ) and
SW for appropriate categories W of possible worlds. '
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Application to Local Variables
Category W:

e worlds are natural numbers (number of locations available)

e changes f:w -— z are injective functions from {0,1,2,...,w—1}
to {0,1,2,...,z -1}

[var]Jw = {0,1,2,...,w -1}
[exp]lw = S(w)— V|

locations
expression meanings

[comm]w = S(w)— S(w), command meanings

where S(w) = [var]Jw — V for any w, and, for any f:w — z,
[var]f¢ = f(¢)
[explfe = As.e(f;s)
[comm]fc = ...

(changes non-local locations like ¢, leaves local ones invariant)

[7] = [Leaome (V)]

. P
l[ller,.CI]’qu = { f,S ’ if [[C]].'I?’U, S :s”

1, otherwise

where z = w+1
d = ([l e w)
= (s|wey)
frw — z is the inclusion
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Exponentiation

Functor category DV is cartesian-closed for any small category W.
This gives us

e exponentiation in D% so that [§ — 6'] = [6] — [¢'], and

e interpretations of abstraction and application that satisfy the
laws of the typed A-calculus, and are uniformly-defined for all
W.

(F — G)(w) # F(w) — G(w); in fact, p € (F — G)(w) is a family

of functions indexed by morphisms f:w — z such that

F(z) p(f) G(2)
01 N ()

commutes for all f:w — z and g:z — y in W. |
For any small category W, SVisa topos, and this provides an inter-
pretation of logical operators valid for (higher-order) intuitionistic
theories; furthermore, the following formal law of extensionality is
valid: .

(Vu:0. F(») = G(L)) = F=G,

where ¢ is not free in F,G:0 — §'.
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Exponentiation in “Basic” Types

Can we define basic types using exponentiation? Consider
S = [var] =V
[exp] = S—V,
[comm] = §— 5,

where V' is a constant functor and (-), is pointwise lifting.

Problems:

1. [var] — V gives too many states: commutativity of

[{var]]w—s(ig—'—”)—v 1%
[var] f idy,
s,

[var]z

does not constrain s(f) outside the range of [var]f = f.
2. Even if defined pointwise, S is naturally contravariant:
S(w) = [varjJw -V
S(f)(s)=f;s.

But then how can we define covariant [exp] and [comm] ?
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Contra-Exponentiation

Define F — G from contravariant F and G by reversing the vertical
arrows in the uniformity condition:

o) —2Y) ()

F(g) _ G(9)
F(y) plf:9) G(y)

for all f:w — z and g:z — y, but defining the morphism part of
F — G so it is covariant:

(F = G)(NHp)g) = p(f;9)

Then S — V| is a satisfactory definition of [exp]), isomorphic to the

pointwise definition used earlier, and similarly for S = [var] —= V. |

For [comm)], there is a further problem: S — S, allows non-local
commands to change values of local variables:

Need an apparently ad hoc constraint on command meanings.
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Procedures

Similar problems arise with procedures; e.g., the equivalence

newz. z :=0;
Pz =z +2) = diverge
if even z then diverge

(z not free in P:comm — comm) fails, despite the commutativity
of

[comm]w plid,) [comm]w
[comm]f [comm)] f
[comm]z [comm]z

Need to ensure that non-local procedures preserve invariance prop-
erties of local variables. Approaches:

1. obtain a sub-model by using logical relations (Meyer and Sieber);

2. obtain stronger uniformity conditions by having more W-maps
(Tennent and O’Hearn).
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Specification Logic

The “even” equivalence can be proved in Reynolds’s “specification
logic,” a multi-sorted intuitionistic first-order theory with atomic for-
mulas of the form

e {P}C {Q} (Hoare triple), and

e C # E (every way of using C preserves any value obtained by
using E),

using

Local- Variable Declaration:

VHE,. . #E,
CI#L,...,C’"#I/
{P}C{Q}
{P}new ..C {Q}

(¢ not free in assertions P or @, in phrases E; or C;, or in uncancelled
assumptions), and

Non-Interference Abstraction:

P#R & {R}C{R} = {R}P(C){R}

where P:comm — comm.
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Semantics of Non-Interference

Possible-world semantics, such that

e worlds W, X ... are sets of (allowed) states;

e changes f:W — X include both ezpansions (with X = W xV)
and restrictions (with X C W),

[exp] = S—=V, (using contra-exponentiation)

[comm] < S— S (constrained partial contra-exp.)

[var] = (V — [comm]) x [exp] (generalized variables)
For ¢ € [comm]W and e € [exp]W,
c#e <= forall ffW— Xandse X, c(f)s=c(f;g)s
where g is the restriction to
{s € X |e(f)s = e(f)s}.

Intuitively, ¢ # e holds iff any (terminating) execution of ¢ can be
restricted to a world for which the value of e is invariant.
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Discussion

Non-interference model does not solve all problems.
e an equivalence that is valid in the non-interference model and
fails in other models:

newz. z :=0; —
P(z) = P(0)

(z not free in P:exp — comm)

e an equivalence that fails in the non-interference model, but is
valid in other models:

I

new z. z := 0;
Plz:=z4+1;z:=2+1)

new z. z = 0; =
P(z:=z+2)

(z not free in P:comm — comm)
e an equivalence that fails in all published models:

new z. ¢ = 0;

Plz:=z+1) = P(skip)

(z not free in P:comm — comm)
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Realizability Constraints

Observation: the counter-examples to the equivalences are not just
inezxpressible; they are unrealizable.

Conjecture: need to impose uniformity constraints in a realizability
framework (c.f., “parametricity” in 2nd-order A-calculus).

Experiment:

e replace sets or domains by pers (partial equivalence relations)
e require morphism parts of functor objects to be realizable

e require components of indexed products [1,cw F(w) — G(w)
and [y, , F(z) — G(z) to be (uniformly) realizable

Results: counter-examples are not realizable and all test equivalences
validated. This Per interpretation is currently the best available
model of local variables.

Questions:

¢ How should we deal with recursion?

¢ Can we prove full abstraction?

¢ Is there a more abstract form of the realizability constraints,
perhaps expressible in the internal language of an appropriate
category?
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RFMAROUES SUR LA THEORIF DES J%1X A DEUX PERSONNES

par André Joyal
(1'uOAM)

Dans son livre "On numbers and games", John Conway introduit une notion
d'équivalence entre des jeux 3@ deux personnes. Il démontre ensuite que
les classes de jeux équivalents constituent un groupe abélien ordonné
pour une somme convenablement définie. Sa construction est réminiscente
de la construction traditionnelle des nombres naturels 3 partir des en-
sembles finis, ou enccre de celle du groupe de Grothendieck d'une caté-
gorie abélienne. Cependant, Conway ne nous indique pas ce que pourrait
€tre une transformation (un morphisme) entre deux jeux et il manque ain-
si d'obtenir une trés jolie catégorie des jeux. Nous nous proposons,

dans le court texte qui suit, de décrire cette catégorie qui est vérita-

blement un calcul "combinatoire" des stratégies.

Jeu, Joueur, partie, gagnant, perdant...

Rappelons qu'un jeu G est esaentiellement un "ensemble" muni de deux
types de relation d'appartenance:

h % G et g g G.

R :
g € G signifiant que g est une posfition que le joueur de droite (Right)
peut prendre s'il ouvre le jeu. De méme h % G signifie que h est une

position que le joueur de gauche (Left) peut prendre s'il ouvre le jeu.

I1 faut compléter cette description en supposant de plus que les posi-

tions d'ouvertures g et h sont elles-mémes des jeux. On ajoute 1'hypo-

these qu'un jeu est bien fondé: toute chalne g xl_B Xy e de posi-
tions est finie peu importe l'alternance des occurences de‘% ou de Eé

dans cette chatfne.
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Ces conditions étant satisfaltesyon défjinit une partie comme chaine de

R 1 -
. u le . cnces dao tode.y se sucee-
positions G - xlj; X, ...:ax“ ot les occurences de ) et de.3y

dent en alternance et qul, de plus, soit maximale en ce sens que sl Ta

i .
chalne se termine par X 13; xn. alors le joueur de droite ne peut
n-

. 1 ey B A ER
prendre aucune position d'ouverture sur le Jeu X, (car }'ensemble de ces

positions est vide); le joueur de drofte est alors perdant car le devnier

Joueur @ jouer dans une partie est gagnaut. (l.es parties qui commencent

par (;55 Xy sont évidemment les parties ouvertes par le Jjoueur de drotte).

On peut écrire G =(n: E SR B oh

pour indiquer qu'un jeu est entierement déterminé par scs posttions

d'ouvertures &?e gauche ou de droite).

Cette notation permet de définir

é’ 1) 1le jeu nul 0= (#.M

sans position d'ouverture. Le premier joueur est immédi{atement per-—

dant 3 ce jeu!

2) L'opposé - G d'un jeu G.

R 1,

G =({-g: g ¢ Gl A-h:h @G

oii sont intervertl les rdles des joueurs gauche el drojte.

3) La somme H + G de deux jeux

3 R
H+G=0{h+G: h Ly, turg: g 0 G

Les deux derniéres définitions sont des définitvions in-

Remarques
Auctives: la somme H + G est Aétorminée st on connait les sommes
h+G et H + g etc. Une description moins formelle de la somme:
chacun des joueurs a devant lui chacun des jeux 1 et G ;  pour

répondre 3 1'adversaire on choisit dtabord sur lemqiel des deux 01 et

Wl
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G on jouera, et on prend ensuite sur ce jeu seulement une position

qul suit légalement la position actuelle Ae ce jeu; c'est ensuite le

tour de son adversaire de faire de méme.

Stratégle gagnante

Une stratégie gagnante est une régle dictant (au joueur qui 1'applique

dans une partie) le choix d'une position pour répondre 3 la position

chotsi '
sie par 1'adversaire. Le joueur qui applique une stratégie gagnante

est gagnant car son adversaire ne peut &tre le dernier i jouer. Nous
] P

noterons SU(G) 1l'ensemble des stratégies gagnantes pour le joueur de

gauche sur le jeu G lorsque le joueur de droite ouvre le jeu. Un élé-

ment U € SO(G) est donc une régle permettant de choisir une position

L
X)n-12 X,, chaque fols que 1'on s'est donné unc chalne
L R R
c3 1P X222 %0
ob les po ! été
positions d'indice paif Xy, 1l < r <n ont été choisies antérleu-

rement par application de la régle U.

N p é
ous noterons sl(c) 1'ensemble des stratégles gagnantes pour le joueur

de gauche lorsque c'est lui qui ouvre le jeu G.

On a alors

e

1
(1) SO(G) % sl(g)
geG

car le choix d'une é &
stratégle T ¢ SO(C) est €quivalent au choix d'une

straté
atégie Tg € Sl(g) pour chaque position g g G.

On a aussi

@ S0 3 T s (g)

"

geG
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car le choix d'une stratégle U ¢ SI(G) est équivalent au choix d'une po-

sition g % G et d'upe stratégle h ¢ S”(g).

Les formules (1) ct (2) déterminent alors entiérement SO(G) et SI(C)

par récurrence (transfinl) sur les positlons de G.

Calcul des stratégies

Nous allons maintenant décrire une ecaidgorie Y dont les objets seront
les jeux 3 deux personnes. Un morphisme

f
¢ ——— i

sera un: stratégle gagnante pour le joueur de gauche sur le jeu

H=-G=H + (-C) dans les parties ou c'est le Joueur de droite qui ou-
vre. Un morphisme £ ¢ Y(G, lI) est donc une stratéple f « So(” - G).
IC

> G est la stratégie qul consiste (pour le Joueur

1) L'identité ¢
qui joue en second sur G - G) a répliquer a tout mouvement sur une com-

posante de G + (~C), le mouvement opposé sur la composante opposée.

2) Stratégie sur la somme G + H.

On définit facllement la somme T t U de deux stratégles T ¢ SO(U),

U e So(H) . ' .
§,(6) x s_(10) >S5 (G + 1)
3) Stratégie résiduelle. ,
Nous allons définir une opération
: 0
SO(A) X SO(B - A) > Su

C'est le point essentiel dans notre texte. 11 s'aglt de décrire une

stratéglie T * U ¢ SO(B) i partir d'un couple de stratégles (U, T) ¢ SU(A)

x SO(B - A).
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Supposons que le joueur de droite ouvre une partie sur B. Le jouecur de
gauche peut trés bien considérer que c'est une ouverture sur B + (-A)
La stratégie T lu{ permet alors de répondre sur B + (-A). Deux cas peu-

vent se produire

1) La stratégie T lui dicte de répondre sur la composante B du jeu
B + (-A). Dans ce cas, il Joue sur B et attend que le joueur de

droite ait effectué (sur B) le mouvement de son choix.

1i) La stratégie T lui dicte de répondre sur la composante -A du jeu
B + (-A). Dans ce cas, la partie serait en suspend si la stratégie

-U ne permettait de simuler sur -A un coup de la droite., (C'est

bien une simulation car le Joueur de droite peut aller jusqu'a igno-

rer 1'existence du jeu B + (-A).)

Ainsi, on voil: que la droite (réelle ou simulée, selon le cas) répond

sur B + (~A) ©» la stratégie de gauche T: dans le cas 1) elle utilise

toute s é
a liberté et son intelligence; dans le cas ii) c'est la gauche qui

simule au moyen de -U sa réaction su: =A. Ceci induit sur B une partie

que la droite perd car la gauche gagiera sur B + (-A) et perdra sur -A
(puisque U est gagnant sur A) ce qui entrafne qu'elle gagnera sur 3.

La gauche n'a fait aucun effort, elle ne fait: qu'ugiliser les ressources
des stratégies T et U.

]
C'est donc qu'elle a une stratégie gagnante sur

s i
B (que 1'on vient de décrire): c'est la stratégie résiduclle T * V.

La lot de composition des stratégies

Nous pouvong maintenant définir le composé

A f >

B
sf l 8
C
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des stratégies f ¢ So(B + (-4))
g €S (C+ (-B)).

On effectue d'abord la somme

gt fe SO(C + (~B) + B + (~A))

1"

SO(C + (=4) + [(-B) + B])
On calcule ensuite la stratégle résiduelle

(g + £) * 1, €8 (C+ (-A)
Théoréme

1) La loi de composition des stratégles détermine une structure de ca-

tégorie Y.

2) La somme G + H est un bifoncteur associatif, commutatif avec objet
neutre 0.
3) Pour tout jeu G le foncteur

G+t () Y —>Y

-~

est adjoint & gauche au foncteur

G+ () ¥ Y,

d . - .
En resume, la catégnrie Y est monoidale, ferme, symetrique et auto-
duale: exactement comme la catéporie des espaces vectoricls de dimension

fini sur un corps K. On a la table suivante de concepls corresvondants:

0 > ©
G+ H > voAw

K

-G -+ v

Hom(G,l) + Hom, (V,W)
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vt les identitis;

Hom(G, 1) > H-G -+ Hom {(V,W) W ® yx
K K
Hom (G+11, 1) 5 Hom (G, Hom(H,1)

> HomK(v ? W, 2) = "omK(v' “OmK(W,Z))

eto,

On peut ensuite procéder comme Conway: Deux jeux H et 6 sont

fouivalents s'il existe des flaches n § g et G Ed H . C'est
cvidemment une relation d'équivalence. Les classes de jeux équivalents

constituent un groupe abélien sous la somme

(U] + [6] = [u + @]
{n} + [o]

H

) + [-n) =0

Clest e - & 2
leme un groupe abélien ordonné car on peut dé¢finir une relation

1'ordre: 51 st i
d'ordre I} < (6] s'i1 existe une fléche 1 £ G C'est ce groupe
abélien qui contient les nombres surréels
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ACTIVITFES PREVUES

séminaire sur la théorie des sinqularités (25 avril - 25 mai 1977, UOAR)

M. Jean Martinet (1épt. de math. Univ. de Strasbhourg)
donnera trois conférences par semaine sur la théorie des sinqularités:

applications différentielles, formes Adifférentielles et équations

différentielles.

Pour nlus d'information communiquer avec Jean-Guy Dubois de

1'UNAR ((418)-723-1986).

Les Journées de 1°'Optimisation 1977 (les 5 et 6 mai 1977, Université

Concordia, Hontréal)

Cette année les Journées de l'optimisation porteront sur la
théorie de l'optimisation, la programmation linéaire, non-linéaire et en
nombres entiers, les méthodes combinatoires, la théorie de la commande
optimale, la théorie des jeux, et sur les applications aux problémes du
génie, de gestion, de transport, de l'économie, de l'environnement, des

ressources, de 1'aménagement, de la biolegie, etc...

Les conférenciers suivants ont accepté l'invitation du comité

dtorganisation:
Michael ATHANS, Massachussetts Institute of Technoloqgy

Jean-Pierre MUBIN, Université de Paris IX (présentement
en congé A 1'Université de Montréal)
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Interaction Sequences

Thierry Coquand
Department of Computer Science, University of Goteborg/Chalmers
S-412 96 Goteborg, Sweden

AMarch 20. 1992

Introduction

We present an abstract version of the notion of cuts between proofs. This
leads to an argument of normalisation based on an analysis of what hap-
pens during the process of cut-elimination (and not on an induction on the
complexity of the cut formula).

This paper is mathematically self-contained. .\ knowledee of infinitary
propositional caleuhis, as presented in 3]0 may be useful for :eading section
G.

1 Motivations

The idea of identifving a prool with a winning strategy for a gaine seems to
come from Lorenzen {1, 2)', This identification is especially clear if we con-
sider tntnitionistic provability of arithmetical prenex formulae. For example.
the game defined by a forinula

FrVy. 3z oy s).

where 1wy, 2) is decidablel is that a plaver chooses a value for x. the
opponent a value for y and then the playver chooses a value for =, The playver
wins iff the formula A(r. g 2) becomes true for this choice of values for z. y. =.
In this case. it is clear that a winning strategy for this game corresponds
exactly 1o an intuitionistic proofl of the above formula.

M he anthor was lead o this idemtibication by reading (1)
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Looking at examples of prencx formulae that are classically valid. it
seems natural to try to extend this analogy between proofs and winning
strategy in the case of classical logic by allowing the proof. when it has to
make a move. to answer to any previous move of its opponent. or to play
a new initial move. One can then hope to identify classical proofs with
winning strategy for such games. This was suggested by Lorenz [2].

Another idea. that comes {rom concurrency theory {3]. is to interpret a
strategy as an interactive programs and modus ponens as internal commu-
nication: given a winning strategy for A = B and a winning strategy for
A. one hopes to got a winning strategy for the game corresponding to 3 by
letting the strategy for A = B play against the strategy for .4 whenever its
play concerns A. One expects then that the result of cut-elimination will be
replaced by a proof showing that ~internal chatters™ end eventually.

When trying to put these ideas together. the difficulty is in the exact
definition of wlat it means to “lot two strategios play against cach other™.
Trying to precise this leads 1o the notion of interaction sequence, which is a
purely combinatorial notion.

One surprise is then that the main coneepts ahout proofs. like the one of
normal proofs. can be lifted at the level of interaction sequence. Basic facts
about proofs. like cut-elimination. can also be expressed and proved at the
level of interaction sequences.

We first present the notion of interaction sequence. and some of its hasic
properties. These are directly applied to a definition of classical provability
for infinitary propositional formulac [)] for which modus pouens can he
interpreted by internal commniication.

2 Interaction Sequences

An interaction sequence is a pair (1. f)such that V(0)is empty. V(1) =
{0}. f(1) = 0. the function [ is defined on an initial segment {I.N] and for
n< N

Vin4+ D= ubvefom). fin+ 1) eVin+ 1)

I (V. /) is defined for all positive integers, and for all N0 (V. [) s an
interaction sequence on [1. V] we say that (V7. [} is an infinite interaction
sequence.

Notice that. if (V. f)is an interaction sequence. we always have f(n) < n
and f(n).n ave of distinet parity.

We let y < 2 mean that x € f(V(y)). By a direct induction on y, y < «
iff there exists a sequence y.....y, such that yy = fly—1). iy = flye=1)
and y, = z. Hence < is transitive,

Lemma 1 If y < x. then V() is a strict initial segment of Vi y).
Proof: By the alternative definition of < . [J

We shall need a slight generalisation of the notion of int-raction se-
quence. If A4 = {ng.....n ). with ng < ... < 0 and f is a function defined
at leaston {n;..... ne}.wesay that f defines an interaction on -t ifl there
exists an interaction sequence (V. g) defined on [1. 4] such that flu,)=n
forp=1..... k.

If po=gli). ¢ = g(j). we write ¢ < p (fo.4) for the fact that j < i
relatively 1o the interaction sequence (1. ¢ .

an

It can be seen directly that the {illowing algorithm checks whether or
not a function [ defines an interactic: on {nac. . ong ).

o I k= 0. then [ does define an .nteraction on {ng}.

o Ik > 0. check recursively whetner or not [ defines an interaction on
the set {ng..ooompoy )

= i not then [ does not def: o an interaction on {ug.. ..o}

= il veso we know that f(ng ) is of the form ny,o with p < k= 1.
If furthermore f{u) = n, . then [ defines an interaction on
{nac oo} Otherwise. [ defines an interaction on {ng.....ny}
P SO & {nge . onpay b and f defines an interaction sequence
on the ser {ngooomusyong ).

Lemma 2 If [ defiocs aninteraction on {n......0.}. f(ng) = n, and n,
is ol in the set f({: oo} then fodefines an inforaction on the sct
{noecomeyngg e oon )

Proof: By induction « ¢ r — ¢. using the previous atgorithm. [J

I is an infinite subset {ue.ony.. ) and s a function defined at least
on /. wesay that f defines an interaction on A iff f defines an inferaction
on each {n,..... nh.
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Let us define depth( f.0) = 0. depth(f.n) = depth( /. [( n)y+1 for " >. ()
The integer depth( f. ) is called the depth of n for f. We say II}al (Vo f)is
of bounded depth iff there exists N such that depth(f.n) <.V for all n.

The following definitions will not be needed in the noxlv two sections.
but are needed for the definition of classical provability. We sa‘\‘.!h.at an
interaction sequence f is cut-free iff f(2p) = 2p — 1 whenever 2p is in the
domain of f. ‘

We define inductively index( f. n) for n in the domain of f by

o index(f.n)=nif f(n)=0.

o otherwise. index{ f. n) = index(f. f{n)).

3 Main Proposition
In this section. we suppose given an infinite interaction sequence (V. f).
Lemma 3 if f(2) > 0. then o < f(f(r)).
Proof: We have f(r) € V(). henee f(f(+)) € f(V (). B
If A CN.Sy(r) denotes A0V ()

Aninfinite subset 4 = {n; ) is called good il f{A1C A and Sy(npey) =

me}U S ). .
{ ‘}\'oli(‘:' that .1 = N is good.  Also. il o4 is good. then [ defines an

interaction on .1,

Lemma 4 If A = {u) is good. cither. for all q there crists v > q such that

wy = fim ). or there crists a good subsct {nn} and p such that v, =, for
¢ = [

P<poand my, < n.

i = K defined by

Proof: If .1 is good. wy not in f(4) and 0y = g} hl. (m,? In‘ <'Ix f.l.l,(.(.- :

my = n, for 1 < poand upg, = Hgpg 1UiS clear that (1) 15 strietly increasing.
y =0 . : )
Let 13 = {my}. Lennua 2 shows that f(3) € B. Furthermare

»‘i\‘(“u) )= {ngbUSaln) = {ngonpe JUSH([(20)

and henee .
Splmg) = {m U Sy fan.-)).

It follows that 13 is good -
Notice also that ny, < ). hecause n, € V()

Proposition 1 Giren an infinitc intcraction scquence (V. f). there evists
an infinite scquence uy < us < uy. .. such that Sl — 1) = w, for all p.

Proof: This can be reformulated by saying that < is not well-founded. Were <
well-founded, we could find a good subset {11} such that ngy; is <-minimal for
good subsets starting with ng.....ny. By lemma 4, we have that for all p. there
exists ¢ > p such that mp = f{ny). and we get a contradiction by lemma 3. [J

In the important special case of bounded depth sequences. we can build
effectively a sequence () such that u,y; < u,. The algorithm is built by
induction on a bound N of the depth. If depth( /. n) is always < X. we apply
the induction hypothesis. Otherwise. lenima 2 shows that fwo segments of
the form [f(n).n] with depth(f.n) = N ave such that they are disjoint or
one ix strictly included into another. We progressively remove all these
segments that are maximal. In this way. cither wo are left with an infinite
subset. which is a good subset {n} where all depth( f.n;) are < N, and we
apply the induction hypothesis. or we are loft with a finite subset. and the
Jeft extremity of the segments form » sequence (u) such that w,y, < u, for
all p.

4 Cut-elimination

An infinite interaction sequence (V. ) is said to be winning ifl < is well-
founded over odd integers. I 4 C X is infinite, we define in a corresponding
way when f defines a winning interaction on -,

Lemma 5 If (\". [} is an inleraction sequenec on {1.ng] and {ng.....n}
is a sct XN sueh that Jtn;)y € X forj=1.....k and Sy € {nyoooong)
implics n.€ X then f defines an interaction sequenec on X,

Proof: By induction on k.

If k= 1. then we have f(u)) = wy and henee I defines an interaction on
{ng.my}.

111 < ko and the lemma holds for all p < k. lot (V. f) and X satisfying the
hypothesis of the lemma By induction hvpothesis, § defines an mteraction on
{na. . onpy).

I Sy = npoy then [ defines an inter «tion on [T TS

Otherwise, we have f(1) # i for i <imeoy. gl and hence, by lemma 2. if

we et n, e fing., + we have St} < s The hypotlesis of lenma 5 apply then
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to the set {nc.....np_y.nx} and hence f defines an interaction on this set. This
implies that f defines an interaction on {nq.....n¢}. O

We suppose given an interaction sequence (17, f).

Let 7 C A be the set of integers i such that f(7) = 0. 17 € [.let A, be
the set of integers n such that index(f,n) = i. The set A, satisfies the two
conditions of lemma 5, and so f defines an interaction sequence on A,.

Lemma 6 Ifi € I, and n is evcn, then n € A, iff i 1s the least clement of
Vin). If n isodd and n € A, then n + 1 € Ay

Proof: First. it is clear that 7 is odd. and that i + 1 € 4, Let & > 0 he even.
The least integer k such that f5(n) = 0 is even. Let i = S5 ) = index(f.n). By
lemma 1 and lenmma 3. V(S5 2(n)) = {i} is an initial segment of V(n}. and hence
iis the least element of V(n). If 0 > i is odd, and n € A, then f(n) € A, and f(n)
iseven, i € V(f(n)). Hence i€ Vi(n+ and n+ 1€ A, ]

Corollary 1 Ifi€ I andu i~ cvcn,m < n. and n € Ay then moe Ay and
m=<n{f 1)

IfJ C 1 and X, denotes the complement of the union of all sets A; for
i€ J. then X satisfies the two conditions of lemma 5. and so [ defines an
interaction sequence on X .

Proposition 2 (cut-elimination) Lt J C 1 be such that [ defines a win-
ning intcraction scquence on cach infinitc Ay for i € J. If (V. f)is a winning
interaction scquence, then fdefines a winning intcraction on X,

Proof: Proposition 1 awd the corollary of lemma 6 show that Xy is infinite. becanse
otherwise. < will be well-founded botl on odd and even integers.

If f does not define a winning interaction on Xy then there exists two infinite
increasing sequences (ag) and (ye) in XNy such that fye) = e and wpg is the
next element coming after yg in Ny,

For each k. we show by induction on { < & that [ defines an interaction on
Wi = [OAJ'A.H[‘\U,(g[.l'l._“‘1/1_,] Indecd . we lave f(p) # gt Torp € Yiand g < p.
Hence. by lemma 2. if f defines an interaction on Y. for I < k. then it defines an
interaction on Yi4).

It follows that f defines an interaction on ¥ = [0, 2ri[UUlwe. 2xqa]- Since
) = rp for all k. we have that no< m (f.}Y) implies n <1 1t follows that
< (f.37) is well-founded on odd integers. Since Ny Ay’ is finite. the corollary of
lemma 6 shows that < (£.}7) is also well-feunded on even integers. We get then a

contradiction from proposition |
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5 Games

We use capital letters 1. 3. S.... for denoting finite sequences (or words).
We denote by Sr the concatenation of § and z, and <> denotes the empty
sequence. I{.5 = a...2,. then n is the length of 5. We say that a sequence
T extends the sequence 5 iff T is of the form Sz,...z,.

All the objects we consider herc, games and strategies, are considered
given intuitionistically. In particular, they are computable objects.

5.1 Games and Strategies

A game (7 is a set of sequences which is such that <>€  and § €
whenever S € (+. The elements of (' are called game history. If § € G,
the set A (5) = {r | Sx € (;} is called the set of possible moves from
5.

A strategy is a function ¢ defined on some elements of G of even length.
and such that o(5) € M. (5) whenever o) is defined. The strategy is
exactly defined on elements of i of even length that follow the strategy
o. where sy .. .s, follows the strategy o iff o) ... 59 ) is defined and is sy q,
for all & such that 2k < »n.

Given a strategy o, we say that an infinite sequence sy, . .. follows the
strategy o iff s; ..., follow the strategy o for all n.
5.2 Debate associated to a game

Let f be an interaction on [1.n}and S a sequence 2y ....r, of length n. we
define for cach k < n a sequence 7{f.5.4) of length depth(f. k) by

o J(f.5.0)=<>.

o J([.5. k) is the concatenation T(f. 8. f(k))rg it m > 0.

Given a game (7 we let (7 he the set of sequences (f(1).5;)...(f(n). s,)
sich that

o [is an inferaction on [1.n] and

o forall b < nowe have I{fos) 0. .8. k) € G
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iated to
It is direct that this defines a game, called the debate associat
the game G. o |
We sav that a strategy for * is winning ifl for an_\'.lnf.uute SC(.]U(‘I\:(L
(f(1) s‘,.)(.f(‘Z) sa).... that follows this strategy. the infiuite interaction s
quence f is winning.
ink ‘hat happens
It may help the intuition of the reader to think about \H[\;ﬂ )hc:]p];md
during a ‘real debate on a given topic between two plersons. ot l‘me oud
i ir positi ; t any point,
» for a while their position. but also, at an)
arguments, can change for a w Lalso, n
reﬂgume the debate at a point it was left before. This is what thle }galmo G
i ) B - [PRY s dobate.
represents. where G can be said to represent the “topic of the deba

5.3 Cut-Free Strategy

‘ T -free ifl [ is
If 7 is a game. an element (f(1).s).. (f(n).s0) € (" is cut-fr f
cut-free. ‘
A cut-free strategy for a game (* is a function o defined on some
) - ) . " P o f g . is
elements of G~ of even length that are cut-free.  Such a sllalieg;\‘ Os(,
defined exactly on sequences that follow the strat.egy o (ml(f.‘],( e
quence (f(1).sy) .. (f(n).s,) follows the strategy ¢ il f is cut-free @
j for all even p < n.
(S + 1).spp1) is equal to o (f(1).51) .. A f(plos)) for a””(\f:l.]; N
v It is clear that any strategy for (¢ defines a cut-free strategy by res
tion. . o
Intuitively. a cut-free strategy  olls how to behave in a debate agains
an opponent that never changes in mind. .
We recall that. if £ is an interaction sequence on [1.n]. we Im\.'e w-m:;l:
: ‘ " 3 g (y ." v
Vn + 1) the set inductively defined {n} U} ('f(n)). The following is
motivation behind the introduction of the set V(n).
HS = (f(1).s)...0f(n)s,) € G is of even length. we define ;n(ln(‘l-
a cutd $)- oven length
tively a cut-free sequence C'(8) = {g(1).) ... (gll). I,.) El (1} ,?f:w,” =1,1
and a strictly increasing function F(S):[1.1] — [I: n‘] suc 1'1 1at. ,,,;-(5,;,},) anjd
F(Sil) = 1.:‘ Vin + 1) is exactly the image F(S){l.3.....0 -
foF(S)=F(S5)og:

o ({<>) =<>. and F(<>) is the identity on the empty set,

t e 3 l o
o otherwise. we have f(n) = p where p < n is odd. We let T b

(SOs) o (f(p = Despor) and CUT3 be (g(1)0) - (g(h) ). We

know by induction hypothesis that f(p) is of the form F(T)(q) for
an odd ¢ € [1.1]. We define then (.5 to be C(TY g s, 00 + 1.s,}), and
let F(S) be the extension of FiT') defined by F(S}!+ 1) = p and
FeSyl+2y=n.

Let 0 be a cut-free strategy. We define a strategy Fio) for G* by com-
puting {¢.s) = o(C'($)) and letting F(8)(S5) be (F{S5)g).5) for S of even
length. The strategy F(é) is called the extension of the cut-free strategy
Q.

A cut-free strategy ix said to he winning iff the relation of extension is
well-founded on sequences that follow this strategy.

Lemma 7 .1 winning sirvate gy Jor (0
restriction, Conversely,
winning strategy.

de Jincs a winning cul-frce strategy by
the crtension of o winning cut-fice strategy is a

Proof: Direct from the definition. [

6 Classical provability

6.1 Classical Formulae

The formulac are dofined inductively by the unique rule:
e il .}, ig[isa family of formulac. then o} = A i€ 1) is a formula.

Intuitively. | is a generalised Sehoffor connective. and A says that the
formulac A, are incompatible. i.e. -4 holds iff at least one i does not hold.

In particular. the formula = [(A.7 € ). is fulse under this interpre-
tation. We write [ for [(4) where () is a family with one formula 4. It
represeits the negation of 4. Thus the formula 1 = [0 is true under this
interpretation.

I =140 € 1) is a formula. and A is a subset of 1. we Jot A(K) be
the formula A, ie ).

This language i< directly seen to be oquivalent 1o infinitary propositional
calenhis as doseribed iy [5]. As shown in Tait’s paper |

5]. this calculus
contains naturally Peano arithmetic,
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6.2 Classical Games

Fach formula can be scen as a tree. To each formula A. we associate the
game (74 where. intuitively. each player chooses alternatively a subtree of
the trec already chosen by the opposite plaver. Formally. if A = [(A,.i€ ).
then G4 is the set with the empty sequence and the sequences of the form
iS.withie land § € Gy,

We define a proof of 4 to be a winning strategy for the game Gy We
say that A is provable iff it has a proof.

Notice that the formula 0 is not provable with this definition. There
is only one strategy for (7 if L = 1oand itisa winning strategy. so that
1 = {0 is provable.

A winning cut-free strategy of i can directly be seen as a normal proof
of A in the sense of Tait in [5] where rules of or-introduction and rules of

and-introduction are forced to alternate.

6.3 Principal Properties
Let A = [(A,.i€ 1) and I be a subset of 1.1 S € (7% is the sequence
(F(1)osy) o (S n)s, ) we say that a move (f(p).s) plays in A(KN) ifl
index(f.p) € K. Let (f(p)os.) . (f(pr)osy) be the subseguence of § of
clements (f(p).s,) that play in AL By lemma 5. there oxists an interaction
sequence g on [1.0) suely that f(p,) = pgy for i = 1o Lo Welet pr(S) €
Gy be the sequence (g(Lys ) (gl s, ).

If §is the sequence (f(1). ) (f{n)os ) and k < ns such that f(k) =
0. Tet (0. f(p)enp, ) U m)osp ) he th subsequence of 5 of elements
(f(p). sp) such that index(f. p) = Je. By lemna 5. there exists an interaction
sequence g on [1.1] such that f(p) = py for i = 1o o We et p(S) €
("».4‘& be the sequence {g{1). 5. .. (gt/).s ).

Proposition 3 (modus ponens) If
o A=A € 1) is provable,
o I = JUN isapartition of 1.
o Ay is provable for j € J.

then the formula A(N) = |(A,.i€ Y is provable.

10

:”roof: Let o be a winning strategy for A
or j € J. We say that a seque ; " i i

fe 3 sequence S € Gy following ¢ is correct w.r.t i) T
1s such that . (S) follows g Whenever f(k) = 0 and s, € J. e

Proposition 2 shows that the followi i

s Vil i ens (S
of even length (f(1).s;) g o o,
defined:

. of S. for S sequence
< (f(n).sy) Tollowing @ and correct w.rg. (0;). is well

o if o(S) = (f(n+1).5, and i = kis .
then C13) 2 S ]71\3”11:;‘ index(f. f(n 4 1)) = k is such that sy € I,

- and o, be a winning strategy for AL
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o otherwise,index(f. f(n+1)) = k is such that sed. Let (0.s:)(f(yn Yosp ) oo () )
LIS <Ny

be the subsequence of S(f(n

! . + 1osngr) of elements )
index(f.p) = k. and ¢ such that J(p) = pygiy for i = if(j "
follows 0. the element " -

) such that
<L Since pp(S)

k(PSS 4 1)s0 0))) = or((g(1). s, ) - Aot 5p)) = (. s)

is welb defined . We o CILS) he CUS(f(n + 1), S0

m. 8}

Notice that (/N
fee that (70S) s of add Jength, extends S and irs fast move plays in A

We can now defi ~ ~ Vol I -
e sitnltanconsty | : ) astrategy { N {
¥ by induction a ~t tegy v for A(A'), and for

any sequence S following v sequence F (%) such that F(S§ i

n ! ; , enee BN at F(N) follows ~ T
;\(I/l( (o) ;I;md PrAUES)) = SO S s of ever, length. Ivl‘ (p (x)) g cormect
TCFLS). There exists then a unique at (S

: E e g suel that py (GUF(S)) = S( E ‘

AECD The s then e g : \ S)) = Slgos) and we let
L‘(‘ ) be (4(4.’) and F(SC(S) be GUEWS) I s of odd length and S(p.s) € G L
we take FUS(p8)) to I FS)gs) O ' e

be the last element of

I roposition 4 (cousistc e I/) Foran il / IsConc fjormula ¥
{ iy orvala L al ton { {
|{ ool /}Il)lfl[l/l. f / ’

008 Because () s > C r |
X is not provable. 1 ¢ g
P f: 13 I able his follows also divectly from proposition |

Tt is cloar that i 14 — . .
y ,,]l]\ clear l]lr‘.ll A = (0.0 e 1) and i C 1is such that A(K) is
provable. then A is provable, because a winning sirategy for -

winning strategy for .| R babo s

Proposition 5 If A = |(.|,.; ¢ Iy is provablc. W C I and there is an onto

map pil — K such that A |, = .| : | & ()= 0 fori '
ey o Joralli € 1 and p(i) = i fori€e K. then

Proof: ' o . '
([1((]);)21 l)f S (Ef(p‘ 1.\Illu wah'n(l'(‘ (./[l]..~} Vo (S(n)osn ) Jet GUS) be the sequence
S )os ) where sD = i, ) 0 £ = 0, and sto= s, 0 f(I) # 0. It is

clear that /(8 € G
Avhoyp




itaneous induction a strat-

gy of A We define by situ
F(3) such that

Let ¢ e a winning strate
S following v, a sequence

egy ¥ for 4(K) and for any sequence
F(S) follovs o and G(F(SH =S

If S is of even length. we compute ©
(p.pls)) ard F(S(p,s)) be FISHp. sy Ip
be F(S){(p.s)

If S if of odd length. and S(p.s) € Garkre
5 follows casily the equivalence of our
definition of classical provability

(F(S)) = (p-s)- If p = 0. we let (S} be
# 0, we let w(5) be (p.$) and F(S{p.s))

we let F(S{p.s)) be F(S)p.s) O

From proposition 3 and proposition

notion of provable formulae with the usual

(as defined in {5}).

6.4 Example
coen as @il uteractive progrant. and proposition 3

A winning strategy can be
interprets modus ponens &x internal communication {3]. Here is an example
of such a situation.

Given a function [ on integer as a parameter. hoth formutac

MNy=VedyzaNa 2o [l < (=)

and
B(fy=AMN= Fuy. tres uy. (i <ty U g A Sl S flun € Juusil

are provable. Tae wocond formula is even pravable intuitionistically, bt

A(S) holds only classically. if f i a parameter.

strategy I for ACS) and a winning
defi 1es a winning strategy
o+ winning strategy for

We will now define a winning cut-free
cut-free strategy @ for B(S). By lemma 7. this
for A(S) and B{S) and proposition 3 Jeads then to

“:x] A o) < flea) € .f(“:x)]'

Juy. ety {1y < 2 <

Uy U

“ooh as @ Progra computit
) € Sl

winning cut-strategy. we will e

Such a winning strategy can be
such that wy < ws < and f{u) € J¢

Rather than giving formally these xplain
them heuristically.

The winning cut-free strategy 1 for A(f) can he desceribed as follows:

o the opponent gives a value for v = .

¢ P answers y = a.
e the opponent gives a value for = = a,. If f(a) < f(a;). ™ has won

o If f{a) > fla,). P changes its mind and plays y = a; instead ‘
o the opponent gives a value for = = ay. If fa,) < f(as). P ha; won
o If flay) > f(as), P changes its mind and plays y = u-q | .

Since N is well-fou ded, P is going to wir eventually.

Here is a descripti ' iy
b 0S8
Cription of Q seen as a cut-free strat 2\ for the formula
A

Jrvy > dz > .
y 2 Az o f(y) > SOV us)uy < we < ugAf{ug) € flug) < flug)]
< flue) < flus)].

This is described informally:
o ( chooses v = (.

o the opponent chooses a value y = a,

o ) changes its miud and plays @ = ay + |
o the opponent ¢l
) 100ses A value g =y, suc
y = ay.osuch that @y >«
22 ay + 1,
o if f(ay) > fla) Q re
. ) > flazh @ resumes the game with its initial value 0 for x

and wWins by plaving & = «a b
1 1 1 f((l } < f((l.). Q Clldllg(’ mind and

he opponen chooses a alue iy = dy such that a3 > « +1
ot D . 3 .

o if fla ) o
“‘ilf'(‘\_ ':\) >].ff‘“.v3- @ resuries the game with the value «; + 1 for 2. and
i b plasing = = aq. Ctherise. fl) < f(a) < flas). 0 wi
v playing uy = ay. ey = gy = (1y T ta)- and Q wins

We are going

g now to show an example of an i j
o Ring 1 ‘ i example of an interaction betwee s
pmuf..\ (identified with cut-free strategies). in the case w e e
o e . ase wlere the values
f(0) = 10. =5 [(2)= 3. f{:

Sy =5, /(2) =3, fB3) = 7. f() = 4. f(5) = 11. f(6) = 20
Here ar 08,
o are the moves. as they are given hy proposition 3:

1. Q plays @ = 0.
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2. P plays y = 0.

3. Q changes its mind. plays v = L,
4. Pplayvsy =L

5. f(0) > f(1). hence Q plays = = 1.
6. Pplaysy =1,

7. Q plays x = 2.

8. P plays y = 2.

9. f(1) > f(2). henee Q plays z = 2.
10. P plays y = 2.
11. Q plays x = 3.
12. P plays y = 3.
13. £(3) 2 f12). henee () plays @ = 1.
14, P plays y = L
15. f(4) < f(3) hence @ plays = =

16. P plays y = L

17. f(1) 2 f(2), henee Q plays &

IR, P plays y =
19. f(5) 2 f(-). henee Q plays uy = 2. Uy =l oug =95
The interaction sequence g associated 10 this interaction is given by:

2. g(6) = L

H

g(1)= 0. g(2)= 1. g{3) = 0. g(1) = 3. g(5)

g(7) = 0. g(8) = 7. g(9) = 6. g(10) = 1. g(11) = 0. ¢(12) = 11, _

g(13) = 0. g(14) = 13. g(15) = 12. g(16) = 11.g(17) = 0. g(1%) =17,

The computation of (4. wa. 1) consists in.un (‘X('han(-*n'c of values between
P and Q. until a value (). waug) = (2.1.5) ix found by Q.

14

Conclusion

Our treatment seems to extend directly to the case of non necessarily well-
founded formulae. We can even consider partial strategy, and prove for
instance proposition 5 by a bissimulation argument.

The approach followed in this paper leads to a (may be new) proof of
cut-elimination in a strictly deterministic framework. We think that it can

be extended by allowing each player to play simultaneously a finite set of
noves.
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EVALUATION LOGIC: AN OVERVIEW
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16132 Genova, Italy

SUMMARY

e motivations: {ramework (or programn logics
o Evaluation Logic: language and informal semantics
® papers overview:

[Mog89,Mog91 a,C'P90,Pit90,Mog91h]
e categorical semantics and axioms:

hyperdoctrines versus toposes (see [Pitd1])
e expressiveness of Evaluation Logic and limitations

e issues and {urther research

"Dipartimento di Informatica e Scienze dell’ Informavione.
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AGE and INFORMAT, SEMANTICS

LANGIT

e METALANGUAGE MZLp(X) 7€ ypes, o € Terins

FEo7rtype
TFTr type

the type? of computations (= denotations of programs) which

return values of type 7
ThFer
Uk [e]e:Tr
the computation which simply evaluates to €
TEeTn Toaom b eqi T

T F (lety r<seq ines): T1a A .
the computation which evaluates ¢, then binds the result

hift

let

to z and finally evaluates e

EVALUATION LOGIC FLp(Y): ¢ € Formulas
TFeTr

I+ [rse]é prop
every resull produced by ¢ satisfies ¢
FTEeTr

Tt (.r<:(-)<;’) prop

some result produced by ¢ satisflies &

TkeTr TFoer

TF ele prop

v is a result produced by ¢

T x:7m bk @ prop

box

T,o:r k¢ prop

diamond

eval

i i ‘morphic ependent
37 he interaction of compntational types with polymorphic and dep

types is problematic.

MOTIVATIONS

e I'rameworks for Program Logics:
uniform presentation of /modular approach 1o
progr. lang. and progr. logics

o LCF approach to program correctness:
programs as teris and assertions as formulas,
reasoning about programs=reasoning about.
math. structures for progr. lang. semantics

e Semantic approach and mathematical theories?
development): /

Syuthetic Domain Theory
Axiomatic Domain Theory and Tnductive Principles
Monadic Approach and computational aspects:

* Modular approach to Denotational Semantics

* Tnteraction with recursive deflinitions

# Interaction with (Higher Order) Logic
Evaluation Logic

Expressivencss und Viability of frameworks:
test cases, applications,

N . . . . “ .
“New ways of looking at/stracturing Denotational Semantics.

(under
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228 OVERVIEW [MoggY]

e mionads and A.-calculus.

je possibility to develop a new LCF,
Itics of computations rather than
1g axiomatically different notions

e "The A.-calculus open tl
based on an abstract semail
Domain Theory, for studyl
of computation”

\NB: non-standard interpretation of Ag-terms (biased towards CBY)
A3n-equivalence unsound.

OVERVIEW [Mog91a)

o metalanguages M Lr extending typed Agn-calculus;

o translation of programming languages into M Ly:

bpre: T get translated into Fpg e T(T");

o modalities 7: TQ — € i1 a topos.
» H M Ly, which combines computational types and HOL,
seems to be the ideal framework for prograin logies ... In
M Ly one can describe a programming language by introduc-
ing additional constants and axioms. Tn HM Ly one can de-

seribe also a program logic, by adding constants p: T'A — Q

corresponding (o properties of computations.”

Examples of modal operators 0: TQ — € Lo express:
st for non-deterministic computations,

1) may and mu
jons with side-effects.

2) Hoare’s triples for computal
NB: HM Ly does not provide any general purpose predicate con-
structors (such as the modalities of F'LT).

A Ly AXTOMS? for LET and TIFT
'-e:TH

A - (IPI.T .l"‘»:[‘l’]'r n 6) =rEB ['(f/;l']f

e 7.

e

o Iy c:TAF (lety v=cin[d]r) =74 ¢

e associativity of LET
Fw:AbF e TB Ciy:BF ea: TC
oot TAE (letp y=(letr 2<cine; ) ines) =p¢
(lety r<=cin (letp y<ey ines)) 7

Iinproved CONGRUENCE RULES

e congruence [or LET
FeArke: TR T Abeq:TB
r‘(':TA }’" [J"‘i:(’](f] =7TRB (’2) e
(letr ws=cine)) =rp (lety w=ciney)

alid |
‘alid in a category C wi
N a calegory € with products and a strong monad T
T m a category C witlh N
- 3 Lh products. : ini
for cvemy e eeBory € wit i tets. a dominion M s, A, € M[e x o]
oy < M supports cquality) and a strong monad T pr i
racks of monos in M. ( preserne
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230 OVERVIEW [CP90]
o FIN-type (extension to AM Ly for recursive delinitions);

o FIXN-logic (a fragment of FOL) with inductive principles
X-logic
*The induction rule for fix is consistent, hut only because
the proposition of FIX-logic have limited forms.”

e The evaluation predicate clv is treat in a very'exl.e?smnai
way, Le. ¢ = [v]p (this is fine for partiality TX = X anc

, Le. ¢
exceptions TN = X + F).
T, A ¢ prop

[,e:TAF ((x<=c)0) Ay (Fu A =74 [£lr A )
T.e:TAF ([r<=c]d) Lo (Y A =74 (2] D 9)
"t is possible Lo envisage a weaker logic in which elv is an
atomic predicate”
“FIX is not an wnlegrated logic. Something Lo 'd...lll'l lot is a
system combining features of FIN with those of C'C
rong connections between FIN and LCF. How-

" There are st . ’
tween FIN and Axiomatic

ever, the precise relationship be .
Domain Theory has yet to be clarified.

NB: the categorical semantics of FTX-logic (Def 4.1) is quite n-

volved (5 pages long): its concern is more on inductive principles

than the integration on computational types i HOL.

OVERVIEW [Pi190] 231

e Evaluation Logic (F L7}, general properties of necessity and
possibility
“One tmght consider axiomatising computation-related prop-
ertles of a monad within the framework of a suitable logic. Tt
is the question of what is a suitable logic which is addresses
in this paper. We will extend M Ly (o a constructive pred’-
cate logic which permits the formulation of statements about
evaluation of computations to values"”

o connections with operational semantics.

o the motivation for formulating £ L7 came more from
the Natural Semantics style of operational semantics (than
Dynamic Logic)”

e modalities O, O:P(N x Y ) — PN x TY). axioms and hy-
perdoctrine semantics;
Models of F'Ly for partiality and side-effects: "P(X) is the
collection of inclusive subsets of X' x §7;

e translation ol operational judgments in F'Ly and adequacy
. A
e:TA e AR (clv) < ((rscye =4 r)

“The (ull modal logic should come into its own when de-
vising computationally adequate theories for language with
non-determinisin. Fven [or deterministic languages, evalua-
tion modalities appear uselul when we address the question
of logical principles [or reasoning about the behavior of pro-
grams”

NB: The semantics ol necessity and possibility is specified by ad-
ditional structure, and allows non-standard models.

6 1S

is a non-deterministic computation, there is no way to say "¢ may

diverge”, nor can we express the modalities of Hennessy-Milner Logic.
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232 HYPERDOCTRINE SEMANTICS FlLr AXIONS from [Pito(] 033

o [ category with products, P B-indexed meet-semilattice o preservation of entailment

o AR ® o= ¢

o T strong monad over I5, Ox,Ox: PN} — PITN] 5.t

FoeTAR ® [uede = 1<y r g FV(®)

PIN] __99 PITN) LoeTAR @ (esc)d = (ré=c)
¢ values (LIFT)
FoutAF ¢ prop
UoviAF [v/e]¢p < [e=[]]9
Covi AR [o/e]e <= (e=[r]) o
e sequential composition (LET)
Tie:Ak e TR [y BE ¢ prop
P.e:TAE [red([yse]o) <= [y=(lety x<=cine)]¢
Tt TAR (ree)((ys=e) o) & (y(lety w<=cin €)) o

PIX] «<— P[TX] —> P[T*X]
n* u

and few additional properties hold (see axioms for EL7).

Ox must satisfy similar properties.

s commutativity with el and Vv
PoardA b ¢ prop
Te:TAF /\.,:([Ll?<:(.']c’>i) = [.I:{:(.‘](/\Ij(f).;)
Uoe:TAE Vi((rse) o) <= () (Vid;)

T oe:dbF ¢ prop = peP[l'x ~\] )
T.c:TAF [wsc)o prop = Lt 4(Op) € PIT x TA]

o Models with B=category ol sets:

non-determinism: T\ =set E)I' subsets of X, o possibility and necessity

P[X]=poset of subsets of X, FatA b  prop oAb o
Op)(c) U e CTp, . ‘ |

(o) it iy e TAF ([rede) ((rea) ) = ((r=c)d A v)

(Op)(e) il enp inhabited;

side-effects (S non-empty set): TN = (X x5)
P[X]=poset of subsets of X x .5, Tk ¢ prop P AF o prop
(Op)(c, s) T (Op)(e,s) Ul ples); Poe:TAR % ((re=c)ih) <= ((w&c)g* Ad)

5, e possibility and A

in the latter case we don’t get a model by taking e truth preservation (not in [Pit90])

I'E @ prop

- P[XN]=poset of subsets of X,
(Qp)(c) i Vs S p(my {cs)).
(Op)(c) ilf As: S.p(mi(es))

+ ¢ FV(9)

T TAE ¢ = [redo"

NB: ¢* must be state-independent (e.g. an equality).
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] OVERVIEW [Mog91bh)

o Topos-semantics of F' Ly uniquely determined by the strong
monad T. Do we always get the expected interpretation of
modalities?

NB: dynamic allocation is problematic.
e Approaches Lo semantics of FLp:
hyperdoctrine-like: T on the base B+
additional structures on the {ibers
topos-like: T on C+
additional properties of T and C
e Additional properties of T and C
for necessity: T preserves pullbacks of monos
. N . . - - - N
(not. satisfied by continuations T\ = REY,
for possibility: ... +C is a topos+ necessily commutes
with ¥ and D
NB: no simple properties for possibility.
NB: relation between the two approaches to be done (should
be based on [Pit81]).

TOPOS SEMANTICS 235

r " .y T N N T
o ( category with products, M dominion’ over

o 7T strong monad over  s.t.

T
d —————> ¢ Td '——f——e Te
m’ meM o Tm Tm € M
d’ ——q—ﬁ ¢ Td —— > T
: Ty

one may consider additional properties of M and T

e AF ¢ prop

m e M[I' x A]
Ui TAF [e=c]o prop = 1} (Tm) € M[T" x TA]

A : W Vi P : . H
o Models with C=category of sels, M=collection of all monos:

non-determinism: T X =sel ol subsets of X,
(Op)(e) il e C p;

side-effects (S non-empty set): TX = (X x 5)%,
(Op)(e) T Vs S p(my(es))

We don’t get. a model by taking TN = RR

A dominion is a collection of monos close w.rt. finite compositions and
pullbacks along arbitrary morphismes.




236 ElLr AXTOMS® for NECESSITY

preservation of entailiment
T, AF D == v

I,e:TAF @ [redo = [vedde

o g FV(P)

Iz AF ¢ prop

O-lift.
* ' T vAk [v/e]¢ = [;1;4:[»1;]]¢3
o O-let oAb e:TH T,y:BF ¢ prop

T,e:TAV [p=cd(lyce]o) = [y=letr x<=cin e)]o

T on morphisms
Tow:AbF e B [,y Bt ¢ prop
T,c:TAF [y=(letr z&cin[e]p)]é & [ved] (le/v]#)

e commutabtivity with A
T a: AE ¢ prop
T.e:TAF AN([eesc)dp) <= [r<c](Aioi)

T+ ¢ prop
T.e:TAE ¢ = [r<clé

v & V(o)

e truth-pres

NB: the converse of (O-1ift), (O-let) and {truth-pres) hold, when
7, ¢ and t are Me-cartesian” (respectively).

3Valid in a category C with products. a dominion M and a strong monad
T preserving pullbacks of monos in M.

9 A natural transformation a: I — (7 is M-cartesian, when for all m € M
the commuting square {asscrting naturality of a) for m is a pullback.

EXPRESSIVENESS: HOL and ElLy 237

T 3 T i * :
11 C 1s a topos, M is the dominion of all monos in € and 7" as in
topos-semantics, then

o the following formulas are semantically equivalent
Fe:TAE [;l,'<:(:] @
Dot TAE (lety x<=cin[¢]r) =rq (letr x<=cin[T]r)
P e:TAF O(lety a<=cin [¢]p), where
0:7Q — Q s.t. O(e) = ([r<c])
t.e. necessily expressible in HOL
e possibility and evaluation definable using necessity |
. ; ~ A 4
eTA v AE (clv) &= Vz: §2‘1.([.1:<:(f]:(_;1:)) D z(v) ‘
Lot AR ¢ prop |

FeTAER ((rse)o) A Qrec(eo D w)) D w
o il necessity commutes' with V and D, j.e.
['F ¢ prop Ty A2 prop
U,e:TAE ¢ D [y <= [yeclp D ¢
e By A é prop
U.e:TAF Vi Bly<scdé <= [y<c|Va: Bq>

then necessity and possibility expressible using evaluation

D-comm

V-comm

Te:dF ¢ prop
C.e:TAEF ((r<e)g) <= (Fu: Aclle A o)
T, e:TAEF (Jase]g) &= (Vo Aclle D é)

104 K . . ,
I'be entailments in the direction <= hold already.




288 EXPRESSING DYNAMIC LOGIC in ELy

Modalities [c ]p and (¢}p of dynamic logic, with € T I command
(where TN PN x 5)° ) and p C S state-dependent asse rLion:

o ([c]p)(s) Ml “p(s) for every & reachable from s by |
o (c)p iff "p(s') for some s reachable from s by ¢

e encoding in E Ly with operations for side-eflects

FeTl s S F o prop

s: S+ ([c]o) LN [+ <updale(s). o lookuplé
s:SF ({(0)o) < (s <updale(s)i e lookup)eé

where F look up = As. (« sy} f S ml«l
518 F updale(s) = As' {(x 5) b

NB: no need of lookup and updale 1o expresses [“]p and ()p n
the non-standard semantics for side-eflects ol [PilE)O].

LIMITATIONS of FLy EXPRESSIVENESS

Plotkin's powerdomain TN =non-empty subsets of XL divergence=
Observational judgements about e WX

e ¢ "may terminate” il ¢ X inhabited il (re=c)lrue
o ¢ Tmust diverge” il ¢ = { L}l [ors=c] false

e ¢ Tmay diverge il Ler

e ¢ “must terminate” il L ¢ ¢

NB: properties of concurrent. computations TN = ji5 P( N+Ax7)

are even more problematic to express.

{1}

PROBLEMATIC EXAMPLES of TOPOS-SEMANTICS 239

o N=category of finite cardinals'™ and injective maps
o C=topos of presheaves. e Tunctors rom N Lo Scl
e [ € Ctype of location, L{_) = _
o new: T'L allocation aperation, newy = (1, k): T Lk
Strong monad T over € for dynamic allocation
o TAL=Yu: N Ak+n)
a: Ak Foap(a) = (00a): T Ak

v XNk, TARE [ e) = (m+n.0): TBk, where
(m,a) =cand (nb) = Srgm (N Gin ) a)

ABXel, [N X A—=TB k& N and in]"ck — k+m.
PROPERTTES OF T
o T over C preserves pullbacks of monos

e (Op)(e) TV, a) = cppgpm(a), doesnt commute with D
and V

Vi Ly<new]r # yholds, but [ysnew]Va: L # y doesu’t

i1 5
¢ D [ysnew]o® holds, but [ysnew](e! D ¢%) doesn’t
where ¢f C 1 st o iff k> i ‘

cla il e = (0, a), cannot express observational judgements
(Op)p(e) il e Ak e and pp(a)

del,pCAand ke R,

U e conpd: ; r
'he cardinal & is the set of its prodecessors.
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PROBLEMATIC EXAMPLES of TOPOS-SEMANTICS
o LK =category of finite cardinals' and injective maps

o C;=tlopos of ——-sheaves, ie. pullback preserving functors

from KN Lo Set

o LeC;typeof location, L(-) = -

o new: TL allocation operation, newy = (1, k):TLE
Strong monad T' over C; for dynamic allocation

o TAk = Sn: N.A(k +n)

o a Ak np(a) = (0,a): TAK

o o Xk, c:TAkF [i(r.c)= (m + n, by: T Bk, where
(m,a) = ¢ and (n.by = S (X (i e )

AB. X €. [: X x A TR, ke R and ini 1k — k4 m.
PROPERTIES OF T
o T over Cj preserves pullbacks ol monos

o (Op)ilc) Wy (m, a) = C.Ppppm (@), commutes with D but not
with V
Va: L. [ycnew)s # yholds, but [yenew)Va: Lo # Y doesn’t

o cla iff Jim:N.e = (m, a), expresses ohservational judge-
ments

o (Op)ir(e)ifl (Op)r (), not expressible in terms of evaluation .

AeCi,pCj Aand ke K.

12 The cardinal k is the sct of its predecessors.

Sk

it

SPRECTFIC ISSURS 241

Simpler topos-semantics for possibility:
o Increased expressiveness of ELp

to cover other progr: '
ther program logics;

Test. FL: Cew 1

catior s on [”e“l monads (e.g. variants of dynamic allo

‘ation, monads for local vari e -
‘ ! al variables based on O’

Tennent’s work). «d on O’Hearn and

GENERAL ISSUES
o Integration of ELs and
Axiomatic/Synthetic Domain Theory;
o Use of F'L7 to specific examples

(work in progress at Cambri ’
_ progress at. Cambridge and Edinburgh).
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FREGE STRUCTURE

Y
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L;Dtscussmw
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Y

- definition

s Construchon,

FREGE STRUCTURES IN TYPE THeoey
. def\'v\ih'm

v Construction
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WHAT 1S A FREGE STRUCTURE ?

THEORY

LTC = Los?mﬂ
Theory of

Construchous

combines

{u.nt\:srei A-calewlus
intuiboniihe Pnd.{uh logic

. consistent version of
G;runo(sudu. e/
illative combinatory ]oaic

Lo
\:‘ 'ni‘s

~MODEL

F'reﬁe

Structure
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A-STRUCTURES IN SET -THEomy

EXPLIciTLY CLOSED FAMILY

I st

Jl. S F S F (o forchms m obiech f F)

7, €%, Cprjechion)

K (a) € F (a€F ) (Comrbant o)

FLETEF, (567, freZ ) (cmpibe
A-SYSTEM

AeF —>E

are ?-ﬁmetimals , e, we have

.

A, EF, —F

n neq
‘ o~
a‘Fu € 'ﬂn*’ Fo— ¥,
such that

A, (£) (as) = 2 ([F1(as))
a,.Pan,j) Caa)z a.f(f(a”)/ g(“))

and. e alio have

Bp (F)2) = $(2)
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LOGICAL SYSTEMS (N SET TWEoRY

BUILDING D -STRUCTURES

Stamdarnd conodmchons
« moded 06 open touns
e domain - Huowtic models

7, 7, 5, "', ‘}, V,j, 2= such that

Tc Pc E
SEFE—F
ete.

Sates ;94;1(7 .éf;«'cd sehewmata
(Pla) » (7(a)> P(4))) >

(P(as4)
(7(a3 ¢) = (T(a) >7(+)))) ek

*
Noée nem-standard netion oJ( I;nfll'ué'th
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BUILDING A LOGICAL SvsTEM

ldea: Loﬁgcaﬂ schemata are fvtbroducbuj
clauses a&- wmduchve o(e_f. ui ko —fvr

P and T (s imultaneows lb)

Problow: T occurs vacsahvalcj P
the CbrmFov.dAnj ormod-p‘\_ O s

na- monotone. .
Soluwtion: Consider mv\—s'l:o.no(ard Pav-{tJ
OMWj

(P T> R LPTH
f
and T = 7’n P
and

PcP
Henee € mmotme w.rt. <

has a least -f\‘xu( Pn'u)f..
(in classical st 'H«.u’uj)

Intuihon: “Old traths T remain +the

same  whn
amd. * vkl .

AczeL ( FiTcH, PEFERMAN, ScoTT)

r\. C2E1L 1wy N

encmﬁnﬁ "new onpuiHm:"
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n

The abeve. s a chandard covshoackhon
‘;~"‘- J"M ".’-‘&é & Gr( {adhuac Fve o/,e"{{u.il—fnu
buk ot (auslves  non - Covishrucdive  veauaning
ak one. o tuo Pd\ﬂt/) Fpv- é,u\,‘au-.raie, 'Huj
quf +hat :fwM(M % ?miﬂ,nlwm (nvolved
'form Moo Mﬂuvar(/: Mt oOLiuals cne
naldle aud e voof Hak o
Lwouza/a.yw, —fml aé e s 6% o
eventuadl C«ﬁ\w‘-muﬁ tecces o %W&
a_mm-~ Conndwc e mdineet  anguueest,

Newerkhe lers T believe +he nendt +o
be. CoVw-‘ﬂMcJ—\'v-oQ,) AML{ 4. ]—K rieorowus
ele b + y y J

LA T VA {‘ e, Pa\.w)(‘ mfeﬁ

wunre  am euf,l,,c44~ dNsewss;on e%«Hu
fbjﬂ o{, u.oQuc‘{-wq_ a@t&;u/‘}’rd\«vz tn Mcl'\(r{

wm-"kma.}uw T wnwl have to m.‘ﬂ{yce \lnm

_{ 1 hm,f)h,’ anet Hot Mg ) 'O%‘t/j. B
Schevn aktn form Ma Hause: of oo omdenc e
o(.e(f.w%m« Hat. Wiea e Mm&w\n:
amd. &\Mw("'umeau/a(:,J e condibhom, fn
i ekl T '
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NOTIONS OF THEORY AND MODEL
IN TYPE THEORY

' OPev{. ‘tBIpe -Eheon:’ has J\dﬁmwt forms 4
I bmae o= o
T, Tk} { B

a=oa:XK
| i
m-}u-ﬁuhc/ l definiHoal

set. theory' Contert typing ﬂwﬁu vv
© T s the curnt fraget °5 et thtory (oemes
containg
declare formatian rules e -
typings of . n ive dbfmu s
INTERPRETED ntroduban rules
enhfes

c: & {5\’;"3 rules

} nc«“r,ﬂ ve Ae&hlk‘\ﬂr
\".

e T is the current camtet which declares
typings of variables (UNINTERPRETED entthies)

X : X

. alagbmcc. tl\eorj a contet
theor\j

T F T cmtat

(more su\c.rwq than ﬁmerqh‘auﬂ wladomu‘c. ﬂ\uvj Séﬁ?

¢ moded = ass«iw of objects B Mf—b’ﬂ‘,,

= INTERPRETIWG em:-raes
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A-STRUCTURES IN TYPE THCORY

"a,lﬁebnu’c ‘U'leoﬂjh o’f A-shuchress  assumes

.lL@t 'uaco rfj ! W“‘“""’“"—j ‘Humh.t) '6— ’Vl—‘bqug__,,
ﬂu‘l

need o i) X, N  ank N“ &LOC"MA 'u'nduc#vo(j
Nn : set CM: N)

'fvr-wwd-' o rules

0, N £6n) (n. N) % nhoduckio,
N . i
Sa(i): NJ(,‘) (“‘U) \r}\\“) rules

Also An, 5“, R o(e/}m_,_ﬁ ij N - recursion

" Aok
:o ’ :)Q 6‘" N) {4319-\3 rle
A’c:) A'x A } Sgetly e

L At
$ )8 (il (8)  bgpieg
' BCOERS
) = <4 c;:,m» fcu.u..))> }‘1“"‘“‘5
E(“g iy WNR: (M@ pp) 7 ",
¥ (a0, 65) « 2 "(6Hon), fHE)) A Rl (s0), med(ln])
and_ T" Jl.vg,.u..& {k} N ~reeursi o
TE‘-(A")A (Asck 6N, 5 N,)  yping
‘(_‘) (ar) = wL(ao/

wald hy
o) (o) = T, (b (o) .}”* g
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EXPLICITLY CLOSED FAMILIES IN TYPE THEORY

e EXPLICIT TREATMENT OF EQUALITY
(No QuoTiENTs) CF  BISHOP

set = me‘t - eﬁulvalw-cz relation

e FREGE STRUCTURE = Mope&L oF LTC
WOoULD LIKE ToO CONSIDER INTENSIONAL

Mo OELS
INTENSIONA
® - M -ALEERRA
A- STRUCTURE
EXTENSI(O NAL
¢ ° ) A- MooeL

AN- STRUCTURE

o HENCE CONSIDER MULTMCATEGORIES (N
GENERAL (NSTBAD OF ExpPLIcITLY CLos€ED
PAMILIES

* IT's ALMOosT A GENerALIzED ALGEERAKC
THEORY BUT ASSUHEs <THEoeY OF m-TUPLES
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THEORY oF MULTICATEGORIES yITH
ONE OBJECT:

F:(n:N) set
var : (W- N)( N projechions
=L (wN) (g BN FD)E compition
ExfLiciT equaL ™ o ARROWS
~NS ¢ (n . N)( ’; f “x .
$4: 8. pop cquality
mf:

Nn- avvows

Coa equivalauce
S‘a‘“ reladion
bans: ...
C'WPWJ : |
C«»rw,em

MULTICATE GoRY AXIOMS

prejae : (mn:N)(i:N,) :
var, () [£5] ~,, Ty ($2)

asioc : (Lun:N)(h: )(3; P ) %y
({.[‘p])[}’ [?’O f’]

( ENOVGH PoiNTg

Je~ 1!
ot (n N)(:m Fa ) ((weN)(f: ) glh] 3(63
%)

+ ConsTANY quc.‘rum ™ GET  EWL ¢
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THEORY OF A-SYSTEMS IS OBTAwED 8Y
ADDING THE FoLLOowlVE *
(CF CHURCH ALGEBRAIC THERY — OBTULOWICZ )

A (eN)($: %)

aF: (w:N)(a,1: %, )3'-'

£: (nN)(5,5" T N ) 2,0 M 3D
aptamq (w:N)(£,§' 9.9 %, )(f 3')(39 ) ap (5,) .,q"(y

(n: N)(S 7 )(5
P o, (3, (9).§) ~ 3[ ver (4, £7]

Asub: (auN)(§: %, )52 %, )
(A (FN[gsT ~

:F)
apsub: (muiN) (2,5 % w
ab, (3,5) 3] ~ pm(2 (] a‘iad)
( INTERPRETED CoNSTAMTS ‘
t: (n: N)N“ }Ag&(nt‘s by N - recursion
T CM N) Ns(n)
vera % e dofivad o var,, and —[-3 by
° MWMJ ) ”
CURLEN % RI0S A%ot}am%weﬁ
/ % LEVY % CUREN

(F  (VRIEN

7» (:f KSS@W‘%@”‘M .
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BUILDING A A-STRUCTURE
N TYPE TWGORY

INTENSIoONAL - STRUCTURES
T STANDARD FREE NIERPRET
OF THE AXioMs As
INTRODUcTON  RuLEs

4ormabion,

F

~

INTERPRETATION
ForrtATON AND

OF (AN )INDVCTIVE DEFS
tnhoduse hir

var X,Q.F/—[—J
ref,uzm,brm, cowv?w»‘-a,... ede

—r TYPE-THEOREMC FoRMALIZATION (F
AC-CALCULUS ¢F  CURIEN <ok al.

o \Jse DisTInNCTIONS

indue Hve \s, recirsive,
and
. ) /
j‘NnS:PbP V.r fqu_A,
defini Homat
2qualidy
IVIAMLHM ? Va.r‘, A’ q,.r)'
Lovecursive [:.J
lr\AMGHV& s
- MoRE

EFFICIENT CONSTRUCTION
EXTENSIWNAL A~ SYRUCTURESS

Z
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LOGICAL SYSTEMs IN TYPE THEORY

Pla):set (a1 %) Peomgc) : P& (aya's 5. )

7(&): set (a:I) 7'mj(--v) : T(a') (a,cf'f,', 7[al}

45'6-:.7; (a,b-:f{:o)
Cd-\-,, fpr the othun (oar‘cd conitant, )
'f,oan’a'\l scheomata

(P)®(T(a)> P(4))) @
Plas36) @

( T(a3:)E T2 ET)  (he..)

(‘Rm"ku the "c\bdm.‘g M‘S‘ of lo?nc“l ‘h,:“n.r
¢ etend,; Ha “a(ﬁc.bmfc Haorg” of excplicitly
o ped -fww'ln'w
e uses b indapacded caobnats
DAV, I,V )

’ I' { :
Seamg(-): a’5t" (e 4407, a5 vv
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BuiLDING LOGQICAL SYSTeMS
IN TYPE THeEORY

* The inductive definitian of a (fam.’lj of) ets P
Can be dome ..Simu('(:aue.owlj with +the

P - recursive dc.cf.'m‘kn-\ 0‘. a fuuc.ﬁ'ﬂ-; 5
(-l:kc. Mtroduckion rules for- P v‘e,fu- to $)
PRIME  exampLE - THE FIRST TYwPE-THEoRENC
UNiVERse (A LA Tarsu: - MARTIN- LEF 1984 )

{ U: st Je&’ne& t'hduc.h'vdy
T+ (U)set defined by UW-recursion

PRoPosimons anp TRUTHS IN A rFress
STRUcTVRE CAN R€  DEFINED SIMILARLY

{ Pi(F) et . defined ind,uc'Hvdtj
Jp: (a: ) (Pla)) set defined by P-recursion

NoTE THAT e DEPINE THE AUKXILIARY
FamiLy

?F - tru{:k Of a PmPo;,'-Hm
AND  THewn
T - truth

’f an o‘bJu.t (not asruwed + b o
blLe @€ DeEFinen gy P~r)

T(a) = 3p:Pla). Fap)
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rcda‘c..wﬁ\/!."
. e neso\-t; ve ocCUYren

PP~ [rntro steacvhinn (z: 7/_,["/,))
a,:.fo P 7’(«} G % g(x}:ﬁ’-&-) c: &y

Sinbolapbgci): PLc)

2:C~, as>t

7} e;uxh’lv

9" (C D/nfro@,/’, x 2)) P (“zﬁ)'y}['(’tﬂ(x))

Proof that this yields a logical system
?cmj thak P precerves ~ /oAMo( 47

P - (nduchen (amvme -elinvination, - /;Ag)

that Tfmum ~ s prosed as

o Temgq :
j ] cero //4'7 Qf the ct

7k /;rumm A an
Tla) = Fplap) (a: %, p: P )
. LOJI.Cw( Jcégmq J(o//ou.r 47 Hoo toe

tHat .
9 .:‘,..uc P-rndlucho
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SUMMARY

+ Construckion P oumd T (lo icaf S(jJM)
~ precise J\ul-\f.cp,i-aah b{” AC%&(! cAaira,

FmM‘Q'“j eplicat  wccount 55 mduchive
oeiiﬁ'w/ hons in ’f,\”e d«ur'tj

using explicit pmof-obje_d;, and u_'a‘a.«'w
v
dtff:‘m‘h'm
- "réf\'nzme\f:“ y% Acrells  web- Homatse &f(amh'@\

a simultaneows indueive -recurive

¢ ConstruckHan v Arriants )o—-c_,&w
—_ cid-rpQ cond ha e j:oV‘ ﬁrm‘«'mh’m« “(
Adedus A 2 Barean < ey
- makes wme drhuwetyan, bedvecen
UUW ‘ol g:w,;ma

(QUESTION
C&‘ttso meak vs  Natwud Deductin, Jvrwm
'{T onduchve M«M‘J\‘m (¢f MeNDLER ?t)

IniHal wﬁqm Now mﬁnu&‘de "
CCAhaamb Huswht wewanl o abrha chim rﬁ.swt Uuu.&

Semanbies | explains Construction as an  (wdugbivg
AO(FW\\"-\M \
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VARIATIONS ON
THE BAGDOMAIN
THEME

PT. JOHNSTONE
DRMMS., UNIVERSITY cF CAHRRIDGE
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Init XCC;
(* Higher Order Logic Definitons *)

FALSE == (p: Prop} p;

NOT ==[p: Prop] p->FALSE;

AND == [p: Prop] {q: Prop] {r:Prop} (p->q->r1)->r;

OR == [p: Prop] [q: Prop] {r:Prop} (p->1) >(q->1)->r; -

AEQ == [p: Prop] [q: Prop] AND (p->q) (4 >p);

ALL = [X : Type(0)} [p : X -> Prop] {x: X) px:

EXIST== (X : Type(0)] [p: X ->Prop] (q: Prop} ({x: X} (px) >q)) ->q;

" eq==[XIType(O)] [x, y : X] {P:X->Pcp} (P x)->(Py):

ext: (X : Type(OMY : X > Type(0)} (f.g: {x:X) Yx) .
({xX}eq(fx)(8x)) > eq fg.];

class == [p: Prop] (NOT (NOTp)) ->p;

(* COMPREHENSION *)
[ Com : {X1Type(0)} {P: X -> Prop} Type(0) ] ;
fin: (X1 Type(0)} {PIX -> Prop} (Com P)-> X]:
[in_pr : {X: Type(0)} {P: X ->Prop} {y : Com P} P(iny)] ;

[univ : (X1 Type(0)} {P X -> Prop} (Y I Type(0)}
{(£:Y>X) p:{y: Y} P(fy))
Y > ComP I

{univ_pr : {X: Type(0)} {P: X ->Prop} (Y : Type(0)}
{£: Y->X} {p: {y: Y) P(Ty)}
{y: Y} eq(fy)(in (mivfpy) );
{univ_uoiq : {X: Type(0)} {P: X ->Prop} {Y : Type(@)} {f,g: Y -> Com P}

{y:YleqGn(fy) (n(gy)) > eqfg L
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(* Axiom of Unique Choice *

EX UNI==(X: Type(0)} [P: X > Prop]

AND(E(ISTXP)((x,y:X} (Px)->(Py)->equ) H

fax_uni_choice : {X,Y: Type@)} {P: X->Y -> Prop}
({x:X} EX_UNT Y (P X))

> EXIST (X>Y) ([£:X->Y] {x:X} Px (£ x)) IB

(* Natural Numbers *)

[N :Type(0)] (zero : NJ {succ: N->NJ ;

R: {CIN->Type(0)} {d: C zero} {e:{n: N} {y:Cn} C (succ n)} {n:N}Cn};

{ [C:N->'Iype(0)][d:Czem][e:(n:N) (y:Cn)C(succn)][n:N]
Rdezero==>4 | Rde (succn) ==>en(Rden) ];

pred =R I@:NIN) zero ([a:N] (miN] n)

(* SIGMA *)
[Sig: Type] [top, bot : Sig) ;

def={x:8ig]eqtopx;

[false_pr:NOT(dcfbot)]:
[and : Sig -> Sig -> Sig] ;
[ [x:Sig) andtopx ==>x | and x top ==>x] ;

[and_pr: ALL Sig ({x:Sig] ALL Sig (ly:Sig] AEQ (def (and x y)) (AND (def x) @t y))l;
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[or : Sig -> Sig -> Sig} ;

[[x:Sig] ortopx==>top Il orxtop==>top];

[or_pr: ALL Sig ([x:Sig] ALL Sig (fy:Sig] AEQ (def (or x y)) (OR (def x) (def y))))} ;

[join : (N -> Sig) -> Sig] ;
shift == {p:N->Sig] [n:N] p (succn) ;
[[p:N->Sig] join p ==>or (p zero) Goin (shift p) ]

join_pr: ALL (N->Sig) ({p:N->Sig]
Goin._pr AEQ (def (join p))(EXIST N ([n:N] def (p n})))] 5

(* PHOA Axiom *)

[phoa : ALL (Sig->Sig) ([p:Sig->Sig] ALL (Sig->Sig) (q:Sig->Sig]
(eq (p bot) (g bot)) -> (eq (p top) (q top)) -> (ea p YN ;

extend == [x:Sig] [y:Sig] [z:Sig] or x (and y 2) ;

(* SCOTT Axiom *)
step == R I([a:N] N-> Sig) ([n:N] bot) ([a:N} [£:N->Sig] (m:N] f (pred m) ;

fscott: ALL (N->Sig)->Sig) ([F:(N->Sig)->Sig) ALL (N->Sig)
((p:N->Sig] (def (F p)) -> EXIST N ([0:N] def (F (step n))) ))] ;

(* Definitions of Domains *)

approx = [X | Type] [x ,y :X] {p: X -> Sig) (def (p X)) > def (py) ;

LP=[X: Type(0)] {x,y: X} (@pprox xy) -> (approx y x) ->eqxy :

epi_rel == {A : Type(0)] [X, Y | Type(0)} [f: X -> Y]
ALL (X->A) ([p : X ->A]

EXIST (Y->A) (Iq : Y > Al{x: X} eq (0 X) (G (F)))

mono_rel = {A : Type(0)] [X., Y | Type(O)l {f: X -> ]
ALL (Y->A) (Ip : Y->A] ALL (Y->A) ([q : Y->A]

({x:X}eg (P(EX) (Q(F X)) > eqpq));

equ_rel == [A : Type(0)] [X, Y I Type(0)] [£:X->Y] AND (epi_

replrel = [A: Type(0)} (B : Type(0)]

(X, Y: Type(O)} {£: X -> Y} (equ_rel A ) -> (equrelBf) ;

Dom == [X : Type(0)] AND (LP X) (repl_rel Sig X) ;

(* The Sigma Repletion *)

. Teg-pred = [X I Type(0)] [P : X -> Prop] {x : X} class (P x);
embed == [X 1 Type(0)] [x : X] [p:X->Sig} px;
Sig_Repl ==[X : Type(0)]
Com
(Ix:X] .
EXIST (((X->Sig)->Sig)->Prop) ([P ((X->Sig)->Sig)->Prop}
{p: Prop}
((reg_pred I((X->Sig)->Sig) P} -> {pr :(x:X} P (embed x}
(mono_rel Sig (univ (embed 1X) pr)) -> p)
>p )i

g

(* Chain Domains *)

~

antitone == [f: N -> Sig] {n: N} (def (£ (succ 1)) ->def (fn);

Omega_Inf == Com antitone ;
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rel A f) (mono_rel A f) ;
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Andrea Schalk

Power Locales

Abstract

As the category of locally compact locales is equivalent to the category
of locally compact sober spaces we can view the monads given by the various
power locale constructions as monads over topological spaces.

This setting makes it possible for us to determine the categories of al-
gebras for some of these monads.
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PRESBRVATION OF WEL-Fun DEDNGSS ETC

Backwaurg, Focwourd
X nonotone v xm‘"\m"‘ ’“’{)ed"";,
well- founded ,ueu—founded
Surjeciveon predecassors

D X well- founded
=2 Y well founded

T™his s \Neu ¥nown , but
pecple donit know My Know it.

Also ;. transiiive closure

14 ‘ v
sury, on pred., Sarj. on pred.
X oty X ————>Y
extensional & eLkensi
well fownded well founded
> f=q D Nifrings wnique

Coroliory: ensewmbles hove

No nonrivial automorphisms,

Pop? I XY ore extensional & well~ founded ten
there s o most one funchion XY Witk s
Surjeckive on predecessors, ond fhen WS an  inCAUSIon

of lower sers gharocerise subset relahion

Extensionad quotient of (X, 4) is X/~ \where
xvy i (Wx<x <y yvy' ) a (Vyey ncx xay )
Egi Milner

X —> X/~ is universal  sue) -on-prececessoes £
10 oan extensioval well founded vel?
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SUCCESS0R, ORDI NALS,
APPLICATIONS OF EXTENMSIOMAL. GIAOTVENT : |

Classically, o’ e X v {aj
~0r v X+ F(X)
at
Wit X<y i§ xgy

x < U if xe U

[u<v nevec ]

s e sek af decidoble lower swesets

Jdan from SYMWeEL domain Hneow
edensional quobed is  [PO) g)

+ ol
x = {x': %' ex] o' = 2% = sesof ol upper Swasets
von Neumann herrday

&Wm'\ fr  Wwouhowisthie ocdAnolds:

Trdexed wnion given (X5, 8) (€D N

. ® = <er of ol lower sulsets
Hocm L] Xi  wtw raanonon

ex 0 Component Hence -
exvensional auohenk s (U X , 8)
(38 +
Bea & Bga

Lokes:  iwkwionikic success@r

Buwr
ot e P(a) = sew of [divets) lower sexs of aeny % OC*S ”
M__ﬁ(m ayﬁ = C!\)g\) fa'vp,' :d\éd, &'G#I ecanse OM\A%\,\ BQQ = ﬂe[x
s exumswnol quotewk of Bea # Be,y
Wit " (i": j:'/;) * o'<a’en So 1w Wweeflexdve elariovg s not
N ’ ' obtounazd [tn ANy S\l mg from the
B™ < <a',p"> 3 B<pep

reflaxive ove.

ot"-(ot' Bl'l{i'




& DIRecTEDNess

0 = B
t = (& =MW
2= P({al)= 0

new Symbol: Q two-dm-omegq,

3 = lowe swoses of £
€l S(rCl swh sar
Vpe ., pea—rlea

Suen L need not be durecked

so in L) = V{F(5RL) ; pea}
tre Join is not direcoed
So cannct B formed, N a cpo

FIRST DEFINITON oF ORDINALS TOESINT WorK
How do we defire (hereditauriby) direcked ovdinals’

[BTw.: “irecked” meows in Me Biony sevse
Vuv Iw. uyvsw
ony,s0 © s dicocred . Better: “sewidivecked” |

o’ = set of all lowec directed sulosets af o

W SPTY OL—Z oukonmakicoldy prasenes A.VJ
oy
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HEREDITARILY TARECTED ok, loms
(o, <) se W Blaaw  relalion  such Aat
well fownded v ¥x. [ VX' x'<x > @p(x’)] - P(x)
P. Vx. cplx)
xtensional Ve Z<x &> z<y
Yxy
Xmy
(hered.itorilg) %< <
transitve g Vx,y,2 Y y'®
X< 2
hereditarily ( x' <%
directed ~ Vyx,y. Jz. Vx'
X'<z
13
<
{ Yy’ 323
<z
x<g' <z
VE. S
L 2<3

O,V ove consbruceed: n e dovius was
af s fhe st of CS-directed lower seis of o
Y is fe hereditory join




WHEN To STOP LTERATING?

Clossically: Hortogs’ Lemma

for omy X,
H(X) s e ordinsk of isoworpnism classeds
ordwnal stvuckures

:(n swoseks  (swogquotienss )
of X (Nxx™)

Sie no buo lower Swosets of o easewlde owe
SomorPWL s By Ahe gamiky

HOO— X e e L)
s not  njectinve
A

mecefore  witn  x=§ (1)
7 x=§(x)

How dowe make wem MM?
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R
ETUWRN To THE comPLETE LATTICE CASE

Suppose X han buany Jolns and f:)_(-wy presecves faem

How 0 acwee Mis specold cone fom e aenmarod one !
FREELY

X={weX. leWw Tottom
xs.\jGW -y Xew dowa- chesec!
x:eW - Vi eWw Seott-closed

wnder  Wnelusion

X - X

o j . 5

X =3 %

f presovves v ond Weme olh  jolas

Whwok aloowl  ovdinal powm'?

£ = L FL)

The iterates in X Y1)
are principal lowee M
Sets genecated by £%(1) \

If u=$70d) s fxad U= Hu)
Hen ¢ hos o, greaust element, which 3 foced by .
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THE Joun- PRESERVING CASE ;
ACPLYING  HaRTOGS LEmMA POSITINELY

Clasgieally, ordinalsS are trichobomouws So
tne joln AV e mvox{o, Bl is preservadt aubomakicasly
o — L)

INTUITIONTSTICALLY Fhe join IS nonbrivied
bue 5B = AV AL birary
f XX WS\ preserves jobrs

4

- ot
So we nave HOOTTEI X )= £7(1LD
r

+
This ndMceS o closure operakion on  H(X)
gla) = largest B wih (B & L)
This commubtes wih {

The resiiarion 20 4 to Gto sottsfies +he
same Agiwing 2auonon as £ on XY
BUF s injeckve. $0 o€ HUX)
and  Llat)={(g(a3))=4(a0)
50 Qlota) s Mo Rk DobAT
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%srsmpt o T tarskls Aneorem for CPOS)COWM\,HH

I own gratgud to G FetecFrey & Taﬁ‘m\m
om “ThiermCaquoumd | Feter André
for naete Leresting ‘imd help@ud mci\«mmis

I Reter omd Andnd ooz ruml ok (On,€) is the free

CPO  equipped WMl  successor Saddsfu . o<o*
(akdrwu%).\ S not  wiowotone ;. OI<B£0L<F+).

Z.M Obsensed Mot Mn Proof can ve dore L Mg
Hoare POWECAonMEiMm, uwikvout uning odinals at all.

Pt LX) = { acX: lea, ais 4V (ieSeott). chosed]
s s e free complete V- Somadaddic. on X oma cpo
e LAU whee U- CSLok — CPO, ), B Lo = {1y}

Vis tosed wder T LOON-LEX)  wiere £)= {3 ’
(Sco¥t-closure)  ang  V e cleSed wndesr V' (bus vet )

Then () VaeV, 3x, a=lx

for puxr W= {a. Ix. a= $x §

shwow Mok L € W, [ clostd wades ?a.v\d \4
%o Wecv

(1) VYaeV. ¥beV. ombk-—eN JceV. a,o<c
fw wmr W= {‘&&ﬂbﬁ:&g g\s', 36.&,\35C§V§,
Swew Aok Ly €W, 5 cleed umded  § and V'

second  wses: _ - -
e aps<c, Hun avibeg favib=fvde fe
Hene V (heing diected ana closed wnder V)

has a greakar  elemene a=J0x
WWAR ML . siw  Ahak xX=Ffx TJM\MWPQ:.

3. UNFORTUNATELY T does woc presense  binany Aoin
beeoune M\/*oui Mo union of Mls(.ﬁ'ooﬂ')
closedd. setl need ot T pe C\sed .

TS poblem  opplies boti+o Thisnu's Proaf and mine
buc Mee s skt a. ol - pm@wcr\swmcx{on
LOOW) — LX),

T Conk Mnow at Me naoment haw
Yo proceed fema  Leve

t. Conjeclure : e Classiad Wlineds com be vecovened

\ Y aetver succesors exv linmds
AC PuEn & = Y: 3B. 7e(§eoc : d+_=(x€d",ﬁ-=2.
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PROGRAMME

Monday:

09.00-10.00 J.Y. Girard. On the geometry of interactions’.

10.05-10.50 S. Abramsky. New foundations for the geometry of interactions.
Coffee

11.20-12.05 P. Wadler. There’s no substitute for linear logic.

12.15-13.00 G. Bierman. Type systems, linearity and functional languages.
Lunch

14.15-15.00 V. Pratt. Event spaces.

15.05-156.50 C. Barry Jay. Tail Recursion Through Universal Invariants.
Tea

16.20-17.05 G. Longo. A new challenge: The categorical semantics of
ad hoc polymorphism.

17.15-18.00 R. Tennent. Semantics of local variables.

18.00-18.20 A. Joyal. Conway games.

Tuesday:

09.00-10.00 T. Coquand. Interaction sequences.

10.05-10.50 R. Crole. Recursive types via fixpoint objects.
Coffee

11.20-12.05 E. Moggi. Evaluation logic, an overview.

12.15-13.00 P. Dybjer. A construction of a Frege structure in predicative
type theory.
Lunch

14.15-15.00 S. Vickers. Topical categories of domains.

15.05-15.50 P. T. Johnstone. Variations of the bagdomain theme.

. Tea,

16.20-17.05 'T. Streicher. Towards an axiomatization of domain theory
in type theory.

17.15-18.00  A. Schalk. Power locales.

18.00-18.45 P. Taylor. Tarski’s theorem for cpo’s, constructively.

IThere is no contribution for this talk.
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1-42

4370
71-92

93 - 114
115 ~ 138

139 - 160
161 - 174
175 - 182

183 - 212
213 - 224

225 - 242
243 - 260
261 - 274
275 - 282

283 - 303
304 - 304
305 - 322

‘Wednesday:

09.00-10.00
10.05-10.50

11.20-12.05
12.15- 13.00

Thursday:

09.00-10.00
10.05-10.50

11.20-12.05
12.15-13.00

14.15-15.00
15.05-15.50
16.20-17.05
17.15-18.00
Friday:

09.00-10.00
10.05-10.50

11.20-12.05
12.15-13.00

P. Freyd. Towards axiomatic domain theory.

W. Phoa. Synthetic domains and operational semantics.
Coffee

M. Fourman. Set-theoretic semantics for ML.

R. Amadio. On adequacy of per-models.

Lunch

Free afternoon.,

M. Felleisen. Observable sequentiality and full abstraction.

S. Brookes. Computational comonads and intensional semantics.

Coffee

A. Pitts. Coinduction for recursively defined domains.

P. Scott. Remarks on the II calculus and linear logic.

Lunch

Y. Lafont. Genetic abstract machine.

E. Ritter. Categorical abstract machines for higher order typed
A-calculi.

Tea

B. Jacobs. Affine and material semantics.

V. de Paiva. Full intuitionistic linear logic.

G. Plotkin. On compactness and CPO-enriched categories.

E. Robinson. A categorical account of parametricity and

type abstraction.

Coflee

P. Francois Lamarche. Sequentiality, Games and Linear Logic.
J. Power. A logical framework based on categories with
structure.

List of Participants
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323 - 328
329 - 340

341 - 358
359 - 380

381 - 412
413 - 458

459 ~ 480
481 - 514

515 - 532

533 - 545

546 — 546
547 - 570

571 — 584

585 — 598

599 - 608

609 - 612

613 - 616
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Lo ML

To L\v\ Lo ««3 1%3 € olin Quua(k f
M\\ c,(\A-E—( Fo W A0

NO NEW THEOREMS f
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e
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e
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$ @«M’L\ZLS

I V\.W S&Muﬁ‘cs

(t; q v‘.wf)(L ng-‘.\? U"'\dv( La—«caukaxa L

Tm;m_s wk ool prodweks A xR

A, B Alaebmue aL,;\—aimu,s A bk € hee
Rnchions  recumive Ruwehous

£59 £:A—g (al ML)
Exprasvions  Applicaton T €

eb Concibonal ¢ 6 thewe elsce,

Coae C.ose Q"‘FP“—{?“-‘Q
o © 1pm"1=3€7

[wleded Sewanties
‘[n] A a  seb
[A-1isk] & o oo adgebra_
[§:0+8) s & parkad map [a] — (&1
[€:AT s ox clewank of [AJ
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A ’Pﬁ)%m—wx \&"Q"“J"H"-%“L Seasmin

PL TNL = Lc’%iw{"
( N of wr g Tree & Tree

fum  seareh (forest 2 Trea sk =

case forest of
C3 = (1
| (L=t - (o searh t

L (NG L) n b= L M(é@(_t,r])
(YO RFS ¢

searcds Ct1

Nacve sef- Heorehc r&&sovu:&cj m
p»eol.dcn.‘& loo&«‘.o_ allowrs us to prove fprofm*\'es
2T

&3'\»\0(.\.\&'\‘0‘»\‘ (> 2V “‘LQ sl'n.kc,ﬁm-&

<t
RBFS + temulnmates.”

H b&&l ) ﬁ/«@!‘t@«d \.Ck.-&z\:\i& =

ML - fonchomal subsek
( no N.?S w&xu#m\)

e [at-class higlar-omlesr valun

*  recunive dadzdbfms
’Polnwrpkim (H&w((gj—Mc'lmer>
*  modules

C lalm
A seb - Heorehic interprefation of ML
%ees omd values & sinaple amsl comsrbect.
[ P(Au. o‘{é Seb  wse éﬁ”/@ %Jwe.r"afc
[ﬂ] (s a 5(." CQL&J\_'[% &P&M&)
Co3 15 o soluhiow fo dowmain Qﬂy.u\-‘\M

A8 s aa  parkal

LWA - R] J is the jm of (z?;f&».( e
o gw«z;,km Ot tow.‘ouleo( al

(9_Ml” @‘-’(d PG\V&S) st (.i»\\'v\'vxsrig\) ?M

ey £ fo LIEm
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Logic Ancer Progre | BFS & la Tofte “
. wshe Loges | |
w“ﬁw—ow w ¥ Mrﬁlpﬁ_ Gt = C a‘F Conk —> 1wk kst |
Equaliny Toypes e Deceol Sl | D

apply (Cf) e =fe

fonchiom spaes M‘ex(o.«s[a\«av( \ WLJ 'D D ) C]

o p(,(?,gm.u_ Td‘ae_g e twochad <iwp&.«,\[io-_\3

’wa(u&h e s.b"&d??au.'rs

L searh £ a b=

cose t of
’Pa..lw( @.«J\:M sahs , Li = ¢ % a b
o(o.f\.w.w.\‘) (K l&u\ e_cv«o.,((l-\le.s .. \ N(;’L,f) =) |
o Tocchows wnte S towotone MM{_\M Lo a(C (-”65- Couuv(\(,oCosw&r‘» \
oae wakad M@F%-t: Lt DD g
',\_)_&_ Sowe \o%ua,( ‘l-ujee,g —€q 2 | | i}
Ab\?:cf’iii o\&c:'\.s\’ .\l&%_A Lﬂsu (M SWSB @ FSC t = @FS 6 7

b s gob —theome bl ol withond  covaidon , .
’an,bLo»\&L\ Or-ekcuﬂ“waq %3") H_é_ ’,
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336
Debue  cont: foveab —> Cok —> Conk | ; |
cont E3 = I CCG—;‘P‘:) ((.O\Jnau éZ.)oC.c . )
l ok (Errest)z Coseanh t o conk resk _ .
ot €2 =C3 Clapply D oCo --. )
Wk £ = codk £t D L2401 C e (ClorplaD o okt C o o) |
f\mml'd3U' C)] = D - : W(j ‘fflj ° o ---
‘ UNJ""Y&U E = C(%bo cont €'> = C(&'FB'DO cond £2 OCo...B "
mms (Legley | e gy (Cof) = ef
“ﬂ’(j (codfh 1) (condright €2) e (\g
: 3 et

= BFS (41@ €2)
?Eg& Eb ko

%(w €3) (endrrglb Cl)= ... =C1
apply (b bt £3) Ceomdrghb €2) = .
= D (comb €2 D)
(odoft 1) D

(um" (Liiiiesk) DY (combmbl €2) =, , |

= L33 opply (contlofh weab) (smdrrghd €¢2)
, “f’P‘j (comk (NG,LA sk ) DY (ombybd €2 -

= o (NGLA) (o sk D) gw.c,u €2)

]

oC o v

i %(MH#&*\(C(% De cok (£2€(Ce,r1)
Ut opply (comblafh sk )  (codnaht (€20 L€, r1)) |

i’:: wak sask DY (C( conbel oCo '
¢ (o vast DY) (C(apply G N;:%Z) - (r .
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Chsennfion

L Lol = L*Ted,

la, ik e g C&.

\!\/‘Q— Cha. QkLeM.GI 'ré_us Pc,‘c,f’".u.(, Ao Coed
%wt« Tx = x

T: 'a—'al
C): & list
rev s 'a ligh —> 'a. sk |

reo = Lo e Wsb — ‘a bisk
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SimeLE CATEGORICAL
SeEmaNTICS FoOrR ML

PowymogrpaisMm & MODULES

UCS\E\‘ H\M ’ th Rv.n\nn
mloefk of ¢S, ®dinkurgh

1 PoLynomiaL. CATECORIES
T Lev- PouytHoreri Sy
T SwNATURES, SHARING

" avoid mathemahcs Vo
use «:a'kgon‘ -H\Eor\ﬁ msﬂoﬁ




\NRAT DOES Ax.x:Vor. ot MEAN, IN ML

(&) Model all ‘ypes " o categary C, |
[Ax.x]

so
1

C must be a "model of system B

> [Ya.a2al € C |

(B) (Burman / Phoa/“d‘:&s/\/icl'.crs /)
A +‘1P¢ Sd\eme Vot does no“'

hove the same clatus as, egq., "okﬁno(:.;

So

11— Lx»all = [X>X] eClY

Cx]

C2x.)

-
-

POLYNOMIAL CAT on €
C + " indeterminale okied" X
T3 =X

343

OBSERNATIONS
e "Yoi ot {nhrpreke) — ius* o worker
that tells you whea yow can wgtanhate
e does not extend o Pl System T
o choaqe of viewpoint:
" Poh‘morfokisvn s not « feo:\-we o
o particular wodel © bt odded
on top of on ar\oﬂ'row‘ T via o
qenersl (3-) categorical carsteucion

GENERAL
works for any CCC, any distab, cot.....
(¢ wodels of Systom F ‘restrict”)
ORTHOGONAL.

PO\qmorpkiSm s}eggk —gm mderl“.mﬁ \mg.

W
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1 POLYNOMIAL CATEGORIES

cee ¢ () cotegorny of cece's

If C is o CcC, its palynomial cxt

Crel. 4 CCC) € a W‘?

€S ena > X "geracic dojeck (of €)'
st. for any ccc B,

C—>Db , DelD

CX1=> D

XHB(\»‘HB
eq. if De€, I (pta?)

subshtuhion Yunctor
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CONSTRUCTION ‘

Clx] =€ +<X>
where

“+" = (bi) covroc)ud' w CCC
“x>" 3 free CCC on one object

cCOl—>cC Syt

Sy

0w e
BN

These exist by enersl -H\ton1 of
coks-with~ stuctuce  Rladwell, Kelly, Power)

£

Give
" e8> cee

indexed CCC with Seneric daject G€F(P)
con, _\: Im (F)

put

C = F)
CO= TP X =
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I LET- POLYMORPHISM

Common l'-now'elazi can I;\'krpre('

Hindleu"s'h“e 'l'L"nhQ ‘ﬁ;x.x: se=> ot )
l.ﬂ Gm1 QQC Cs
Not clear how to extead Hus +o
Milncr'sk‘le LEeT- ‘ao\umoq:kisw\

le{' p A }3.3 \n (xx,\,

Polaﬂomia( cols ‘m)vn'ae simple sal
8uT a litle cumbersome : \§ 5 ¢ EV(ed
might end wp bourd 1n o let, must
keep +rock c{: eoc\h gccuvvence O‘F X.

347
TVPG S\f STEM  Damas-Milner = Tofte
e i3 glee‘\ﬁ\u.et let xze w e’ t...j
iz |l >t Clmt(lbeetl..]

Sz Vet .o . T

%t W Ve, ..
ond 3 “'\dpes Tye Ta
st. T = elo=<;]

If F is o set of ype vors,
C\osF"C s Vol,...o(k.‘t
where to,..a, 3 = TV (©\ §

(There are vanonts, bud this vesion
" Otu\\'t cose to SML)
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Typing judgements look (ke

Wesd
T;C, Pre:n
where T: fol‘,..., e,
G: fz.':é‘,,..,‘ xPng‘ £or lets
P ‘{lj‘: Ve 9q T R 2s
RULES
>

T3G3Pa‘3“\7"'11‘l' T;6,x:€; P+ x:r

T1:G; Pte: t»¢' T:G: P & ',
T;G;Pree:x

T:6; C ke’
T;G; P+ 9\3,& tx->g’

TGiPre:T TiG,x:CloSeryeg.pyt;Pre':c’

T;G;P ¢+ (et Ase in e': !
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SEMANTICS
Sps  ouelni T;: 015 Ty; :tj's re:w
lel: ? —>LxT i CLX,,..,Ka]

et :: €. X Tir, (<l>' "u\
be He occurvences o‘ X; n €

K
Cel: T1T1 Dv,0x T Lv,1—> Tl
v Q24 3

ncXocs

let haadled using substitibion
SOUNDNESS

(sfeo'ml case)
If Tiirteir ond ene, & inal
thea T;;re':T ond

Led:Lel 41— 0T
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EXAMPLE
o, 0ty %1 Vet o0, 0ty ity b Gexdyt o,
ClxndyT: CLRA XTI IX X ]

LR 2% 12 X, — X,

%out; ;

(mlﬂ
- A}.}: ot~ chy

‘I'A“.-S‘I) s r1xt‘l: 1= [\LL..,XL] ¢ q:[x‘.xlé

oy, %0 3 YF o,k let 2= A:‘S " (1(30)3:«‘

— Vo, o2, > (d2o) > (> a,)

S

~> subst. ?uac\-or S Q[)\.“Xl]_,&(xhxl]_

xl 5 xi X), H[Xl_'a X’L]

S;w\]‘o.fl«‘ -For Vo&l,d‘_-é W, > o > 0(1
« 1c 1
‘[t.-nt.;' ‘x> x Yy,

7

“Llet .. T: X,
(RSN EIVES MIEICEY RSS2 S

'c)dsh'ns Qbi@e,t CecC
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T MODULES, SIGNATURES, SHARING

AS well as aa;a;m'a.j ON wdete miaate
obi!d' X 4o C, we con cdion'n on

indetermingte element x o an

(easier!)

CUx:C] has the umiversal pop. 4that
cip  1SFcew
Clx:c]— D (x> Q)

1
eq. have C— CCX,x:X] 9‘\:&9)\

ond furctors S:CIXLXI T k.
SIZA, correspoad to pairs
{cec, 1=—C ec)

call this a 'Raac'\'ﬁr '{C'_Ji" C
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SIGNATURES W/OUT SUBSTRUCTURES  SIGNATURES  WfoNLy SUBSTRUCTURES

Signoture SIGA ¢ sigrnature SIGB ©
9 SY
pe t; Structwre bat:SIGA ;
val P:b‘)nqb structure bal :SIGA
end ; end ;
"Structwes” in C o pairs P'\c'\'wtd 5.1 ML people as
(cec, 1DTes>Nlec) =S bat s\es\\,‘;z
Let [SGAT C | Si6A SIGA
m T CLX, 2 TX2N3) Form the coproduct
—then .
Stackures” in € o Chatd /Tﬁsnaﬂ\ w Jba23
ISIGAT > C  uwder © @sweAl ISi6AY

Structures  b:SIGB  give ws
bT: e8> C

ornd Lb.batd = Tble Ceatl

Cb.boa 3=0CbTe [batl

IsweAl ‘c\ossiﬁes“ steuctuses of'
s\gnx\'we SIGA; S is RN stewctud




SIGNATURES WIrTH SHARING

.:SIGA;
Cb: SR
ca 2 clh.loa !

SI6eC

o] e

bo2
S\6A bot \S'IGA

To # WS!GC]]‘ -Fon.\ +he Cohnib
ESwee? Cebl

Ccad

cov~nmu+o+ivi EA‘PON’.QS
lecal=Te.co.batD

$o cohecrent
on Me nee

FUNCTORS
Puncter Flsb:SWGR):NGC S
struct
structure co.s sb.bal;
structure cb = gsb
end ;
should give s
Ie1l: CTswccI— (s8]
ie. it b:siee, (bl:tsmegl >C

thea TEUDU=0LITLFT: 6CTI—> C

Construct OFT by using the foct frot

I5'6¢cD (s a colimit.
————
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ALSO PossiBLe c,meuwy

o functors with sharing specs,

* sharing specs (nvelving odwissificahon

* external chas Sna
etc...

WARNING
K\aormas treatmant will involve careful
hondling of idenkfier /name Bindinas

o 1\ b

AN,
Ve

v | .
+ndn‘1’a b w

~other subtleties ..
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ALSO POSSIRLE SOMETIMES

* equality “'\.“ﬁs

pe classes (7))

+ Extended ML sPchF\cwl-whS

Pheo & €Ed Kazmierczak are
Qx(;\on"aa ConSequences -?or E“L;
hos clanfied pmo{: rules

MAYBE PoSSIBLE

recursivt modules

higher- order modules

T™E end
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Introduction

Recently the research in the area of “synthetic domain theory” (see, e.g.,
Hyland[91]) has especially addressed the problem of discovering subcategories of
partial equivalence relations (pers) over a partial combinatory algebra (pca) that
enjoy good completeness properties, and that admit certain constructions typical of
domain theory, such as the solution of recursive function and domain equations.

Our concern here does not lie in the construction of models, or in the
categorical abstraction of such construction, but in an attempt at connecting such
models to issues arising in the design and semantics of, say, typed functional
languages. In particular we connect a certain per-interpretation to a call-by-value
evaluation discipline that corresponds to current implementations of higher order
typed functional languages with a static type checker (see, e.g., Cardelli{89]).

The main result establishes the equivalence of the syntactic and semantic
notions of convergence. This is a classical “adequacy” result for domain theoretic
interpretations, as sketched for example in Plotkin(85), after Martin-L&f(83]. However,
as far as we know, no results were available, in the case of per-interpretations.

There are two additional points we wish to emphasize:
e In order to prove such an adequacy theorem very little structure on the per
model is needed, in particular we do not require working with an O-category.
« The adequacy of the per interpretation is largely independent from the adequacy
of the underlying pca.

Section 5 is the technical core of this paper. The proof of adequacy w.r.t.
standard domain theoretic interpretations, requires the combination of
“admissible predicates” techniques and “reducibility candidates” techniques. In the
proof we propose here, there are two additional twists that are due to the presence
of second order types, and to the interplay between the typed and the type-free
structures. In particular the key of the result lies in the definition of adequacy
relation (5.1), and in the way one associates an adequacy relation to a type (5.2).

In order to make the central result quickly accessible we have delayed the more
or less standard proofs of the first four sections to appendix A. Such sections
contain respectively: (1) the definition of a fixed point extension of the second
order lambda calculus; (2) the definition of the evaluation mechanism of such
language; (3) the description of the basic properties of the partial cartesian closed
category of “directed complete” pers over a cpo model of call-by-value, type-free
lambda calculus; (4) the interpretation of the language in the semantic structure.

1. Language
Types and raw terms are defined by the following BNFs:

Type Variables: tvi=tlsl...

Types: au=1ltvl(a—o) | (Viv.o)
Term Variables: vu=xlyl..
Terms: M = » | v Qv:a.M) | (MM) | itv. M) | (M) | (Y M)
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In the following we will feel fr
label in the Y combinator. All
redenomination.

A well formed context T is
are distinct. We write T, v: o
viaeT to state that via occurs in
variables free in types occurring in
variables contexts are left implicit.

As usual a substitution, say o, is a
- to formal expressions, say exp,
o(v)#v). We assume that such doma

€xXpn/ vyl a substitution whose dom

€e to spare on parentheses, and to omit the type
types and terms are considered up to o-

function that associates variables, say v, V1,
€xpy, ..., . The domain of a substitution is (v |
in is always finite. We denote with lexpy/vy,...,
ain is contained in {V1,--, vu}, and that associates
exp; to v, for i=1,..,n. f 6 is a substitution and exp is an expression then oexp
denotes the expression resulting from the application of the substitution to the
expression, according to the standard rules that take care of bounded variables. We
abbreviate an iteration of substitutions, say 01(..(op exp)..), with 01..0p, €xp, so, for
example, [r/s][s/t] (t-s) = (r—1).

In a formal system the symbol “=

premisses from the conclusion. If “]~
write “

separates, in an inference rule, the
is a judgment of the formal system then we
J”, if such judgment is derivable.

A typing judgment is of the shape I'oM:a where T is always a well formed

context. Derivable typing judgment are specified by the following formal system:

* =Io*1

(asmp) xael'= 'ox: o

(=D Ixas>MB = I's xoaM): (a—B)
(=E) I'>M: (0—P) , I'oNix = Io>(MN): B
(vI) 'oM:a teftvl) = > (AtM): (Vt.a)
(VE) F'oM:(Vto) = I'> (MB): [B/t]

)

I'oM: (1-a)=o= I's Y M: a

This language is intended to r
fixed point combinator over
having type ((c), ~(a) )
type (0~B) should be thought

epresent a second order lambda calculus with a
lifted types (one can think of the constant Y, as
» where: (o) | = (1-20), and (a—B) = (a—(p) ). The
as the type of the partial functions from o to B.
2. Evaluation

The canonical forms are the well-t
possibly with free type variables, that ar,

Cui=*| Av: a. M) | (Atv. ©)

yped terms without free variables, but
e generated by the following grammar:
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term.
(t») = *y* ‘ )
(asmp) “we never evaluate a free variable
(=D = AxcaMeixioM '
(—=E) Medx:o.M', NeC', [C'/xIM'»C = MN-C
(VD) MwC = AtMoAt.C
: Mo[a/t]C .
g)E) thxtlcY;MC = YMmC (for x fresh variable)

i hat
We write Ml if FM~C, for some canonical fc.)rr.n C, and MT oth:drtie.i?;;;itblel
the definition of “-"” gives directly a deterministic procedure to ; o a; fpossole
a closed term to a canonical form. Hence each term clan redu
canonical form. Canonical forms always reduce to themsc'e ves.On ne hand this
Observe that we evaluate under type abs‘tmctwfn.h e o the type.
corresponds to the fact that in actual implementations of the na; tg gapplicaﬁon
checker is static, hence no information about .type‘e abstractlonla iny;;:c P e
ars at run time. On the other hand, as it will b‘ecome c e:':lr e
:}r\’giie is important in capturing the behavior of the interpretation of secon
types as intersections.

. Semantic Structure o b
? In the presentation of the per-model we take a minimalist aszlc::c ;OO?'
resenting only those properties and constructions that are neede; t;:? e t};Xt o
€Ve refer to Amadio[90} for more information about the relevance an
the structures discussed below.

entions (category of dcpos) . .
Coivset X is directed in the poset (P, <) if @=»XcP, and :/3({}]6;;,'2:; ;(.(sxu_;ser;s yTwo
is di if it has joins of its .

A poset is directed complete (dcpo) i ' : S loone

mapt)hematical expressions including partial operat.lons, szytsl,e:;ea:qual "

equivalent, written ej=e,, if either they arcle1 ;[%t)h i;iefme:thaex:n atictz expressior’\ %

i i am
they are both undefined. We also write e (e . oy
def?ned (undefined). A partial (Scott—)contmuousd functgm l;e;\iix; ::;c: fir}:m ¥
i i i the dcpos D an

(D,sp)—(E, <g), is a partial function between D ‘ /

}c‘liiecteDd) sét X fn D, f(}L)D()sUf(X) (whenever we take t?\e join of an }ndﬁxe(ji ;ét,,:d

mathematical expressions, such join is defined' if the )im (ie :) eOf fepos

mathematical expressions is defined). We denote w1t%1 dcpo .t e1 cat Eo;'ya variial

and partial continuous functions. This category 1s'(equxvaxe(xi1 to) = parie
cartesian closed category in the sense of Moggi{88]. Given two dcpos, D, E,

The evaluation “»” §

i i i inuous
denote with D—E, the partial exponent, that is the collection of partial conti

functions pointwise ordered.
think of “

" as a family of relations indexed ov
evaluation

er types. The definition of the
relation proceeds by induction on the

structure of a well-typed closed
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3.1 Realizability Structure
We assume to have an object D in the category of dcpo that has its partial
functional space as a retract, i.e. i: (D=D)-D, j: D-(D—=D), joi = idp_,p in dcpo. We

define a partial operation of application over D as: de & j(d)e). From this operation

one can define, as usual, continuous operations of pairing, <, >:DxD—>D, and
projection n:D—-D, (i=1,2) such that mi<d,d'> = d, and ny<d,d'> = d".

More Conventions (category of ppers)

A partial equivalence relation over D (per) is a binary relation over D that is
symmetric and transitive. We denote with A, B,... pers over D. We write: dAe for
(de)e A, [d]4 for {eeD | dAe}, 1Al for {deD! dAd}, [Alfor {[d]s | de A1) A partial
morphism between pers, f: A=B, is a map f: [A]-[B) such that

JheD. Vde |AL (£(d]z)l A hdef(fd]a)) v (f(d1)T A hdM)).
We denote with pper the cate

gory of pers and partial morphisms of pers. Such
category is (equivalent to) a

pece where terminal, product (in the related category of
total morphisms), and partial exponent pers are defined as follows:

14DxD, dAxBe & mjdAme A nodBrse,

hpexp(A, B)k < Vd,e. dAe = (hdBke v (hdlt A kefl ».

The interpretation of the language is based on the following category of directed
complete pers and partial maps. One may think of this category as a loose
analogous of the category of dcpos and partial continuous maps. We will see that it
retains the basic properties of the category of ppers, and moreover it has a fixed
point combinator over “lifted” objects. The proofs of these results follow Amadio[89).

3.2 Definition (directed complete pers)

A per A is directed com
UpxpXe A. We define dc
dcpers.

plete (dcper) if for any directed set X in DxD, if XcA then
Pper as the full subcategory of pper whose objects are

3.3 Proposition (basic properties of the semantic structures)
(1) depper is a pecc.
(2) dcpers are closed under arbitrary intersections.
(3) depper is reflective in

pper, that is the inclusion functor from dcpper to pper
has a left adjoint.

(4) depper has fixpoints over objects of the shape pexp(1,A).

365

* IIrr‘ltet}?i)srest:cttliz: we define an interpretatic)f\ of‘ the la::\/gl-laie :1:?:?{ ;:\C ﬁt(})\:

semantic structures just introduced. By convention if t;h V-—xforli : 5 o

from a collection of variables, v, to a set of values, W, then ,

define: tla/vI(v') = if v' = v then a else ©(v'). . edepen, is 8
Types. The interpretation of a type, given a type assignment n: ’

dcper, defined by induction as follows:

fih=1
Ith =n()
fa—BIn = pexp(laln, [Bin)
vt.aln =ﬁAdCPe,laln[A/t] ' y AL A trpe
Terms. An assignment is a partial function p: v— ;ﬁ f?)‘i-l:re\;d LY
assignment 7 is compatible with an assignment p, w.r.t. a we -] e only wric
wel, foln =2 = pooM) A (lalm#2 = p(x)e[[a}r} ; iy writ
fof o x‘.rae :I‘he interpretation of a judgment "> M: o, nggn'n, P, e
iy as'n I;i" r undefined or an element in [foeln] (equivalent.ly it is a‘ partial 01::1
s inal object to faln). Such interpretation is defined b'y mductlo; i
i;oxrl\extl};htirfmﬂl\r; typixllg judgment. Observe that some clause may f.:l ;:I)ubief ?;lee‘y,
; : e wri
se of Kleene equivalence. Suppose HJ > M: a, w
1t;!l;:eceastsl;egn“;nent n, and any p, [@oM:olnp Y, and MT! otherwise.

* Fo*ximp= [d]1 ,fordeD.
) IT o x; oylnp = plxy)
(aslmp I 5 Ax:e.M:o—BInp = (he D! Vde 1Al ((d)} = hde f(d) A EDT = hdf))
= where: A =laln, f(d) = ITx:a > M:BInplldls/ x].
o= - [FoN:alnp

—E [MSMN:finp = [MoM:a—pnp - [T _
~o where: A tlolm, B= [Bh; {h]pexp(A,B) . [d]A = [hd]B . o)
(VD) [MoALM:Vtodnp = if 3A.(F(A)M) then T else (he D1 VA dcper. he

where: f(A) = II'> M:aIn[A/tlp .

MB:[B/tlodnp = [[oM:Vt.alnp -IBIn .

(VE) gl?ere{? IE= A.A.[(lh[A/t], MF = r\A dcperF(A)' [h]np B= [h]F(B) .

IMoYM:adnp = [ Upe k(n) 1o
(Y) wk?ere: B= I(l—xa)inah, [k]p = IF>M:(1—~0)—alnp,
k(0) = 1, k(n+1) = k i(kde D.k(n)) .

Note: We retain the attention of the re:lxde: onhtll\r,eienpg:tcsl:a \ces (D) and (VD) that
i in order to sho
(1) Something has to be done in o
i tions of realizers are not empty. e, this
Cert(;l)nvsc})}el;cwe apply a term to a type (clause (VE)), we kefep the same realizer
connects with the choice of evaluating under type abstraction.
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(3) In the (Y) clause the existence of the fixed point combinator, which was
announced in proposition 3.3.(4), takes a concrete shape. Its construction takes
advantage of an iterator one can build in the realizability structure.

The following is proved by connectin
per-model to the interpretation of its
structure.

g the interpretation of a typed term in the
underlying type free-term in the realizability

4.1 Proposition (Typing Soundness)

If FI'> M:a then, for any 1 and p such that nTp, we have:
IF>Mohp § = IT> Mo e [lalm].

Proviso (on type substitution)

In the following o, 1,..., denote substitutions of types for type variables. We now
specify top-down what it means to apply such substitutions to a typing judgment.
As usual one has to treat cautiously bound variables.

Judgment: o' >M:) = oT 5 6M:oa

Types: 6l =1; ot=o(t); o(a—p)= oa—of;
o(Vt.a) = Vr.o[r/tlo, wherer is a fresh variable.

Contexts:  o(xg:04,..., XpiOn) = X1:00y,..., Xp:000,

Terms: Ox =% ox =x; o(Ax:a.M) = (Ax:60.6M); G(MN) = o(M) o(N);

O(AtM) = Ar.o[r/tIM, where  is a fresh variable; o(Ma) = cMog;
(Y M) = Yg,0M
Having defined the notion of t
to verify is that provability is
term substitutions commute
following lemmas are proved b

ype substitution in a typing judgment the next thing
invariant under type substitution, and that type and

with the respective semantic substitutions. The
y induction on the length of the typing.

4.2 Lemma (Type Substitution)
Suppose FI" 5 M:q. Then:
(1) If 6 is a type substitution then - oI'>M: a).

(2) For any type-assignment 7, for any type substitution o, and for
assignment p such that nTyrp, we have:
[o(To>M: o) np =IT > Mt Inp
where: n'(t) Al ot In).

any
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4.3 Lemma (Term Substitution)
If FI'x:o0 © M:B, and FT" > N:a then
1) HT o [N/x]M:B _
22) For any type-assignment 1, for any assignment p such th:'it nTrp,
I > Niahpl = I [IN/xIM:BInp = [T x:a > M:BInp
where: p' £ p[ [l > N:alnp /x].

The following is proved by induction on the structure of C.

.4 Lemma (Canonical Forms are Defined) . v
! 4If :@ 5 C:, where C is a canonical form, then for any 1 and p, [ > C:alnp

i tion
The following is proved by induction on the deduction of the evaluati
judgment.

. on)
4.5 Lemma (Invariance under Evaluation .
If FMC then, for any 1 and p, [& o Mialnp =12 > Cwalnp .

equa ' )
> !:‘\(lie 3\7an?10 prove that given a well typed clo.sed -ter‘m M,. Mtll lfdzftvl;lj;?x
to show that if M{ then M, as the interpretation fs mv;.man u e e ther
(45), and the interpretation of a canonical form is c'lefmed 44 : 111 he omer
di;-ec,tion an iterated attempt of generalizing the induction hypothesis leads

following

5.1 Definition (adequacy relation) . ' ation of
Let n be a type assignment. A relation S < l.[aln | x A® is an ade;t:;cn); .
type o, w.r.t. the type assignment n, if it satisfies the following condi :

(C1) hSM = Ml

(C2) {hp)n<g directed inD A VnLh SM = (Lyln«,, h))SM.
(C.3) (hSM A FMmC A FM'-C) = hSM'.

(C4) (hSM A hlalnh) = h'SM.

i r.t. th
We denote with AR(a, 1)) the collection of adequacy relations of ty-pea:, ;:; : tuacj
type assignment m. Observe that, for any type @, the empty set is q
relation of type .

If one thinks of h as an element in the equivalence class corres];‘onding tc; dt}::
iti t we ne
i i dition (C.1) corresponds to wha
interpretation of the term M, then con o of
i iti that an adequacy relation
rove, i.e. Ml = M. Condition (C.2) says ' on na o
Sdmissible predicate, in that it is closed under directed sets. Condxtlone(i.n:micy;l
that an adequacy relation is invariant w.r.t terms that reduc'e to theh s:m’:i > canonieat
form. The formulation of this condition seems to be new; it has‘ the al Jvan ai o
being simple and of not requiring a finer analysis of the evaluation re
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closure of a “one-step” reduction relation. Condition (C4
relation is invariant w.r.t. the equivalence induced by the
condition comes from the choice of representing adequa
over the field of a per rather than over the collection of its
We wish to assign to each type o an adequa

cy relation, parametrically in a type
assignment 7. In order to do this correctly we need to introduce two further
parameters:

() A type substitution o.

(ii) An adequacy relation assignment, 6: tv—, typeAR(a, n), (henceforth
ar-assignment) that depends on 7.

Let 1 be a type assignment. A substi

equivalence classes .

tution ¢ and an ar-assignment 6 are

) says that an adequacy

corresponding per. This . use [o(a—B)Ine dcper.
cy relaP:ions a§ felations ) Unco Tne oo, beca

N . Then:
(C.2): Suppose {hy)neq directed, and Vn. hR(@-p, o, 6) M

is di , if not
) For any deD, (U< hy)d =lnee hpd, and (hpd | hpdWneq is directed, i

(i) For ,
‘(ﬂ::)p;ippose d R(g, o, 8) N. There are two possibilities:
i

d 1, and we are done. oM.
(@) (Uneo };"))d U, that implies h, d{, for some m, and theref;)re(Lll\nnd i(‘lil) B, 0.6
gb) (L;[l\;‘;_mn We Ican then apply the ind. hyp. on B to conclude (Uh<
or a .

| MN, ie by G, ii) (Unee hp)d R(B, 6, 8) MN.

— M.
(iv) By combining cases (iii.a-b) we have: Up<q hyR(a—P, o, 6)

compatible, w.r.t , if 6(t)e AR(ot, 1), for any t. We write this fact as: oTne.
Proviso (on bounded variables and substitution)

In order to simplify the notation, in the f
whenever we bring a substitution under a bo
bound variable has been suitabl
the substitution,

ollowing definition and proofs,

y redenominated so that it does not interact with

5.2 Definition (associating adequacy relations to types)

Let a be any type. For any fype assignment 7,
assignment 6, such that T8, we define a relation
R(o, 6,6) ¢ ool | x A%,

by induction on the structure of Q,

any substitution o, and any ar-

as follows:
(1) R(G,0,0)4 {(h, M)e DxA°; | M)
(tv) R, 0,6)26(t)

(=) R(a—B,0,6) 2 {(h, M)e lfo(a—B)n| XAOO‘(a—\B) ]

M! A (dR(e,0,6)N = (hd R(B, 5, ) MN v hdfl))}

V) R(Vt0,0,0) £ {(h, M)e Ho(Vtodln | x A%y |

Ml A VB. VSe AR(B, m). h R(q, [B/t]o, 6[S/t)) MB )

5.3 Lemma (coherence of the definition)

Let a be any type. For any type assignment T, any substitution o, and any ar-
assignment @, such that 6748, we have: R(0, 0, 6)e AR(o0, 1).
Proof

By induction on the structure

und variable we assume that the

! —B,0,6) M'
(C.3): Suppose (h R(a—B, 6,60 M A +MC A FM'—C). Then h Ria—p
‘()‘E;C:;:i" (o—p) 2nd Ml (as the evaluation preserves the type).
l G a_‘ M t L}
e 4 Rl 0 1;:51 EM(I\;’-;STT v (hdl AMNI A M'NJ). In the first case we
e ntie eme shovre g i he inductive
o fl‘:)lr)\zoif\ the latter one shows: hd R(B, o, 6) M'N by applying the
e . 03 s
;;pothesis on B, and (C.3) with (ii). |
—B)n h).
. ose (h R(a—B, c,0) M A hlo(a—f . o A wd .

'(I‘Ch:x)x il;rpé)eﬁnition of pexp: d loaln d' = ‘(hd oI h'd v (hd T A
To sliow h' R(a—B, o, ) M we have to verxfy:h o

! 0) MN v h'dii).

R, 0,0)N = (WdR(p, o,

But: hilﬂ & hdft, and dl = hdl = (hd.R(B, o, 0) MIE)and .
=l: .(h‘d R(B, 0, ) MN), the last implication by ind. hyp. on

V) B de 1nl V \vj X AO al\(l Saﬁsﬁes (C.l).
I o)
y f‘ 'tion R( t.a, g, e) o l[c( t.a)h o(Vt .
c)b:el ve that for any type ﬁ: (6 ne A SE AR(B, Il) ) = [ﬂ/t]c lne[s/t]

. Then,
(C.2) Suppose {hpln<q directed, and Vn. hyR(Vt.a, G, 6) M. Then,
" V. Se AR, 1). hy R(c, [B/t]o, 9[3/(2) 21;43
, by induction hypothesis on o, an 2)
Hencev;i}., VSe AR(B, N). Uneo by Rle, [B/tlo, 0[S/ t]) MB
and this implies by definition of R(Vt.a, 6, 8):
Un<o hy RVt G, )M o
(C.3): Suppose (h R(Vt.a, 0, )M A FM=C A FM'C).
Then h R(Vt.a, 6, 0) M' fecause:
(i) M'e Aocr(V!.a) and M' ' '
(ii) For any B, - MPeC' iff FM'BC'.

of the type a we verify that R(a, o, 6) is wel
s it satisfies (C.1-4). '

(1) R(1, 6, 8)e AR(1, 1), as one can easily verify that {(h, M)e DxA®, | Ml}
satisfies (C.1-4).

defined and belongs to AR(ca, m) a

(&) R(t, 0, 8)=6(t)c AR(ot, M), by the assumption: oT,]e.

. (=) By definition Ra—B, 6, 8) ¢ Ho(oa-P)In ! x A°G(a_‘ﬁ) , and satisfies (C.1).

(iii) For any B, for any Se AR(B, n), we can apply (C.3) on c; lit;:i.ng (ii) and ind. hyp.),
with substitution [B/t]o, and ar-assignment 8[S/t] 'to conclude:

hR(o, [B/t]o, 6[S/t]) M'B . Hence: h R(Vt.a, 6, 6) M".

(C4): Suppose (h R(Vt.0,0,0)M A h [o(Vt.a)'}n h').

Then, by definition: VB deper. h [caln[B/ t.] h‘.

To show h' R(Vt.0, 6, 8) M we have to verify:
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VB. VSe AR(B, n). h' R(o,, [B/tlo, 81S/t]) MB .

But for B = [Bln , we have loaln[B/t] = [[B/tloaln , by the type susbstitution lemma.

Hence h [[B/tloaln k', and we can apply ind. hyp. on , and (C.4). O

5.4STheorem F(s(emantic and syntactic convergence coincide)
uppose X1: @1),...,(Xp: @p) 5 M: @. Then for an i
IppC AXn? : Q. y type assignment 7,
substitution o, and any ar-assignment 8, such that cT,,e, we have: sment v any
if d; Rley, 5,8) Cy, fori=1,..,n, and [o(I'>
7 My 3 10kl M: a) d =
then h R(o, o, 8) [C/x]oM. e/ =t
where: T'= (x): 0y),...,(xy: 0n) ; [d/x] = [ [d]
ees(Xpt ) = /x,...[d ; A = logy i= ;
A=loah; (C/x1= (G G, Ol ol A= Lok for it
Proof
y ;_I% c;'c]lve; to have a quick understanding of the statement observe, as an instance:
o h .‘g where M and o have no free type variables, and [& o M: olnp = [h] .
By o, id, O)M, for ‘axrbm'ary M. p, 6. Hence, by (C.1), we have: Ml = M. ?
) now proceed with the proof, by induction on the length of the typing.
() Then [oI" > * 1[d/x] = [dl;,and dR(1, 6,0) %, by def. of R(1, o, 6).
:asmp) Then IoT > x;: oo;In[d/x] = [d;] A;» and d; R(ey, 0, 6) C;, by assumption
—I) Suppose helo(I" > Ax:o. M:a Bl ‘ '
Mo d/x]. Then by the interpretati inition:
Vde [Al. (f(d) = hde f(d)) A ()T = hdM)} where: X = [oaln pretation definiion
fd) = [o(Tx:0. > M:)In[d/ xl[[dla/x]. ’
:\)le have to show: h R(o-B, g, 0) [C/ x]o(Ax:o. M), that is:
(f‘)lsi;zx]o(lx:a.M) d, that holds because an abstraction always converges.
ii (@, 6,0)N = (hd R(B, 5, 0) [C/xlo(Ax:a.M) N) v (hdTh.
Observe: [C/x]o(Ax:0.M) = Ax:0ct.[C/ x]JoM.
;%so:i— (Ax:oﬁ.[C/x]oM)NaC iff [C'/X][C/x)oM—C and F NwsC',
uppose hdl, we can apply the inductive hypothesis on the provable judgment

Ix:05 M:B to get hd R '
e %ﬁ). (B, ©,0) [C'/X][C/x]oM. Hence by (C.1) [C'/XI(C/x]oML, and

(=E) Suppose de [6(T>MN :p)Inld/x] then we have to show d R(B, 5, 8) [C/x]o(MN)

By the definition of the inter i
) pretation we have helo(I'>M:a—
d'elo(loN:)In[d/x], such that hd'loBIn d. (FEMio=Phld/x), and

By induction hypothesis we have: h R(o—B, 0,0
) : —p, g, 0) [C/x]o(M), and
d 'R(a, G, ©)IC/x]o(N). By definition of R(a—B, 0, 6) we can coircllude'
hd'R(B, o, 6) [C/x]6(MN), and by (C.4) dR(B, o, 6) [C/x]o(MN). .
(VD) Suppose helo(I'oAt.M:Vt.a)In[d
DI/ Inld/x] then we have to show:
(if) VB. ¥Se AR(B, ). h R(c, [B/tlo, 0[S/t]) [C
2 y A /x]o(At.M)B .

}?bserve: [C/x]o(AtM) = At.[C/x]oM. By induction hypgthesis a
Oz;ve, VB. VSe AR, m) : h (o, [B/tlo, 0S/1]) [C/x][B/t]oM.

serve: [C/xJo(t.M)B - C' iff }- [C/X1[B/tloM & C', and apply (C.3).

pplied to I'oM: a, we
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(VE) Suppose he [o(ToMB:(B/tleyinld/x], then we have to show:

hR((B/tle, 5, 8) [C/x]a(MB).

By induction hypothesis applied to I'>M: Vt.a, and the definition of R(Vt.q, o, 6)
we have: h R(a, [6B/t]o, 6[S/t]) [C/xlcMoB, and observe 6[B/tla = [cB/tloa.

(Y) Suppose [ L., k(n) 15 = [o(M>YM:a)h[d/x], where: ke [o(ToM:(1—o)—a)In[d/x]
for some k. We show that for any n big enough k(n) R(c, g, 8) [C/x]oYM. We
conclude by (C.2): Upq, k(n) R(o, o, 8) [C/x]J6YM. By induction hypothesis on
I o M: (I—a)—a we know: k R((1—~a)—a, 6, 0) [C/x]oM. Observe:

()  iAdeD.MR(1-a), 0, 8) Ax:1.[C/x]oYM.

(i) i(Ade D.k(n)) R(1—a), 6, 0) Ax:1.[C/x]6YM =

k i(Ade DX(n)) R(a, o, 6) [C/x]oM (Ax:1.[C/x]oYM) v kn+DT .

Use (C.3) to conclude k(n) R(a, o, 6) [C/x]oYM, for n big enough. O

Note (on the generalization of the inductive hypothesis)

We have emphasized in italic the points in the proof above where one
discovers the need to generalize the inductive hypothesis, and to adapt the
definition of R.

(1) The need of working with a judgment, 'oM:a, where I may be a non empty
context, already appears at the (=I) case. Here also appears the need for some
condition of closure under expansions, this problem also arises in the cases (VI),
and (Y). How to formalize this condition is a tricky point, the simplest solution we
could find is formalized as condition (C.3).

(2) In the case (=E) it becomes evident that an adequacy relation associated to an
- type should satisfy certain functional properties. This leads to clause (-) of
definition 5.2. A similar problem arises when dealing with second order types.
Here however we hit the problem of resolving a potential circularity in definition
5.2. Hence the need to introduce an abstract notion of adequacy relation and the
notion of ar-assignment. Substitution are introduced in 5.2 to ensure that the
definition is “well-typed”. We emphasize that similar problems arise in the
context of proofs of (strong) normalization of Girard system F (see, e.g.,
Girard&al[89], chpt. 14).

(3) Finally the way the fixed point is computed in the interpretation naturally
suggests the introduction of (C.2) in order to deal with clause (Y).

6. Conclusion
(1) Relating model-theoretic and operational pre-orders
We write I' © M<p,N: o, if FI'> M: o, - I' > N: 0, and for any “context”
C[ ] such that - @ > C[M]: B, and F @ > C[N]: B, we have: C[MI{ = C[NN.
This defines an operational preorder on terms. In the standard domain theoretic
case it is easy to prove, as a corollary of the correspondence between syntactic and
semantic convergence, that the pre-order induced by the model (definition left to
the reader) is contained in the operational preorder defined above.
When considering per-models there is a natural intrinsic way (Rosolini[86]) to
order the equivalence classes:




372

Let A be a per over D. We define the intrinsic preorder <p over [A] as
follows:  x<py if Vh: A1, hed = hiy)l)
How does the intrinsic pre-order relate to the operational pre-order ? We expect

We expect that the “architecture” of the proof of our main result (5.4) can be
applied to such per-models. Hence we suspect that for such models a standard

proof of the theorem relating intrinsic and operational pre-ordering will go
through.

(2) Call-by-name, Subtyping, and Recursive Types
It seems worthwhile to recall that a call-by-name version of the calculus can be
easily coded in the calculus presented here with the standard idea that the call-by-
name functional space, say o—nB, is coded as (I—0)-B. We also recall that per-
models have been used as a semantic foundation for typed functional languages
with a notion of subtyping(Cardelli&Longo[90]). Our result suggests that this is an
adequate approach,

We expect that our main result extends to Tecursive types once we take as

Semantic structure the collection of complete “uniform” pers over a D-infinity
model, as presented in Amadio[89]. The basic idea is to “stratify” the definition of the

adequacy relation associated to a type. Formally one introduces an intermediary .

family of adequacy relation R(n, @, 6, 0), where ne w. The adequacy relation R(a, o,
6) is obtained by a process of completion of the sequence {(R(n, @, 6,6) | new).
Roughly Rn, @, G, 8) represents R(e, 0, 6) cut at the n-th level of the construction

(3) Independence from the Adequacy of the Realizability Structure

It is well know that to every, say closed, term M of type o one can associate jts

“erasure”, i.e. a type free term er(M) such that: [M]per = [HerM)IP) o) (a). ,
In Amadio[90) we suggested that a “cheap” adequacy theorem could be obtained by
the following schema of implications: :
IM]per || =(1) ler(M)]DU =(2) er(M)l =@3) Ml
where (1) follows by a result of type (a), (2) follows by the adequacy of th
realizability structure, and (3) follows by a comparison of the evaluations. Th
weak point of this chain of implications is (2). As a matter of fact we have showr
that the adequacy of the per model is independent from the adequacy of the
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Appendix A
In this appendix we present the
sections of the paper.

Properties Semantic Structure (Proposition 3.3)
(1) depperis a pecc.
(2) dcpers are closed under arbitrary intersections.
(3) depper s reflective in pper.
(4) depper has fixpoints over objects of the shape pexp(1,A). Such fixpoints are

the least ones (up to equivalence) w.r.t. the intrinsic pre-order.
Proof

We sketch the main ideas of the techniques described in Amadio[89), Amadio[90].
(1) 1t is enough to verify

that (i) 1 is a dcper and that (i) AxB, A—B are dcpers if
A, and B are dcpers.

(2) Immediate.

(3) This means that the inclusion functor from dcper to pper has a left adjoint,
say L: pper—dcpper. Define L(A) = N {Bedcper | ACB}. This is well defined because
of (2). Next show: VAe per. VBedcper. pexp(A, B) = pexp(L(A), B). Hint: this can be

proved by induction once it has been observed that L(A) cah be characterized as the
closure of a certain operator G over A. :

Namely define: G(A') = TC(Sup(AY), for A’ per

where: Sup(A") = {UX | XGA', X directed}, and TC(A") is the transitive closure of A',
Then inductively: Go(A) = A, Gy,q(A) = G(G4(A)),

GA(A) = U2 Go(A) (for A limit ordinal).

Hence L(A) = Gg(A) for some B, and one shows pexp(A, B) = pexp(G4(A), B) by

induction.
(4) Define Fix = i(AkeD. Un<o k(n)), where k(0) = 1}, k(n+1) = k i(AdeD. k(n)).
One shows: for any dcpper A, Fix e I pexp(B, A) I,
where B = pexp(pexp(1,A),A).
Observe Fix k = Un<e k(n). Show by induction on n that:
kBK' = k) AK(M) v k)t A k'@)M).
Since A is a deper conclude: L. k(n) A Uneok'@) v (Unepk@mT A Ly K'mM). O

Typing Soundness (Proposition 4.1)

If FT' > M:a then, for any 1 and p such that NTrp, we have:
C>Mamp i = [F'>Mohp e [faln ].

A direct proof of this result by induction on the length of the typing judgment does.

not seem to work as we hit the problem of showing in the case (=D, and (VI) that
certain collections of realizers are hon-empty. Hence, it appears that a natural
argument to prove the existence of such realizers is to consider the interpretation
in the realizability structure of an underlying type-free lambda term.

15

proofs of the results stated in the first four
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in the
The function er (erasure) takes a typec! term and returns fa tytie-irae;i atglrerr\s) :1
language generated by the following BNF (as usual v stands for the

Pu=+IvIQvP)IPP) I (Yy P)
1t is defined by induction on the structure as follows: -
er(*) =* er(x) = x; er(Ax:a.M) = (Ax.er(M)); er(MN) = (erMer(N));
er(AtM) = er(M); er(Mp) = er(M); er(YM) = (Yyer(M)) et standard
i i, j in 3.1 we can define
i realizability structure (D, i, j) as in . gl
icr;\lt:;reatation of the lambda calculus introduced above. We denote with T P

tion from variables to D. Define:
- ™ Phk=d for some fixed de D (D supposed non-empty !)

(asmp) Ixk=1(x)

(abs) I\x.Pk = i(Ade DIPkId/x]).

(ap)  [PQk =jIPH)IQK)

Yy) [YyPk = U hin)

where: h =[Pk, h(0) =, h(n+1) = hi(Ade D.h(n)) . X )
' i an
Given a context I, a type assignment 7, an assignment p s::. nTrp, i?tfxor oy
aslsi ment 1, we say that p is compatible with Tw.r.t. T, and write pirT,
varigrblle xinT: (P & 0)l) A (PO = wx)epx)).
We can now state a proposition stronger than 4.1.

ition (erasure) :
Pm&‘?::;c:se FI' > M. Then for any 1, for any p s.t. nTrp, for any ts.t. pTre

@) ICoMap ¥ & lertMk L.

If [T > M:adnp U then:
@) lerMk e |Al, where A =loh.
3) IFoM:ialp =[lerMk 14 .

i ion in the
Pm;; induction on the length of the typing. We refer to the notation i

interpretation definition.

¢ MIro*1p =1dl, , lerMk =d. (2)deD, D= l[1l!. @) deld],.
(asmp) (1-3) By definition of pTrt.

(=I) (1) Both interpretations are always defined.

: o D M:P to show:
? Usedu;dc.e h-—?;p ‘(l::(lf‘d’);t([z;)x]ﬂ BA tertMhkle/xIM) v (lerM)k[d/x] B ferM)kle/x)).

@) Letx = (he DI Vde |Al. (fdll = hde f(d)) A (fdT = hdf)). w; sho»z: b ind. hyp.
@ h, hex = h [a~Ph k', and (i) h lo=PM b’ A hex = vex. Apply ind

on f(’d) (i) Observe: dlaln d' = (f(d)§ = hd, hd'ef(d)) A (f(TcTi) =:i B

(ii) Obs'erve: vde 1Al (AU = hd, h'def(d)) A DT =>hdlf AR 3

Finally prove: x.er(M)k e II" D Axiat. M:pnp .

16
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(—E) Left to the reader.

(VD (1) IMAtM:Viapl & YA.(fAW) o lerMEl < [ertM)k .
Q¥ VA.lerMk e llol[A/t]! thenlerM)k e 1Ny deper [alN[A/1]1.
(3) Let x = (he DI VA dcper. hef(A)). We show:

() h, hex = hMy gepedaMlA/tI . (i) h My deped@M[A/t1 B, hex = h'ex.

(i) Since by ind. hyp., for any A dcper, h, h'ef(A)e[ laIn{A/t] ]. (i) Since, for any A
deper, h [alm[A/t] h', he f(A) = h'ef(A).

(VE) Left to the reader.

(Y) Left to the reader, this requires an inductive argument of the type already seen
for the (Y) clasuse. [J

Note

Of course we could define a combinator Yy directly in the type-free calculus as
follows:

Yy = AL f (Az.(@y(f) oy(D)), oy(f) = Ax. f(hz. xx).
In order to have an intuition of Yy behavior let us B-reduce (Yy f):

Yy £) =g f (Az.(wy(f) oy(H)), and »

(@y() oyf) = (Ax. f(Az. xx))) ey(f) - fAz. (ay() oy(H)
One may think of Yy f as: f (Az.f(Az. f(Az. f(Az. ....)))). The problem is that there is no
reason why the interpretation of Yy should behave like the interpretation given in
the clause (Yy) above, and we need such an intepretation to prove the “erasure”

proposition! For instance taking the realizability structure described in Appendix B
we have: [ Yy (Mf. f «) bkt , whereas we wish: [Y (\f: 1=c. £ Ip T, ]

Type Substitution (Lemma 4.2)
Suppose FT" > M:a. Then:
(1) If o is a type substitution then +F6(l'>M: o).

(2) For any type-assignment m, for any type substitution o, and for any
assignment p such that nTyrp, we have:

[oCoMoyp=IToMalnp
where: n'() 2lothy.
Proof

Both assertions are proved by induction on the length of the typing.
(1) M EF > * 1then ol D *: 1, since oT is a context.

(asmp) If x: aeT then x: caeoTl.

(=D I Fx:00 > M:B then Fol',x:00 > 6M:0B, by induction hypothesis. Hence:
Fol'> Ax:oa. oM: co—0f = oD Ax:o. M: 0—=P).

(=BE)If F[ > M: (a~+B) and FI'5N:a then koI’ o oM: (co—of) and FoI'soN:oo.
Hence: FoI'>(6MoN): of = o(I'>(MN): B) .

17

t it does not interfere with the substitution. If FI' 2.

(¥D) Redenominate t 5O tha hypothesis. Hence o' O At.oM:

and teftv(I) thent o(T" o M: ), by induction

vt.ox . . .
I > oM: Vt.ox

I > M: (Vt.o) then FO £ Dy

o ‘_' Hence: F ol > oMof: [oB/tloa =0 > MB): [B/ . -

o by induction hypothesis.

suitable t, by induction

(Y)EFT oM (1—0)—a then Fol'D oM: (1—00)—>00,
Hence: Fol' D Y goOM: 00 = o > YM: 0. et
() Observe NTorp = n'Trp, as for any (o) inl:
®) [oTD= l)lr\p:[d]l:[r:)*:l p- |
(asmp) o' 2> x: Whp=px)=lT>DX alnp- N -
o(T,x:o o M:B) = ol x:00 D oM:op. For any M-gm-p[[d]A/x]. A

-~ ?Js'erc‘l,ehyp : icf X:00 D oM:oplnplld] A/x}= X0 M
have by 1nd. + loT)x: ot

definition of the interpretation: e
e o o Ax:o.M: a—=Pnp =1I'> o M: a-Bin'p

. . is.
(~E) Immediate application of the inductive hypothesi

UI AS usual we assume t S y
( ) tl\at the bound Vallable lla bee“ Sultabl

. Torf
i ftv(I") we have: nla/tllg . H Y e
redenoinratedMTlg\hf&r\ ;i]pvsllb M:ak[A/tlp. By the definition ©
.+ fol> oM: = Lale:
?r){tzrpretation: [o(ToA M:VEe)np = [CoAM:Vt o.lr; pm‘
(VE) Apply ind. hyp: observing: fo((B/tlon =1 p/tla .

i O
(Y) Again an easy application of the ind. hyp. -

ituti 4.3)
rm Substitution (Lemma
T fHO X0 D M:B, and T o N:o then

(1) H o IN/xIM:B signment p such that e,
assignment 1, for any assignii= Ao’
@ FOTI?I\;’ Izz;pﬂ g;’: [T o [IN/xIM:plnp = [,x:0. 2 M:np

where: p' £ plII'D N:odnp /x1.

i typing.
Pm;:)th assertions are proved by induction on the length of the typing

) Q) [N/X] * =%, and FCo* 1. v then [N/x]y
(asmp) Say: y:Bel’ = I, xa>y: B 1 x=y
ise FT'D y:B, by (asmp)- L .

oierwie T2 19 that a rule of exchange is de.nved in t}f\e fset;‘\zesz:: length

o M:p implies T, yo, x> Mip with 2 Y:;hoon e apply the ind. hyp:
HT, xia, ¥ Lo, yBoM: B = [xaDAypM: Bp (~I) we conclude: FT" 2
Ne>;f, sag oo ,hz B to conclude: T, y:p 2 IN/xIM: B By
onl, y:p, Xt .
Ay:B.IN/xIM: BB
(~E) Direct application of ind. hyp. -
(VD) Say: Tyxio0 > Mi @ teftv(Txo) =

=N, and T o Nio;

(~I) First we observe

I xco o (M) (Ve By ind. hyp. FT 2
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(=E) Left to the reader.

(VD (1) [MoAMM:Veah

pl o VAGRAN) o lerMikl o fertM)KL .
QI VA lerM)k llal[A/1]] then fertM)k e M4 deper la[A /4],
() Letx = {he DI VA dcper. he f(A)]. We show:

() h,h'ex = h MA deperda[A/t] b, (ii) h MA deperlaM[A/t] b, hex = h'ex.
(i) Since by ind. hyp., for any A deper, h, h'e f(A)e [ lel[A/4] 1. Gi) Since, for any A
dcper, h lalm[A/t] b, he f(A) = h'ef(A).

(VE) Left to the reader.

(Y) Left to the reader, this requires an inductive argument of the type already seen
for the (Y) dlasuse. [

Note

Of course we could define a combinator Yy, directly in the type-free calculus as
follows:

Yv = AL £ Oz.(oy(®) oy(©), wy() = Ax. fOuz, xx).

In order to have an intuition of Yy behavior let us B-reduce (Yy f):
Yy H) —p f Az.(wy(f) wy(h)), and _
(@y(H) oy()) = Ox. fAz. xx))) wy(H —p fAz. (0y(f) wy(H))

One may think of Yy fas: f (A\z.f(\z. f(Az. f(z. ...)))). The problem is that there is no

ave like the interpretation given in
ntepretation to prove the “erasure”

Y structure described in Appendix B
[YQf: 1o foymp 1. O

the clause (Yy) above, and we need such an i
proposition! For instance taking the realizabilit
we have: [ Yy (Af. f«) kt U, whereas we wish:

Type Substitution (Lemma 42)
Suppose FI' 5 M:a. Then:

() If o is a type substitution then Fo(l'>M: q).

(2) For any type-assignment 1, for any type substitution o, and for any
assignment p such that nTp, we have:

[ooM: o) Mp=IT>Mq hp
where: n'() 2l ot Iy .
Proof

Both assertions are proved by induction on th
(1) (YIS *: 1 then foT 5

(asmp) If x: e T then x: coe orl.

(=D ¥+ x:o> M:B then FoT x:00 > oM:oB, by
FoI'> Ax:o0. oM: 60-0B = o(I'> Ax:o. M: o—=f).
(=B)If -l 5> M: (0—B) and FI'™>N:q then Fol” o oM:
Hence: FoI'>(6MoN): oB = o(I>(MN): B.

e length of the typing.
* 1, since oT is a context.

induction hypothesis. Hence:

(60—0B) and FoT>oN:co
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ituti M:a
i ith the substitution. f FI' D
i hat it does not interfere wit ’ o
N Reifn(ogutl}?; :—sg(;‘ ; M: 0), by induction hypothesis. Hence ol o
and teftv
i i tion
o I > M: (Vt.o) then +ol o oM: Vtoo for suxt]at;le t, by inducti
fFToM: . & e
;VE) tIhesis. Hence: | ol" > oMop: [oB/tloa = ol > (MB) [B/. N
" 5 M: (1—a)—a then F o o oM: (1—o0)—oa, by induction hyp
YHEFIOM: .
Hence: 6" D Yq,0M: 60 = o(F D Y M: Q). inT: [oot = Lo’
(@) Observe NTgrp = W' Trp, as for any (x:a) in I o
M loCoxp=[d=ITo=1Mp.
(asmp) [o(T D> x: ) p=px) =D x: ah:I.GB For any de lfoaln| = llaky |, we
0. > M:B) = ol ,x:c00 > cM:0p. 1o ) Henew by
- cb?bs'erc;,i;;r?xlgr x*oaBD oM:oBInplldls/x] = ITx:0 > M:BI'plldla/
have by ind. N X Lof
initi i tation:
the definition of the interpre o oar
[o6(T > Ax:a.M: o—P)inp = Il > Ax:aM: o B}nhp .
i i S.
(—=E) Immediate application of the inductive hy:ot es.xa ¢ hae been suitably
bound vari '
1 we assume that the . Fence by ind.
o AS' ustu; Tvl:'en for te ftv(I) we have: n[A/)Torp fo}r\ angefinition by In
l-edemlmll'na eoi\&-oah[A/t]p =[> M:aln'[A/tlp. By the
hyp.: [oI> : e
in);zrpretation: [o(Mo At M:Vt.o)inp = [MoAt.M:Vtaln pm’
(VE) Apply ind. hyp. observing: [o([3/tl)in = [ [B/tle.In.
(Y) Again an easy application of the ind. hyp.. U

ituti 4.3)
Term Substitution (Lemma
If FTx:ot © M:B, and HT" > N:o, then
oy e assignment p such that nTrp,
type-assignment 7, for any assignm : ch th:
@ Forl;n :}: N}?;}npﬂ = ' 5 [N/xIM:BInp = [T,x: © M:Blnp
where: p' & p[ [T > Nialnp /x].
i typing.
PmBocith assertions are proved by induction on the length of the typing

El) (‘))[I:/:] *;;’:::_r: ::(:D y: B.If x=y then [N/x]y =N, and ' 5> N:a;
asmp) a :3 -: b (asm’p). ‘ )

:)izjr;::f :’I; OZSZVZ the'xt a rule ?f'ex.c:a:r}liii: ifix;i}:lidplrioﬁf\i:e t;\‘:e s:\}:: lef\gth.
HE oy M :B'én:\)p:;sﬁ‘l- iyi?;:); S Ay:B.M: p—p". Then we aPPIY;i‘lig::i‘:I‘_yg
Ne)I(fl s:ag: xf;x.aa&. B to conclude: T, y:p o [N/xIM: . By (=I) we co

Ry N/IM: Bop. .

E;S)Slz;r:es:zpzc:zo: l ftv(l",fa) = Txa > (AM): (Vt.a). By ind. hyp. FT 2
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IN/xIM: o, and by (VI) we conclude: I > ALIN/XIM): (Vi.q).
(VE) Direct application of ind. hyp. .
(Y)Direct application of ind, hyp.

(2) Left to the reader. 0

Canonical Forms are Defined (Lemma 44)

¥ HZ 5 C:x where Cis a canonical form, then for any n and p, [0 > Camp §.
Proof

We recall: Ci= * | (Ay: o0, M) | (AMv. C). Hence we proceed by induction on the
structure of C.

(C=* Then [ 5 *1p U.

(C=%x: a. M) Then I® 5 Ax: ¢, M: a—Bhp {.

(C = At. C) Then, for any A, I& > C: aln[A/ tlp 4 by inductive hypothesis, and
therefore I 5 At.C: vt alpl. O

Invariance under Evaluation (Lemmq 4.5)
If FM—C then, for anynand p, I& o Miahp =12 5 C:alnp .
Proof
By induction on the deduction of the evaluation judgment.
(*), (=D Trivial.
(=E) By applying the ind. hyp. and the term substitution lemma we have:
I>5MN: Bip =12 > AxcaM: o—=Binp I@ > C'; ahp =
Ix:a 5 M: BhplI@ > ¢ alp /x1=12 > [C'/x]M: Binp =12 > C: Bp.
(VD) By ind. hyp. .
(VE) By applying the ind. hyp. and the type substitution lemma we have:
2 > Mo: [a/ tIBInp = [& > (\t.C): Vt.Binp lonp =
12> C: By Hodn/tlp =12 > [a/4C: [o/tBhnp .
(Y) By ind. hyp. and [@ 5 M@MAx:1.YM) : alp =12 5 (YM) : alp . (]

Appendix B

In this section we build a realizability structure D such that IQIPY, where Q =
(Ax.xx)(Ax.xx). The construction is a straightforward adaptation of the Pw model
construction, and of certain observations in Baeten&Boerboom([79) on the surprising

Graph(f) = {<n, m> | flen)l A mef(e,))
Funy(X) = &Y. if Z#@ then else T,
where: Z = {m|3n.(<n, m>e X A encY))
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v = PP . = )

Vellfy the Fun, ¢ Gla h We set XY I unv(}()( Y ’ alld we den()te
p v ld( )

WIth Po the lealmblhty structure reSulhIlg houl tlus construction.

Next we expand the definition of [QIP®". X
XX = {m | 3n.(<n, m>eX A e,cX)} if not-empty, il o.w. L e
For o = Ax.xx, [0FP®" = Graph (AX. XX) = {<n, m> | enee,;} A nen
{<n, m> | meepe,) = {<n, m> | 3x.(<x, m>ee, v/\ faxg: ") o
Hence IQF®Y = (z | Gw.(<w, z>elolP® A e, dolP®")} if not-empty,

Let us now consider codings? such that:

<1,0>=0,and e; = {0}. © Then
im: Pw¥, Take w=1. Then:

e Cla(li‘;l <$ E()lfe] [mlf"‘;5 iff Ix.(<x, O>ce; A eycey).
But te;ke x=1 and we have: (<1, 0> = 0ce; A elgeél. )
(ii) eydlPe’ iff Oceje; iff 3nd<n, O>eeq A e)n 1)-
But take n=1 and we have: (<1‘; 0>ee; A ejcep).

Conclusion, for such codings: [QFF¢'}. O

25uch codings are effective and can be easily built.
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EXTENSIONAL SEMANTICS

Examples

o state transformation semantics for while-programs

e Scott model of simply typed lambda calculus

Advantages
e ignores computation details
e models only input-output behavior
e supports reasoning about extensional properties

— Hoare logic for partial correctness

- LCF

— correctness-preserving program transformations

Disadvantages

e cannot distinguish between programs for the same function

e does not support reasoning about intensional properties
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INTENSIONAL SEMANTICS

Examples

e Berry-Curien sequential algorithms on concrete data structures

e Brookes-Geva parallel algorithms on generalized concrete data

structures

Advantages
e models computation strategy
o relates sensibly to extensional semantics
e may support reasoning about intensional properties

— order of evaluation
— degree of parallelism
— efficiency-improving program transformations

Disadvantages
e intensional models tend to be more complex

o full abstraction only if can observe computation strategy
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RESEARCH AIMS

Develop a theory of intensional semantics

o allow a variety of semantic models at differing levels of abstrac-
tion

e establish relationships between different models for the same pro-
gramming language

o show relationship to existing intensional and extensional models

e use intensional semantics to reason about efficiency

THESIS

Category theory provides a general framework:

e datatypes as objects of a category

¢ comonads can represent notions of computation

o Kleisli categories can serve as intertsional models

e intensional meanings as morphisms of Kleisli category
e algorithm = function + computation strategy

e recover extensional model from intensional by taking quotient

o weak or lax forms of cartesian closure seem appropriate in inten-
sional categories

THIS TALK

e comonads and Kleisli categories
e examples of comonads for computation over domains

— increasing sequences
— strictly increasing sequences

— timed data
o Kleisli categories of “parallel algorithms”
e computational comonads and extensional quotients
e computational pairing and lax exponentiation
e conditions for preservation of (weak or lax) cartesian closure

o generalization of earlier models (Berry-Curien, Brookes-Geva)
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COMONADS

A comonad over a category C is a (co-)triple (T', €, 8) where
e T :C — C is a functor

e ¢ : T = I is a natural transformation

e §: T = T? is a natural transformation

and for every object A the following associativity and identity laws

hold:
T(5A) O 6,4 = 6TA ] 6,4

€TA°6A = T(GA)O5A = idTA.

KLEISLI CATEGORIES
Given a comonad (T,¢,8) over C, the Kleisli category Cr is
defined by:
e The objects of Cr are the objects of C.

e The morphisms from A to B in Cr are the morphisms from T'A
to BinC.

e The identity morphism idyon AinCrises: TA —C A,

e The composition in Cy of a : A 0 Bandd : B = Cis

dda=adoTaoba.

COMONAD DIAGRAMS

A Tf o T4 Tf _TB
€A €B 04 b
A B T?A 2
f T2 f B

Naturality

TA-€ta _q24_ Tea 14 TaA_ 84 724

id7 4 04 id7 4 84 ora

TA T2 A T3 A

Té4

Identity and associativity laws
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OPERATIONAL MODEL

o Objects of C represent datatypes.

o T A represents datatype of computations over A.

e An algorithm from A to B is a morphism from T A to B.

e Algorithms operate in coroutine-like manner (Kahn-MacQueen)

— execution is lazy, demand-driven

— algorithm responds to a request for output in B by perform-
ing input computation over A until it has enough information
to determine what output value to produce

e When a and @ are algorithms from A to B and B to C,d3da
: is an algorithm from A to C, and behaves like o’ using a to
generate its input.

e A similar, but sequential, operational model is used by Berry
and Curien.
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COMPUTATIONAL COMONADS

A computational comonad over a category C is a quadruple

(T,€,6,7)

where (T, €,8) is a comonad over C and 7 : I = T is a natural
transformation such that, for every object A,

®cq0y4 =idg
® 64074 ="YTAOC VA

As a corollary, €4 is epi and 74 is mono, for every object A.

A_dda 4 474 74 a—Tf B
Ya €A YA 04 A B

TA TA——T°A TA

YT A Tf TB

Properties of a computational comonad
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RELATING ALGORITHMS AND FUNCTIONS

Let (T,¢€,6,7) be a computational comonad.

Definition

The functors alg and fun between C and Cr are given by:
e alg : C — Cr is the identity on objects;
e alg(f) = f o €a, for every f: A —¢ B;
e fun : Cr — C is the identity on objects;

o fun(a) = a o4, foralla: A -7 B.

Terminology

o fun(a) is the extensional morphism (function) computed by a.

o alg(f) is a (canonical) algorithm computing f.
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SOME PROPERTIES

o fun induces an extensional equivalence relation =° on Cr:
a, =% ay <= fun(a;) = fun(ay).
e This relation is a congruence: for all aj,az : A —¢T B and
aj,al: B -1 C,

a=*ay & ady=*a) = a;da;="ay5a,.
e The quotient category of Cr by =° is isomorphic to C.
e Forall f: A —=¢ B, fun(alg f) = f.
e Forall a: A - B, alg(fun a) =° a.
o fun and alg are natural transformations:

fun: C(T(=),—) = C(—,—)
alg  C(—, -) = C(T(=), -).

Forall f: A’ =€ Aand g: E —¢ B,

funo C(Tf,g) =C(f,g) o fun
C(Tf,g)oalg =algoC(f,g)
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COMPUTATION OVER DOMAINS

Background

e A domain is a directed-complete, bounded-complete, algebraic

partial order with a least element.

e The category C of domains and continuous functions is cartesian

closed.

Comonads over domains

We introduce three main examples:‘
e increasing paths
e strictly increasing paths

e timed data

Generality

These comonads can
o stable functions on dI-domains
e sequential functions on concrete domains
e strict continuous functions on domains

o computable functions on effectively given domains

be adapted to a variety of settings, including:
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CONTINUOUS FUNCTIONS from 2 x 2 to 2

Continuous functions from 2 > 2 to 2, ordered pointwise.
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INCREASING PATHS

Definition

e Let 71D be the set of increasing sequences over D, ordered com-
ponentwise.

e For a continuous function f : D — D', let Ty f : T'D — T1 D’
be the function that applies f componentwise:

(T1f ){dn)nzo = {fdn)nzo-

e For t € T1 D let ept be the least upper bound of ¢t.

e For t = (d,)%, let &pt be the sequence of prefixes of ¢: for all
k>0,
(5t)k =dy...dpdy.

o Ford e D let vd = d”.

Properties

e A computation in 71D records a sequence of incremental steps
whose limit is a value in D.

o Idle steps are permitted.
e Every computation is the limit of its prefixes.

o The finite elements o’ T} D are the eventually constant sequences
built of finite elemenss of D.
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PART OF Ti(2 x 2)

(T, T)°

PN

(T, L)(T,T)* (L, T)(T, T)"

(T, )" (L, T)*

~

(L, 1)*
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SOME T; ALGORITHMS from 2 x 2 to 2
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NOMENCLATURE

¢ Each algorithm represented by Hasse diagram, and maps solid
points to T.

e Algorithm names indicate the function computed and the com-
putation strategy used.

e For instance, the algorithms pb, Ib, rb and db all compute the
function b:
— pb computes both arguments in parallel immediately
— Ib computes left first and then right
~ rb computes right first and then left
— db computes both arguments in either order.
e pb is also characterized as the least continuous function on paths

satisfying
pb({T, T)*)=T.

e Since the diagram includes only one algorithm for poll, for L,
and for T, in these cases we use the same name for the algorithm
as for the function.
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EXTENSIONAL QUOTIENT of T ALGORITHMS
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MORE 7; ALGORITHMS

Ti(2 x 2) includes paths with repeated steps, so we can make
distinctions between algorithms which differ in the amount of time
they allow between successive increments.

e For the function b there are algorithms pby, Ib,, rb, and db,, for
each n > 0, characterized as the least functions such that

pb,((L, L) (T, T)) =T

Iby, (L, L) (T, L)(T, L)"(T, T
rb((L, L)" (L, T) (L, T (T.T
db, (L, L) (T, L) (T, L)" (T, T)) =
db, (L, L)" (L, T) (L, T)" (T, H)=T.

e pb, evaluates both arguments and returns T provided each eval-
uation succeeds in at most n time steps.

o |b,, evaluates both arguments and returns T provided evaluation
of the left argument succeeds in at most n time steps and eval-
uation of the right argument succeeds in at most 2n + 1 time
steps.

e The following relationships hold, for all n > 0:
pb, C Ib, T pby, 4

pbn -L_: rbn E pb2n+1
db,, = |b, Ui rb,,.

e Fach of these sequences of algorithms has the same least up-
per bound, the algorithm alg(b) that maps every path with lub
(T,T)to T.
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STRICTLY INCREASING PATHS

e Let T;D be the set of finite or infinite strictly increasing se-
quences over D:
—{d,)3%, with d,, Cp dny forall all n > 0, or
—dy...dy_1d%, where d, Cp dnt1 for0<n<N.
(We represent a finite sequence as an eventually constant infinite
sequence. )

e Let Cq,p be the least partial order on T5D such that

do .. -dN-—ld(:l(J ETQD do .. -dN~1t ifte T2.D & dN ;D to.

o This is the prefix ordering on sequences, adjusted to take account
of the ordering on data values.

e For a continuous function f : D — D' let Tof be the function
which applies f componentwise and suppresses any repetitions
(except for constant suffixes):

Tof(d) = (fd)”
Tof (dodit) = (fdo)(Taf(dit)) if fdy # fdi
= Tof(dit) if fdo = fd.

e For all t € TbD, let ept be the least upper bound of t.
e For all t ¢ Ty D, let 6pt be the sequence of prefixes of t.
e Ford e D let vd = d*.

PART OF Ty(2 x 2)

(T, L)(T,T)*

(T, L)°

(L, THY(T,T)*

(T,T)

N\

(L

(L, L)

y T)°
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ALGORITHMS

EXTENSIONAL QUOTIENT of 7;
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TIMED DATA

Definition
e T3D = D x VNat®®, ordered componentwise.

e For f : D — D, (T3f) (d,n) = (fd,m).

e c{d,n)=d.

o §{d,n) = ((d,n),n).

e vd = (d,0).
Remarks

e VNat is the “vertical” natural numbers together with w, in the
reverse of the usual order.

e A computation in T3D is a data value with a time or cost.
o (d,n) C(d,n)iff dCp d and n' < n.

e For a continuous function f : D — D’ and n e VNat can define
an algorithm f, from D to D":

fald, k) = fd
L

ifk<n
otherwise.

o If f C g then f E gn.

e Foralln, f, C fui1.

e f, is simply alg(f) = A (d,n) .fd.

e The lub of the f, is fs = A{d,n) .(n =w — L, fd).

SOME T3 ALGORITHMS from 2 x 2 to 2
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COMPUTATIONAL PAIRINGS

If C has distinguished finite products and projections =;, then Cr
has distinguished finite products, with projections

7 . A X Ay —Cr A;
i = eq 0l m;
= T 0€A1xAge

From now on, we assume that C has distinguished finite products.

Definition

Let (T, €,6,7) be a computational comonad.
A computational pairing is a pair of natural transformations

split : T'(— x —) = T(=) x T'(—)
merge : T(—) x T(~) = T(— x —)

such that, for all objects A and B, the following properties hold:

(€4 X €p) o splity p = €axp

€EAxpoOmerge, p = €4 X €

splity p 0 YAxB = V4 X VB

mergey p © (Y4 X ¥B) = YaxB

(64 x 85) osplity p = splitp 75 0 T'splity p 0 baxn
merger 4 7p © (64 X 8p) = T'splity p 0 b4xp 0 merge, p.

COMPUTATIONAL PAIRING

TAxTB

merge, p

€A X €R

T(Ax B)£AxE__ A x B

splity p

TAxTB

TAxTB

merge4 p

T(A x B)

splits p

TAxXTB

€A X €R

5,4)(5_3
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TAxTB

YA X ¥YB

merge4 p

A x B TAxB.T(A x B)

YA X VB

split p

TAxTB

_Saxn g4 x B)-LPMAB (74

5AX6B

T?A x T?’B

mergéra e

x TB)

splitra 7

T2A x T?B
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COMPUTATIONAL PAIRINGS for T} COMPUTATIONAL PAIRINGS for T;

Parallel split and merge

split(u) = (An.m1(uy), An. wo(u,)) : Left-first interleaving
merge((s,t)) = An.(sy,t,)
merge((s,)) = A (sfn/21 tn/2))

¢ These form an isomorphism pair. splity(w) = (An. 1 (tgn), An. ma(us)) -
e Intuitively, each of these operations works in parallel on the two o These satisfy the identity split, o merge; = id.
components.

. . The computational pairing properties hold, making use of the
e The computational pairing laws state that: e the P P & Prop

equalities
— Merging and splitting commute with componentwise appli- | min(z, 25)/2] = min([¢/2],7 )
cation of functions. [min(4,24)/2] = min([¢/2], 7).
— Merging and splitting respect lubs. :‘
— Merging and splitting respect prefixes.
— Merging two degenerate computations produces a degenerate ‘ Right-first interleaving

computation.

o Defined similarly.
— Splitting a degenerate computation produces a pair of de-

generate computations.

28
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COMPUTATIONAL PAIRINGS for 15

e Each of the split-merge combinations above can be modified to
ensure that splitting a strictly increasing sequence of pairs gives
a pair of strictly increasing sequences.

o However, T5(A x B) and ThA x T, B are not generally isomor-
phic, because a strictly increasing sequence of pairs does not
necessarily increase strictly in both components at each stage.

e Nevertheless, split and merge are still natural transformations
satisfying the requirements listed above for a computational pair-
ing, and we have the identity split o merge = id.
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PAIRING of ALGORITHMS

¢ Using split provides a way to combine a pair of algorithms into
an algorithm on pairs.

e When split is taken to be (T'r;, T'mq) this is the standard way
to form the product of two morphisms in the Kleisli category.

e We can also use split to define intensional analogues to the con-
travariant hom-functors C(— x B, C) and C(—, B — C).

Definition

Let C be a cartesian closed category, let (T €, é,y) be a computa-
tional comonad, and let split and merge form a computational pair-
ing. The contravariant functor Cr(— x B,C) from Cr° to Set is
defined as follows.

¢ On objects the functor maps A to Cr(A x B,C).

e On morphisms the functor maps f : A —°7 A’ to the function
Ag.g5 ((f x idg) osplit) from Cr(A’ x B,C) to Cr(A x B,C).

Similarly, the contravariant functor Cz'—,TB — C') from Cr°®
to Set, is defined by:

e On objects the functor maps A to Cy(A,TB — C).

¢ On morphisms the functor maps f : A —°T A’ to the function
Ah.h 6 f from Cpr(A, TB — C) to Cr(A,TB — C).
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CURRYING and UNCURRYING of ALGORITHMS

Let (T,¢,6,7) be a computational comonad and let split and
merge be a computational pairing.

Givena:T(Ax B) »¢ Cand b:TA —C¢ (TB — C), define

uncurry(b) : T(A x B) =¢ C

cafry(a) : TA ¢ (TB — C)
uncirry(b) = uncurry(b) o split.

carry(a) = curry(a o merge)
Then:
e ciffry and uncurry are natural tfansformations:
cary : Cr(— % B,C) = Cr(—,TB — C)
uncirry : Cp(—, TB — C) = Cr(—= x B,C).
e For all a : A x B =T C, uncurry(cirry(a)) =° a.
o Forall f: A x B —=C C, uncurry(cirry(alg f)) =alg f.

Thus computational pairing produces a weak form of exponentia-
tion structure.
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APPLICATION on ALGORITHMS

Let C be a cartesian closed category, (T', €, 6, v) be a computatiohal
comonad and let split and merge be a computational pairing.

e For all B and C there is an “application morphism”
apppc : [I'B — C]x B = C
such that, foralla : A x B -0 C
appp ¢ © (cirry(a) X idg) =° a.

o Note that although cifry(a) is not the unique morphism h such
that app& (h X id) =¢ a, all such morphisms satisfy the condition

that uncurry(h) =° a.

o Instead of the usual diagram for exponentiation we replace = by
—¢ and we relax the uniqueness condition:
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SOME CONSEQUENCES

e Our definitions are parameterized by the choice of split and
merge. Once these are chosen, app, cdrry and unclrry are de-
termined uniquely.

e The Kleisli category itself is independent of split and merge.

e Each choice of computational pairing induces a (weak form of)
exponentiation structure on this category.

o A Kleisli category may possess many different notions of merg-
ing and splitting, and therefore many different ways to curry,
uncurry and apply algorithms.

e This suggests that one may use a Kleisli category to give an
interpretation to a functional programming language containing
several syntactically and semantically distinct forms of applica-
tion.

e This might be desirable, for instance, if the language included
both a strict and a non-strict form of application.
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EXAMPLES, REVISITED

e The Kleisli category based on T} is cartesian closed, with expo-
nentiation built from the standard split-merge combination.

o The Kleisli category of 77 has a weak exponentiation derived
from merge; and split,. This gives intensional forms of currying,
uncurrying, and application which we call citry;, uncurry; and
app;. Foralla: A x B . el

app; 5 (cafry,(a) X id) =* a.
Since splity 0 merge; = id, we have

carry;(uncurry; h)

=h
uncurry;(carry; g) =°g.

For example,
uncurry,(cutry; pb) = uncurry,(carry; Ib) = pb,

and unctrry;(cafry; rb) maps the path (L, T) (L, T) (T, T)“ to
T. This algorithm of course computes the function b.

e The Kleisli category of Ty has a weak exponentiation based on
the computational pairing split and merge. In this case,

carry(unctrry h) = h

uncurry(carry g) =° g.
For example,

uncurry(catry Ib) = un&urry(carry rb) = un&lrry(carry pb) = pb.

The merge; and split, computational pairing also gives rise to a
weak form of exponentiation for T5.
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ORDERED CATEGORIES UP- and DOWN-CLOSED CATEGORIES

Now suppose that C is an ordered category:
Definition

e each hom-set is equipped with a complete partial order

o composition is continuous gn ordered category C is cartesian up-closed if and only if it has
nite products and for all pairs of obj i ;
] ) ) jects B and C' there is an object
o functors are required to act continuously on morphisms v B — C and a pair of lax natural transformations curry, unci ry
All of our examples so far satisfy these conditions. between C(— x B,C) and C(—, B — C) satisfying:
curry(uncurryh) < h
Suppose (T, €,6,7) is a computational comonad over an ordered uncurry(curryg) > g
category C. curry(g o (f x id)) < curry(g) o f
o Cr is again an ordered category. uncurry(h) o (f xid) > uncurry(h o f).
e All of the results of the previous sections go through in the or- o
dered setting. In particular: Scllmllarly, C;rve say that C is cartesian down-closed iff it has finite
, products and there is a pair of lax natural tr i
— The functors fun and alg respect the ordering; _ uncurry satisfying: ’ ral transformations curry,
— The extensional quotient of the ordering on Cr(A, B ) is just
the ordering on C(A, B). ‘ curry(uncurry h) 2 h
uncurry(curry g) < ¢
' curry(g o (f X id)) > curry(g) o f
uncurry(h) o (f x id) < uncurry(ho f).

37
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UP- and DOWN-EXPONENTIATION

Let C be an ordered category with finite products.

Definition

An up-ezponential for objects B and C is an object B — C of

: (o
C together with a morphism appgc (B — C)x B —¢ C such
that for every f : AX B _,C C there is a least morphism curry(f) :

A —¢ (B — C) such that

app o (curry(fj x id) > f.

A down-ezponential for objects B and C is an object B — C

: c
of C together with a morphism apppc : (B —- C)xB — ‘C’
such that for every f : A X B _,C C there is a greatest morphism

curry(f) : A =€ (B — C) such that
app o (curry(f) x id) < f.
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SOME PROPERTIES

o An ordered category is cartesian up-closed iff it has finite prod-
ucts and up-exponentials.

e Anordered category is cartesian down-closed iff it has finite prod-
ucts and down-exponentials.

o If the same object B — C and morphism appy  qualifies si-
multaneously as an up- and a down-exponential then it forms

the usual notion of exponentiation and the category is cartesian
closed.

Theorem

Let C be a cartesian up-closed category, let (7, €, 8, v) be a computa-
tional comonad, and let split and merge be a computational pairing
such that

split o merge < id

merge o split > id

(8 x 8) o split < splitoTsplitoé

merge o (6 x §) > T'split o 6 o merge.
Then Cp is cartesian up-closed.

A similar result holds for a cartesian down-closed category with a
computational pairing satisfying reversed inequalities.




T3 REVISITED

¢ In the timed data comonad T3, the standard split operation is:
split {{a,b) ,n) = {{a,n), (b,n)).

e An obvious merge operation is:
merge((a, m) , (b,m)) = ((a,5) , max(m, n)).

e These operations define natural transformations, and:

split o merge C id

merge o split = id

(8 x 8) o split = split o Tssplit 0 &
merge o (§ x §) O Tysplit 0 6 o merge.

e The underlying category is cartesian closed, hence also cartesian

up-closed.

e Hence the Kleisli category of T3 is cartesian up-closed.

STRICT FUNCTIONS and ALGORITHMS

e The category of domains and strict continuous functions has
products but is not cartesian closed.

e The usual uncurrying operation on functions preserves strictness,
but the usual currying does not. Instead, we define a variant
form of currying by:

curry, : (AXx B —,C) — (A —, (B —,(C))
curty,(f) =z Ay (e =L vy=1L—> 1, f(z,y)).

e When f is strict, curry,(f) is the best strict function approxi-
mating curry(f) pointwise.

efForall f:Ax B —,Candallg: A—; (B —,C):

curry,(uncurry g) = g
uncurry(curry, f) C f.

o Hence, the category of domains and strict continuous functions
is cartesian down-closed.

e Can adapt the comonads to this category.

41




454

EFFECTIVELY GIVEN DOMAINS

e A domain D is effectively given iff its finite elements are re-
cursively enumerable, consistency of pairs of finite elements is
decidable, and the lub of every consistent pair of finite elements

is computable.
e An element of D is computableiff its set of finite approximations

is recursively enumerable.

e The category of effectively given domains and computable func-

tions is cartesian closed.

The T} comonad can be adapted to this category, by defining T1 D
to be the computable increasing paths over D.

e All of the auxiliary operations (€, 6, 7, and so on) are com-
putable.

e We obtain a Kleisli category of effectively given domains and

computable algorithms.

e This category quotients onto the underlying category of effec-
tively given domains and computable functions.

e The computable algorithms category is again cartesian closed.

DI-DOMAINS and STABLE FUNCTIONS

e A dl-domain is an w-algebraic. directed-complete, bounded com-
plete, pointed partial order satisfying:

— Distributivity: for all z, if y and z are consistent then
zMN(ylz)=(zMNy)U(zNz)

— Property I: below every finite element there are only finitely
many finite elements.

e A function f on dl-domains is stable if f is continuous and
f(zMy) = f(z) N f(y) whenever z and y are consistent.

o The stable ordering on stable functions is defined by: f stably
approximates g iff f pointwise approximates g and whenever

zCy f(z)=fly)Ng(2)

o The category of dl-domains and stable functions is cartesian
closed. Currying, uncurrying and application are the usual no-
tions, restricted to the stable setting.

e Can adapt the T} comonad to this stable setting, by using the
stable order on 17 D.
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STABLE FUNCTIONS from 2 x 2 to 2 STABLE 77 ALGORITHMS from 2 x 2 to 2
dered stably ordered stably
orde s
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N S NS N/
0 0 ~ O
/ ° . 0 0 °
° ol (e ol (e o) [0 ol (o .
Nl AN TN % \]{/ \]
ol lo ol lo 0 ol |o °
O/ o \o/ \O/ \o/




458

REFERENCES

. Computational Comonads and Intensional Semantics. To
appear in the Durham Symposium Proceedings, Cambridge Uni-
versity Press, 1992. Technical Report CMU-CS-91-190.

. Continuous Functions and Parallel Algorithms on General-

ized Concrete Data Structures. To appear in the Proceedings -

of MFPS’91, Springer LNCS, 1992. Technical Report CMU-CS-
91-160.

. A Cartesian Closed Category of Parallel Algorithms on
Scott Domains. Submitted for publication. Technical Report
CMU-CS-91-159.

. Towards a Theory of Parallel Algorithms on Concrete Data
Structures. Proceedings of Leicester Symposium on Semantics
for Concurrency, Springer Verlag, 1990.

459
*** X ' ”
*C L1iCSxworksuop ‘ : ARHUS, MARCH '92
Co- \NDUCTION ForR RECURSIVELY DEFINED DOMAINS

Andrew Yitts

Univ. 6y Gmbridge Compuler Lok,

Aim : mprove e colleckion UY- pwu% Pﬁndp\u We
howe fw rmsowivl\g Aoowt r(cuwcivw} dedined
databypes n (Shvick or lomy ) funchionod

Programmivg languages .
This talk il present one Sudh pef Principle .

(Longer-torm aiw : odond. fre wnalysis fo ndude
sove, & MUs impwad-ivc’-jmw — introduced
wnd  Conbrolled via compwkakional Wonads,
wvolekion WS\“"'“)




460

Fuen '\{ we b down oo fmc«vvww(- Of- ML
wathowt  imparave -%603'\/‘**5 Cta uareshaded use
5":; R f\/\m}w'v\”ﬂﬁae conshbwetey ooad

MR wnve  datn ’rv)pe dcclowabmns ywon: Mgk o

ot prlyrvorphism

anofinane ik '”wo\wwwm'\e O\Aw\/v\ak fov \/\-\OO\MUV\}
e valwes O svch datmbvpes 1c npansanty u\/\\n‘i
b (: "howd fur Sthore onsinten to \/\SQ\\>

To r,/?e\' von T vvworf, WLN At S 6x0\val%

PAND 05 AL
0”{- VG\W‘ \,\,,‘/ R \'W\QS

461

Sowe Variekies & recwsive do«hhgpr. (in pure ML)

[ ) Ihr\dut.\'&w(% do,ﬁ-{y\ul X%k, o4
dokatype o list = Nil | Cons of o % Ohist
pedomay, L = 1+ AxL

o f\mckon'aun - dekined pwdomm’n*v, eg, -
do\\-uhﬂn ‘oostem = NiL | Cong of ot (unit - o stom)

predowain, S = 4+ A xS,
&—~ 18

® mixed variana hjpe Oonshmd‘vr eq
dotatype  lambda = Abs o ( (unit - lambda) -» lambdo‘
predomain N = Oy N

® rumsively defined Type conghuctor ey
dattype & ty = Nil | Gns (e orty by
?Ndbvv\mn SW\J'\M ,
T= AXedd. L+ T(X xT(X))

% use gvjdnww&ms (no (oask eits required) in onder

Wk Soke be instanes of “domaing’, So hod TR
S\ygk-g%qw thxg?kﬂ- -lists, MM\\S'{'*MS




462

The  Seoft / P\OFK\,\/ Soutia / We /\A/I l/?,\l\wxavx) -

fogn, (b oty dehod (pe)domams )iw’%:“owmhm Suctes

A r ,. L,
?yww‘u&ﬁ a (f)"DA malomeh ol ‘\'IO-W\%\IOY\Q e aving
A sewonbc mr weh Powe detuhype diclasbing
(0\»,,\,51‘ nMove . ) No= OY»L\? du it ﬁl"' Solubhons 1o
re pﬂﬁvwm_m ofuations hob ol vres Tt e
b

WMininal w2 Swelanie wrse ~ & (nihal e

f{-\,«,-\‘-,;i?d(,‘?\\,v/ / Ml - pwyd\;vxs hiean  prefomans,
E L}

‘Hl)wewv)

463

Useful logical principles for rosoning olont

reumsiveln dokived (pre)demains owe SomerShat

lackirg.

Criteria for usefulness:

® Showld prh} fo gmcml recwrsive domains, net
just o “induchve” ( “algebvmic ") ones

@ showld be tmentans — ie. not depend upon
the. dekailed Constrmcon o e recursive domain
wlain  sek [higher order loaic.

® showd ke m ﬁ—- i€ ,""‘g‘d n teoms of
the Stwchwe oF T dovmain tonstmdor involvea

® Should be used !

An  exish Wmmp}e : S.Abmmsk«j " Doman )*/\emy n

logical form”, Arn. Pure & Agpl. hogic S (1991)1-3%

—providis a & the opon Swbosets (Dbservable!
pophia) & recwrsive domavs ot meeks i
obove ONRNa




464 465

Too impoftomk types & sk principle | Let o8 be some Colleckion o chain-lomplele posels

—INDUCTION ~ toniaining 1 and coted under the ollowing
Used ‘o prove ot o prep *4 dwenwts (REDOMAIN CONSTRWCTORS: (0{' a Sin,l(_ vanable)
o@ o recwsiw\h} MNJ P " Nkua% ©i= K fixd predimain in of
holds for all Adpprants | & variable (for twith & predomain Gan be Sulghibnt
[%woowd lke o handle propedies thak dekermine | Bx8  (ortesian produck
Unosn-Gomplle Swbseks ey Ham Just open | 8+8  dicjoink wnim
Subsets ~so onbsids. Abramekys S’O‘“’ivxs. ] | [ 8, lifting
| | §2F  oontinnous parbial fundhion space
r—EXTENSIONALTY Mimﬂ% with 8-(8,) ) _
Used 1o prove thok one cloment (eg digined | Nobwbion - $(D) dandres e predomain tsulhing
os e fixpoink of owe funchon) o & fom substitubing De o for e Wriable o in @
ﬂc,ursi«.\;a, defined predomain  opp Eximotes e “
(or e quale) Gmother owch dlomont. rTRoP osITIoN m:a vt :)m Sandand result due-

Ty e ot | S08) . ot it e 8
Anciples recwrty man ,71 Fx®) & Fix® inih :
‘t)ho:c P ckfwm onteria wankiondd  before 5: ( } 575 ond .th amongp Stk predawiaing
wme . o oo | Wl respeck to embeﬂavx}/ partial -proyechion,  pats
T this Ttk will desonke o " to- il chion Pnnc\\ob; ——— - pares.
Fov exensionality . | (Ol ERD e predomain recursively defined by B
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The oo  Chamctenzes = on (Fix2) N
The "w-induckion” principle for Fix3 {omd ene £ on BT ) — it displaws
Lek hi(FiXS;L)_L ~ (@(Fﬁxg;))l C o te :}S{u\wk fxed povnt o
) ’ . . o tan mondhine Syt ot o (W\Mﬂ(
be the ligt 6\- fre isomorpism exhihting Fx® as <lotons on | Fix@), (ovbersh L‘\d indetsion)
n recwrsivelyy, defndd by -
‘l‘NL V&dﬂﬂ\ﬁw\ RC‘M’Q\% dﬁ* b‘” ):* — \gmwv fha taz, o - wanchen” ]
I & binany, wlatin < & (Fxd@), x (Fx8) —
Co @a~Si::;3’HWa \‘? '+ SGHCffCS ' * ]V\L ‘W\nc\p\ﬂ VS mSp\M‘B L JY\\\\\MV}
Qa ’ Qt\gv»i‘i Kk\r\v; E\M (YN ybr« ?M GL>
\7[ WV GKRXQ)_L ( w<sv > b(u) i(d) h(v)) E—R\jcs rect  woda on "A\%ebvm'm&\g/
e < > Bla) is o whoin opemtion on binawy : Campadt Calegnes . Howesey, fhe use i
relabions  defned (by induchion en b Shuchure of &) beli abivony pelebons oppeas b tuke s il
;: ot a\ The Q\—ﬁé% o} b\m\a.mg , |
—THEORE M |

for ol U.,\/é(RX@)J_,
wev in (Bx®), if and W\(ﬁ i€ thue

i some & -Simulabon <@ wih u<wv

ba
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Lifhng. binany telabioms on predomaing

Notahons: RQL(D,D)L‘{d ‘ < QDXD}

binowy wlabms on D

Lek dis[d]  duole bhe instron of D inko D,
CY'\V?)I\ < GRQL(.D)D))

dofine <ty € RL(DL,Du) 1o be the binany relobion |
wa, v = Vded(u=[d1>3deD(u=[d1nded"

('Ie.<!l whates L to wmgbring , ond relates an elument in
D to somelning only i§ that somelivg s also in D2

e\\rtdn Mot fo e ek via <;,>

Note ok € < is Sy (e pacal order for D )

o <, is QDL

We Con odend fhis propevhy of lifing o the
ot pﬂbw\miv\ constvwdhors ...
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Definition 6 &' : ReA(D, ,D,)— Rel((&D), ,(D),)

case & is K ¢ Pe) is Ey,

case Diso: 9 is <

case Fis ¥ B(<) is (la)) <

CAsE T is T=®: E'(9) ic the bina«v,,
relabmn  on (\I/D->(®D)_L)J_ given b,'j :

u P@)v = Vie(IpsoD), u=[5) o
Jge(ID~ ®D).(V=[3'J &
Vxe ¥D. f0 @'l<)g(x) )
NB : Weaker than "logical wolations” — dpes not depend
won F'(a). This is Wy <> B'(0) is mmstme
for indmsion ¢ relokiovs.

cases € is Ix®, $+® — omited,
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T\/\MQ 1S Gl yevhon 63{ '*.N Lo—s'\w\\/\(_\‘uo,,—x Fymdg\g_
Fat uies Wabhons on  Fx 8 vt Haan on
(Pe®), | plug o opershon

Rl (D,0) — Kl (¥0,89)

i\‘\\\3\4\r1‘\5’v\/ , '\\— '-\5 A Wukffr/ Pv\%(i\ﬂﬁ ﬂ\m,\

B o owrn
J

“\S‘Y‘fj 1Y e
WEV wn QF\x@)) '\m’.]}) N ke kit

& vlabon < on kR"Xg)_L_ bt SahS%\‘CS

it G\r&ﬂ o “S)W\u‘ahb\m—\)kg" i lo |

et oo fe Shm (o dhan
e LIV \/.::.l

—

pa—
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Dont i\/\ih’l\\ﬁ Yo gue the })WﬁiZ 5\— hu. THEOREM It |
Raly, il concontrale on examples o 1 use

The \C\ML ¢ e - Thduwchon Pﬂruplt 1< that
h 3\0\’6 us o (usepl 1) ciikrion Sur *}-ﬁg\-w\(q/
Wothher oo elament of e Wt & a

\“‘ELU%\%‘Z/ C\L‘rmﬁd pre dovaain O/p-pm{\vxak/s

CU"\‘:"IW\?/-/ — jjv-st \"\m\pe v EW\B NS

Sawnleon Nlc\'-L\v_\dﬁ/ T )‘Zuvvvmk ) and in
poihandar  (mes e Simelahon oD be

e

(_\g\\R Smad! (C( wie O Diswmla kong in

(S — oo lakey f\;( & Precise rﬁia‘r\\mﬂ\{p_)

\J&‘Q 5 o Swwp\t Gfxamp\m..,
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A SIMPLE ExAmoLE (how o reslm of laty datohypes)
o lnavate ok $-simulations @n e quil small.

Gonsider tre predow\a\'vx S '\n'nxpreﬁng o ML dahi'gpe
datubype. int st = NiL | Gons of ink # (unit -» ink strm)
ie. S= Fix® wh &= 1+Zxx,

[o prove : there is & wnique ddement cnesé€ S, Sahsfying |

k(owes) = [ ine(L,0me8)]  (where R: S, '5(,1*'ZXS.L>,L)
(T oxitons. of Swh an dhment is uasented by b
usual f\x'ow\k NCNX)
Prock Suppose  tnes’ € S, alse sahsf\es R( ones") = [(1,0me.
I is eas\} o chek that
{ (ones ovw,s’)}
isa &- s\mu\a&\m Sine  ons < ones’, it fvllows
{wm e - -indutkyon ?YH\M?‘O hat ones < ones’.
A Symmeic ar%amm(' wields owes's ones | ond

ne ons = onet’, O
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N\Nvd"m_ .Md& (,a\ww
is (Fﬂxﬁ)q,_ ﬁn&\ §_ o(‘,__.».q,

EXAMPLE : Abumsk\ii' amom(oL Agmam mdd ﬁw W\G

oy

:\Nﬁi‘m? A (st§)_,_ B
oing \H\rﬂ"‘ fh meem = [f]j

Abrawvsig proves s as Thosm - t( mwm ;\,u,
abrivichon} in " Tho Loy Lavade leudis” Ty

BM(@&) Rasearch T&gms in ﬁmthma& hﬂmm
(Md\suw Wu\n% ) \9‘?70) : e
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EXAMPLE A\)mmskqs ' domain qu\\'\m Gr bisimulahon ™

(Ref Tnf. % Comp. 92(1931) b1 - 213 .)

Take o0 o be {D | D, 1s a bifinite &LMG\MT

ond Q)l\\arge . Golleckion ot predomain Gonstuctors :
| PR

W (PD) L= Plokkin powerdomain on D,

= ({ non - %\p*j, Convex , Lowsson- Egli- >

Milner
cosed subs ks of. D [ evder

Thae ackion oﬂ’- P on bin
<chxD b Pl=a)c
for b w,velPD) |
w Pla) v = Vxew Jyev (x= y)
&V%ev Axen, (xq 3)

relabons Sevsds
(PD)x (PD), Whore

NB. When < 18 Cop, »then Pla) is L
Egl'\-N\i\M oner, 1. i L:‘(PD)_L'

475

Abmwckx.s’s " downain ]%v' bisimulabon” is
(Fix®), with &= 1+ Plnxoy),

\A)ri\-\‘vxg, B =(Fx%), and
w2 u' to mean 3 xe P(NxB). Rw)={ine(0)] & [(n,u'i])elx

wA b mean Rny=1v 3 x. Riu)=[in(0)] & lelx]

ond Wy to man 1 (ul)
(Whore as usuad : B2 (,4+P(!N><8))J.> >

ban N this crse the Co-indudhm Pn‘nu’pée con
u, wa& Uuivalimk o the agsertion ot = s

ek Y(,\OL{'\W\ =t on B SO\‘\'\S%V\S

"portial bisimulakion” pvva-‘\j
Yave®. wev D
Vu’,n(ufﬁ W Avi( vaoviy wav')
X wd DO vi g \'/v’,n(_\/—')/v’oBu'(u'—\m'i,u'av’;

This is Pvoposition 3-1l (“intemal ful olbstrachion”)
& Avm

,We. at,
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L_\mi\:o\\-ims 0'{1 e o-induckion pv\'ndply,:

Exomsle. -
YWhan @ = o= K, bhm (essewho\lkg)
m m&# ®- s\mvxloth is =
| le So 'WU. - w\dML’nm pm\uplv.
does v\aE give, ony %ASM mfwmo:\'tws
obonk e natwre u@ Fx® in Mg
Qo«sé. ' : /
'Q%xmﬁlw for e predﬂw\mn W‘WP")“Y’Q

to datmbype. .
| do&ml'\jpe. cont = Cof (ms/c-» QM: hst f D
weed W Tofle’s - ka\b\— fivel %m}w

fw'\(k\w\ }
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“The co-indumdoon . Pnnuplﬂ. sbh,d hm Con loe |
%W\M MG number d— \Mpw“cw/k dwukvns.

S\mv\\%am.ws dnmo\m quhon

wmw&ﬁrs)

k ° (s\Mm\to.vw.w:\%) regwgmhj efined
- d,ow\qm wv\s\mdv(c (of e tm- o{-
W\L ML WMP\(A g\vm o&' M ning

' ‘EO ?adomo\im \Y\vv\vwg NCM)‘,,J:."’.
d.eﬁmul Mbowwns (€ .




" x.f..._cmoumv (of the ThEwRe M)
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| \ﬁk Q o.no\ T be predoman
c»ns{wdws (w{- o S\V\3\L vamlo\e)

M u:v in (‘?(F\XQ))_L
\f N ow ‘f m is Some

§ s\mw\mhm < with U i<)v.

® more me\u Needed G.ﬁ in rtawm’,
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Future aired-\'ms
@® nmonads dhav Fhom \\'gh'vxg

® fmd ek ogic mvamﬁvg ﬂu
G-induckion principle (& o, mde‘vm -
prindpl Aok montioned hwe)
Altady hawe indicokions of ntereshing
axiomahe  davelopraent e‘- omain .
E% §ix poink dojeck ond \ask fixed point
mbinator  btcome dkin wble .
He- u»p it Howes operationaly-based

woolle (" Eaaliy in Laay Gomputalion Srthme; Lics’s 9)

o He-up with annMc Domain ny

i

| ‘4;050\0* \o.‘é\j, da\-\khﬂes -‘-Suqa)eshmx m(muf 4

g
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T - Calcdde (Milnee)

Basic T deas:
* Fundawmexital Wnis =Feoc e;gc,,;

* Processes ace CConc-uﬂ!
Cowm ‘NILLY\\COC\'\Y\ Ve, d\s‘h“;;’
Eo(‘-rs ‘of C»\'\&.Y\Y\Q.\S -
Ce. ‘9. ‘Tz\cy\«onc s\‘sfbm LAN,.. )
Features - ‘ :
-_:,.,,r\M\T'ypec\ 'ﬁ\ewY - C.\M.nnefs

o wts Q‘h denoM by vb’s ‘;_1-'
Co.“ccl Y\uncs |

?co«ss ‘t’ecms
@ U\'\‘k free
o | names S{x., X

?od’ s/
G‘\Am\s
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?(‘0 cesses

oof

P = Basc

?focessw ,

Il

(rossivy dhhors —a PHED

(W)P (hiding)
 private Channel locd + P
(ke om 3 %\A&M““\“"QT)

T "?*‘c@mu ( P\\kaﬁ‘ng ko " )

x(\‘\...\i,\ : sw\c\s Nawmeo ¢ mlanjx
% (9, - \'3 (ece\Ves MB {‘mi“( Nawm e
0duney X S - e

Uy oY O um& by s OP'-‘

w«'h Rt e W\u aixd
“hu\é t\\q\tm:) ‘prd‘\"btd% .

i'_s(\[ P “ x(®). Q “ ““”“WUQR “
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Pasic Commumication

x(y)f ” 52Q >~ Pi%%“ Q

UY\\.\(Q ﬁ neduct™

th Qbmmw\cd‘w\j Y/\OCC sses a\tma
C,\M.\Y\Y\e\r,

Q COY\-\-'\“W --o o0

3\»6\’ access Yro‘\’oca's

C'onﬁf \LQY\CM TBaoic ow =

('\D\M \a 30\\0'\": SYV\"(hcf\c, ONo )

Compatible Wity >
<Mm°/ = j 'S Cmeutmfw
nonzid w\m,‘, o - wull ym“s,

VX e = o C(ﬂr\fe MTe as T )
(000 = (xPIQ xm@
Yxyy P = vyn? o
Nefe = u.¥) BEOIR TR




1o 485

Syn Meonous T -Calculus

- ( - v W X :
@ X‘Q “ x(w) LV ” K @ X(w X (Mi\v\% \aq2a : M?u_}o\i$l~aA >

__& Ae-A\)DCk
-V: i‘all 2V ?mssno P ‘lVXPl P"P/ YP .
AV [l xx —_—

(\atu: PHP . )

@ sto aftew Prefixes
s ealie) 22 2 Gl LT proan shops.

desdlod G 9“"*‘"‘5 actiod affec ?“6"‘
S T o QoNna.

O
(v ¥)( % 9l x(u);bv))) X2

RN
O Yoss'tlole Procagd fo (V»t\(iil.—-\\UL(@B
P e Shukd Coguetn o ety b

! ? ongplicaion ,  obeying 1 T, P WY %
e 1P = PP )= TR < b ok

, ‘X‘ﬁ \\ % (W) WY u 2 = ) Jxe & °, (W) ol mwmn :
- Covmm «d‘d’\ﬂ oo

R E O A RTINS () (Peacessag |\ o
>. %Vh !X(“) 6\1“ i%'  --‘- - - . (‘“) OS!&&.‘ mw('\’ms (\‘ﬂ CD“TWTS) "':" T

\Mu.&\\»‘ bm\'&'
‘g w‘ \AT \ (\j

e sy x@P>PI%S ol
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Multiplicative Linear Logic
Foevulas : A®B, A¥B, A
Peools + Ayom ¥ N\

iy 487
IS & S nc‘;\.
"x\"A\,-..’ X,’.A,\ \i

T

[
¥




4 |
; o |Q
2 ‘.>\w‘
X < | |
=%l o
AOA) ) ==
1|9 = T =
— > /Vln."\/*w
< 1 2 A
A= S5 26 aT
vl | 4 T w =2 IO,
A@ ~ 7~ D> FMI \lv.n h_l\\z”.A\ILLA/
< | - ~ i3 LW .T..,)nD:).A
N o~ > X A A
~ S G oo - 31
1 )y o ow © Y R T
<= S — <=l
| - . + <]t
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S i
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MLL Peocess Combinatos (Abcamsky)

* CommuTotive tedTs %‘w« identical
- ‘\—24““\5 ( \fY]QA\&\Q ":_-3 .
" Teanslation occuts at the

\level of Pproof nets |

Process Comboinatols

So, o theoteywn becomes :
Thm ¢ Fee MLL Pfo&@ nets @
= T ¥ W)

y>y!
rat synchh. W -Tecm
fed > (ed®"

*Ta fact, T\a teanslation
n ?«_r_g_o_; . Steuctucee —> _t;";:m

(‘.' Syﬂc\\. ’“J“CAQC,W\-M refers -f-o

Fra‘}'o'cals £ lm%) 'V_‘:‘I

Covnnum Cali'on .
decivaloility | Q\mw}\\ T will
&A\\\ PALEO I')Ma‘r\-s as wdl )
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A ¥ fQ\N\S\(Y

Tug = W@OFa Tuy + y@%a. Iy

®(Vx,0\>§ {Vx Y)('ixt \3.0 " P‘ “Qj )

z(xy) . ‘?\

o’
)
1}
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Cow\\o\n&-\mr E gof S aucTusa
= (7 wts)

e (PQ) = ¢ (Q,P) |
4, (B, Ty) 7 Plud
Cf, ( @icr—;,a@ w»
(cwr (e, Ry 0,)
w“’ (R, O, (Rxpap)
o ?Aé w
¢ 'r ’('\‘a‘r—'"a ¢ ’)i?w
U,m ‘A does Wfr m:c wrﬂ >
w’r (®<? Qs | KO ”
j (a, cu&“ (mx, %))

W

CQ Wy w&aj\ud
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T ML Peoof — '[\’ Cale

Structuus Y

T (.* A 3 ) v ?"‘Si%%}

cut

G e,

M B R s a ?Na{— STNC'NN 5,

T\'(GQ ~ does Y‘\o't'
én.'?aﬁc} o Tha ?o.c‘\‘\cu‘ar ON{ |
ok +\M Widu e e Cd*(\t’t'fuc'f' o’F&

f:e’.gg ?(u ) ij %R\SQ = (V“ ‘33%13 Pf““) ?

Mé&u\e :a":rp

Thw ( Local Fullness)
R MLL
() 1F ’W(m>& then 3

Preb stuctue @ L4 Q Tv@

V FM‘F Sf‘(‘\l“

W(@ 7’ Q.{T@Q)

S) Qx\uv&) e ‘\30 :

Anns 'FNW\ syn'k“o.c'f‘c .
\ Pm 43
‘\'ecms ‘\’\M‘\" arise \MP:‘; o'F-

W, by et e Sl 3
" ol S ;
e e o ‘t.rr;"-i'« e
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Lnformaken Flow

Al The aloove works Q%\m”y Wel|
with cpposite otiemtat £ of ayiom
bubber. Indeed,

Abcamsky - L
Y x: SR A"' ' I*\/

[N

Uoeqa \oic\lnc{‘\‘cv\a\ YY) Tm k‘\' \{(a)'ia
We com actually olotuin (oo
Unrdide g‘\"\'owf\q\ \0 uvg-g*c s (st S+TMT 3
WHa Cul -elim. process — wﬁ )
e So?\«'\sf'\cd‘ed Procg- nel” %\Q‘*‘[
Gi(‘acd C \a%6, )
Danos -Roiv\]ow ( )WY-%) |
Bellin - Ketonen ( g4 QD"N)
BC(\'W\, Van de \00(,2, -Dcw\05‘ RQ7V\'\Q0)... . q

-
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Thon [Belln] ¥ 2 be MLL peoo
'Y\Q_T AV\\) D—R Swﬁ—t\x AQ’\"QTW\'\V\M

* Dawmps - RPSY\N*‘ . To every MLL
Stanctwe @ apoe0 Ccaj'a. TQFL\ &((R)

AVZER VAR mn B NRCP% AW
® .Ax. b

an &%S\%mwem'\‘ of O ¢ T's to
—(‘ov‘mu\\u A % $+

(O T\\a assuc\swmuf {ﬂ 0Ws n\oé\kfu‘-w |

oy \)
Tt R et <= ¥ cC\oies of Swilehes (s E_::;H\‘ one conelusion is O (%"'

(@\ 6 aqclm Cowl\Oc't"OC\ () Thece -\5 e tronelation o ?coof-

¥+ * ‘
- Belbin- Kelonen @ @ mow on,mgr. I, ., T, kO w RLL G
a»:\(c\(cl’r\{ g covnectedneao Cond™ 3¢+ linear \ Feem (with \¢T )

L evecy one acises ...

- Bellin o7 &l &ﬂmlosouo Yo m‘y e
o Pure m:*s ((loc Uw\f\\”:zé )C‘Qc A

Y

R SW‘*Q\I\\\'\%

. mems
2 GOT.) — asmign O5 T = W
o nats - '-E: led®s

f /)\-Terms -
(Qdoe\ as
N =T e

. Lo 3'(‘“
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“Tha Additives

To handle additives, onsidac
M- Calculine Pfocassae :

pue +|wP|uxP| PIP| PP

b)\&\c\"é&'\s)?v‘x\r;w*\:\u'er'\u do We
a\lsw oot P0sse & Y:e%‘n\u?

D\MQWQ ok 103«c /Cmcuwmo( UNH
CD’QS\&% : ‘
PR +R) _G’n&)+(?ua)

~Cd,msa4 -‘Nau\oles ‘.*’ a\(tbm ‘thk:

n A YAL Y-’-A Z_A-L

cul

s“YYOSt axioms = bi A\P&C‘h(ﬁ\t' bu

LLOITN YW | Multighiag ot
2 + -+ ] Cross- Tetw
YWD Xw || 20Ty | oas deadlocks
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O 4o do ¢ aF lead D cholws:

o Wae | ditactonal OUL'(V\"Q'W (CaL\CNuT
wWet sowa Swr\*c\mv\ﬁ')

K./ No Ais‘)’ai\ou‘{‘(vs“‘:m OV aXioms i

° G’M\omgx Co\\ed’\‘cv\ oF éo.aUOCkeé‘

‘+ecwms |
Now, Consdae Cut-afim ami
Girand's adbibve looves.
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SE e :
§ - r)xrA F B LA AL
o (B0, L)y 46D | Frims Cowe
. | | - T,
Gt (B(Re) RI@) > it 68) ,
*2(% 6), R, @ )& o (© (V%)[V(uv)(iuv R V(y)G)
%,y -
C“‘*‘A ( & (F, 6’) , H) 7 9%\72(‘)'\/') O'% “P‘ J
2

*’Xw( ( Cvf\'a (F, H), C“t\ (G’ H)) - lt 2(uV) VX P]

FAoas s Combinafoes

—S————

(Yxuvy) |Zuv (u«.wa(v')G)[

> o [FEN P ] ®

R PEA |
@ 2 choices : () Communicate ® D;.’f‘.;‘

£t




e — s
(Iax ‘\ / ? \.' ‘/ Q
x: A* x"A - r “I B r‘i "
: | A -@51' &‘L A& B I J
ST
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C\Woie ()

(va UV X)
2(Q'v') 'l}'x ” 10@: ”

EUV[\M') Per s vm&,] j >

Cowmumicdte '\W\m&iatq\y

(yE vux) |
Ux || Tax (U(X')?x' + WY)Q‘I)

(\Nwé Yo \»r\ e Yet- ‘)"\Mbtd‘\ (o“Y
o O Wl \Lud ooy still thece "/

T gene Nu\

UxF“ (‘U(X)Px + V(\OQ*) > F “ Pf/}

(P o renate @ As aPPeats )

Gt - - '\‘; Y Boy s
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Whae v,
\f we \awe Mol Al g g N\ VY diskin

Ox F \l@(w)? R WY)QY> > F Il Pi%

' CW\& C&\L&“Y

SOF W (SxPs 9yQ ) > FIRIIP

Com wmimic G- alimtodbimabiee | o Tn 0+ peet g
(6—1‘ . mala doer) | | e b

B QK’Y?OSG- NS (\QQA ey L T M- cel colo T'MMS Coﬂ‘ﬂP
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The paradigm of interaction
(short version)
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C b VoS k ‘S
w\ -k‘& o Y Abstract
) ‘a 12} 3 We present a unified framework subsuming well-known models of sequential or par-
I‘ \ n*'M Aﬂj\kk ' 8
5? Poceao S‘

allel computation, suc' as Turing machines and cellular automata. We propose a no-
tion of natural encoding motivated by issues in implernentation and partial evaluation.
The most remarkable feature is the Girard-Danos-Regnier criterion for deadlock-free
computation. This theory is a byproduct of linear logic.

and  Linaas

keywords: abstract machine, deadlock, distributed computation, graph rewriting, inter-

action net, proof net, string rewriting.
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\)\\ pc\l

1 Interaction strings

We try to give a mathematical status to the notion of computational process. We are

S GG‘H‘ interested in the structure of computations, not only in computability or complexity, so
i \ T .

we cannot content ourselves with traditional models like Turing machines, which are too
restrictive. We insist that computations should be some kind of concrete geometric objects

) L FC 5) . following some kind of physical laws, and we adopt the following basic principles:
Edine Mﬁt“ - |

1. A computation should be discrete in space as well as in time (no infinitesimal).

2. It should be deterministic (no arbitrary choice).

. X 3. Interaction should be local (no broadcasting).
‘ 6. Bl i )
w \'\'\"

4. The whole process should be asynchronous (no absolute time).

C 6 In order to separate difficulties, we shall first consider the case of a computation living
L— F in a l-dimensional (acyclic) space. By principle 1, its state at a given instant can be
decomposed into atoms:

[ i e
4—

*Address: 45 rue d°Ubm, 75230 Paris Cedex 05, France. Email: lafont@dmi.ens.fr
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Let ¥ be the alphabet of all possible atoms. An element of T is called a symbol. so that
an atom is just an occurrence of symbol. The rules of interaction must be of the form

ay...ap = Pr... By
where the antecedent a . ..oy, and the consequent Br .. . B¢ are strings in I*.

Assume the antecedent of a rule has length 3:

o003 = ,31 .e .ﬂq.

Since a and a3 do not touch each other, they must interact through az. Now, even if
the whole computation is parallel, each atom should have a sequential behaviour. For
example, a; should interact with a; first, so that the above rule splits into more primitive
ones, using an auxiliary symbol 7:

oo = 7, jaz = B1...Bq

Any rule with an antecedent of length > 2 cin be decomposed in this way. Now, assume
the antecedent is atomic:

ay =P o Py

This means that oy is unstable. We cannot . llow that oy occurs again in the consequent
B ... Bq because it could never reach a stak o state. So ax should be remored from the
alphabet and replaced everywhere by Bi...; . Finally, we exclude empty aniecedents for
similar reasons and we come down to binary rules:

ayog = N ﬁq

Assume there are overlapping antecedents o the form aag and agas respectively. Then
the atom a is embarrassed when it has to :hoose between oy and aa. To prevent this
kind of conflict in a way that is compatible with principles 3 and 4, we have to split the
alphabet in two disjoint classes:

-
E=XUZ

The members of T (resp. —‘_.:) are called left (resp. right) symbols: they can only interact
on the left (resp. on the right). Therefore, any antecedent must be a cut, i.e. a string of

— — —
the form p N where p is a right symbol and A is a left one. We put arrows on top of
symbols to indicate their class.

Assume the consequent of a rule contains a cut. If this cut is the antecedent of another rule,
it should be replaced by the corresponding consequent. Otherwise, it would stay forever
without any possibility of interaction. Therefore we shall also require that consequents

JRE——

. e
are cut-free, i.e. of the form Ay ... App1...pq.

All those considerations lead us to the following notion:

—

—
Definition: A (1-dimensional) interaction system consists of a finite alphabet = U X
(disjoint union) and a finite set R of rules of the form

—_
oA DA Ao Py

— -
with at most one such rule for each pair (o, A).
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Example (double)

We fi i i i i i
e r{si g}_\/—e isystem computing # ~ 22 in unary arithmetics. For that purpose we take
L ={5,0, 2} and R consisting of the following rules:

—— —— . —
28 =852, 20=0.
Here is the computation 2 x 2 =4:

= —r— —
2

2550 = §52'50 = SSSS2 0 = 55880.

w

Example (half)
We would like to write the following program for division by 2:
v} e e —t — — > —
HSS= S H, HS0= 0, HO = 0.
Unfortunately, the two first rules are ternary, so we must introduce an auxiliary symbol

. \ e ey e
taking © = { S, 0, H,H'} and R consisting of the following rules:

HS >, W0=0 HS=SH, HO=0.
Here is the computation 4 +2 =2

[P —

T SS550 => 1'5550 = S 1SS0 => S 11’50 = SSH 0 = S50.

Example (explosion)

The simplest nonterminating system is given by £ = {‘§, 'H, ?} and R consisting of the
following rules:

oy o — —_— —
FS = FF. "0 = S0.
Here is an infinite computation:
FS0=FFO = FS0=FFO = FSO= ... |

If we replace the first rule by TS = ?ﬁ’, we get an explosion:

FS0= SFFO = S FS0 = SSFFO0 = SSFS0 = ...

As usual, we write /' =* V if thereis n € N and U = Ug, Uy,...,Un_1, Up = V such that

Up= Uy = - = Up_1 = Up. The deterministic nature of the computations is expressed
by the confluence property:

Proposition L IfT =* U and T =* V, there is W such that U =* W and V =* W:

T =V
b 4.
U =* W

Furthermore, the tolal number of computation steps does not depend on the strategy.
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This is an obvious consequence of the absence of conflict. For example, in our first system.
we have the following computations:

pa— —_ > —orp mm =

55850 = 2552 0 = 2550, 2250 =
Both ?ﬁ and ‘S_S?hS._ZNE)‘ reduce in one step to
ﬁ?() to ‘S_S—{gf) can be represented by diagrams

time

which differ only by the relative order of the last two interactions. This order is irrelevant
by our principle of asynchrony. In fact, they could also happen simultaneously:

But the first one must happen ... first!

Finally, we prove a simple termination result:

Proposition 2 (ezponential time)

RS

—
Let (2, R) be a system where all consequents are of the form M. Apor AL Ap 1 Then
all computations terminate in at most exponential time.

Proof: Let k be the maximal value of p (number of left atoms in the consequent) for all
rules in R. We define the complezity |W| of a string W € T* as follows:

Wl =Wl +1, [P Wl=(k+ DWW fd =0

(¢ is a notation for the empty string.)

One checks easily that |U] > |V| whenever U = V. So,if W has length nn, a com‘;;utatlon
starting from W terminates in N steps, where N < [W] < max n(k +1)". Q.e.d.

2 Machines

Now we investigate models of deterministic computation in terms of interaction.

A finite automaton is given by a finite alphebet A and a finite .se.t of states @ tloget:e:
with a (partial) transition function § : @ X A — Q. The transition §(q,a) = ¢ mean
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that. reading the symbol a in state g, the automaton will go to state ¢’ and read the next
symbol. This corresponds to an interaction system (£, R) where

S={alac A u{7 [qeQ}

and R consists of the following rules:
. -
q a = ¢ whenever §(q,a) = ¢'.

e -
Clearly, ¢ ay...a, =* ¢ means that, from initial state ¢, our automaton will reach
state ¢’ after scanning the string a; ... an.

A Turing machine is also given by finite sets A and Q, vut with § : QXA — Ax{+,-}xQ.
Now é(q,a) = (¢',%,¢') means that, reading a in state ¢, the machine will write a’, move
forwards (+ case) or backwards (~ case) and go to state ¢’. This corresponds to an
interaction system (X, R) where

S={alacAU{7]lqe QuU{d lac A U{T |ae Q)

and R consists of the following rules:

TT=TT T
7 . a a
LE7EL o=@ ), LT LD isge) = (-
agqg=>addq aq=gqd
The configuration of figure 1 is represented by
cee@_2@_1qGpaydz ... OF ...0_2@_.1Q04a1Q2...

depending whether the head is moving forwards or backwards. Here we have no special
rule for blank, so that, in order to emulate a Turing machine with an infinite tape, we

should start with an infinite string. But never mind, we shall not have this problem in
the next case.

A SCD machine (SCD for Stack, Code and Dump) can be described by finite sets A and Q
with § : @ x A — (Q* x Q)U A* (disjoint union). This machine has a stack for data and
a dump, i.e. another stack for return addresses. Here 6(g.a) = (g1 ...¢n,q") means that,
after popping e from the stack in state q, the machine will push ¢1,...,¢n on the dump
and go to state ¢, but if 6(q,a) = ay ...ay,, it will push v,...,a, on the stack and pop
the state from the dump. This corresponds to an interact:on system (X,R) where

S={alacAu{7 7€ Q)

and R consists of the following rules:

qa=q...qq if6(g,a)=(q1...qn. 7).

——— .
qa =>a...a, if8{g,a)=a1...an.

—

The configuration of figure 2 is represented by ... gqiqapa1ay...

A (1-dimensional) synchronous cellular automaton' is given by Qand 6 : Qx Qx Q@ — Q.
Each cell has a left and a right neighbour: é(p,¢,7) = ¢' means that if a cell is in state g,

!Usually, this is simply called a cellular automaton, but we shall introduce a notion of asynchronous
cellular automaton.
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with its left neighbour in state p and its right neighbour in state 7. then it will go to
state ¢'. Of course, it is understood that all cells change at the same time, which seems
inconsistent with our principle of asynchrony. But never mind, {ollowing [Margolus], we
decompose transitions so that each cell looks alternatively at each of his neighbours. More
precisely, we take

- e — ——
$={71qeQu{(pa)irgeQuialge Qyu{(p.a)lpaeQ}
and R consisting of the following rules:

—_— e > ——— i , ,
77 =mome,  aolns)=d il 8(p,q,7) = ¢ and §{q,7,8) = 7.

ey s e e

The configuration of figure 3 is represented by ...g-2¢-190 1 92 - -- and a global transition
of the automaton corresponds to a computation of the following form:

In fact, we have just shown that a synchronous cellular automaton can be emulated by an
asynchronous one.

An asynchronous cellular automaton is indeed given by two disjoint sets Q- and Q%
together with & : Qtx Q- = (9~ x Q@)U (@ x Qr)yu(Q x Q*). The difference with
the synchronous case is that each cell is looking at one of its neighbours, and a transition
only happens when two cells are facing each other. This corresponds to an interaction
system (2, R) where

— _ — +
S={qleeQIU{qlqeQ")
and R consists of the following rules:

—_— —

p g =pd iLépg)=.q)eQ xQ7,
pq=pq if §(prq) = (¢, ¢') € QF x O,
—y ——

pq=1pdq ifépg = d e x Qt.

USRI

The configuration of figure 3 is represented by ...q-2¢-190¢1 G2 - -

Each model of computation considered in this section corresponds to some restriction on
consequents in the interaction rules (figure 5).

In the case of SCD machines, consequents are homogeneous, i.e. they consist only of left
atoms or only of right atoms. In general. an interaction may generate two cuts, as in

— B s

2350 = 28520,

but not if the consequent of the rule is homogeneous. Furthermore, if U = V by such a
—_—

. T . .
cule and U is of the form py...ppA1.-. Ag, so is V. Homogencous consequents modelise
sequential interaction.
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A
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Figure 1: Turing machine

Code l

1

[s[=][<]
[s[= 5]

Dump Stack

Figure 2: SCD machine

a g-1 Lq_lm

Figure 3: synchronous cellular automaton

[=]
a

Cell

Figure 4: asynchronous cellular automaton
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PR

—
Ao Appr--Pg
general case

D —_— — —_— o —
Aloandp PrePq MAz pip2 ALpr
SCD machines asynchr. cell. automata
(sequential interaction) (rigid interaction)
| aad — e —
;J_; AAz g2 Mg
finite automata Turing machines synchr. cell. automata

Figure 5: little taxonomy of interaction

In the case of asynchronous cellular a.uic,)mata, cor}iequenfi have 1eng1;£ 2. So, if for
example -;-)NK = /(\_1}*—2, we can say that p becomes /\1. and A becomes Aq. Conseqtfﬁnts
of length 2 modelise rigid interaction. Turing machines correspond to the case where
interaction is both sequential and rigid.

3 Natural encoding

A universal Turing machine M has the property that any other Turing machfme can :):.
simulated by M. However, this simulation does not preserve the structure of compu
tions. We shall need a stronger notion of encoding:

.
Let (Z,R) and (&', R') be two interaction systems, and let & be a map from ¥ to X7
Then & extends to £* in an obvious way.

Definition: ® is a natural encoding of (£, R) into (%, R ilitis compatible with orien-
tation and with interaction in the following sense:

ce(T)c Y and a(T)c Y,

e

e &(p A)=*®(A ... App1...pq) Whenever p X A Appre..pe in (5,R)

i i i ion. Since &
Note that a symbol is translated into a siing and a rule into a ct.Jmputatwn Sin
preserves orientation, cut-free strings are t anslated into cut-free strings.

Example (quadruple)

Consider ¥ = {‘g, E,T} and R consisting of the following rules:

PE—

15 85882 d40=0.
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Now let (Y. R’} be the system of section 1 for doubling, and consider given by:

»S)=5. ®0)=70.

—

(1) =22.
Since 22§ =~ $55822 and 227 == F, ¢ is indeed a natural encoding.
Example {degenerate)

For any two systems (%, R) and (X', '), there is always a natural encoding mapping all
symbols in T to the empty string. To avoid this kind of degeneracy, we shall consider
injective encodings, i.e. such that @ defines a one-to-one map from I* to &/*.

Propoesition 3 (number of steps)

Let @ be a natural encoding. If U =* V in (3,R), then ®(U) =~ &(V) in (&', R).
Moreover, there is a constant k such that, if the first computation takes n steps, the
second one takes at most kn steps, and if ® is injective, il takes at least n steps.

In particular, if € is injective and (X', R') terminates. so does (I, R).

Proof: Each rule in (£.R) corresponds indeed to a computation in (', R'), and there is
only afinite number of them. The constant & is the maximal length of those computations.

If ® is injective and 7:\- = Wisarulein R, then Q(?T) is of the form py ... ppA1. .. A

with p.g > 0. whereas ®(I¥) is cut-free. ! o ‘D(—;T) =* ®(W) in at least one step, and
more generally, computations take longer in (X, R'). Q.e.d.

Now we introduce the second crucial notion of this section:

Definition: A class C of interaction systems is universal if, for any other system (Z,R),
there is an injective natural encoding of (T, R) into an element of C. In particular, when
C is a singleton. we call it a universal system.

Proposition 4 (two left symbols)

The class of systems with two left symbols is universal.

By symmetry, the class of svstems with two right svmbols is also universal, but this does
not mean that the class of systems with two left symbols and two right symbols is universal.

Proof: The idea consists i1 encoding left symbols by numerals. More precisely, a system
(Y. R) where © = T\Z, An} is encoded into a system (T, R’) where

V= (S, U ()| P €T and 0.< i < n).

So. in general X' is larger than £. The encoding is defined as follows:

8(7) = (p,0).

¢ times

—

The rule: of R’ are (p,i)i = {p,i + lr) for each p E_)i_and 0<i<n,
(p, 1) 0 => &(W) for each rule p A; = W in R.

By construction, @ is indeed an injective encoding. Q.e.d.
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Proposition 5 (shori consequents)

The class of systems with consequents of length at most 3 is universal. More precisely,
consequents may be restricted to the following forms:

— —

—— D —
Atx2pt, Ap1p2, Ay PLy &

Proof: Tae idea consists in encoding all symbols by strings of length 2. In order to
separate tie crucial combinatorial argument from the tedious details of book-keeping,
we shall teckle an abstract version of the problem where all left symbols (resp. all right
symbols) are identificd.

Consider the nondetcrministic system consisting of the following rules:
—3 —— — - —— — — —_— - — e
pA=Ap, p A= App, p A=A, pA>p, pADe
The following computations are possible:

———

— —_— e e .
pPAX =" €, ppAX =5 X ppAA, PPAXN =" ppAA p.

For example the second one is ;;;Kj\ = 7;\7? = AppAp A = A ppAAr. By
A

N - —p ———p N .
iterating those computations, +'e get ppAX =7 Ap...p with arbitrary numbers of A

and p.

Now, it is not hard to adapt this argument to the encoding of any (determin'\stic) system
into another one with consequents of the required form. The alphabet must be enriched,
as in the proof of proposition 4, but it is possible to keep the same left alphabet. Q.e.d.

Propositions 4 and 5 are compatible in the sense that the intersection of the two classes
is also universal. Indeed, any system (Z,R) can be encoded into a system (', R') with
only two left symbols, which itself can be encoded into a system (T, R") with the same
left alphabet and with consequents of the required form.

Proposition 4 is clearly optimal: a system with two left symbols cannot be injectively
encoded into a system with one (or zero) left symbol! What about proposition 57 The
“explosive system” of section 1 cannot be injectively encoded into a system where all
consequents have length at most 2, so consequents of length 3 are certainly needed. Sim-
ilarly, by proposition 2, a nonterminating system cannot be encoded into a system with
consequents of the form

PR — —
MAzp1, AL, AL €

—— P )
So Aqp1p2 is needed (and MAz2p by symmetry). Finally, a nonempty string cannot reduce
to ¢ if all consequents are nonempty, so the empty consequent is also needed. We do not

— —
know whether consequents of the form A; and p; are really needed here.

Proposition 6 (genetic machine)
There is a universal system.
The idea consists in encoding each system by a string. Since the computation is dis-

tributed, this code must be available about everywhere, hence the analogy with genetic
code. The description of such a system is left as an exercise.
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4 Interaction nets

We consider now the general case of computations taking place in an arbitrary space. The

.dlﬂ'erence 'is that an atom may have more than two neighbours, but again, it can only
interact with one of them, through its princ nal port.

Let ¥ be a finite set of symbols with aritie; in N. A net on ¥ is an undirected graph
who§e vertices are lfxbe}led by symbols in £, such that if & has arity n, the corresponding
vertices have one principal port and n auziliary ports. In fact, we shall often consider open

nets, whose vertices can also be labelled b ! i
s y variables. FEach variable must b
exactly one other vertex. © connected to

A cut consists of two atoms connected through their j rincipal ports:

Deﬁmti?n: A (general) interaction system conmsists of a finite alphabet ¥ with arities
and a finite set R of rules of the form

1

n ful ] i
] : n
i !
Jo— ' i
= — N
H i
I 1
z t 1
4 ¥ T 1 f
q P R 4 yq

where AV is an open cut-free net, and with at most one such rule for each pair (a, ).

A similar notion of connection graph has been propos>d in {Bawden).

Example (unary arithmetics)

Let ¥ consist of 0.¢ (of arity 0), S (of arity 1) and i
\ N y 4, X, 8 (of arity 2). T} les gi i
figure 6 correspond to the following definitions: ( ) Hhe mles glven it

sz +y=s(z+y), O+y=y, sz Xxy=(zxXy)+y, O0xy=0.

fI‘he principal port of the symbol 4 corresponds to the first argument z, because addition
is defined by induction on z. For multiplication, there is a little pro’blem' the second
g.rgument y is used twice (successor case) or not at all (zero case). Tha:t. is w;hy we
introduce auxiliary agents & for explicit duplication and ¢ for explicit erasing. Note that

consequents may be cyclic (third rule), disconnected (fourth
' rule) or empty (last rule).
Figure 7 represents the computation 2 X 2 = 4. ) pry (fast i)

_In the framework of interaction nets. a computation may get stuck for two different reasons:
if some cut is created for which no rule applies, or if a vicious circle appears (figure 8).
The first problem can be eliminated by using an appropriate type discipline. The secon(i
one corresponds to deadlock, for which a global correctness criterion? is neede;i Of course
we could simply forbid cycles in nets, but then our program for multiplicatic;n would bé

T - :

b This is essentially L’]ea'n—Yves Girard’s long trip condition for proof nets {Girard87] modified by Vincent

i"z:nos a.nd Laurent. Régnier [Dan‘osllegnier]. Alan Bawden suggested to use this criterion in the case of
eraction nets (private communication). it is equi salent to the semi-simplicity condition of {Lafort90]
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Figure 8: vicious circle (deadlock)

discriminating between bad and

i ich i btle,
illegal, which is a shame. So we must be more su o or . Fach bl of

good cycles. To simplify, assume that all symbols haYe ar
arity 2 must be equipped with one of the following switches:

o the 3-switch (with three positions):

e the 2-switch (with only two positions):

For symbols of arity 1, there is only one degenerate switch with one position:

Notice that the principal port can always be connected to any auxiliary port. In particular,
for a vicious circle, the following switching is always possible:

Definition: A net is correct if no switching creates cycles.
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By our previous remark. a correct net contains no deadlock. the converse being obvi-
ously false. Furthermore, correctness can be checked in at most exponential time (in fact
quadratic, see [Danos,Gallier]).

Consider our system for unary arithmetics, where + and x are equipped with a J-switch,
and § is equipped with a 2-switch. It is easy to prove that all rules in figure 6 preserve

correctness. Take for example:
z
=
O
T ©
y

Assume the antecedent belongs to some correct net A, and choose a switching o for the
rest of V. Clearly, z cannot be connected to y by o, because it would create a cycle, and
similarly, z cannot be connected to z or y to z (figure 9). If we replace the antecedent by the
consequent, a cycle can only be created inside the consequent itself, but this is impossible,
since 4 is equipped with a 2-switch. So the net is still correct after substitution.

™

Now take the following rule:

Yy z
Yy 2z
)
}
z

The difference with the previous case is that now, since § is equipped with a 2-switch, y
can be connected to z outside the antecedent. So we must take care of this connection
when we check the correctness of the consequent (figure 10).

T

The other rules are handled similarly. Notice that no other choice would be adequate for

switches: for example. if the symbol + were equipped with a 2-switch, one of the rules
would be illegal (figure 11).

Now we shall consider the general case of an interaction system equipped with switches.
If X = {zy,....2,} is a set of variables, a connection on X is just a set of disjoint pairs
in X. For example, {{z,z3},{z2,25}} is a connection on {z1,...,zs}:

[l ettt ] 1
[ ' H )
Ty o I3 Ty Is P
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4 INTERACTION NETS

e ---=1
1
1
)
; 3-switch {/x
:
‘ :
H !
N 1
' [l
1 1
o4 [
Figure 9: impossible configurations in a correct
2- sthM
- O
@ 2-switch °
Figure 10: contextual correctness
re--""
1
1]
t
Il r-—< -'|I
1 '
2-switch : - l:
- '
Lemend

Figure 11: illegal rule due to bad switch

3-switch

net

re=="1

[ S,
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Definition: Let A” be an open net with variables zy,...,zn. Its dual A/* is the set of all
connections on {zy,....2,} such that no switching creates cycles.

In particular, V is correct if the empty connection belongs to AL,

Definition: A rule M = A" is legal if N+ c AL,

It is clear that legal rules preserve correctness, and since correct nets are deadlock free,
we conclude:

Proposition 7 (deadlock-freeness)

If all rules are legal, then a correct net will never deadlock.

Of course, it is only a sufficient condition, but the point is that it is a decidable one
Conclusion

The paradigm of interaction shed new light on many issues in computer science. We can
already make some observations:

¢ The distinction between inputs and outputs is not so essential, but the notion of
principal port is crucial.

¢ In an asynchronous parallel world, sharing and garbage collection must be part of
the computation.

* Two kinds of correctness are nceded: local (the typing) and global (for deadlock-
freeness).

The following points are under development:

¢ a theory of natural encoding for interaction nets with applications to partial evalu-
ation of programs,

* interaction nets as a general purpose programming language,

o rigid interaction as a model of parallel asynchronous hardware.
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A =~ B denotes the conversion relation based on the reduction ~».

; ; ) S\iru 0;], LI Contexts
RN { 3 '
S\ | }-'0 . ifse in&“w (--1”9“'3’”)’ o Tk Atype
J0 ly ol e FlTctxt (T, 2 A) ctxt
T //’ ; Types
p . . g
/ )(X (T,z: A)+ Btype (T,z: A)F B type
[ P y ,‘__v,j_w.__? A o I'k1 type I'+z: A.B type I'-Xz: A.B type

F T ctxt 't p: Prop

K T 'k Prop type T F Proof(p) type
\ \ Terms
. (I'a: A)+ t: B I'tt:Nz:AB TtsA
FF():1 TFQAzAd):Tz:AB Tk ts: Blz « 5]

F@,z:A M) etxt (T2 A)F p: Prop
(I,2:A,T)Fz:A TF (Vz: Ap): Prop N

I'kt:A (Fy,z:A)F Btype ThHt;:Blzet] TFt:E2:AB

ooy

/
N/
YN O

RS "n)

d l J, +C ' Tt Pair(t;,t;,z.B): Yx:A.B TH X](‘)ZA
1 ' ‘ L In lj ) :Xx: A, : ~ e
GQNW‘!%U zmmﬁd\ou’y fo dlp n s C FF:th)!:EIz f-l;;(t)] THi:A ANJzB I'k B typ

Table 1: Valid Judgements in the Calculus of Constructions
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Bart Jacobs

Affine and Material Semantics

Abstract

By a semantic analysis it can be shown that the standard embedding of
intuitionistic logic into (intuitionistic) linear logic — which makes essential
use of Girard’s ! — can be factored in two different ways: either via affine

logic (in which one standardly has weakening but contraction only using

an explicit operation 1+) or viagmaterial logic in which one has contraction
and an operation L for weakening). Operationally, one can think of

>!A as A, asoften as you like;

+A as A, at least once;

1A as A, at mostonce.

This yields two insights:

o Girard’s ! is not a primitive operation,
posite L!* or as [

o Linear functions 1*A — B use their input at least once: this sug-
gests eager evaluation. Similarly LA — B suggests lazy evaluation,
because an element a € A may be discarded.

emantics using notions from monad
by Anders Kock and Jon Beck.

but can be described as com-

All this has a clean categorical s
theory, introduced some 25 years ago

Full Intuitionistic Linear Logic

Martin Hyland

Dept of Pure Mathematics
University of Cambridge
CB2 1SB

Valeria de Paiva

Computer Laboratory

University of Cambridge
CB2 3QG
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Tensor Term System

Overview (based on Abramsky’s CILL )

¢ If X is a finite set of variables, define Py
the set of patterns with variables in X by:

a theory of proofs for a system of full intu-
itionistic linear logic

e no categories ? *€Py T®Y € Py}

¢ Define Ty the linear terms with set of free

e« novel and (hidden) use of categorical logic . _
( ) variables X, inductively as follows:

e build up to full multiplicative system in — 2 €Ty,

steps

| ,- -t A
e logics and their extensions to term assign- . € Tx,u € Ty, X NY = § implies
ment systems ®u € Txyy;
—we TX$p 6 'Py,t € TYUZ,
XNZ=0,YNZ=0 implies

e other FILL talks to come..
(let w=pint) € Tx,z
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DRLAN AR STRE B

Term assignment for Tensor Logic

Structural Rules:

(identity) .
\T\\ A A -
r,x . A)y : B’ r, HC
(permutation)
Fy:Bz: AT HC
| ¢
ret:A Meoz:AAbu:B | T “
, (cut) / /
M, A ult/z] : B | |
B o sene o, g
(ST TR
, ANTTe e sy
4 2 ¢ LEMA TR ) MU LAY LR

LLO\MN.({.)
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Logical Rules for Tensor:

(Ir)

i ]

rrrt: A
D)

r,z:I,r'}—let z=xint: A

rz:Ay:BlMFt:C

(®1)
F,z:A®B,|"}-1et 2=zQyin t:C
Mru: A M+~v:B
(®r)
rPru@uv:A®B
5
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Tensor-implication logic

J tGTx,UETy,XﬂY=®
implies tu € Txuy:

ot € Txy(sh T ¢ X implies Azt € Tx.

Rules for linear implication

ret: A Mz:B,AFuw:C
(—o1)

rf:A—o B, Avulft/z] C

rz:Arl+t:B
(®r)

rr’rxt:A—oB

O 9 SN MgVl . 1140‘\’0' ot .

Aoet g

WodnG, MOLes  Fun TerM CAdicea.

'5 (’)\x.‘f.) \ o= k,o ]"‘f/x’.'
T k(e = f

PRV IATY AR WP SV S B A

RS N NN




558

Par Logic

Structural Rules:

(identity)
AFA

Ara|B|C| A
(perm)

ArA|C | B| A

Ara| B o B\+G;

AFA |G| A

(cut)

Logical Rules:

— (L)
LF
ArA | A
(Lr)
AFA | L] A
A+ D; B+ E;
(9
AOBt\ D; | E;
ArA | B|C| A
(Tr)

A+ A | Boc | A
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Term assignment for Par Logic

If X is a finite set of variables, define Px the
set of patterns with set of variables X by:

o € Py x0— € Py} — 0y € Pry)

Define Tx the linear terms with set of free
variables X, inductively as follows:

oz €Ty 0€Ty,

o tcTx,ucTy,XNY =0 implies

o teTx,p€Py,u€Tyuz, XNZ =0,
Y N Z = 0 implies
(match t = p in u) € Txuz

Term system for Par logic

Structural Rules:

(identit
T AFz: A )

. (perm

mZAFAlt:B|AI y:BF g G

T AFA | glt/y] | A& (cut)

10
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Logical Rules for Par system:

(L)

A O o

c AF A A
(Lr)

c AFA oLl A

s AFA|uiB|viC| A
(ar)

m:AFA\uDv:BDC\A'

z:AF d;:D; y:Bi-ei:Ei

563
Tensor-par logic
Structural Rules:
identi
T Az A ( entity)
Fz:Ay:BM"-A|z:Clw:D| A’
(perm)

My:B,z: /
y:Ba:ATFA|w:D|z:C| A

MEA|t: ’

zAOBFmz =

z0 —in d;:D; | m2 = —Oyin ¢; : E;

11

12
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Tensor-Par Logic:

Tensor rules

rre t A
1)

Mz:I,I"F1let 2 =% in ti:Ai

(Ir)
ik |

re:Ay:BTlMHt:C;
(®)

Mz:A®B,MFlet z=2zQy in t;: C;

FrMFu:A| A Mv:B| A
(®r)

rr'ru@uv:AQ@B| A | A

13
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Par rules

(L)
x: 1}

r-aja

(L
FFA o:L | A’ )

FrFAlu:B|v:C| A

o
FFA | uv: Boc | A/ (©r)

F,w:Al—di;D'i r’vy:B}‘eiIEz'

’
M2AOBFmz = 20 — in di Dj|mz = —QOyine; E;

14
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(full) Multiplicative fragment

Logical Rules for linear implication:

r-rjt:A z:B,AFu; G

(—o1)
rf:A—oBAF | ulft/ax}: C

rz:AM-t:Ble B
ifz @& A

(—or)

[',l"}-A:v.t:A—oBle:A

THEOREL
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