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ABSTRACT :

Abstract Interpretation (P.Cousot, R.Cousot and others) is a
method for program analysis that is able to describe many
data flow analyses. We investigate and weaken the assump-
tions made 1in abstract interpretation and express abstract
interpretation within Denotational Semantics. As an example
we specify constant propagation.

Somé authors have used abstract interpretation to formulate
"available expressions" (a so-called "history-sensitive™
data flow analysis). Our development of "available expres-
sions” is better justified, semantically.

In traditional data flow analysis and abstract inter-
pretation it dis generally assumed that the "Meet Over all
Paths" solution 1is wanted. We prove that the solution
specified by our approach 1is the 'Meet Over all Paths"
solution to a certain system of equations obtained from the
program.

To indicate the wusefulness of our approach we show how to
validate a class of program transformations, including "con-
stant folding".

Throughout this paper we use a toy Language consisting of
declarations, expressions and commands (involving con-
ditional and iteration). Excluded are procedures and jumps.

KEYWORDS:

denotational semantics, non-standard semantics, data flow
analysis, abstract interpretation, constant propagation,
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CHAPTER 1

Introduction

Efficient implementation of programming lLanguages necessitates program
transformations. The transformations may be between intermediate
representations of some source program or between source programs (source-=to-
source transformations). The purpose of the transformations is to obtain a
program that somehow is "better'" than the original: it can be interpreted
more efficiently or more efficient code can be generated from it.

Data Flow Analysis 1is necessary for all but the simplest program
transformations. To detect the applicability of a transformation some
information about the program is usually required. It is the purpose of data
flow analysis to collect that information.

0ften, there is a close connection between program transformations and
data flow analyses. Data flow analysis is, however, also studied in its own
right. This is mostly the approach we take. We develop a framework that can
express several data flow analyses for an example high-level language, and we
give semantic characterizations of "constant propagation" and "available
expressions'. The main ingredients in our approach are Abstract
Interpretation and Denotational Semantics.

Early development of data flow analysis was rather ad-hoc. The advent of
Lattice theoretic formulations of data flow anzlysis provided an important
formalization. It made it possible to succinctly express the desired data
flow information without stating which algorithm should compute it.
Furthermore, the lattice theoretic approach extended the class of data flow

analysis problems that could be handled.

But even in the lattice theoretic approach (e.g. [KaU771, [Kil731) the
data flow analysis is syntactic in nature: One is unable to formally verify
the correctness of the obtained data flow information, i.e. that claims made
by data flow analysis about executions of programs are indeed satisfied by
any program execution. This implies that there is no way to make sure that
each and every pitfall has been considered. A simple example is to make
available expression analysis without consideration of possible sharing.

analysis. It is described in the "Cousot papers": [CoC77al, [CoC77bl,
LCol77cd, LCoHr 8], [CoC79]1, [Cou7 9] and similar ideas appear in [Sin72] and
CWeg?75]. Like the lattice theoretic approach to data flow analysis it
distinguishes between specifying the desired information and specifying how
to compute it. Unlike data flow analysis, the abstract interpretation
approach is semantic in nature; This makes it possible to prove the
correctness of data flow analysis information.

1:1



[Che1] Introduction

Data flow analyses may, somewhat informally, be classified as being
"history-insensitive" or "history-sensitive'. The phrase "history-sensitive"
is used in [Coc79]; below we briefly explain the intentions with the phrases.
that characterize the sets of states that reach some point in the program.
Many papers apply abstract interpretation to formulate, and prove correct,
analyses of this kind. "History-sensitive" analyses may be forward analyses
Like available expressions, that characterize the computational history, or
backward analyses such as Live variables, that characterize the computational
future. The attempts to handle "history-sensitive" analyses by means of
abstract interpretation ([CoC79,p.27 8], L[CoC77a,p.241], [Weg?5,p.2761) are
less satisfactory: the interpretations may be formulated but correctness is

not considered or only considered inadequately.

————— o o—— o—————

In this paper we give a semantic characterization of typical data flow
analyses. The semantic foundation will be Denotational Semantics. This seems
to be an appropriate choice for two reasons: Firstly, Denotational Semantics
is widely used to define languages. It appears to be a better choice than
€.g. operational semantics (see [Stor7, chapter2] for a discussion).
Secondly, our development may be related to the compiler development of
LMi1s761. As indicated in [Nie79,p.1.45] data flow analysis may be relevant to
this approach to compiler development.

Two key papers that have influenced our work are [CoC79] and [bon79].
Cousot&Cousot [CoC79] describe abstract interpretation, which is the method
we use to specify data flow analyses. Donzeau-Gouge [Don79] defines non-
standard semantics that specify various data flow analyses. Part of our
initial motivation was to unify the approach of [Don79] with abstract
interpretation [CoC79]. For those parts of [Don79] we have considered we
believe that our approach is more systematic and more general than her
approach and that it provides a better Link to "traditional data flow
analysis".

In chapter 2 we review the foundations for this paper. We survey parts of
Lattice theory: definitions, functions between complete lattices, and

construction of complete lattices. Our use of denotational semantigcs is
explained: the notation, the mathematical foundations and the kind of
semantics (store semantics in continuation style). Key notions from
"traditional” data flow analysis are mentioned: constant propagation,
available expressions, MOP (Meet Over all Paths) solution and MFP (Maximal
Fixed Point) solution. Our explanation of abstract interpretation extends
that given in [CoC79] and we weaken some of the requirements that are
normal ly imposed. Furthermore, we describe some example concretization

functions that will be used Later.

In chapter 3 we formulate abstract interpretation in the framework of
denotational semantics. This generalizes parts of [Don79] and [Don78]. We
illustrate our approach by two examples of "constant propagation'. One is
close to that of [Don79], the other is reasonable close to the traditional
notion of constant propagation.

In chapter 4 we show how "available expressions' may be handled

satisfactorily, i.e. so that correctness can be proven (in some suitable
sense). This shows that abstract interpretation is applicable to some forward
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[Ch.1] Introduction

"history-sensitive" analyses.

The MOP sclution is generally considered the desired solution to a data
flow analysis. In chapter 5 we show that our approach does specify the MOP
solution.

In chapter 6 we show how our approach can be used to validate a class of
program transformations (including "constant folding"). This is briefly
related to the methods of other papers.

Finally, chapter 7 contains the conclusions, including an assessment of
problems in our approach.

Reguirements upon the reader

Chapter 2 mostly is intended as a review. This implies that the reader
must be acquainted with lattice theory, denotational semantics, data flow
analysis and abstract interpretation. We detail these requirements below.

We expect the reader to have a good knowledge of Denotational Semantics
including proof methods (structural induction) and mathematical foundations
(Lattice theory). This is covered by either [Sto77] or [MiS761, whereas
LGor79] and L[Ten76] only cover the use of Denotational Semantics.

Data flow analysis is described in the text books [Hec?7] and CAhU?78] and
the survey paper [ULL75]. We expect the reader to have encountered terms Like
"constant propagation”, "available expressions" and "MOP solution".

By abstract interpretation we understand the framework described in the
"Cousot papers" (listed above). It is preferable if the reader is acquainted
with at least one of these papers. We do not expect the reader to be
acquainted with [Don79] or [Don78].

To understand chapter 3 the material of chapter 2 is needed. However,
subsection 2.4.2 can be postponed until it is needed in section 3.2.
Subsection 2.4.3 can be omitted on a first reading. Sections 2.1 and 2.3 need
only be skimmed if the reader has sufficient background in lattice theory and
data flow analysis.

Chapters 4, 5 and 6 are mostly independent of one another. So it should be
possible to read them in any order.

1:3



CHAPTER 2

Foundations

This chapter contains a review of foundational material that will be
needed. In section 2.1 we review parts of lattice theory. Then (in section
2.2) we introduce our toy language and explain its denotational semantics.

In section 2.3 we briefly explain the notions from data flow analysis that we
Will need. Finally (in section 2.4) we present abstract interpretation. We
define some example concretization functions that will be needed Later.
However, parts of section 2.4 are not review but further development of
abstract interpretation.

2.1 Lattice Theory

In subsection 2.1.1 we define the fundamental notions of complete
Llattices. Then (in subsection 2.1.2) we consider functions upon complete
Lattices and we review some of the properties of these functions. Finally
(in subsection 2.1.3) we consider methods for constructing non-reflexive
complete lattices.

The definitions and results of this section are used throughout the paper
but an explicit reference is rarely given.

We denote by B the set {true,false}. We use the conditional IF truthvalue
THEN truecase ELSE falsecase and sometimes in the form truthvalue ->
truecase, falsecase. We use ordinary mathematical notation Like ¥, 3, =, #,
Aand v. We denote by P(L) the power-set of L and by L1AL2 the cartesian
product of sets L1 and L2. We use A -notation freely [Sto77]. Ve only
consider total functions, so f:L->M means that f is a total function from L
to M. Functional composition is denoted fog and means Ax.TC(g(x)). Free
variables in formulae are universally quantified. For typographical reasons
we often write x[iJ or xi instead of xj.

e e o e o o s . e o e e o o

b) £ is a partial order on L, i.e.

£ is reflexive (¥leL: LEL )
€ is anti-symmetric (¥l1,l2eL: L1EL2 A L2EL1 => L1=L2)
£ is transitive WL1,12,3¢eL: L1EL2 A L2EL3 => (15 L3) L]

When LSL and leéL <{a) we abbreviate ¥l'el: LEL' to (EL and ¥l'el: L'cl to
LEL. We define x3y to mean yEx.

{a} In general, if variable v ranges over a set V, then v will range over the
power-set (P(V)) of V.

1:4



[Ch.2] Foundations

DEFINITION 2.1.1-2: (L,%) is a complete lattice iff
a) (L,E) is a partially ordered set
b) ¥WLEL: JlelL: ¥l'eL: LSL' <=> LEL

c) ¥LsL: FleL: ¥l'eL: L'l <=> L'EL |

Case b) says that for any L there is at least one L such that LEL' <=> (EL"*,
By anti-symmetry of £ it follows that there is exactly one L, called the
Least upper bound of L. The least upper bound of L is usually denoted UL,

DEFINITION 2.1.1-3: For a complete lattice (L,E) define:
a) U:P(L)->L by ¥LSL: ¥leL: LEL <=> UL=L

b) M:@(L)->L by ¥lsL: ¥leL: L2l <=> mlal

c) 1=U@=nL (called "bottom") and T=MN@=UL (called '"top")

d) ¥l,Ll'€L: Lul'=l{L,L'} (wis also called join)
and Lal'=MKL,L'> (nis also called meet) 3

For a complete lattice (L,E) each symbol &,U,M,4,7,u,n ought to have been
indexed by L. To avoid excessive notation we elide these indices. If (M,E)
is also a complete lattice then we expect the two £ to be different partial

orders, and we expect the two . to be distinct, etc. We often abbreviate
(L,E) to L.

DEFINITION 2.1.1-4: (L,E) is a flat Lattice iff there are u1,7eL (and L#7 so

that ¥L,L'eL: LEL' <=> (l=a v L=l' v L'=7). 3
OBSERVATION 2.1.1-5: Any flat Lattice is a complete lattice. 19

EXAMPLE 2.1.1~6: Define N={+,7,0,1,2,...F where we tacitly assume that
1,70,1,2,... are distinct elements. Define nEn' by (n=L v n=n' v n'=7.
Then N is a flat Lattice.

Define T={1,T,true,false} and t&t® by (t=. v t=t' v t'=19. Then T is a
flat lattice.

Pefine @={a1,7}.U{textstrings of length m | m>0} and
qtq' <=> (g=2 v g=q' v g'=7). Then @ is a flat Llattice. [

A useful result is:

LEMMA 2.1.1-7 If L is a complete Lattice and Xs@(L) then
UCUL | LeX} = uCUEL | Lex»)
ML | Lex> = aCull | Lex») 0]

(Note U in both equations).

2.1.2 Functions Upo

Complete Lattices

In the sequel we assume that (L,5), (Li,%) and (M,E) are complete
Lattices.

DEFINITION 2.1.2-1: A function f:L->M is isotone (monotone L[Sto77]) iff

¥U1,26L: L1EL2 => f(L1IEFCL2). L3

DEFINITION 2.1.2-2: A set LSL is directed iff ¥finitel'sl 3l'el: L'el'. L[]
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[Ch.2] Foundations

DEFINITION 2.1.2-3: A function f:L->M is

c) a complete-y~morphism iff ¥lsL: FWLI=u{f(L)|LelY C]

LEMHA 2.1.2-4: For a function f:L->M we have (in general):

/ f continuous
\\\\\\\\ ,&t %} f isotone
\ ] u_morphism/

f complete-u—morphism

T continuous A f u—morphism A~ f(1)=1¢> f complete=u—morphism {1
Proof 1is shown in appendix 2. (|
Note that Lemma 2.1.2-4 (or rather its dual =-- see later) contradicts

Observation 2.18 and Figure 2.7 of [Hec771.

DEFINITION 2.1.2-5: A function.f:L->M is a complete-n—morphism iff

YisL: f(L) = n{fCl) | Lely CJ
DEFINITICON 2.1.2=6: A function f:L->L is

a) extensive iff ¥leL: f(L) 2 L

b) idempotent iff ¥leL: f(Ff(L))=f(L)

c) reductive 1ff ¥leL: fCL)EL

d) an upper closure operator iff it is isotone, extensive, and idempotent[]

DEFINITION 2.1.2-7: A function f:L->M is strict iff fi=. and doubly strict

iff fo=a and fr=vr. A function f:LTAL2->M is very strict iff it is doubly

strict in both arguments, except that fir=fri=1. 3

We say that leL is proper iff Llg{s,7v>. If f:L->M is a function required to
be doubly strict then one needs only mention f's definition on proper
elements. Similarly, if f:L1XL2->M is a function required to be very strict
then one needs only mention f's definition on

LKU1,L2>| 1 proper and L2 properl.

LEMMA 2.1.2-8: For functions f:L2->L3 and g:L1->L2: If f and g are both
isotone (uv-morphisms, continuous, complete-u-morphisms) then the same holds
for feg. L]

LEMAA 2.1.2-9: Let F be a collection of functions L->M and g=AL.U{f(Ll)|feF}.

If all fe&F are isotone (u-morphisms, continuouvs, complete-u-morpghisms) then
the same holds for g. L3
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LCh.2] Foundations

We now consider fixed points of (isotone) functions:

DEFINITION 2.1.2-10: If f:L->L then léL is a fixed point of f iff f(l)=L.
Define

LFPCF) =NCL | FCLIELY

FIXCP) =ICF™(L) [m>03 where £°=Al.l and ™' =fof™. [

THEOREM 2.1.2-11 LTar55]: If f:L->L is ijsotone then
(L L | fCL=L } ,B) is a complete lattice
LFP(f) = T{LIfC(L)=LY is the bottom of {L|f(L)=L} Ll

THEOREM 2.1.2-12 [Stor7iLSan?3]: If f:L->L 1is continuous then FIX(F)=LFP(F)

It is easy to show that if (L,E) is a complete Lattice then also (L,3),
called the dual of (L,%), is a complete lattice (partly proved in
[GrE71,p.31). If we make some assertion then the dual assertion is obtained
by replacing (concepts defined in terms of) & with (similar concepts defined
in terms of) 2. The duality principle says that if some assertion is true in
all complete Lattices then the dual assertion is also true in all complete
Lattices [Grd¥71,p.31[San73,p.19].

The dual assertion of "LFP(f) is the lLeast fixed point of f" is "GFP(f) is
the greatest fixed point of f" where GFP(f)=U{L|L2f(L)}. Obviously, U and
LFP correspond to MM and GFP in the dual Llattice.

We take the ordinary mathematical notion of tupling for granted, e.g.
<a,b> with <al,b1> = <a2,b2> <=> al1=a2 A b1=b2; Also that <> (the empty
tuple) is well-defined.

DEFINITION 2.1.3-1: For n>2 define L1X...XLn = (KU1, e, ln> |1€L1Aeealnélnd
and <l1,eea,ln> € <", 000, ln'> <=> VIEL1'A vuua lnEln'. For i€{1,...,n}
define ¥i:L1X...XLn=->L1 by <l1,...,ln>}i=Ll1. £l

LEMMA 2.1.3-2: L1A...ALn is a complete lattice with

UL = <eus U{ly1 | LeLF,0un

nL = <...,.0{Lyi | Lel},...>

and ¥i 1is continuous. [l
Proof 1is shown 1in appendix 2. L]

COROLLARY 2.1.3-3: 1If fi:L->Mi and LSL then
faeo ] IFICLY [ LELY, 00> = UKaL., i) 00> | LELY (]

Separated Sum

DEFINITION 2.1.3-4: For n22 define Li1+...+Ln = {1, 7 U {<i,Li> | LieLial<i<n}
with LEL' <=> (=1 v L'=7v (L¥1=L"y1 A Y2 E L'¥y2)).
Define Cinformally) "inL1+...+Ln" as the (generic L[Gor79]) function
Li=>L1+...+Ln so that Li inL1+...+Ln = <i,li> if LlielLi.
DPefine (informally) E£Li as the doubly strict function L1+...+Ln=>T so that
<j,Lli>eLi = (i=j -> true, false).
Define (informally) [Li as the doubly strict function L1+...+Ln=->Li so
that <j,li>|Li = (i=j => Lj, ™) [Mis76]. L]
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[Ch.2] Foundations

The definitions of inL1+...tln, €Li and |Li are intended to be as in
Denotational Semantics. Note that inLl1+...+Ln is ambiguous [MiS876]
CNie?79,p.1.71; the ambiguity will not arise in the situations where we use
the notation.

LEMMA 2.1.3-5: L1+...+Ln is a complete Lattice. Also inLl1+...+Ln, €Li and
|[Li are continuous. ]

We have followed [Sto77] L[MiS76] in using the separated sum rather than the
coalesced sum [Stc?7,p.92,p.110J. In this paper we dispense with error-
elements throughout, so + does not introduce a new error element
[Sto?7,p.145] and T does not contain an error element. The reason is that
for our purposes it is unnatural to introduce an error element in P(L) (to be
described below) and the convention that ?->L1,L2 is ? (see [Sto?77,p.1521)
would then require all domains to contain error elements.

DEFINITION 2.1.3-6: For any complete lattice L define L°={.,7}ul where 1, T
are distinct elements not in L. Also define L1EL2 <=>
(L1=12 v 11 EL L2 v L2=7.. Cl

OBSERVATION 2.1.3-7: L°® is a complete lattice. Ll

We sometimes write S? where S is & set, i.e. a partially ordered set with &
being =. Then S°® is a flat lattice. Also any set with one element is often
regarded as a complete lattice.

DEFINITION 2.1.3-8: Define *={s, 770U, ,euu,lm> | m>0 A L1€L1 A ovn A Lmelm?
and LEL' <=> (l=s v L'=7 v L[ 3m: I ,eea,lmz " ,,cea, l'm: =X, 00, lm> A
L'=<l™ ,eeu,l'm> A LIEL" A wnea lmEl'm 1),

For i > 0 define yi:l*->L to be the doubly strict function satisfying
< ,eee,ln>yi = (i<n => Li,7) [MiS76]1. Define Y0=YyT to be the doubly strict
function satisfying <U,aea,ln>¥0 = <1, ueu,ln>y7=71. Define 1= 2Al.L.
Define # :L*->N to be the doubly strict function satisfying
H< ;enn,lm> = ma
For i>0 define Ti:l¥->1® to be the doubly strict function satisfying
Ll pmeep LiFfA = (48] =3 ZL0AF Tsana, U325 <F) MGG,
Define $:L¥ X ->1* to be the very strict function satisfying

UMyecapln> § <LENH1 ] aee, > = <1000, lm>. Ll
LEMMA 2.1.3-9: L* is a complete Lattice. Also Vi, # and Ti are continuous.
Function A¥ ¥ y#1* is continuous and A<K¥, *'> (*§1*¥' is continuous. Ll
Powersets

e i S gt .

DEFINITION 2.1.3=10: (@(L),S) is the power-set of L with £ as ordering.
Similarly, (®*(L),2) is the power-set of L with 2 as ordering. L]

OBSERVATION 2.1.3-11: (L) and @'(L) are complete Lattices and #(L) has U to
be U whereas ®'(L) has U to be N. [

There are other possible orderings on the powerset of L. One is the Egli-
Milner ordering: L1EL2 <=> (¥l1ell FL2el2: LIEL2) A (¥l2el2 FLl1ell: L1cl2).
This ordering depends on the partial order of L, contrary to £ and 2. For
our purposes, however, orderings £ and = are more adequate. We also discuss
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powersets 1in section 3.1 and chapter 7.

Functions

DEFINITION 2.1.3-12: Define
L=t>M = {f | f:L->M 2} (t for total)

L=i>M = {f | f:L->M and f isotone ¥
L=c>M = {f | f:L->M and f continuous %}
and TEf' <=> ¥l€L: f(LIEF (L) |

LEMMA 2.1.3-13:
1) L-t>M is a complete lattice with Uf = AL.UC fC(L) | fef > and
NE = 2L (L) | fef > (where f € L-t>M).

2) L=i>M is a complete lattice with U and M as above.

3) L-c>M is a complete Llattice with U as above and
nf = U{ g| geL-c>M a ¥fef: f2g}. This n may differ from the above. Ll
Proof is shown in appendix 2. L]

We sometimes write S-t>M where S is a set. Clearly S-t>M is also a complete
Lattice.

In domain definitions -t>, =i> and -c> associate to the right and have
Lower precedence than + and X.

2.2 Denotational Semantics

In this section we introduce a toy language and explain its denotational
semantics. We will later perform data flow analysis on this toy language.

The abstract syntax of our toy language is shown in table 2.2=A. The
language consists of programs, declarations, commands, expressions,
identifiers, basic values, and operators. The commands include input/output,
a conditional, and a while-lLoop. We have not included nested declarations,
procedures, jumps, and escapes. This is motivated in section 3.1.

We shall view a program in two ways. In Denotational Semantics one
usually perceives a program as an (abstract) parse tree CSto?7,p.148].
Another approach is to perceive a program as a labelled parse tree. The root
is labelled by the empty tuple (<>) and if some node is the j'th son of a
node Labelled occ then it is Llabelled occ§<j>. Following [Don79] these
labels are called occurrences. If occ is an occurrence Labelling some node
in the program pro then pro at occ denotes the Llabelled subtree with that
node as its root. = It is not necessary to be more formal with these
definitions (until we consider program transformations).

The syntactic categories Pro, Dec, Cmd, Exp, Bas, Ide and Ope are sets,
not flat lattices. This is advantageous Llater.

The semantics of our toy lLanguage has been separated into three tables
(2.2-B, 2.2-C and 2.2-D). We first give an overview of the tables, then
explain them in detail.

Table 2.2-C defines the semantic functions %, d, & and & that give meaning
to programs, declarations, commands, and expressions (respectively). Some
domains, constants and functions are not defined in Table 2.2-C. They are

1:9
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TABLE 2.2-A ——— ABSTRACT SYNTAX

pro € Pro programs

dcl € Dcl declarations

cmd ¢ Cmd commands

exp e Exp  expressions

pde e Lde identifiers

pas e Bas (representations

of) basic values
ope € QOpe operators

pro ::= BEG dcl IN cmd END

::=dcl1 ; del2
| DCL 4de := bas

cmd ::= cmdl ; cmd?2
ide := exp
IF exp THEN cmdl ELSE cmd2 FI
WHILE exp DO cmd 0D

WRITE exp
READ 1de
exp ::= expl ope exp2
ide
bas
ide ::= A | B | ...
bas ::= TRUE | FALSE | 0 | 1 | ...
ope :=+ | X | ...

TABLE 2.2-B --- COMMONLY USED SEMANTIC DOMAINS

sta € Sta = EnvXInpAOutXWit states

env € Env = Ide® -c> Val environments

inp € Inp = Val¥® inputs

oyt € Out = val¥* outputs .

Wit € Wit = val¥ stacks of witnessed values

val e Val = 8 + T +{"nil"} values

OEC € OEC = N:X ofcurrences
a e Pla = N7AQ places

7 n e N (see FEx. 2.1.1-6)
teT (see Ex. 2.1.1-6)
g € Q (see Ex, 2.1.1-86)

defined in Table 2.2-D or Table 2.2-8, thus completing the semantics. The
purpose of Table 2.2-B is to contain some domain definitions that will be
used throughout this paper.

That Table 2.2-D 1is separated from Table 2.2-C 1is advantageous because we
give several semantics for the toy language; many of these can be defined by
supplying a substitute for Table 2.2-D. The phrase "substitute for Table
2.2-D" can be made more precise by requiring the substitute to be an

I,

"interpretation':

DEFINITION 2.2-1: An interpretation is a table defining

a) complete lLattices €, I, A and S for continuations, inputs, answers and

states (respectively).
b) constants wrongéC and finisheC

1:10
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TABLE 2.2-C --- SEMANTIC FUNCTIONS

D it T ———

P € Pro-t>1 -t> A e Cmd -t> Occ =¢> € -c¢> C
PE BEG dcl IN cmd END I = €I cmdl ; cmd2 T occ ¢ =
setup( AEdclI<1>; attach<occ,"(cma'>;
EEcmdi<2>; EEcmdl1d occé<]>;
finish) gEcmd2d occ#<2>;

attach<occ,“cmd5”>;c

-t -c> -c> .
d € dcl -t> Occ -c> € -c> C €F jde == exE(I ope € =

AE dcl1 ; dcl2 1 occ ¢ = attach<occ,'(cmd">;
attach<occ,"”(dcl">; 2Eexpd occe<2>;
AEdc(1T 0cC8<i>; assignkided; =
Ahkdcl2d occg<2>; attach<occ, 'cmd)">;¢c
attach<occ,'ch5”>;c

EE IF exp THEN cmdl ELSE cmd2 FIifocc c=

A DCL ide := bas I occ ¢ = attach<occ,"(cmd">;
attach<occ,"(dcl">; Elexpl occ#<1>;
pushEbasi; cond( &EFcmdli occ§<2>-”
assignkidei; attach<occ,"cmdd >ec
attach<occ, Mdcl)">;¢c » €Ecnd21 occ§<3>;

attach<occ,”cmd5">;c )

€ Exp —t> Occ =¢> C =¢c> C

¢ ¥ €L WHILE exp DO cmd OD I occ ¢ =
attach<oc§ﬁ“(cmd">;

}]

33 expl ope exp2 I occ ¢

ttach<occ, " (exp'>; FIX(Ac'. &fexpl occs<1>;
gEexp11 0cE§<$>? concd( ¥EcmdI occ$<2>:c’
Elexp2l occE<3>; attach<occ,”cmd)'>;c5)
applylkopei;
attach<occ,"exp)'">;c EF WRITE exp I occ ¢ =
ttach<occ,'"(cmd">;
€I ide T occ ¢ = Fexpl occ<1>;
attach<occ,"(exp'>; write; '
contentEided; attacﬂ<occ,“cmd)'>;c

attach<occ,"éxp)”>;c )
&L READ qde I occ ¢ =

8F bas T occ ¢ = attach<occ,"(cmd">;
attach<occ,."(exp'>; read; _ .
pushEbasi; assignkided; B
attach<occ,"expl)'>;c attach<occ,”"cmd)">;¢

c) auxiliary functions: setup € C -¢c> I -t> A
cond € C X C =-c> C
attach e Pla =¢> C -c> C
d) primitive functions

apply € Ope =t> ¢ -¢> ¢ assign € Ide -t> C -c¢> C
content € Ide -t> C =-¢> C push € Bas =t> ¢ =¢> C
read € C =¢c> Write € C =¢> C []

Obviously, Definition 2.2-1 is closly connected with Table 2.2-C. UWe write
Ope =t> C =¢> C because we consider Ope as a set, whereas in Denotational
Semantics it is often considered as a flat lattice (0pe®). Similar remarks
apply to Ide and Bas. If int is the name of an interpretation we write &int,
int-apply, int-C, etc. to precisely describe which "version" of &, apply, C
etc. that we mean.
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TABLE 2.2-D(a) —-— INTERPRETATION std

Inp
Sta

C —
'| b
2 € A= 0ut +
S -

{"wrong"Z¥

Constants (of std)

Wwrong € C

error continuation

wreng = as.'wrong” inA

finish € C

finish = Xenv,inp,out,wit>. out 1inA

Pseudo=Semantic

Functions (of std)

B e Bas® ~-¢> Val
@€ Ope® —c> (Val X Val =-c> val)

Auxiliary Functions (of std)

setup € C =c> I =-¢c> A

setup ¢ 1 =
¢ < Alde."nil" inVal, 1, <>, <> >

cond € C X C -c> C (conditional)
Vcond € S —c> T ("verify™)
Scond € § =c> T ("select'™)
Becond € S -c> S ("body')

cond(cl,c2) s =
Vecond(s) => (Scond(s) -> ¢, ¢2) (Bcond(s)},

wrong s

Veond< env, inp, out, wit > =
(ruwit<<1) => Talse, wityl1£T

Scond< env, inp, out, <t inVal>$uwit >

t

Beond< env, inp, out, <t inVal>fwit >

<env, 1np, out, wit>
attach € Pla -¢> C -c> C

attach(pla) c
Cc

The semantics of our toy language can be characterized as a store
semantics [Sto77]1LMiS76] in continuation style that employs a one-stage
mapping between ijdentifiers and values.

We use continuation style rather than direct style, although the toy
Llanguage can be defined without using continuations. The use of
continuations is useful in chapter 4; also [Gor79,p.521 argues in favour of
using continuations. It is further discussed in chapter 7.

The association between identifiers and values is by means of a one-stage
mapping, i.e. we do not use locations. This tends to simplify the later
development, but is otherwise unimportant. In fact the draft of this paper

employed a two-stage mapping.

The semantics is not a standard semantics [Sto?7]LMiS761 but much closer

to a store semantics [MiS76J].

Why this is desirable cannot be satisfactorily

explained until chapter 3 (Theorem 3.1-6).
The essential difference between a store semantics (without Locations) and
a standard semantics (without lLocations) is that in the former there is a Wit
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component in the domain Sta of states (Table 2.2-B). This domain is called
“stacks of witnessed values", and the purpose of witeWit=Val® is to hold the
partial results arising during evaluation of an expression: Each‘@&expi
pushes one value upon the stack of witnessed values before supplying the new
state to the argument continuation.

TABLE 2.2-D(b) =--- INTERPRETATION std

g € Par =t> C =¢> C

Vg € Par =t> § -¢> T (verify™)
Bg € Par =t> S -¢> § ("body
glpar) c s =

Vg(par) s => c( Bg(par) s ), wrong s

VapplyfopedI<env, inp, out, wit> =
(#wi1t<2) -> false, true .
Bapplykoped<env, inp, out, <vall,val2>fwit > =
<env, inp, out, <0ﬁopei<vaL2,vaL12§w1t >

Vassignkided<env, inp, out, wit> =
(Ay1t<1) _-> false, true .

Bassignkided<env, inp, out, <val>§wit> =
<envLval/idel, inp, out, wit>

VcontentEideI<env, inp, out, wit>
true

BeontentEideI<env, inp, out, wit>
<env, inp, out, <enviideIssuwit>

Vpushkbasi<env, inp, out, wit> =
true . : e
Bpushlbasi<env, inp, out, wit> =
p<env, inp, oﬁt, <5ﬁbasik§w1t>

Vread<env, inp, out, wit> =
(#inp<<f) ~-> false, true

Bread<env, <val>#inp, out, wit> =
<env, inp, out, <val>§wit>

Vuwrite<env, inp, out, wit> =
Huit<<1$ -> false, true .

Bwrite<env, inp, out, <val>fwit> =
<env, inp, outs<val>, wit>

Before explaining the tables in detail we explain the notation. It is
influenced by [los79], e.g. in using ';' to denote functional application that
associates to the right. It has the lowest presedence of all operators. The
operator # has higher precedence than ';' but still Lower than i and yi.

We assume that ++, a4, vv, <<, ... are the very strict extensions of +, A,
Ve <, «.. On the appropriate flat lattices. Clearly they are continuous. We
assume that == is a continuous function LAL->T. Also

DEFINITION 2.2-2: Define the predicate purelL]:L->B by
a) If L is flat: pureflI(l) = (Lg{y,™H

b) If L = L1X...XLn: purellLI<U1 ,cue, ln> = ¥ie{1,.u.,n}purellLiICLI)
¢) If L = Li+...4Ln: purelLI(m)=purelLI(s)=false
purelfLI(Li inL) = purelLiJC(Li)
d) If L = M*: purellI(L) = (1g{s,7} A ¥iedl,..., #L}: pureCMIC(Lyi)) Cd

1:13
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ASSUMPTION 2.2-3: purelLI(l1) o pureflLI(L2) => (L1 == L2) = (L1=L2) L]

Whenever teT and l1,l2¢L by t->l1,1l2 is meant L1 if t=true, L2 if t=false, 4
if t=1 and T if t=7. We define fly/xJ to mean Az.z==x->y,f(z). One can show
that .ealessfeaed i suaDeanpees are continuouss

Now consider Table 2.2-C. UWe write £ € Cmd -t> Occ =c> € -c> C rather
than % € Cmd® -c> Occ -¢> € -¢> C. Functions &, £ and A take an occurrence
as a parameter: In&Eexplocc the occurrence occ is intended to be the Label
of the root of exp, when exp is viewed as & Labelled subtree of a program
pro. This use of occurrences corresponds to the positions of LGor79l.

The main use of occurrences is to be a component of a place plaePla=0ccka,
which is passed as an argument to the function attach. The intention of
<occ,"exp)"> is to say that pro at occ is an expression, and that the
corresponding attach function was placed "last" in the sequence of functions.
In chapters 3 and 4 attach<occ,'exp)'> plays an important role; in Table
2.2-D it is merely the identity.

Consider Table 2.2-D defining interpretation std (for "standard") and
Table 2.2-B. UWe have placed output in the state. Since FIX(g)=1<=> gi=d
this implies that a Looping program does not produce any output. According
to [MiS76,p.218]1 this is of Little importance in practice. Finally, we have
kept the error handling at a minimum in order to keep the semantics small.

The primitive functions of Table 2.2-D are defined according to the
pattern:

g(par)(c)(sta) = Vg(par) (sta)->c(Bg(par)(sta)),(wrong sta)
where Vg € Par -t> Sta -c> T and Bg € Par —t> Sta —c> Sta. Here Par is a set
of "parameters', that may or may not be present (depending on which g it is).
The purpose of Vg (for "verify") is to verify that the state is in a special
format. Only then Bg (for "body") is applied to the state. It aids the
readability to write the state according to the format (as in [Mos79,p.121).
1t should be clear how one can avoid this syntactically sugared notation:
e.g. in the case of Bassignkidel:

BassignEideI<env,inp,out,wit> = <envlwity1/idel,inp,out,wit?1>
The advantage of expressing primitive functions in a common form is toc make
the interpretations easier to read and to simplify proofs.

The parameters (in Par), that some primitive functions have, are syntactic
objects corresponding to leaves of the parse-tree. in Table 2.2-D there are
some unspecified "pseudo'-semantic functions (B and @) mapping the syntactic
objects into semantic objects. -

Tables 2.2-B, 2.2-C and 2.2-D (essentially) constitute a denotational
definition in the style of [Sto77]. Therefore the mathematical foundations
of [Sto77] ensure that £, #, & and & are well-defined. In later
jnterpretations we introduce powersets. As it is unclear how to define a
retract (in LAMBDA [Sto?7]) for powersets we explicitly provide an alternate
mathematical foundation:

THEOREM 2.2-4: UWhen int is an interpretation then Table 2.2-C and int define
functions Pint, #int, Bint and &int. They are of functionalities as shown in
Table 2.2-C and no function is supplied with an argument of the wrong type.
When setup € C -=¢> I -i> A then Pint € Pro -t> I —-i> A, and when
setup € C —¢> I -c> A then Pint € Pro -t> I -c> A. ]
Proof is shown in appendix 2. L1

1:14



[Ch.21 Foundations

In LAMBDA there is no danger of supplying an argument of the wrong type
because retracts do a coercion, if necessary, so that even supplying an
argument of the wrong type is well-defined. To avoid these issues we
explicitly stated that the sjtuation does not arise. Because of our
alternate mathematical foundation we must show:

LEMMA 2.2-5: Table 2.2-D specifies an interpretation. ||
Proof is shown in appendix 2. £l

One assumption fulfilled by Tables 2.2-B, 2.2-C, 2.2-D and later
interpretations is:

ASSUMPTION 2.2-6: ALL domains are complete Lattices, and we take fixed points
only of continuous functions. LJ

This is weaker than the usual requirements of Denotational Semantics: For
simplicity we do not assume that domains are countably based and continuous
[Stor71; so for us “domain" simply means 'complete Lattice'. Also we allow
non-continuous functions because they are needed later (normally all
functions must be continuous).

2.5 Data Flow Analysis

In this section we review some of the concepts from data flow analysis.
In the literature the details vary, but our treatment agrees with the
intentions of most authors.

In traditional data flow analysis a program is viewed as a graph
("flowchart"). The nodes (called basic blocks) contain very simple
instructions, e.g. a sequence of assignment statements where the expressions
contain only one operator. The instructions in a node are executed in the
order of appearance. The possibility of error stops is often ignored. Arcs
represent flow of control between nodes. Obviously, programs in our toy
Language must be transformed before they conform to this view.

In the process of data flow analysis some information is associated with
arcs, entries to nodes, or exits from nodes. UWe prefer to talk in terms of
arcs. Global analysis associates information with arcs. To reduce the space
required to represent this information one usually makes nodes as large as
possible. Local analysis propagates information inside nodes. It is usually
guite simple and is often ignored when a data flow analysis is discussed.

We now review three data flow analysis problems.
computations are evaluated at compiletime”[Kil73]1. The global analysis
consists 1in associating a pool of tuples with arcs. The first component of
a tuple is an identifier and the second component is its constant value (at
this arc). Formally, a pool 1is an element of
{ pool € IdeXVal | (<idel,vall>epool ~ <ide2,val2>¢pool A
ide1=1de2) => vall=val2 ¥
Here Ide and Val are sets of identifiers and values (respectively). So-
when passing through a node.
Data flow information computed by constant propagation is often used for
the program transformation '"constant folding'", which is the "replacement of
run—-time computations by compile-time computations''[AhU7&].
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(in the terminology of [CoC79,p.278]). We want to determine for each
computation of some expression exp whether it "has previously been computed
and has suffered no subsequent change in value, where an expression is
considered to have changed in value whenever any of the [identifiers]
involved in it has changed" [Ros79].

In global analysis one associates with each arc a pool of available
expressions, i.e. expressions that have previously been computed and have
suffered no subsequent change in value. In this description we have tacitly
assumed that sharing does not occur (in accordance with most of the
Literature). The transfer function is of the form
Aexp-(exp n preserved) v generated, where exp, preserved and generated are
subsets of Exp.

Live variables is another "history-sensitive'" data flow analysis. Here
"we wish to know for [identifier] A and [arc] p whether the value of A at p
could be used along some path in the ... graph starting at p. If so, we say
that A is Live at p; otherwise A is dead at p"[AhU78,p.489]. In global

analysis one associates a pool of Llive identifiers to each arc.

We now consider solutions to data flow analysis problems.

Consider a graph representing a program. We assume that the graph
contains a unique entry arc (start) and a unigue exit arc (stop). We say
that <arcl,...,arcn> is a path iff n>1 and for every ie{1,...,n-12} that
arcli+1] leaves the node that arci enters. We assume that there is no path
of the form <arc,start> or <stop,arc>.

Let L be any complete lattice of data flow information, and Let init e L.
(Many authors have init=. and slightly different requirements upon L). For
each path of the form <arcl,arc2> we are given a forward transfer function
Bf<arcl,arc2> € L-t>L or a backward transfer function Bb<arcl,arc2> € L-t>L.
The forward transfer function describes the effect of "going"” from arcl to
arc2. The backward transfer function specifies the effect of “going" from
arc2 to arcl. When <arcl,arc2> and <arc3,arc4> are paths such that arcl and
arc3 enter the same node it is natural to assume that
Bf<arcl,arc2> = Bf<arc3,arcéd> and similarly for Bb. For convenience we
define Bf<arc> = Bb<arc> = Al.l, and when n>2: Bf<arcl,...,arcn> =
Bf<arcd,...,arcn> e Bf<arcl,arc2> and Bb<arcl,e«eyarcn> =
Bb<arcl,ees,arcin-11> © Bb<arcCn-11,arcn>.

Usually one considers a MOP (meet over all paths) solution and a HFP
(maximal fixed point) solution. These terms have been coined by authors
using lattices dual to ours; as discussed in section 2.1.2 this is of Llittle
importance. We define the forward MOP solution (to the data flow analysis
defined by Bf):

Aarc.U{ Bf<start,...,arc>init | <start,...,arc> is a path}
This formulation essentially is that of [Hec?7,p.169]. Similarly, we can
define the backward MOP solution (defined by Bb).

To define the forward MEP solution we assume Bf<arcl,arc2> € L-i>L. We
define a "system of equations" F € (Arc-t>L) -i> (Arc=t>L) by

FGinf)(arc) = (arc=start) => init, U{ Bf<pred,arc>(infl(pred)) |

<pred,arc> is a path >

where inf € Arc-t>L. This may be compared to the formulation of
CHec?77,p.1731 (Kildall's MFP solution) or preferably [Hec77,p.178]
(Kam&ULllman's MFP solution). The forward MFP solution is LFP(F) which exists
by Theorem 2.71.2-11. Similarly we can define the backward MFP solution.
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When Bf<arcl,arc2> (and Bb<arcl,arc2>) are continuous there are jterative
methods converging to the MFP solution. When Bf<arcl,arc2> (and
Bb<arci,arc2>) are complete-uy-morphisms the MFP solution is equal to the MOP
solution, otherwise the MOP solution is better (E) than the MFP solution
[CoC79]. One way to obtain the MOP solution (for finite L and Bf<arcl,arc2>
and Bb<arcl,arc2> isotone) is the "merge after expansion" algorithm of
[Weg?5].

The forward solutions are used for constant propagation and available
expressions ("forward analyses"), whereas the backward solutions are used for
Live variables ("backward analysis'). It is generally assumed that the MOP
solution is wanted, but the arguments are intuitive: "It appears general ly
true that for data flow analysis problem, we search for the 'meet over all
paths' solution. Intuitively, this solution is the calculation for each node
in the program ... graph of the maximum information, relevant to the problem
at hand, which can be derived from every possible execution path from the
initial node to that node'[Hec7?7,p.169]1.

We distinguish between two ways of defining the lattice L of data flow
information: the "independent attribute method" and the "relational
method"LJoM7 8]. In order to explain the two methods imagine that there are
n identifiers and a set M whose elements describe properties of the values of
one identifier. For the explanation assume that M is Val, the set of wvalues.

In the independent attribute method we have L=(P(M))". If leL is
associated with some arc, then the description of the set of possible values
of the j'th identifier is Lyj. Most methods in Literature and in practice
are of this type.

In the relational method we have L=@(M"). If leL is associated with some
arc, then the description of the set of possible values for the jtth
identifier is {vyj|vel}. 1In general the relationzl method is stronger than
the independent attribute method, e.g. in our example when determining
whether two identifiers have the same value at some arc. But the relational
method is potentially of much higher computational complexity than the
independent attribute methodlJoM78]. 1In e.g. the determination of Linear
relationships (LCoH781) it appears mandatory to work from a "kind of"
relational method.

2.4 Abstract Interpretation

e e T S ——

In this section we explain abstract interpretation. A detaijled
development of the central concepts is given in subsection 2.4.3. This
development extends that of [CoC79] in two ways: We hope our motivation of
the definitions ("pair of adjoined functions") gives more insight.
Furthermore, we introduce concepts (e.g. "pair of semi-adjoined functions®)
that are less restrictive than those of [CoC791. A substantial part of our
further development will be performed using these definitions.

The overall motivation underlying abstract interpretation is reviewed in
subsection 2.4.1. We also state the key definitions and results of
subsection 2.4.3, so that 2.4.3 perhaps can be omitted on a first reading.
Some example pairs of adjoined functions are defined in subsection 2.ba2;
these are used in section 3.2.
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2.4.1 The Overall UMetivation
We assume, as in section 2.3, that a program is represented by a graph.
By Arc we denote the (finite) set of arcs and by L we denote a complete
Lattice of data flow information. For the purposes of this explanation it is
convenient to think of L as (®(Sta), where Sta is the set of program states.
Since backward analysis is treated in a way similar to forward analysis
CCoC79] we will only consider forward analysis. Let injteL be the set of
initial states and Let Bf<arci,arc2> describe the effect upon a set of states
as a node is traversed. In this way Bf<arcl,arc2> relates to the static
semantics of Floyd (see [CoC77al). By infeArc-t>L we denote a solution to
the data flow analysis specified by Bf. It is convenient to think of inf as
the MOP solution so that inf(arc) is the set of states that can occur at arc.
One use of inf 1is to detect the applicability of some program
transformation. Many program transformations (e.g. constant folding) can be
characterized by some predicate p:Sta->B, so that the transformation may be
performed upon some node if: for any one arc arc' entering that node and for
any one staeinf(arc') that p(sta) holds. Define Lp={sta|p(stal)}; then this
can be expressed by U{infCarc')| arc' enters the node} € Lp.

Presumably, we want to implement the data flow analysis on a computer.
Maybe the solution is not computable, or it takes too much time to compute
it, or it takes too much space to store the solution. The remedy we consider
is toc replace L by another complete lattice M of approximate description
elements of L for which the above problems maybe do not arise. We do not
consider the widening and narrowing of [CoC77al.

EXAMPLE 2.4.1-1: Imagine a program with one identifier taking values in the
set INT = {..., -1,0,1, ...} of integers. Then L=RINT) and initeL is the
set of initial (or input) values. Function Bf<arcl,arc2>:L->L describes the
effect upon the set of possible values when going from arcl to arc2.

A possible predicate is p(i) = (i=27) from which Lp={27}. Let inf be the
(MOP) solution specifying for each arc the set of values reaching that arc
(for some initial value in init). If arcl, ..., arcm are the arcs entering
some node n, and if U{infCarci) | i€{1,...,m}} E lp then we may hope to
perform constant folding on the node n, e.g. replace some use of the
identifier with the constant 27.

A possible choice of M®is the flat Lattice INT . The intention is that
e.g. (€M corresponds to {7}el, while TeM corresponds to any set in L
containing two or more constants. This is further developed below. [

The data flow analysis problem (as specified in terms of L, init, Bf) is
transformed to another data flow analysis problem (specified in terms of M,
init', Bf'). Denote by inf:Arc->L and inf':Arc->H the respective solutions.
We now consider the connection between the two formulations.

We want to relate M to L in order to make use of the data flow information
inf'Carc). We transform inf'(arc) to L rather than inflarc) to M, because it
is in L we have Lp and perform the tests ...Slp {alt; intuitively speaking,
we know how to interpret L&L but not how to interpret meM. To this end we
define a concretization function conc:M->L (denoted y in L[CoC791). Then

inf'(arc) is a representation in M of conc(inf'(arc))elL. It is reasonable to

{a} In subsection 2.4.3 we show how to transform the test ...Elp to & test in
M.
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require that conc(inf'Carc)) Elp => inf(arc) £ Lp, because otherwise it would
be hard to see how inff(arc) could be exploited. Clearly

concCinf'Carc))Clp => inflarc) € Lp holds for any Lp iff

inflarc) € conc(inf'(arc)). We take this as the desired correctness

condition between inf and inf'. That is, we approximate a set of states by

(a description of) a larger set of states. = This may be compared to the
"make errors on the conservative side" of [AhU78,p.504].

o in [CoC791). It is used to approximate members of L by members of M, e.g.
init' = uabs(init). The condition inflarc) € conclinf'(arc)) for arc=start
then amounts to init € conc(uabs(init)). This motivates:

ASSUMPTIOM 2.4.1-2: conceuabs is extensive. Ll
Following [CoC79] we impose the intuitively desirable:
ASSUMPTION 2.4.1-3: conc and uabs are isotone. C1

Intuitively, that uabs is isotone means that it "preserves the amount of
information": If we get more information in L then we also get more
information in M. Similar remarks apply to conc. Technically, in some
proofs (e.g. Theorem 3.1-10) our reasoning exploits the isotony of conc. We
do not investigate whether assumption 2.4.1-3 can be weakened.

The above assumptions make it reasonable toc request <uabs,conc> to be a
pair of semi-adjoined functions between L and M:

DEFINITION 2.4.1-4: <uabs,conc> is a pair of semi-adjoined functions (between
L and M) iff

a) uabs € L =i> {1

b) conc € 1 -i> L

c) conceuabs is extensive ]

Often we write: "uabs and conc are semi-adjoined" instead of '"<uabs,conc> is
a pair of semi-adjoined functions'.

OBSERVATION 2.4.1-5: wuabs and conc are semi-adjoined iff they are isotone and
¥lel,meM: uabs(l)E m => L= coneclm). C3d

If conc is isotone and conc(T)=7 then there always exists a uabs such that
uabs and conc are semi-adjoined, e.g. uabs=Al.T.

Sometimes it is desirable that uabs and conc satisfy stronger properties
than merely semi-adjoined.

DEFINITION 2.4.71-6: <uabs,conc> is a pair of adjoined functions (between L

and M) iff ¥YleL ¥meM: uabs(l)em <=> L& concl(m). |

In subsection 2.4.3 we motivate this definition and we show that any pair of
adjoined functions is also a pair of semi-adjoined functions. One nice
property of a pair <uabs,conc> of adjoined functions is that one determines
the other, e.g. uabs = Al.M{m| conc(m)3LY} (Lemma 2.4.3-3). Often we write
"uabs and conc are adjoined" instead of "<uabs,conc> is a pair of adjoined
functions".
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DEFINITION 2.4.1-7: A pair <uabs,conc> of adjoined functions is exact iff
uabseconc = Am.m £l

In [CoC79] it is stated that <uabs,conc> is exact iff uabs is onto iff conc
15 one-one.

EXAMPLE 2.4.1-1Ccont.): Define conc:INT®->@P(INT) by conc(L)=0, conc(T)=INT
and conc(i)={i} otherwise. Define uabs:P(INT)->INT® by uabs(@)=1, uabs{id=i
and uabs(i}='rwhenever i contains two or more elements. Then <uabs,conc> is
an exact pair of adjoined functions. L3l

An approximate data flow propagation function Bf' may be defined by
Bf'<arc> = Am.m, Bf'<arcl,arc2> = uabs o Bf<arcl,arc2> o conc and when
m>2: Bf'<arcl, ...,arcm> = Bf'<arclm-1],arcm>¢ ... oBf'<arcl,arc2>; Bf' is
induced by <uabs,conc> from Bf. Suppose init'! = uabs{(init), that inf and
inf' are the MOP solutions and that uabs and conc are adjoined. Then
[CoC79,7.1.0.2(2)] implies (for a special choice of Bf) that
¥arc: inf(arc) £ conc(inf'(arc)). One can show that
¥arc: inf(arc) € conc(inf'(arc)) holds when uabs and conc are only semi-
adjoined provided that ¥Warcl,¥arc2: Bf<arcl,arc2> is isotone (and

init' = uabs(init)).

In chapter 3 we develop and apply our framework for expressing data flow
analyses. For the application we need to define a pair of semi-adjoined
functions. Often it is convenient to define a pair <uabs,conc> of semi-
adjoined functions by composing others (<uabsi,conci>):

LEMMA 2.4.2-1: If <uabsi,conci> (for i€{1,....n}) is a pair of semi-adjoined
(adjoined) functions between Li and LLi+1] then <uabsne ... cuabsi,
concl e ... oconcn> is a pair of semi-adjoined (adjoined) functions between L1
and LLn+ 1. L]
Proof 1is shown in appendix 2. L]

In each application one may use pairs <uabsi,conci> that are generally
applicable. Typically, <uabsi,conci> depends on the structure of a domain
(Llike those of Table 2.2-8) defined in terms of the usual domain constructors
+, Xk, =c> and *. Some of the pairs are best understood as transforming
information between a relational formulation and an independent attribute
formulation. Below we define such "generally applicable" pairs of semi-
adjoined functions. We assume that L, Li and M are complete lattices.

Cartesian Product

To transform between independent attribute formulation and relational
formulation:

DEFINITION 2.4.2-2: Define concX:P(L1)X...XALn) => P(L1K...KLn) by
concX<ll, aue ,Lln> = KM ,0ee,ln> | ¥ie{l,.a.,n): Lielil}.

Define uabsA(L) = <..., {LYyi]| Lel}, ...>. L]
LEMMA 2.4.2-3: <uabsXk,concX> is a pair of adjoined functions. L3
Proof is shown in appendix 2. £l

1220



[Ch.2] Foundations

To assist in building pairs of semi-adjoined functions from others:

DEFINITION 2.4.2-4: If f is a function Li=->Mi then (Ci f):L1X ...XLn ->
LiXeaa KMik ...XLn is defined by €i f <U1,...,ln> = <U1,..., TLLTY% ey LRSS

LEMMA 2.4.2-5: If <uabs,conc> is a pair of adjoined functions (semi-adjoined
functions) between Li and Mi then <Ci uabs, Ci conc> is a pair of adjoined
functions (semi-adjoined functions) between L1X...XLnand L1X...XMiX...XLnC]
Proof is easy using <-> from the proof of 2.4.2-1. Cl

Finally we need:

DEFINITION 2.4.2-6:

Defing uabsinolil :Lileeefln =P (AR awkLLi=1 JALETHI IR o suklnn by
LUabsinolillll pueey Ui punepli® = Sl pwuanp L 1508 L unugpL i

Define conc:inolil :L1A.. KLLi=1IXLCi+1IX...XLn => L1A...ALn by
conc:nolil<ll,uee, LLi-11, L0 M T, 0ee,ln> = <U 000, LLi=11, T LLi# D pe we, Ln> LD

LEMMA 2.4.2-7: <uabs:nolil, conc:nolil> is an exact pair of adjoined
functions between L1A...XLiXK...XLn and L1A.. XLCi=1IXLLi+1IK. < KLn. |

DEFINITION 2.4.2-8: Define conct+: P(L1)+...+P(Ln) => P(L1+...+Ln) by

? if m=4
conc+(m) = {-{ Li inll1+...+ln | Lie Li} if m=Li inAL1) +...+PLn)
1 I g if m= T
Define uabs+ by
L it L=0
uabs+(L) = § € i | (Ui inlT+...+lndel > inP(L1) +...+P(Ln) if Fivlel:
Flieli: L=l inL1+...4Ln A L#0
T otherwise Ll
LEMMA 2.4.2-9: <uabs+,conc+> is a pair of adjoined functions. L3
Proof is shown in appendix 2. d

Similarly to Ci we introduce Si:

DEFINITION 2.4.2-10: If f:Li->Mi then (Si flill+aeeatln => L14...+Miteeo+ln
is defined by

T if L=
Sif (L) =91 Lj inLT+...#Mi+...+ln if L=lj inll+aeatln A i
fOLI) inll+a.oHlit..atln 4F L=li 0Ll +...+Ln
. if L= [l

LEMMA 2.4.2=11: If <uabs,conc> is a pair of semi-adjoined functions between
Li and Mi then <Si uabs, Si conc> is a pair of semi-adjoined functions
between L1+...+Ln and L1+...+#Mi+...+Ln. If <uabs,conc> is a pair of adjoined

functions then so is <Si uabs, Si conc>. L3l
Proof 1is shown in appendix 2. ‘ ]
Lists

To transform between relational and independent attribute formulation:
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DEFINITION 2.4.2-12: Define conc®: (P(LN* => PU*) by

] if m= 4
conc®(m) = {{ < enn > | ¥ie{l,eee,nt: Li€emfit if#m is the integer n

% if m= 1
Define uabs® by
L . if L=0
uabsMLY = & Cowwy T [ELF Luve® iF INVIELEN LrenpBnt =X aa, 0¥
and L#@
T otherwise 0
LEMMA 2.4.2-13: <uabs™,conc®> is a pair of adjoined functions. (W
Proof is similar to the proof of 2.4.2-9. CJ

Similarly to Ci we introduce S*:

DEFINITION 2.4.2-14: If f is a function L->M then (S* f) :1*->i* is defined
by 87 f iza, 5% F vrand 871 2 pusnn iy = 5 0HY, weo LA Fel

LEMMA 2.4.2-15: If <uabs,conc> is a pair of semi-adjoined functions between
L and # then <S¥ uabs, S¥ conc> is a pair of semi-adjoined functions between
L*¥ and M*. If uabs and conc are adjoined then so are S¥uabs and S*conc. [J
Proof is similar to the proof of 2.4.2-11. L]

Functions

To transform between relational and independent attribute formulation:

DEFINITION 2.4.2-16: Define conc-c>: (L-t>P(M)) => AL-c>M) by
conc—-c>(g) = {f€L-c>M | ¥leL: f(LI€g(L)} and uabs-c>(f) = AL {f(L) | fef}ld

LEMMA 2.4.2-17: <uabs-c>,conc-c>> is a pair of adjoined functions. C3d

Note that conc-c> maps from L-t>®(M) and not L-c>@AM). Similar definitions
can be made for conc-i> and conc-t>.

DEFINITION 2.4.2-18: If f:M1=>M2 then (R f):(L-t>Mi)=->(L-t>M2) is defined by
Rfg=2al.f(g(l)), i.e. Rf g=foeg. [J

LEMMA 2.4.2-19: If <uabs,conc> is a pair of semi-adjoined (adjoined)
functions between M1 and M2 then <R uabs, R conc> is a pair of semi-adjoined
(adjoined) functions between L-t>M1 and L-t>M2. L1

In the above definitions some of the functions ought to have been indexed,
e.gd. R should be indexed by the complete lattice L. Hopefully this and other
omissions do not lead to confusion.

None of <uabsk,concX>, <uabs+,conc+>, <uabs*®,conc™®> or <uabs-c>,conc-c>>
is (in general) exact. It would of course be possible to obtain this. But
we feel that it is not worth the effort to obtain this: To obtain exactness
we would have to introduce new domain constructors, one for each of X, +, *
and -c>. To do so would only complicate our notation. Furthermore, we do
not need exactness in our later example.
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2-4-3 Detailed Development
In subsection 2.4.1 we explained why it was reasonable to require
<uabs,conc> to be a pair of semi-adjoined functions and we stated the
definition of a pair of adjoined functions. In this subsection we motivate
why it is often natural to require that uabs and conc are adjoined.
As in 2.4.1 let L and M be complete lattices. We do not investigate
whether weaker conditions are sufficient. 1In the discussion, but not the

formal development, we assume L= Sta) where Sta is the set of program
states.

Let <uabs,conc> be a pair of semi-adjoined functions between L and M.
This ensures that uabs(L)€M is a '"safe" representation of L:
concCuabs(L))Elp => LELp. Here we think of L as the set of states occurring
at some arc and Llp as the set of states for which some program transformation
is meaning-preserving.

It may be that the representation uabs(lL) of L is coarser than necessary,
18 conc(uabs(L))¥p even though there is méli such that L€ conc(m)&lp. This
means that using uabs' with uabs'(Ll)=m would enable the application of an
otherwise rejected program transformation.

EXAMPLE 2.4.3-1(a): Define L=({l1,12,13,L4},%) with L1EL2EL3EL4 and
M=C({ml,m2,m3,méY,S) with ml€m2Sm3€m4. Define conc:M->L by conc(mé&) = L4,
conc(m3) = conc(m2) = L3 and conc(ml) = 1. Also L = L2 and lp = L3 and
uabs = Al'.m4. Then <uabs,conc> is a pair of semi-adjoined functions, but
conc( uabs( L))¥Lp even though L £ conc(m3) € Lp so that e.g.
uabs' = (AL'. L'=11 => ml, L'€L3 => m3, m4) is preferable to uabs. [l

In many situations this phenomenon is undesirable. To avoid it we need
(conceuabs) (L) £ {conc(m) |conc(m)3 L} because when Lp = conc(m) 2 L we want
to avoid (conc ouabs)(L) & Lp. (A "realistic" example along these Lines is
LCoC79,Example 5.1.0.11). Since conc euabs is extensive the above condition
is equivalent to conc(uabs(l)) =M{ conclm) |conc(m) 2 LY. This motivates

and ¥leL: concuabs(l)) = M{conc(m) |concCm) 2 LF. L3

EXAMPLE 2.4.3-1(b): The pair <uabs,conc> is a pair of semi-adjoined functions
that is not quasi-adjoined. The pair <uabs',conc> is a pair of quasi-
adjoined functions. Note that uabs' and conc are not adjoined. £l

To relate the concepts introduced we state:

LEMMA 2.4.3-3: If <uabs,conc> is a pair of adjoined functions then
<uabs,conc> is a pair of quasi-adjoined functions and
uabs = Al. M{m| conc(m)2L} and is a complete=u—morphism and
conc = Am. U{L"] uabs(Ll")E m} and is a complete=n=-morphism. i
Proof is shown in appendix 2. L3

To motivate the definition of adjoined we first consider how to transform
the test LELlp to a test in M. It is desirable to find a "safe" test in M,
since during data flow analysis we only have i1 available. We imagine the
test in M to be of the form uabs(l) € dabs(lp) for some function dabs: L->|
We cannot use dabs = uabs because uabs(l) © uabs(lp) #> LElp. Below we
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investigate the natural reguirements upon dabs; these are dual to the
requirements upon uabs.

Since uabs(L) € dabs(lp) => conc(uabs(l)) € conc(dabs{lLp)) =>
L < conc(dabs(lp)) whenever <uabs,conc> is a pair of semi-adjoined functions
it is natural to impose:

ASSUMPTION 2.4.3-4: concedabs is reductive. |
and similarly to 2.4.1-3:
ASSUMPTION 2.4.3-5: dabs 1is isotone. Ll

DEFINITION 2.4.3-6: <dabs,conc> is a pair of semi-down-adjocined functions
between L and M iff dabs:L=>M is isotone and conc:M->L is isotone and
concedabs is reductive. C]

OBSERVATIOM 2.4.3-7: If uabs and conc are semi-adjoined and dabs and conc are
semi-down—adjoined then ¥Ll¥Llp: uabs(l) £ dabs(lp) => LELlp. £l

EXAMPLE 2.4.3-1(c): Define dabs:L->M by dabs = Al*.ml. Then <dabs,conc> is
a pair of semi-down-adjoined functions. Note that uabs(L)¥dabs(lp). ]

Perhaps <uabs,conc> should be called a pair of (semi-,quasi-) up-adjoined
functions, but we do not because we only use dabs in this subsection.

Suppose that uabs and conc are semi-adjoined and dabs and conc are semi-
down—-adjoined. It then may be true that uabs(Ll) ? dabs(Lp) even though
conc(uabs(L)) £ concldabs(lpl)). Intuitively this means that we cannot
exploit in 11 all the information of uabs(L) and dabs(lp). An example of this
is given in 2.4.3-1(d) below. Also it may be that uabs(lL) ¥ dabs(lp) even
though dm,mpell: m € mp A L E conc(m) A conclmp) & lp. Intuitively, this
suggests that using uabs" with uabs"(l)=m and dabs" with dabs"(lp)=mp would
be preferable to using uabs and dabs. An example of this is given in
2.4.3-1(d) below.

Often these two possibilities are undesirable. To avoid them we need:

DEFINITION 2.4.3-8: <dabs,conc> is a pair of gquasi-down-adjoined functions

between L and ¥ iff <dabs,conc> is a pair of semi-down-adjoined functions and
conc © dabs = AL'. UL conc(m) |conc(m)EL'} B

DEFINITION 2.4.3-9: <dabs,conc> is a pair of down-adjoin

ed
L and 1 iff dabs:L->M and conc:M=>L and ¥i¥m: dabs(l)2 m <=

functions between
> L2 conc(md. L[]

LEMMA 2.4.3-10: If <dabs,conc> is a pair of down-adjoined functions then
<dabs,conc> is a pair of quasi-down—-adjoined functions and

dabs = AL'. U{m| conc(m)EL'} and is a complete-p—morphism and

conc = Ama CL'| dabs(L")3m} and is a complete-.~morphism. (]
Proof is shown in appendix 2. Ll

EXAMPLE 2.4.3-1(d): As an example undesirable property we have
uabs(L) ¥ dabs(lp) even though (for m=m2 and mp=m3): mSmp o LEconclm) A
conc{mp)ELlp.

Define dabs":L->M by dabs'(l&)=m4, dabs'(l3)=m2, dabs'(l2)=dabs'{l1)=ml.
Then <dabs',conc> is a pair of quasi-down-adjoined functions that is not also
down-adjoined. But even though uabs' and conc are quasi-adjoined we have
uabs* (L) & dabs'(Lp), concluabs'(l)) & conc(dabs'(lp)) and
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mEmp Ao L £ conc(m) A conc(mp) € lp. So the undesirable properties are not
avoided by recquiring both pairs to be "quasi" rather than "semi".

Finally define uabs" by uabs"(L4)=m4, uabs"(L3)=uabs"(l2)=m2, uabs"(L1)=ml
and define dabs" by dabs"(L4)=m&4, dabs"(L3)=m2, dabs"(l2)=dabs"(l1)=m1. Then
uabs" and conc are adjoined and dabs" and conc are down-adjoined.
Furthermore, uabs'(l) £ dabs"(lp) and uabs"(L) E dabs'(lp) and
uabs"(L) & dabs"(lp). Ll

Based on the above example it seems natural to require that uabs and conc
must be quasi-adjoined and dabs and conc be down-adjoined; or that uabs and
conc be adjoined and dabs and conc guasi-down-adjoined. That this works in
general follows from:

LEMMA 2.4.3-11: If uabs and conc are adjoined and dabs and conc are quasi-
down—adjoined or if uabs and conc are quasi-adjoined and dabs and conc are
down-adjoined then for all L, Lp:
uabs(l) & dabs(lp) <=> (3m,mp: mEmp A L Econclm) A conclmp) € Lp)

<=> concfuabs(l)) £ conc(dabs(lp)) L3
Proof is shown in appendix 2. L3

In appendix 1 we show how dabs can sometimes be defined from uabs.

Discussion

Our definition of a "pair of adjoined functions" (Definition 2.4.1-6) is
equivalent to the "pair of adjoined functions" of [CoC?79,definition5.3.0.11.
This follows from Lemma 2.4.3-3 which shows that it is not necessary to
explicitly require uabs and conc to be isotone. The definitions of semi- and
quasi-adjoined as well as (semi-,quasi-) down-adjoined are new.

Below we further compare our development with the Literature. The
motivation leading to introducing "pair of semi-adjoined functions" is
straight-forward. To motivate stronger requirements we considered the
phenomenon that conc( uabs( L))¥Llp even though Im: L Econc(m) Elp. We showed
that this phenomenon cannot occur when uabs and conc are quasi-adjoined.

The motivation leading to quasi-adjoined has been adapted from
LCoC79,section 5.1]. There M'SL is assumed so that conc:M'->L is Am.m. The
motivation of [CoC79] leads to:

ASSUMPTION [CoC79,5.1.0.21: ¥leL: {m'eM' |lEm'} must have 2 lLeast element[]

DEFINITION [CoC79,5.2.0.11: The approximation operator is uco:L->i' defined
by uco(l) =1nN{ m'éM' |[LEm'}. £l

That the functionality is right is from the above assumption. Note that
uco:L=>M"' is the approximation operator iff <uco,Am.m> is a pair of guasi-
adjoined functions between L and M'. This remark shows that [CoC79,Theorem
5.2.0.2] is a special case of the more generally applicable:

LEMMA 2.4.3-12: If <uabs,conc> is a pair of quasi-adjoined functions between
L and M then conc euabs is the unique upper closure operator uco:L->L so that
Luco(l) |Lel} = {conc(m) |[meMr. Ld
Proof is shown 1in appendix 2. £l

When [CoC79] considers the connection between uabs and conc (Section 5.3)

it is required that <uabs,conc> must be a pair of adjoined functions. In
fact, the accompanying explanation argues in favour of <uabs,conc> being an
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exact pair of adjoined functions. In other work (LCoC77al, [Cou791) only
exact pairs of adjoined functions are defined (the words "exact'" and
"adjoinea" are not used).

In our view the motivation of LCoC?79] only suffices to require that
<uabs,conc> must be a pair of quasi-adjoined functions. To find a
satisfactory motivation for the adjoined condition we introduced the dual
concepts (semi-, guasi-) down—adjoined. We believe that these concepts are
interesting in their own right. Finally, a nice thing about "exact" is that
when <uabs,conc> is an exact pair of adjoined functions then
{concCuabs(l)) | LeL} and M are isomorphic.

By way of digression we note:

LEMMA 2.4.3=13: An upper closure operator need nct be continuous. C1
Proof is shown in appendix 2. L1

This shows that we cannot prove [CoC?77b,Corollary 4.71.3.2]1 in cur setting.
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CHAPTER 3

History-Insensitive Analyses

In section 3.1 we develop a framework that enables us to define a non-
standard semantics that specifies data flow information to be associated with
a program. The key ingredients in developing this framework are Denotational
Semantics and Abstract Interpretation. The framework is applicable to
“"history-insensitive" analyses. An example is the "constant propagation"
analysis formulated in section 3.2. We also compare our formulation of
"constant propagation' to other formulations, including that of traditional
data flow analysis.

3.1 The General Framework

Intuitively, Sﬁtdiproﬂinp is the result of executing the program pro with
input inp. History-insensitive data flow analysis consists in computing
properties of the set of states that are possible at some point (of pro)
during an execution where inp is any one element of inp, for some subset inp
of Inp. Our approach is to consider an interpretation apr such that
PaprEproling specifies these properties. - As mentioned in section 2.2 we
identify a point by a place, i.e. an occurrence and text-string pair.

In this section we define interpretations col, sts and ind. We now
briefly relate these to each other and std. Interpretation sts is used to
map places to the set of states that are possible there. It thus bears a
strong relationship tc the static semantics of Floyd (section 2.4.1).

To relate a description of the set of states possible at some place
(specified by means of apr) to the actual set of states possible at that
place (specified by means of sts) we use the approach of Abstract
Interpretation. That is we specify a pair of semi-adjoined functions.
Interpretation apr is often defined in terms of sts and the pair of semi-
adjoined functions; it is then denoted ind. Interpretation apr or ind used
together with the semantic functions is called an approximate semantics (in
contrast to the static semantics). We use an approximate semantics to
specify the data flow analysis information to be associated with a program.

The connection between sts and ind implies that we can formally relate
Fstskprol and PindEprol (Theorem 3.1-10 and Lemma 3.1-12). In contrast, we
cannot find a similar formal relationship between Pstskprol and PstdEproi.
To reduce this gap we introduce col: Now PstsEprol and Pcolkprol can be
formally related and the connection between col and std is "intuitively
clear”. The results of chapter 5 and 6 can be viewed as supporting these
intuitions.
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We cannot formally prove the correctness of a claim: "sta is the set of
states that are possible at pla during an execution of pro with input inp “.
The claim is operational in nature: we observe an interpreter executing pro
and collect the set of states that reach pla. On the other hand HtdEprol is
simply a mathematical function so it is meaningless to consider how it is
"executed".

We must therefore define what we mean by "the states that reach pla during
an execution of pro with input inp ". We define this information to be
Pcollprol(inp)(pla) where col is specified in Table 3.1-A. Hopefully, this
definition captures the intuitive concept: It is upon this definition we
develop our framework for describing data flow analyses, and it is with
respect to this definition that we characterize the data flow information
specified by ind.

Intuitively, col is only a small extension of std. Domain A is defined as
Pla -c> #(Sta) and the function attach is now given a non-trivial meaning.
Thus PcolkproICinp)(pla) is a set of states.

LEMMA 3.1-1: Table 3.1-A specifies an interpretation. Ll
Proof is essentially the same as that of Lemma 2.2-5. Ll

Technically, all constants, auxiliary functions and primitive functions have
been changed as well as domains A and C. Neither continuations (elements of
C) nor the function setup can be continuous <{a}. Strictly speaking, the
notation col-g=std-g is nonsense because col-A#std-A. But we will tolerate
this Loose notation since the same A-expression may be used to define both.

The central ingredient of col is attach(pla)(c)(sta), that records the
fact that the point pla of the program is reached with the state sta. The
function records this informaticn by joining it with the result of (¢ sta).
Another possibility would be to use S = Sta X (Pla -c> @(Sta)) as the state
and let attach(pla)(c)(s) collect information in s before supplying it to c.
An advantage of our approach is that we may obtain data flow information that
is not 4, even for Looping programs. This need not be the case in the other
approach (because FIX(g)=1<=> gi=1). Unlike the case in section 2.2 it is
important to obtain data flow information which is not a, even for Looping
programs.

Data flow information (pertaining to some program pro) is often used to
guarantee that applying some program transformation to pro yields an
equivalent program. To be useful data flow information therefore must be
related to the semantics of pro. When we specify data flow information (by
PindEprolinp) we do relate it to FcolFprol. It is therefore undesirable that
we cannot characterize fcolEprol in terms of HtdEprol. But even then it is
possible to formally prove that the specified data flow information can be
used to guarantee that the program transformation applied to pro yields an
equivalent program. The results of chapter 6 are useful for doing this. We
regarc it a major positive virtue of our approach that it can be used to
prove program transformations correct with respect to a denotational

{a} A reason is that stalfsta2 # {stal}S{sta2}; that is: the orderings of
Sta and (P(Sta) bear Llittle relationship to one another. This is further
discussed later in this section and in chapter 7.
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TABLE 3.1-A —-- INTERPRETATION col

c e C=Sta -t> A
inp € I = Inp

a € A= Pla -¢c> P(Sta)
sta € § = Sta

(See Table 2.2-B for)
(Pla, Inp, Sta; wee)

Constants
col-wrong € C
col-wrong = 4

col=finish € C
col=finish = v

Pseudo-Semantic Functions
coel-B € Base -¢> val
col-B = std-B

col-@ € Ope® =c>(ValXVal -c>val)
col-@ = std-@

Auxiliary Functions

col-setup € C =¢> I ~t> A
col-setup = std-setup

col-conde C X C -¢> ¢
col-Vconc € Sta =-¢c> T
col-Scond € Sta -¢c> T
col-Bcond € Sta -¢> Sta

col-cond = std-cond

col-Vcond = std-Vcond
col=Scond = std-Scond
col-Bcond = std-Bcond

col-attach € Pla =¢c> € =¢> ¢
coL-attach(ELa)(c)(s) =
(c s) u 1 {s}/pLaJ

Primitive Functions
coL-% € Par =t> C =c> C
cot-Vg € Par =t> Sta -¢> T
col-Bg € Par -t> Sta -c> Sta
cct-? = std=g
col-Vg std-Vg
col-Bg = std-Bg

semantics.

Some notion of static semantics is important for formulating an
approximate semantics by means of abstract interpretation (e.g. [CoC77al).
Given a set jinp of inputs the static semantics determines the set of states
that are possible at some place during any one execution of the program pro
with input inpeinp. o

We define the static semantics to be PstsEprolinp where sts is specified
in Table 3.1-B.
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TABLE 3.1-B —-- INTERPRETATION sts

ce C= P(Sta) -c> A
inpe I = @(Inp)

ae A=Pla -c> PsSta)
sta e S = (XSta)

sts=wrong € C
sts—wWrong = 4

sts=finish € C
sts=finish = a.

Pseudo-Semantic Functions

sts-73 € Bas°1§c> Val

sts=B = std-
sts—¢ € Ope® -¢> (Val X val -c> Val)
sts=¢ = std-®

Auxiliary Functions
sts-setup € C —¢> I -c> A
sts=setup c lQF = . . .
¢ {<Aide.”"n7l" inVal, inp, <>, <>> |inpeinp}

sts-cond € C X C =¢c> C
sts-Dt-cond € S -c> §
sts=bi=cond & § —gF S
sts-cond(cl,c2) sta =
¢l (sts-Dt-cond(5§fa)) v c2(sts-Df-cond(sta))
sts-Dt-cond(sta) = ‘
{std-Bcond(5%ta) |staesta ~ std-Vcond(sta)=true o std-Scond(sta)=truel}
sts-Df-cond(sta) =
{std-Bcond(sTa) |staesta A std-Vcond(sta)=true o std-Scond(sta)=false}

sts-attach € Pla-c¢>C-c>C
sts—attach(pla)(c)(sta) =
(c sta) u (ulsta/plald

Primitive Functions
sts—-g € Par =t> C -c> C
sts-Dg € Par -t> § -c¢> §
sts=g(par)(c)(sta) =
c(sts-Dg(par)(sta))
sts-Dg(par)(sta) =
{std-Bg(par)(sta) |staesta A std-Vg(par)(sta) = true}

LEMMA 3.1-2: Table 3.1-B specifies an interpretation. L4
Proof is shown in appendix 3. o5l

In Table 3.1-B functions Dg (for "do") intuitively correspond to the Bf<arci,
arc2> of sections 2.3 and 2.4. Because of our previous discussion of col it
appears reasonable to require that Pstskprolinp = U{FolEproIinp [inpeinpl.
Unfortunately, this is not always the case. By Theorem 3.7-6 below the

result does hold if ¥inpeinp: topfreelInpl(inp). Here topfree is defined as
fol lows:

DEFINITION 3.1-3:
1) If L is flat then topfreellL1:L->B is topfreellLI(l) = (L#DP
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2) topfreelll+...+Lnl : L1+...+Ln=>B 1is topfreell1+...+Lnl(Ll) =
(LET ALL = (L7 inl1+.aatln) => topfreelLi1(Li)])

3) topfreell1X...XLnd : L1X...XLn=>B is topfreelLiX...XLnI< ,ece,ln> =
(¥ie{1,...,n}: topfreelLiJ(Li))

4) topfreefl®1: L¥->B is topfreell*I(L) =
(LET AL 1=<U1,0c.,ln> = ¥ie{1,.0.,n): topfreelflI(Li)1)

5) topfreell-c>M]: (L-c>M)=>B is topfreell-c>MI(f) =
¥lelL: [ topfreelLI(L) => topfreefMI(f(L)) 1 £

We do not believe it is restrictive only to consider inp such that ¥inpeinp:
topfreelInpl(inp). One reason is that many programs pro have Pcolkproiinp =
Apla.Sta whenever topfreelInpl(inp) = false. An example is pro = BEG DCL
x:=0 IN READ x END for inp = 7 (see col-read). When inpeinp this implies
U{PcolEprol inp |inpeinp} = Apla.Sta sc that we cannot use the data flow
information for anything. In fact an intuitively desirable choice of inp
seems to be {inp |inpelnp A purelInpl(inpl)r.

Before we show the connection between interpretations col and sts we need
to impose some assumptions that will be needed in the proof.

ASSUMPTION 3.1-4: ¥baseBas: topfreelVall(std-BEbasi) and
YopeeOpe¥vall,val2eVal: topfreelVall(vall) . topfreelVall(val2) =>
topfreelVall(std-&Fopel<vall,val2>) L]

OBSERVATIOM 3.1=5: For o0o0:LAL->M any one of ++, Aa, vv, << uwe have
topfreellLI(L1) A topfreelll(L2) => topfreelld(L1 oo L2) for suitable

L and M. L]
THEOREM 3.1-6: If ¥inpeinp: topfreelInpl(inp) then

PstsEprolinp = U{Rolkprolinp |inpeinpt £l
Proof is shown in appendix 3. L]

This theorem may be compared with [Co(77a,p.240] where a static semantics
(corresponding to sts) is related to an operational semantics
("corresponding"” to col): see conditions (X) and () in that paper.

Part of the proof of Theorem 3.1-6 is to show that "+ cannot occur". One
could as in [Sto77,p.203] state a lemma saying so, but we believe that our
formulation is precise.

Store Semantics versus Standard Semantics: In section 2.2 we chose to use
a kind of store semantics. This is because the obvious analogue of sts as a
standard semantics does not fulfil Theorem 3.1-6. This "obvious analogue'
would have P(EnvXInpXOut) and (indirectly) (®(val))® rather than
PCEnviInpXoutXval®) which is more relational. It is easy to give example

programs such that Theorem 3.1-6 would not hold for this version of sts.

e o~ e 2 o e B T D o e i

For the same reasons as in section 2.4.1 it is for computational purposes
desirable to replace the use of sts by some interpretation apr that does not
use P(Sta). We require apr to be an approximate interpretation:
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DEFINITION 3.1-7: An approximate interpretation is an interpretation having
I=AInp), A =Pla -c> S and C S S -i> A. ]
OBSERVATION 3.1-8: sts is an approximate interpretation. L3

Let aprl (e.g. sts) and apr2 be two approximate interpretations. Assume
that <uabs,conc> is a pair of semi-adjoined functions between aprl1-S and
aprZ=S. If we want to use apr2 instead of aprl then, much as in section 2.4,
we want ¥inpeAInp): Papri1kproiinp € (R conc) (Fapr2Eprolinp) where R is as
in 2.4.2-18. An alternative would be (R uabs) (Faprikprolinp) €
FPapr2kprolinp, but our choice is preferable because it is immune to a bad
choice of uabs.

It is convenient to find a "local test'" aprl Euabs,conc> apr2 implying
¥inp: Papr1Eprolinp € (R conc) (Fapr2Eprolinp) but easier to apply:

DEFINITION 3.1-9: Let aprl and aprZ2 be approximate interpretations and
<uabs,conc> a pair of semi-adjoined functions between apr1-S and apr2-S.
Define P-C: (apr1-C X apr2-C) ->B by P-C(aprl-c, apr2-c) = (aprl-c e conc €
(R conc) e apr2-c). Then we write aprl E<uabs,conc> apr2 iff

a) P-C(apri-wrong,aprZ=wrong) and P-C(apri-finish,apr2-finish)

b) P-CCapri-cl,aprz-cl) A P-C(apri-c2,apr2-c2) =>
P-C(apri=cond(apri-cl1,apri-c2), apr2-cond(apr2-cl,apr2-c2))

c) P-CCaprl-c,apr2-c) =>
P-C(apri-attach(pla) (apri-c), apr2-attach(pla)(apr2-cJ))

d) P-C(apri-c,apr2-c) => ¥inpeXInp):
apri-setupCapri-c)ipp £ (R conc) ( apr2-setup(apr2-c) inp )

e) For all primitive functions g € Par -t> C -c> C that

o

P=C(april=c,apr2-c) => P=C(apri-g(par)(apri-c), apr2-g(par)(apr2-c)) £l

We have chosen to lLet all approximate interpretations have I = P(Inp) rather
than assuming the existence of a pair of semi-adjoined functions between
aprl=I and apr2-I. This makes the notation less invclved.

THEOREM 3.1-10: If <uabs,conc> is a pair of semi-adjoined functions

and aprl &E<uabs,conc> apr2 then

¥inpe®(Inp): ¥proePro: Paprilprolinp T (R conc) (Fapr2kprolinp) LJ
Proof is shown in appendix 3. L]

This theorem only assumes that <uabs,conc> is a pair of semi-adjoined
functions. Related theorems, with more or lLess the same underlying
motivation, are given in [Co(C79,section?.1] but there <uabs,conc> is assumed
to fulfil the stronger condition of being a pair of adjoined functions,

al though the proofs seem only to use properties of semi-adjoined functions.

Let S be a complete lattice and <uabs,conc> a pair of semi-adjoined
functions between (Sta) and S. It is useful to define an approximate
interpretation that is "induced by" <uabs,conc> from sts. Table 3.1-C
defines this interpretation ind, called the induced interpretation. We
sometimes write ind<uabs,conc> to be precise about the pair of semi-adjoined
functions used. - This notion of induced is similar to the one mentioned in

section 2.4.1.

1132



[Ch.3] History-Insensitive Analyses

LEMMA 3.1-11: Table 3.1-C specifies an approximate interpretation. L]
Proof is similar to the proof of Lemma 3.1-2. Cd

The usefulness of ind is guaranteed by

LEMMA 3.1-12: sts %<uabs,conc> (ind<uabs,conc>) !
Proof is shown in appendix 3. Ll
TABLE 3.1-C —--- INTERPRETATION 1ind

c € E = 5(—5>)A
ing € I = P(Inp
g e A = Pla =c> S
s € S
uabs: P(Sta)->§
conc: S=>@(Sta)

ind-wrong € C
ind-wrong = .

ind-finish € C
ind=finish = .

Pseudo-Semantic Functions
ind-B € Bas® -c> Val
ind-B8= std-B

ind-¢ € Ope® -c> (Val X Val -c> val)
ind-@ = std-@

Auxiliary Functions
ind-setup € C -c> I -i> A
ind=setup ¢ 1gg = . . .
c( uabs {<Aide."nil"inval, inp, <>, <> | inp €inp3)

ind-cond € C X C -c> C
Ind=Dt-cond € S —-i> §
. ind-Df-cond € S -i> §
ind=cond(cl,c2) s = .
. €1Cind=-Dt-cond(s)) wu c2(ind-Df-cond(s))
ind=Dt-cond =
. Uabsests—-Dt-condeconc
ind-Df-cond =
uabsests-Df-condeconc

ind-attach € Pla =¢> C -c> C
ind-attach(pla)(c)(s) =
(c s) w (uls/plald

Primitive Functions
ind-g € Par -t> ¢ -c> €
. Ina=Dg € Par -t> S —-i> §
ind=g(par)(c)(s) =
. clind=-Dg(parl)(s))
ind-Dg(par)(s) =
uabsests=-Dg(par)econc

One nice property of ind is the following. Suppose apr is any épproxi@ate
interpretation with apr-S = (ind<uabs,conc>)-S. Then <3s.s,As.s> is a pair
of adjoined functions between S and S, and
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LEMMA 3.1-13:
1) 4ind<uabs,conc> £<As.s,As.s> apr => sts E<uabs,conc> apr

2) If <uabs,conc> js an exact pair of adjoined functions then
ind<uabs, conc> €<3s.s,As5.5> apr <=> sts E<uabs,conc> apr. CJ
Proof is shown in appendix 3. L1

The lemma states that whenever <uabs,conc> is an exact pair of adjoined
functions then ind<uabs,conc> is, in some sense, 'the best upper
approximation to sts". This may be compared with [CoC79,section?.2] where
<uabs,conc> only needs to be a pair of adjoined functions. By a slight
change of Table 3.1-C (e.g. ind-g(par)(ind-c) = R(uabs e conc) @ ind-c ©
ind-Dg(par) instead of the earlier ind-c ¢ ind-Dg(par) ) it appears that we
can weaken "exact" to "uabs e conc is continuous" (for Lemma 3.1-11 to hold).
However, we choose not to do this.

Properties of approximate and induced interpretations
The definition of ...5<uabs,conc>... is not the only possible one. Three

other ways of defining P-C (and thereby ...E<uabs,conc>...) are
P-C1(apri=-c,apr2-c) C(R uabs) ¢ april=-c » conc € apr2-cl
pP-C2(apri1-c,apra2-c) C(R uabs)? aprl-c¢ £ apr2-c euabs]
P-C3(apri-c,apr2-c) Caprl=c € (R conc) e apr2—-c e uabsl

Let P-C be the predicate used in 3.1-9. For <uabs,conc> a pair of adjoined

functions all of P-C, P-C1, P-C2 and P-C3 are equivalent, whereas for

<uabs,conc> a pair of semi-adjoined functions they can be different.

Predicates P-C1 and P-C2 are not desirable because then we cannot show

sts S€<uabs,conc> ind. Predicate P-C implies P-C3 so we have chosen the

stronger predicate. We regard it desirable that P-C does not depend on uabs.

innu

I

Theorem 3.1-10 assures us that the '"local test" aprl £<uabs,conc> apr
implies the "global test'" ¥pro ¥inp: Paprikproilinp €
(R conc)(Papr2Eprolinp) . We do not have the ccnverse result, contrary to the
situation in CCoC79,section7.1]. We now intuitively explain why this is so.
Suppose apri ¢<uabs,conc> apr? because some primitive function g does not
fulfil condition "e)" of Definition 3.1-9. Then we want to find pro and inp
such that Paprilproling & (R conc)(Fapr2lprolinp). Intuitively we want pro to
supply g with some ¢ and s that make "e)" of 3.1-9 fail. But it may be that
such a program pro does not exist, because the semantic equations impose
restrictions upon the parameters that g can possibly get.

We do not regard it as a disadvantage of our approach that the converse
result of 3.1-10 does not hold. Indeed, one of the motivations behind
introducing "“interpretation'" was to avoid that cur development depends
strongly on one particular language. There are, however, methods that may be
used to avoid aprl ¥<uabs,conc> apr2 when ¥pro¥inp: Faprikprolinp €
(R conc)(Fapr2kprolinp). One method is to replace C and S by smaller domains.
As an example, C of sts may be replaced by the set of complete-.~morphisms
from S to A. If this method is not sufficient then one may restrict the
continuations (c) and states (s) to be considered in "e)" of 3.1-9.

One way to compare approximate interpretations is aprl S<uabs,conc> apr2.
Below we restrict ourselves to induced interpretations ind<uabs,conc> where
<uabs,conc> is a pair of adjoined functions (between ¢XSta) and a complete
Lattice S) with uabs(T™) =71 Then we can give results corresponding to the
"hierarchy of program analysis frameworks" of [Co(79,section &].
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For any two induced interpretations indl=ind<uabsl,concl> and
ind2=ind<uabs2,conc2> we may want to find a "lLocal test" that implies
Ypro¥inp: (R conc)(Pind1Eprodinp) € (R conc2)(Pind2Eprolinp). The test
ind1 =<uabs,conc> ind2 depends on the choice of <uabs,conc> and we want to
avoid having to choose <uabs,conc>. That this is possible follows from Lemma
3.1-15 below. The proof uses the following lemma that shows that conc o uabs
essentially determines how approximate ind<uabs,conc> is.

LEMMA 3.1-14: Let <uabs,conc> be a pair of adjoined functions between ®(Sta)
and some complete lattice S such that uabs(r)=T. Then <conc o uabs, A sta.sta>
is a pair of semi-adjoined functions and ¥pro ¥Yinp:

(R uabs)(ﬂ%ind<conc°uabs,lsta.sta>)EproIiDQ) =Jp(ind<uabs,conc>)Iproﬁng ]

Proof is shown in appendix 3. L1

LEMMA 3.1-15: Let <uabsl,conc1> and <uabs2,conc2> be pairs of adjoined
functions (between P(Sta) and complete lattices S1 and S2, respectively) such
that uabs1(r)=7 and uabs2(r)=7. If concle uabsl € conc2 ¢ uabs? then
¥pro ¥inp: (R concl)(Pind<uabsil, conc1>Eprolinp) €
(R conc2) (Pind<uabs2, conc2>Fprolinp) 1
Proof is shown in appendix 3. ]

induced interpretations {ind<uabs',conc'>| conc'e uabs'= conc e uabs}. With a
slight change of our definition of induced interpretation we can show that
these representatives form a complete lattice.

LEMMA 3.1-16:
{uco | uco:P(Sta)->P(Sta) is an upper closure operator} =
{conc e uabs| <uabs,conc> is a pair of adjoined functions between
P(Sta) and some complete lattice S, and such that uabs(r)=1}.
Proof is shown in appendix 3. Cd

LEMMA 3.1-17: Abbreviate id=Asta.sta and assume ind<uabs,conc> also contains
a primitive function dummy = Ac.c e conce uabs. Let ucol and uco? be upper
clesure operators on P(Sta). Then
ucol & uco2 <=> (ind<ucol,id>) E<id,id> (ind<ucoz,id>) (I

Proof is shown in appendix 3. Ll

LEMMA 3.1-18 [CoC79,Th.8.0.11[War42,Th.5.31: The set of upper closure
operators on a complete lattice is a complete lattice. El

COROLLARY 3.1-19: If ind<uabs,conc> also contains a primitive function dummy
= Ac.c ° conc e uabs then

{ind<conc ¢ uabs, Asta.sta> | <uabs,conc> is a pair of adjoined functions
between #P(Sta) and some complete lattice S such that uabs(r)=+}

is a complete lattice ordered by ...S<lsta.sta, dsta.sta>... . ]
We have used "pair <uabs,conc> of adjoined functions with uabsG)=7" rather
than "exact pair <uabs,conc> of adjoined functions". This is because the
pairs of adjoined functions <uabsX,concX>, <uabs+,conc+>, <uabs¥,conc*> and

<uabs-c>,conc-c>> are not exact but do have uabs...(T)=T.
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Discussion
In developing the preceeding framework we have chosen one particular route
of development. This is not the only one. One of the "arbitrary' decisions
was to make a collecting interpretation (col) before we considered
interpretations involving sets of states (sts and ind). Consider developing
directly from std an interpretation int involving sets of states. Then int
and std would be related as are sts and col. Some problems then would occur:
The std interpretation has std-C = Sta —-c> A whereas presumably int-C =
(P(sta)-c>P(A). The proof of the analogue of Theorem 3.1-6 probably would
involve P-C:(std-CXint-C)->B defined by P-C(std-c,int-c) = ¥sta: {std-c(sta)
|staesta} = int-c(sta). Unfortunately, P-C(1,s)=false which causes problems
in the structural induction (the WHILE Loop). A possible remedy is int-C =
P(Sta) -c> { aef(A) |rea)}, but we have avoided these problems in our approach
because col-A=sts-A.

We have found it convenient to use ®P(Sta) in order to employ the framework
of P.Cousot&R.Cousot. Since it 1is not obvious how toc define reflexive domains
inveolving powersets we have avoided reflexive domains. This implies that we
are unable to handle language constructs like procedures, jumps, VALOF...,
RESULTIS craie: @

Since these restrictions are severe we informally explain why we have been
unable to find a LAMBDA-definable domain ("Scott domain') that may be used
instead of ?(Sta).

Let T"=({yes,no},E) where t1 € t2 <=> (t1#yes v t2#no). Then P(Sta) and
Sta =t> T" are lattice isomorphic (see L[Gr&73] for definitions). But
Sta =t> T" is not LAMBDA definable and we would have tc use Sta —-c> T". We
discuss some cdrawbacks of Sta -c¢> T" (actually of Sta -i> T" =2 Sta -c¢> T")
below:

a) Suppose pro at occ is an expression with constant value val such that
purelVall(val). A possible program transformation would replace the
expression by a constant evaluating to val. But raval implies that there is
no a € Pla —c> Sta —-¢> T" such that a<occ,"exp)'> <env,inp,out,wit> = yes
=> wit¥l=val. To be able to represent the desired information we probably
would have to work with {staeSta| topfreelStal(sta)} (which is not a
complete lattice) rather than Sta. We prefer, however, to stay within the
more or lLess standard framework of [Sto77], i.e. to use complete Lattices.

b) Suppose we have storable continuations. From an informal sketch of the
std ==> col ==> sts development we are lead to believe that the problems
will be even more severe than in the above case. When a stored
continuation is applied (in sts) the resulting data flow information is
likely to be Dpla.Sta, i.e. completely useless. It appears that the
problems are not remedied by using {staeSta | topfreelStal(stall}.

Some alternatives to Sta =c¢> T" are Sta —c> T or Sta —-c¢> T', where T' is the
dual Llattice of T"L[MiS76J. But this does not seem to be appropriate either.

For some simple languages we probably could introduce procedures, labels
and VALOF..., RESULTIS... if we had worked from a standard semantics
employing a two-stage mapping: L[Nie79] gives an example showing that the
standard semantics needs not contain reflexive domains even if the store
semantics does. But if we work from a standard semantics then Theorem 3.1-6
will not hold.
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3.2 Example and Comparison with other Approaches

In this section we show how the general framework of section 3.1 can be
used to derive a formulation of the data flow analysis “constant
propagation”. We then compare our method (as exemplified by the constant
propagation example) to methods described in the Literature. These are the
“traditional data flow analysis" concept of constant propagation, the methods
of Donzeau-Gouge and the method of Cousot&Cousot.

It is convenient to specify our constant propagation example as an
instance of a class of data flow analyses, which we shall call "value subset
analysis". Let Val be the complete lattice of Table 2.2~B. Then a "value
subset analysis" is specified by a pair <uabsVa,concVa> of semi-adjoined
functions between P(Val) and a complete Lattice Va. This pair is used to
define the pair <uabs,conc> of semi-adjoined functions (explained below):
uabs = (uabs:no2) © (uabs:no3)e

C4L(S¥ uabsVa) o uabs*]o
C1L(R uabsVa) o uabs-c>]e
uabsX
conc = concXe
Cl1Cconc-c> e (R concVa)le
C4Cconc™® e (S¥ concVa)le
(conc:no3) ¢ (conc:no2)
Functions C1, uabs®, ... are defined in section 2.4.2. By Lemma 2.4.2-1:

OBSERVATION 3.2-1: If <uabsVa,concVa> is a pair of semi-adjoined (adjoined)
functions between P(Val) and Va then <uabs,conc> is a pair of semi-adjoined
(adjoined) functions between A(Sta) and (Ide® -t> Va) X v&*. L]

The first task of uabs is to bring P(EnvXInpXOutXWit) to independent
attribute form @(Env)IXP(Inp) XP(OutXAWit). Then the environment
(P(1de®-c>Val) is changed to Ide®-t>@Val) and then to Ide®-t>Va by use of
uabsVa. The witnessed stack is changed from AVal™ to (AVvVal))* and then to
Va* by use of uabsVa. Finally the input and output are removed. Note that the
order of uabs:no2 and uabs:no3 is crucial.

Several data flow analyses are special kinds of value subset analyses.
They include type-determination, constant propagation and the analysis of
signs of numerical values. In the formulation of <uabsVa, concVa> it may be
useful to employ <uabs+,conc+> and SLil of section 2.4.2.

Below we specify a constant propagation example because this data flow
analysis is found in both "traditional data flow analysis" and [Don791. We do
this by specifying Va and <uabsVa,concVa>.

We define Va = Valv{all,none} with partial order & such that val € va2 <=>
(val=none v val=va2 vva2=all); hence (Va,E) is a flat lattice. We define
concVa:Va->&Val) by concValall) = Val, concValnone) = @ and concValval) =
{val} otherwise. Also uabsVa(val) =7{va | concValva) 3 valtY. Clearly
<uabsVa,concVa> is an exact pair of adjoined functions.

e S e s e o

The traditional notion of constant propagation was reviewed in section
2.3. To develop a more or less similar constant propagation example in our
framework we use <uabsVa, concVa> and <uabs,conc> as specified above. Since
traditional constant propagation associates information only with exits of
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basic blocks we redefine:

ind-attach pla ¢ s =

( play2=="cmd)" => (c s) u a [s/plal, (c s) )
Hence, information is only associated with exits of commands. Although exits
of commands only roughly correspond to exits of basic blocks we regard the
relationship as reasonable. An advantage of our approach is that it unifies
global and Llocal analysis because it treats commands and expressions in the
same way.

Since PindEprolinp € Pla -c> ((Ide® -t> Va) X Va¥) we can construct a
"constant pool'" at pla by: {(ide,va) |va=(FndEprolinp pla)yiFidel a
va¢{all,none}}. This shows a rather close correspondence between the form of
the answer expected in traditional data flow analysis and the one we specify.
One minor difference is that we work with complete lattices (hence i, T+,
none, all) whereas traditional data flow analysis only considers sets and
therefore does not consider - and . elements.

This correspondence between traditional data flow analysis and our method
only considers the form of the solution. It must be complemented by the
results of chapter 5 where we show that PindEprolinp is the MOP solution to

a certain (traditional) data flow analysis problem. This MOP solution might
not be computable.

Since [Don791 is not widely available we briefly overview it below.
Sections 1 to 4 of that paper define a toy language, which extends our
Language to contain VALOF... and RESULTIS... constructs. The semantics is a
standard semantics (not store semantics) that employs a 1-stage mapping
between identifiers and values (i.e. no locations). The meaning function
for programs is of functionality Pro —c¢> Inp —¢> Out where PEprolinp is the
result of "executing" pro with dinput inp. The “domains'" are restricted to be
the partially ordered sets that can be defined in DSLLHMos79]. One conseguence
is that almost no "domain" contains top-elements; thus virtually no complete
Lattices can be defined.

Sections 5, 6 and 7.1 develop her method and apply it to a constant
propagation example. Her notion of constant propagation is slightly different
from the traditional concept: she directly associates expresions with their
possible values. In the traditional approach one performs global analysis to
obtain a pool at each command-exit, and assumes that an unspecified Local
analysis from these pools associates expressions with values.

The non-standard semzntics of sections 5, 6 and 7.1 has
P € Pro =c> Inp' =c> Occ -c¢> Prop. For the purposes of this presentation one
can think of Inp' as ®(Inp). Domain Occ is used in the same way as we use
Pla. Domain Prop is essentially {x [xeN+T+{"var"IatopfreelN+T+{"var"}I1(x)¥
that plays the role of Val. A subtle difference that we ignore is that + is
a kind of coalesced sum. To explain in our notation the intention of Prop we
define V={xeN+T |topfreelN+TI(x)} and the function conc':Prop=>@(V) by

conc'("var'") =V

conc'(t 1inProp) = { t inN+T, 13

conc®(n inProp) = { n InN+T, 1 3

conc' () = {3
It is somewhat unclear to us whether { t inN+T} or { t inN+T, 1.} should be
used above. We suspect it is { t inN+T, » 2.

This connection between (V) and Prop cannot be described by a pair of
semi-adjoined functions, because uabs'(V) = "var" implies that uabs' cannot

1:38



CCh.3] History-Insensitive Analyses

be isotone. If Prop had been Vuv{"var"} with "var" as the top-element then
this complication would not arise; but this domain is not definable in DSL.

The non-standard semantics of [Don79] contains attach functions in the
semantic equations for expressions only. Essentially their purpose 1is as in
our approach. The non-standard semantics has Sta = Exp -t> Prop rather than
Sta = Ide ~c> Prop. Also several “update" functions (to update the state) are
placed in conjunction with the attach function: This appears to be necessary
for her "common subexpression elimination" example (section 7.2), but
unimportant for the constant propagation example. In our formulation (Table
2.2=C) we have no function that is used as [Don79] uses update.

To develop a more or Less similar constant propagation example we use
ind<uabs,conc> where <uabsVa,concVa> is as earlier (and determines
<uabs,conc>). Since we have placed an attach function in all semantic
equations, not only those pertaining to expressions, we redefine ind-attach
to:
ind-attach pla ¢ s =
( play2=="exp)" => (¢ s) wals/plal, (c s) )
The functionality of PindEprolinp is Pla -c> ((Ide -t> Va) X V&*). To obtain
a result on the same form as that of [Don79] we write

Aocc. PindFprol{inp |purelInplCinp)I<occ,"exp)">y2¥1
We thereby obtain the same overall effect as [Don79].

When we proved ind correct we showed (Theorems 3.1-6 and 3.1-10 and Lemma
3.0-12) that for inpS{inpéelnp |topfreelInplCinp)}:

U{FPeolEprodinp |inpeinp} € (R conc) (PindEprolinp)
A proof of correctness is also given in [Don79]. To explain this precof we
informally sketch how to conduct a similar proof in our setting.

First define a "trace"-interpretation tra that mostly is the same as col.
Some changes are
tra~A = {0,1,2,...3 -t> (PlLakSta)®
tra=-attach pla ¢ sta =
play2="exp)"=>(n. n=0-> <pla,sta> in(PLakSta)®°, c(sta){n=-1)), c(sta)
It seems plausible to conjecture that PcolEprolinp = build(Hrakprolinp)
where build:tra=A => col-A is

build(tra=adpla = {sta |3n: tra-al(n) = <pla,sta> in(PlaXkSta)®}

Let inp be as above and inpeinp, n and pla arbitrary. Then we must show that
L <pla,sta> in(PlaXSta)® = Ptrakprol(inp)(n) 1 implies

staeconc( Pindkprol inp pla). By the above conjecture this is essentially
what we have proven.

In summary, there appears to be a close connection between the effects of
our ind interpretation and the method of [Don79] (ignoring sections 7.2 and
7.3) . Donzeau-Gouge has been careful to make her correctness proofs modular,
so that Little is to be proven for each data flow analysis. We do believe
that specifying a data flow analysis by a pair of semi-adjoined functions
allows for even more modularity. Also we believe that this is a more
systematic approach than that of [Don79]. Our approach is more general
because [Don79] has no analogue of sts, i.e. an interpretation that may
fulfil Theorem 3.1-6. The main reason for this is that we work from a store
semantics contrary to her standard semantics: As was discussed in section
3.1 it is unlikely that Theorem 3.1-6 would hold for any approach based on a
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standard semantics.

The approach of [Don78] differs from the approach of [Don79] in a number
of ways.

Sections 1 and 2 of [bon78] define a toy language, which is Like ours
except that it includes a data structure "tables". The semantics is a
standard semantics (not a store semantics) and the association of identifiers
to values is by means of a 2-stage mapping, i.e. there are lLocations. The
meaning function & for programs is of functionality Pro —-c¢> Inp -c> StaXout
where PEprolinpyl is the final state and PEproiinpV¥2 is the output resulting
from "executing" pro with input inp. The domains are partially ordered sets
but they are not restricted to being definable in DSL.

Sections 3 and 4 are not relevant for this comparison. Sections 5 and 6
contain a non-standard semantics performing a kind of "value subset
analysis". The main difference from [Don79] and our approach is that no
notion of occurrences is present. The functionality of P of this semantics is
Pro =c¢> Inp' -c> Sta'AOut' where Inp', Sta', and Out' specify properties of
the input, final state and output. So PEprolinp' does not associate (a
description of) states with places. The result from this semantics appears
less usable than the results specified in our and [Don791's approach.

The non-standard interpretation cannot be described satisfactorily in our
framework. One reason is the different functionalities of P. Another reason
is, that [Don781 works with a 2-stage mapping and locations are not
approximated: no representation of sets of locations is considered.

The way that values is approximated can roughly be described by concVa.
Some conditions are imposed on concVa; one implies that ¥vaeVa:.e€concValva).
This appears to be needed in the proof of Lemma 20 (a correctness proof).

To some extent the non-standard interpretation bears the same relationship
to std as ind does to col. I.e. it is more or less the same development that
has been performed. In section 3.1 we mentioned some difficulties in basing
sts upon std. One proposal was to define a domain sts-A so thati€sts-a for
any sts—agsts—-A. Hence ireconc(ind-a) for any ind-aeind=A. This is related
to the condition of [bon78] mentioned above.

In summary, [Don78] seems to be a forerunner for [Don79] and less adequate
in spite of the wider class of ("history-insensitive') data flow analyses
considered.

Since we have used the ideas of Cousot&Cousot there is much similarity in
approaches. The main differences are the perception of programs and the
semantic foundations.

Our view, and that of [Don79], of a program is high-Level in the sense of
[Ros?7]: we view a program as a parse-tree. In contrast, [CoC79], [CoC77al
and the traditional data flow analysis view a program as a graph. Arguments
in favour of a high-level view can be found in L[Ros77].
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In our approach we have worked from a denotational definition of the
Language. The approach of [CoC77al] and [CoC79] is different: 1In [Col?77al a
static semantics is developed from an operational semantics. In L[CoC79] the
static semantics is merely stated (and it is mentioned that a MOP solution is
wanted). We believe that a denotational semantics is a more satisfactory
starting point than an operational semantics. See [Sto77] for a discussion.
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CHAPTER 4

History-Sensitive Analyses

In this chapter we consider "available expressions” analysis as an example
of a forward, history-sensitive data flow analysis. This data flow analysis
was reviewed in section 2.3. We do not consider cther forward data flow
analyses.

For lLack of time we do not sketch an approach to "live variables”, which
is a backward "history-sensitive" analysis.

In section 4.1 we consider interpretations that record the computational
history. For these history-interpretations we reformulate the general
framework of section 3.1. In section 4.2 we develop our notion of available
expressions interpretation. This is compared with the Literature in section
4.3,

4.1 Reformulating the Framework

According to our approach any data flow interpretation must be related to
a static semantics by means of a pair of semi-adjoined functions, as we did
for the constant propagation interpretation of section 3.2. When we come to
the available expression interpretation (ae) in section 4.2 it seems
impossible to do so, when the static semantics is sts. Intuitively, sts
contains too Little information about the computational history.

In this section we consider interpretations that record the computational
history. It is convenient to do so by re-developing the framework of section
3.1, i.e. to specify interpretations his-std, his-col, his-sts and his-ind.
To aid the readability of the definitions we introduce the shorthands: When
staeSta then sta.env means sta¥l, sta.inp means stay2, sta.out means stay3
and sta.wit means stay4. When sta®eSta* we let sta*. last mean sta*y#sta® and

feel free to write e.g. sta®.last.env meaning (sta*yusta’ y1.

We pattern his-std closely after std. The main difference is that
his-std-S is not Sta but Sta*. The intention is that sta*eSta® records the
sequence of states that have previously been computed. There are more
complicated alternatives to using Sta®, but the his-sts developed using Sta®
is adequate for giving a semantic characterization of ae. Table 4.1-A
specifies his-std.

LEMMA 4.1-1: Table 4.1-A specifies an interpretation. [
Proof is similar to that of Lemma 2.2-5. L3

To aid the intuition we state:
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TABLE 4£.1-A ——- INTERPRETATION his-std

Sta* -c> A

Inp
Out + {"wrong"Z¥
sta¥* € § = Sta¥*

( See Table 2.2-B for )
( Pla, Inp, Sta ... )

Constants
his-sta-wrong € C )
his-std-wrong = }sta*. "wrong' 1inA

his-std-finish ¢ C
his-std-finish = Asta®. (sta®.last.out) inA

Pseudo-Semantic Functions

his-std-B € Bas® -c¢> Val
his-sta-B= std-B

his-std-& € 0pe® -c¢> (Yal X Val -c> Vval)
his-std-¢& = std-0¢

Auxiliary Functions
his-std-setup € € -c> I =c> A
his-std-setup c inp = )
c < <Aide."nil" inVal, inp, <>, <>> >

his=std-cand € C X C —c> C
his-std-Vcond e Sta¥ -c> T
his-std-Scond e Sta* -c> T
his=std-Bcond € Sta®* -c¢> Sta*

his-std~-cond(c1,c2) sta* =
his—-std-Vcond(sta®*) -> o
[ his=-std-Scond(sta*) -> ¢1, c¢2 J(his-std~Bcond sta*)
) » his=std-wrong(sta®)
his-std-Vcond sta* =
_std=Vcond (sta%, last)
his—std-Scond sta* =
_std-Scond (sta¥,last)
his-std-Bcond sta¥ =
sta*§ < std-Bcond(sta¥.last) >

his-std~attach € Pla -c¢> C -¢> C
his-std-attach pla ¢ sta* =
c(sta*)

Primitive Functions
his7std—g € Par —-t> C -¢c> C
his-std-Vg e Par -t> Sta* -c> T
his-std-Bg € Par =t> Sta* -¢> Sta*

his-std-g(par)(c)(sta¥) =
his-std-Vg(par)(sta*) ->
c(his—-std-Bg(par)(sta®)) ,
. his-std-wrong(sta*)
his-std-Vg(par)(sta®) =
_std=Vg(par)(sta¥.last)
his-std-Bg(par)(sta™) =
sta*$§ < std-Bg(par)(sta* last) >
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LEMMA 4.1-2: ¥inpelnp ¥proePro: FstdEprolinp = Phis-stdEprolinp. ]
Proof is by structural induction and is omitted. ]

The above lemma says that his-std and std are "congruent” [Sto77], i.e. when
used with the semantic functions they associate the same denotation with a
program. This relationship between his-std and std parallels the relationship
between the standard, store and stack semantics of [MiS761. There the
fermulation of the semantics is gradually transformed to a machine-Llike
formulation. In our case we changed the formulation so as to incorporate more
"history"-information.

As will be shouwn below there are no similar relationship between col and
his-col, etc. . Intuitively, this is because we record the "internals" of the
semantics in the result of the semantic functions.

As in section 3.1 we must define what we mean by "the set of state
sequences that are possible at pla during an execution of program pro with
input inp ". We define this to be Phis-colEproI(inp)(pla), where his-col is

defined in Table 4£.1-B.

LEMMA 4.1-3: Table 4.1-B specifies an interpretation. £l
Proof is similar to that of Lemma 3.1-1. L]

Similarly to the case with std and col we cannot characterize
Phis-colEprol in terms of Phis-stdEprol. We can, however, relate his-col to
col:

LEMMA 4.1-4: ¥Ypro ¥inp ¥pla:
PeolEprolinp pla = {sta*.last |sta¢Phis-colEprolinp pla} |
Proof is as the proof of Lemma 4.1-2. L3

Interpretation his-col has been obtained from his-std in the same way as col
was obtained from std. An alternative is to obtain his-col by modifying col.
But our choice emphasizes the systematic nature of the development. - Similar
remarks apply to his-sts and his=ind below.

HWe then develop a static semantics by defining his-sts (Table 4.1-C). As
in section 3.1 his-sts is fundamental for abstract interpretation to be
applicable. It is also with respect to his-sts that we give a semantic
characterization of the ae-interpretation.

LEMMA 4.1-5: Table 4.1-C specifies an approximate interpretation. C1
Proof is similar to those of 3.1-2 and 3.1-8. L3l

The connection between his-sts and his-col is of course similar to the
connection between sts and col:

LEMMA 4.1-6: If ¥inpeinp: topfreelInpl(inp) then

Phis-stskprolinp = U{FPhis~colEprol inp |inpeinp?} £J
Proof is shown in appendix 4. L1
Lemmas 4.1-6, 4.1-4 and Theorem 3.1-6 show a certain relationship between

his-sts and sts. Another formulation of essentially the same relationship is
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TABLE 4.1-B =—— INTERPRETATION his-col

C € E = Sta¥ -t> A
inp ¢ = Inp
a ¢ A= Pla -c> AsSta*)
sta¥ e S = Sta¥
Constants

his-col=wrong € ¢
his-col-wrong = a

his-col=finish € C

his=col=finish = 4

Pseudo-Semantic Functions
his-col-7 € Bas® -c¢> Val
his-col-B= std-B

his-col-¢ € 0pe® —-¢> (Val X VYal -c> val)
his-col-& = std-0

Auxiliary Functions
his-col~setup € C -c> I -t> A
his=col-setup = his-std-setup

his—col=-cond € C X C -¢> C
his—col=Vcond e Sta¥*¥ -c> T
his-col-Scond € Sta*=-¢c> T
his-col-Bcond € Sta ¥ =-c> Sta¥

his=col=cond = his=std-cond
his-col-Vcond = his-std-Vcond
his=col-Scond = his-std-Scond
his-col-Bcond his-std-Bcond

his-col-attach € Pla -c> C -c¢c> C
his-col-attach pla ¢ sta* =
(c sta¥) wal {sta*} / pls 1

Primitive Functions
his—~col=g @ Par =t> € =¢> ¢
his-col-Vg € Par -t> Sta% -c> T
his-col-Bg ¢ Par =t> Sta* -c> Sta*

his-col-g = his-std-g
his-col-Vg = his-std-Vg
his-col-Bg = his-std-Bg

Lemma 4.1-10 below.

As in section 3.1 it is possible tc consider an induced interpretation.
Let S be a complete lattice and <uabs,conc> a pair of semi-adjoined functions
between ®?(Sta*) and S. Then his-ind (or his-ind<uabs,conc>) of Table 4.1-D is
said to be induced from his-sts by <uabs,conc>.

LEAMA 4.1-7: Table 4.1-D specifies an approximate interpretation. L3
Proof s similar to the proof of Lemma 3.1-11. £l
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TABLE 4.1-C =—- INTERPRETATION his~sts

C & % = ﬁ%ta;‘) -c> A
inp e = np

g € A = Pla -c> &Sta™)

s & S = (*Sta*)
Constants

his=sts-uwrong € C
his—sts-wrong = a

his-sts=finish € C
his=sts=finish = 4

Pseudo-Semantic Functions
his-sts-2 ¢ Bas® —-c> Val
his-sts-JB= std-B

his-sts-¢ € Ope® -c> (Val X Val -c¢> Val)
his-sts-@ = std-¢

Auxiliary Functions
his-sts-setup € C =c> I —-c> A
his-sts—setup ¢ inp = . . .

¢ { < <Aide.”"n7T" inVal, inp, <>, <>> > | inpeinp?

his-sts-cond € C X C -¢> C
his=sts~Dt-cond ¢ S =c> 8
his=-sts=Df-cond € S -c> S

his-sts-cond(c1,c2) s = . i
.€1(his=sts-Dt-cond(s)) w c2(his-sts-Df-cond(s))

his—-sts-Dt-cond s =
{ his-std-Bcond(sta*) | sta¥e s a

his-std-Vcond(sta¥) = true A

) his-std=-Scond(sta¥) = true 3
his—-sts-Df-cond s =

{ his-std-Bcond(sta¥*) | sta¥e s A

his-std-Vcond(sta¥) = true a

his-std-Scond(sta¥) = false 2

his-sts-attach € Pla -¢> C -¢> C
his—sts-attach(plal)(c)(s) =
(c s) v als/plal

Primitive Functions

e o . e s P s o St s B ot

his=sts-g € Par -t> C -c> C
his-sts-Dg € Par -t> § =¢> §
his=sts-g(par)(c)(s) =
c( h1s—sts—D?(par)(s))
his=sts=Dglparl)(s) =
{ his-std-Bg(par)(sta¥) | sta¥ e s_~
his-std-Vg(par)(sta®) = true

LEMMA 4.1-8: his-sts E<uabs,conc> (his-ind<uabs,conc>) L1
Proof 1is similar to the proof of Lemma 3.1-12. L]

The following shows that the static interpretation (sts) can be seen as an
induced interpretation of the static "history" interpretation (his-sts).
Define uabs:P(Sta*)->@P(Sta) by uabs(s) = {sta¥*.last |sta¥es} and
conc:P(Sta)->ASta*) by conc(gta) = {sta¥ |sta¥.lastestal.
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TABLE 4.1-D —-- INTERPRETATION his-ind

c €C =5 -i> A
inp € I = P(Inp)
2 € A =Pla -c> S
s €8 L uabs:#&Sta*®->s ]

L conc:S—>@Sta¥*) 1]

Constants
his=-ind-wurong € C
his-ind-wrong = 1

his=ind-finish € C
his=ind=-finish = 4

Pseudo-Semantic Functions

his-ind-J € Bas® -c> Val
his=ind=- 3= std-B

his-ind-¢& € 0pe? -¢> (Val X val -c> val)
his=ind=¢ = std-0¢

Auxiliary Functions
his=ind-setup € € -c> I -i> A
his=ind-setup c inp = i . . .
c( uabs{< <Hide"nil" inVal, inp, <>, <>> > [inpeinpt )

his—ind-cond € C X C -c> C
his=ind=Dt-cond € S —i> S
Jhis~ind-Df-cond ¢ § =-1> §
his=ind-cond(cl,c2) s = L
.€1Chis=ind=-Dt-cond(s)) w c2Chis=ind=Df-cond(s))
his=ind-Dt-cond(s) =
.uabs( his-sts=Dt-cond( conc(s)))
his=ind-Df-cond(s) =
uabs( his-sts-dDf-cond( conc(s)))

his=ind-attach € Pla =¢> C -¢> C
his-ind-attach pla ¢ s =
(c s) w (uls/plal)

Primitive Functions

His=int~g ¢ Par ~t%> C -¢> (

his-ind-bg ¢ Par -t> § -i> S
his=ind-g par ¢ s =

.cC _his=ind-Dg(par)(s))
his=ind-Dg par s =

uabs( his=sts=Dg{par)( conc(s)))

LEMMA 4.1-9: <uabs,conc> is an exact pair of adjoined functions. L3l
Proof 1is shown in appendix 4. L1

LEMMA 4.1-10: his-ind<uabs,conc> equals sts

and (his-ind<uabs,conc>) E<)sta.sta,Asta.sta> sts J L]

Proof is shown in appendix 4. -

We believe that the above lemma very nicely shows the power of the the method
of Abstract Interpretation. We dispense with a formal definition of when two
interpretations are equal.
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4.2 Available Expressions

In this section we develop an "available expressions" analysis in ocur
framework. In subsection 4.2.1 we perform continuation removal ([Sto77],
[MiS761) for expressions. Thereby it is possible to denote the value computed
by some expression. This is used in subsection 4.2.2 where we develop pairs
of adjoined functions that relate sets of sequences of states to sets of
available expressions. In subsection 4.2.3 we formulate interpretation ae and
it is given a semantic characterization in terms of his-sts.

4.2.1 Continuation Removal
Intuitively, a semantic characterization of "exp is available at pla"
amounts to relating the value of exp when "evaluated at pla" to its value
when previously evaluated. It is therefore necessary tc be able to denote the
value to which exp evaluates. The functionality of & makes & stdEexpl
inadequate for this. Instead we define the continuation removed function
pgstdlexpl such that &stdEexpI(occ)(c)(sta) = c(sta') whenever
PEstdlexpi(occ)(sta) =...sta'e.. &

For technical reasons it is convenient later in this section to use a more
or Less similar function P&his-sts.

In Table 4.2-A we have defined the function P& that will be used with both
std and his-sts.

e e e P S p—

P% € Exp -t> Occ -c¢> § -¢> R

PZE expl ope exp2 I occ =
Pattach<occ,''exp)'> *
PaEptyEopeI *

P8lexp2i occ§<3> %
Pelexpld occdll> *
Pattach<occ,"(exp">

PZE ide 1 occ =
Pattach<occ,"exp)'> =*
Pcontentkided =
Pattach<occ,"(exp">

PEE bas I occ =
Pattach<occ,'"exp)"> *
Ppushlbasi *
Pattach<occ,'"(exp'>

To be able to use P& with std we augment std as shown in Table 4.2-B. Here
we define domain std-R and combinators std-+* and std-® as well as functions
std-Pattach and std-Pg (for g any primitive function) <{a}. Similarly, Table

4.2-D contains the augmentations to his—-sts {bl.
Both std=* and his-sts—+* (and sts—%) are associative so no parentheses are

{3} Pcond is not used until chapter 6.

{b} Table 4.2-C contains augmentations to sts. But this will not be used until
chapter 6.
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needed in the definition of P& in Table 4.2-A:

LEMMA 4.2.1-1: Tables 4.2-A, 2.2-D and 4.2-B define P&std that is of
functionality as shown. Similarly, Tables 4.2-A, 4.1-C and 4.2-D define
Pghis-sts that is of functionality as shown. In the definitions of P&std and
P&his-sts no function is supplied with an argument of the wrong type. L]

The intention with combinators % and ® is that c®(ssl#*ss2) = (c@®ssl)@ss2.
We often omit prefixes std- and his-sts— when it may be deduced from context

which * or ® is meant. Hence the relationship between & and P& can be stated
as:

LEMMA 4.2.1-2: €stdEexplocc ¢ = ¢ 8 P&tdEexplocc and

%his-stskexplocc ¢ = ¢ @ P&his-stskexplocc. L]
Proof is shown in appendix 4. L3
TABLE 4.2-B =-- ADDITIONS TO std

Sta + {"wrong''}

Combinators (of std)

* € [§ —¢c> R1 X [S =¢> R] =¢> [S -c¢> RI
ss1 % ss2 = As. ss2(s) £ Sta =->
ssT(ss2(s) |Sta), ss2(s)

C X LS =¢>R] =¢c> ¢
ss = As. ss(s) £ Sta -> .
c( ss(s) |Stal), "wrong" inA

Auxiliary Functions

std-Pcond € [S =¢> RJ X [S -¢> RI =-c> [S -c¢> R]
std-Pcond(ssl ,ss2) s =

std=Vcond(s) -> [ std=-Scond(s) -=> ss1, ss2 1(std-Bcond s)
, "wrong' 1inR

std-Pattach € Pla —¢> § -c> R
std-?aﬁtach(pta)(s) =
s in

Primitive Functions

std-Pg € Par —-t> § =c¢> R
std~-Pg(par)(s) = .
std-Vg(par)(s) => std-Bg(par)(s) inR
, "wrong' inR

e need the above result for his-sts in the proof of Lemma 4.2.3-5. The

result for std supports the intuition that P&stdlexpi describes the effect of
exp. In the proof of Lemma 4.2.3-5 we will also need the following two
Lemmas:

LEFMMA 4.2.1-3: For any expression exp and state <env,inp,out,wit> and
occurrence occ:

wité{e, 7> => [ IFvaleVal:

P&stdEexpIlocc<env,inp,out,wit> = <env,inp,out,<val>§wit> inR 1 C1
Proof is by structural induction. L]
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TABLE 4.2-C === ADDITIONS TC sts

Domains (cof sts)

A = Pla —c> (P(Sta)
S = P(Sta)
R=S XA

Combinators (of sts)

* € [S -¢c> R] X [S =-c> R] =¢> [S ~c> R]
ss1 % ss2 = As. < ss1(552(s)$1) 1
» 581(ss2(s)V¥1)¥y2 w ss2(s)Vy2 >

€ C X [S =¢c> R -¢> ¢
C ® ss = Xs. c(ss(s)y1) w (ss(s){y2)

Auxiliary Functions

sts-Pcond € [S -¢c> RJ X [S =c> R1 -c¢> [S =-c> RI
sts-Pcond(ss1,ss2) sta =
ss1(sts-Dt-cond(sta)) w ss2(sts-Df-cond(sta))

sts-Pattach € Pla -¢> S -¢> R
sts—-Pattach pla sta =
<sta, alsta/plal™>

Primitive Functions

sts=Pg € Par -t> § -¢c> R
sts=Pg par sta =
< sts=Dg(par)(sta), L >

LEMMA 4.2.1-4: ¥selP(StaX): If ¥sta*es: sta¥.last.wité{s, T} then
{sta¥*.last | sta¥e(PZhis-stsEexplocc s)y17
= {P8stdlexplocc(sta®.last) |Sta | staXes) £J
Proof 1is shown in appendix 4. C3

It is easy to show that PgstdEexplocc is independent of occ. We therefore
take the notational Lliberty of eliding occ in the sequel, because it
complicates the exposition to state "where exp and occ are such that
exp = pro at occ" whenever P&stdEexpI(occ) is used.

Our notion of continuation removal is similar to that of [Sto77] and
L1MiS761 although the details and motivations differ.

We now informally explain a semantic notion of available expressions.
Suppose pro is a program and pla a place such that pla designates a point
immediately preceding an evaluation of expression exp. Intuitively, (the
value of) this expression is available at pla iff in every computation some
expression (e.g. exp itself) has previously been evaluated to the same value
to which exp now evaluates. More formally this means (by Lemma 4.2.1-2 and
4.2.1-3 and by tacitly ignoring some special cases) that for any input inp
and sta¥ePhis-colEproi(inp) (pla) there is an i€{1,...,#sta*} such that
(sta¥Vi).wityl equals (P&stdEexpI(sta*.last)|Sta).wityl. This notion is
semantic, in contrast to the traditional definition of available expressions,
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TABLE 4.2-D —-- ADDITIONS TO his-sts

T A = Pla —c> P(Sta¥)
= P(Sta%)
S XA

Combinators (of his—-sts)

* € [S -¢> R] X [S =¢> R] -c¢c> [S -c> R
ss1 * ss2 = As.< ss1(ssz(s)t1)$1
s 551(ss2(s)y1)y2 u ss2(s)y2 >

& € C X LS =c> R -¢> C
C & ss = As. c(ss(s)Y1) v (ss(s)y2)

Auxiliary Functions

D e e T T —————

his-sts-Pattach € Pla -c> S -¢> R
his-sts-Pattach Eta s =
< s, als/plal

Primitive Functions

his-sts-Pg ¢ Par -t> § -¢> R
his-sts-Pg par s =
< his-sts-Dg par s, 1 >

which is syntactic: the manipulation of sets of expressions is given no
semantic characterization.

In this subsection we formalize the above description of (semantical ly)
available expressions. In subsection 4.2.3 we formulate an interpretation
(ae) that computes available expressions according to the usual (syntactic)
definition. The purpose of the present subsection is to define a pair of
adjoined functions such that ae can be given a semantic characterization (in
subsection 4.2.3). This amounts to giving a semantic characterization of an
apparently syntactic [CoC?77a,p.242] data flow analysis.

Recall that #'(...) is dual to A£(...), i.e. with 2 as ordering (2.1.3-10):

DEFINITION 4.2.2-1: Let r:Sta*->P'(Exp) be any function. Define
uabs=r:(sta*)->#" (Exp) and conc-r: @ (Exp)->P(Sta*) by
uabs-r(s) =({r(sta*) |sta¥es} and conc-rlexp) = {sta* |r(sta*)Zexp} J

LEMMA 4.2.2-2: <uabs-r,conc-r> is s pair of adjoined functions. E3

The intention with r(sta®) is that it is a set of expressions exp such that
there is an ie{1,...,#sta*} so that (sta®yi).wityl equals
(PEstdEexpi(sta®.last) [Sta).uityl. To make this precise we need:

DEFINITION 4.2.2-3: Define sametop: (Sta+{"wrong"}) X (Sta+{"wrong"}) -> B
by sametop(al,az2) = .

(al€Sta)=true A (a2ESta)=true -

#((al|Sta)owit)e{l1,2,...3 A #((a2]Sta)wit)e1,2,.0.3 4

(al|Sta).wit¥l = (a2]Sta).wityl L3

DEFINITION 4.2.2-4: Define r1:5ta*->@'(Exp) to be doubly strict so that
sta¥¢ {4,7} implies r1(sta®) = {exp |3j€{1,... etsta®}:
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;ametop(sta*@j in(Sta+{"wrong"}), PéstdFfexpI(sta*.last)) L3

Function r1 formalizes a semantic notion of availability: his=ind induced by
<uabs-r1,conc-r1> computes (semantically) available expressions. We use
¢#' (Exp) rather than P(Exp) because only then does N correspond to U.

e now set forth to develop the function r3 that will be used in
subsection 4.2.3 to show the correctness of ae. As an intermediate step we
develop r2:

DEFINITION 4.2.2-5: Define r2:Sta*>@'(Exp) to be doubly strict so that
sta¥*¢{L, T} implies r2(sta¥*) =
{exp |3je{l,...,%#s5ta®}: gen2(sta®yj, exp) A
Ykeli+l , ..., ksta®}: pre2(sta*y(k-1),sta¥yk,exp)?
where gen2(sta,exp) = sametop(sta in(Sta+{"wrong"}), P&stdFexpista)
and preZ(stal,sta2,exp) = sametop(Pgstdlexpistal, P&stdEexpista?). Cd

The intention is that gen2 is true for those expressions that have been
semantically 'generated", and that pre2 is true for the expressions that have
been semantically "preserved'".

OBSERVATION 4.2.2-6: wuabs=r1 € uabs=-r2 L3

An important feature of r2 (which is shared by r3 below) is that its
definition can be expressed inductively. This is adequate when
<uabs-r3,conc-r3> is used to give a semantic characterization of ae. For the
inductive definition (assuming sta*{1,7}):

r2(sta*$<sta>)
{exp |3jel, ... #sta*+1}: gen2((sta®§<sta>)¥j,exp) A
¥ke{j+1 , o, #sta®+1>: pre2((sta¥§<sta>)y(k-1),(sta*§<sta>)Vk, exp)?
{exp | L[exper2(sta*) a pre2(sta*.last,sta,exp)] v gen2(sta,exp)}
Cr2(sta*) n {exp|pre2(sta¥.last,sta,exp)¥] v {explgen2(sta,exp)}
Note the resemblance of the above definition to the transfer function for
availeble expressions (section 2.3).

In the description of available expressions (section 2.3) we cited from
LRos791: "...where an expression is considered to have changed in value
whenever any one of the [identifiers] involved in it has changed". To capture
this notion we define r3.

DEFINITION 4.2.2-7: Define #:Exp->F(Ilde) by

#Fexpl ope exp2d = FFexpld v #Fexp21

FEided = {idel

FIbasi = 0 £J

DEFINITION 4.2.2-8: Define r3:Sta®->@'(Exp) to be doubly strict so that
sta¥¢ {1,7> implies r3(sta® =
{exp |Fje{l, ..., #sta®: gen3(sta¥yj,expla
Yk€{j+l ,aua,sta*>: pre3(sta®y(k=1),sta™k,exp)
where gen3(sta,exp) = gen2(sta,exp) and
pre3(stal,sta2,exp) = (stal.wit€¢{s,7}) A (sta2.witd{sL,72) A
¥idee#expl: stal.envEidel = sta2.envEidel [J

0f course also r3 can be defined inductively: r3(sta¥$§<sta>) =

[ r3(sta¥*) n {exp] pre3(sta®*.last,sta,exp)r 1 u {exp|gen3(sta,exp)}
where we have assumed sta®<{+,T3}.
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LEMMA 4.2.2-9: uabs-r2 E uabs-r3 £l
Proof 1is shown in appendix 4. L]

For Later usage it 1is convenient to extract the following Lemma used in the
proof of Lemma 4.2.2-9:

LEMMA 4.2.2-10: ¥stal,sta2eSta ¥WexpeExp:
pre3(stal,sta2,exp) => prez2(stal,staz,exp) [
Proof is shown in appendix 4. _ £3

Table 4.2-E contains the ae-interpretation. It has S = # (Exp) and exp is
intended to describe a set of available expressions. We explain the
primitive functions below. Combinators * and & and functions Pattach and Pg
are used when we perform continuation removal for ae (Lemma 4.2.3-4).

The effect of g upon exp is described by a transfer function
(Aexp.GENg(par) v L[PREg(par) an expl) applied to exp. Here GENg(par) is the
set of expressions generated and PREg(par) is the set of expressions
preserved. FMostly PREg(par) = Exp and GENg(par) = @.

One exception is that ¥ideelde: PREassignkidel = {exp |ide¢dEexpI}. That
is, we only preserve the expressions that we know to be unaffected by the
value of ide.

The other exception is that ¥YexpeExp: GENapplyFopelEexpi = {exp}. We
expect any application applyloped to generate the expression exp =
expl ope exp2 "corresponding to'" coperator ope in the parse-tree. What this
expression is cannot be deduced from ope. The solution we have chosen is to
supply ae—apply and GENapply with an extra parameter being that expression.
To do so the semantic function % (and P& must be changed as shown in Table
bee=Fa

We would Like to know that ae is an interpretation because then Theorem
2.2-4 assures that ae can be used together with the semantic functions of
Table 2.2-C. However, ae—apply has an extra parameter (in Exp), so strictly
speaking ae is not an interpretation; further, Table 4.2-F modifies Table
2.2-C so that the proof of Theorem 2.2-4 no longer pertains. It is straight-
forward, but tedious, to be precise and correct these minor deviations. We
choose to ignore these issues and state:

LEMMA 4.2.3-1: Table 4.2-E specifies an approximate interpretation. (I

Also note that the use of a continuation style semantics is advantageous
to a direct style semantics because there is an "implicit ordering" upon the
evaluation of subexpressions. This is not necessarily the case for a direct
style semantics. Even when subexpressions "have no side—effects” this is
desirable for "available expressions' analysis.

Semantic Characterization of ae

We then give a semantic characterization of ae. Because of the extra
parameter to apply we cannot show his—sts E<uabs-r3,conc-r3> ae. Instead we
prove:

THEOREM 4.2.3-2: ¥pro ¥inp: Phis-stsEprofinp E (R conc-r3) (Faekproling) L1
Proof is shown in appendix 4. L]
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TABLE 4.2~E(a) =—- INTERPRETATION ae

c € L =S8 =c> A
inp e I = P(Inp)
a ¢ A=Pla -¢c> 8
exp € S = P'(Exp)
R=S XA
Constants

ae-wrong € C
ae-wrong =4 = dexp.apla.Exp

ae-finish € C
ae=finish = L = )expApla.Exp

Combinators (of ae)

* € [S =¢> R] X LS -c¢> R] =c> [S =-¢c> RJ
ss1 * ss52 = Qexp.< ssl(ss2(exp) 1)&1
» 5s1(ss2(expIv1)y2 u ss2(exply2 >

@ € C X L[S -c> R] =c> C
C ® ss = Qexp. clsslexp)¥l) u (ss exply?

PSeudc—Semantic Functions

ae-B € Bas® -c¢> Val

ae-fB = std-2
ae-0¢ € Ope® -c> (Val X val =-c¢> val)
ae-@ = std-¢/

Auxiliary Functions

ae—setup € C -c> I =c> A
ae—s%tup ¢ inp =
C

ae=-cond € C X C =c> C

ae-Dt-cond ¢ S =c> §
ae-Df-cond ¢ S -¢> S

ae-cond(c1,c2) exp
£

X
c1(ae=Dt-condTe

g;) w c2(ae-Df-cond(exp))
ae=Dt-cond(exp)

ex
ae=Df-cond(exp) =

EXp
aergttach € Pla ~g> € =¢> €

ae-Pattach ¢ Pla -c> S -¢c> R
ae—attach(pla)(c)(exp) =

(c exp) w Lexp/plal
ae—Patfach(pLaffgxg) =
<exp, Llexp/plal

To conduct this proof it is convenient to perform continuation removal for
tae, thus defining Pfae. As a companion to Lemmas 4.2.1-1 and 4.2.1-2 we
have:

LEMMA 4.2.3-3: Tables 4.2-A (modified by Table 4.2-F) and 4.2-E define a

function Pfae. It is of functionality as shown and no functions is supplied
with an argument of the wrong type. L]
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TABLE 4.2-E(b) ——-- INTERPRETATION ae

ae-g € Par =t> C -¢c> C
ae-Dg € Par =t> S =-¢> §
ae-Pg ¢ Par -t> S -¢c> R
PREg € Par -t> S
GENg € Par -t> §

ae—g par ¢ exp
c ae—Dg(par)(eXQ))

ae=Dg par ex
GEMg(parT u E PREg(par) a exp 1

ae-Pg par exp =
< ae=Dg{par)(exp), 4. >

PREapplyFopelkexpl

Exp
GENapplyEopedkexpd

{exp}

PREassignEidel = {exp | idedFFexpl
GENassignkidel = 0

PREcontentFidel
GEMcontentEided

PREpushlbasi
GENpushlbasi

PREread = Exp
GENread = 0

inn

nn

Exp
]

Exp
@

PREwrite = Exp
GENurite = @

TABLE 4.2-F --- CHANGES TO Zae AND PZae

&F expl ope exp2 I occ ¢ =
attach<occ,"(exp“>
2Texpll occs<1>
2kexped occ523>
appLyEopeIEexp1 oge exp2i;
attach<occ,"exp)’

PET expl oFe expz I occ =

Pattac <occ $)”> *
PaEp yk opeﬂﬁex ope exp2dl *
ghexp2d occ

Pglexp1d occ <1> *
Pattach<occ,”(exp'>

LEMHA 4.2.3-4: {$aelexplocc ¢ = ¢ & PgaeFexplocc
Proof 1is similar to that of Lemma 4.2.1-2.

lle need the following predicates:
P-S:(his-sts-S X ae-S) -> B defined by P-S(his-sts-s,ae-s) =
his—sts-s £ conc-r3(ae-s) A ¥sta*ehis-sts-s: sta*.last.witd{a., 2
P-C:(his-sts-C X ae-C) -> B defined by P-C(his-sts-c,ae-c) =
P-S(his-sts-s,ae~s) => his-sts-c(his—-sts-s) € (R conc-r3) (ae-c(ae-s))
The key ingredient in the proof of Theorem 4.2.3-2 is

LEMMA 4.2.3-5: P-C(his-sts-c,ae-c) =>

P-C(Zhis-stsEexplocc his-sts-c, #aelexpliocc ae-c)
Proof is shown in appendix 4.
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LEMMA 4.2.3-6: For any primitive funcion g (except apply) we have
P-C(his-sts-c,ae-c) => P-C(his-sts-g(par)(his-sts-c), ae-g(par)(ae-c)) [
Proof is shown 1in appendix 4. |

Since <uabs-r3,conc-r3> is a pair of adjoined functions and
uabs=r1 £ uabs-r2 & uabs-r3 a corollary to Theorem 4.2.3-2 is:

COROLLARY 4.2.3-7: ¥pro ¥inp:

(R uabs=r1) (Fhis-stskprolinp)€

(R uabs=r2) (Phis-stskprolinple

(R uabs-r3) (Phis-stsEprolinp)&

Paelprolinp 1]

4.3 Comparison with other Approaches

In this section we compare our development of available expressions with
the Lliterature. We compare it with the traditional formulation of available
expressions, with the common subexpression elimination of [Don791, and with
work by Cousot&Cousot [CoC77al,[CoC79] and Wegbreit [Weg?5].

Our ae-interpretation computes available expressions by means of a
transfer function of the form Jexp.generated v (preserved n exp), which is as
in the treditional formulation of available expressions. This indicates that
the concepts underlying our formulation of available expressions closely
match the traditional concepts.

This must be complemented by the results of chapter 5 which show a
connection between the *"solutions'.

The semantic characterization of available expressions is not found in the
traditional method. Also, our approach unites local and global analysis.

In section 7.2 of [Don79] Donzeau-Gouge applies her framework to the
"common subexpression elimination” of [Kil73]. This data flow analysis is
different from available expressions, but there is some similarity in
purpose: "determination of common subexpressions ... includes the
determination of available expressions...''[Don79].

Global common subexpression elimination [Kil73] associates partitioned
sets of expressions with arcs. For any two expressions to occur in the same
partition the following must hold: It must be known that the values they
evaluated to at their latest computation are the same; and after their latest
computation their values must not have changed. See [Kil73] for details and
how to compute this information.

In the discussion of [Don79] below we use our notation. When performing
common subexpression elimination in the framework of [Don79] it is natural to
map a place (<occ,"exp)'">) to the set of expressions that are in the same
partition (at this place) as pro at occ. We believe that the non-standard
semantics of [Don79,section 7.2] does perform this task. This belief is
supported by (parts of) the motivation presented in [Don79]. But [Don791,
probably by mistake, does not prove this. Her theorem asserts something
different, but (the proof of) Lemma 8 appears to be in error [Nie81. The
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possible remedies do not appear to be immediate.

The non-standard semantics of [Don79,7.2] does not use the concepts
"generate" or "preserve', nor does it compute common subexpressions by a
method akin to that of CKil73J]. Instead she gives a Herbrand interpretation:
the state maps expressions of the program to symbelic trees. The place
<occ,"exp)'> is mapped to the set of expressions such that the current state
maps each expression (of that set) to the symbolic tree that pro at occ is
mapped to.

Because [Don7 9] uses concepts different from those of [Kil731 it is not
obvious how the concepts are related. This is contrary to our ae that does
use the traditional concepts. We therefore feel that our development gives a
semantic characterization better than [Don79,section7.2] of the traditional
data flow analysis which it intends to model.

Both [Col77a,p.241] and [CoC79,p.278] formulate abstract interpretations
for "avaijlable expressions". Also [Weg?5,p.276] formulates "available -
expressions”. ALL three formulations use the notions of "preserve" and
"generate'.

None of the three papers give a semantic characterization of the
formuletion. Wegbreit [Weg75] does not even mention the issue. In
LCoC77a,p.242] there is the following discussion: "One can distinguish
between syntactic and semantic abstract interpretations of a program.
Syntactic interpretations are proved to be correct by reference to the
program syntax (e.g. ... available expressions ...). By contrast semantic
abstract interpretations must be proved to be consistent with the formal
semantics of the language (e.g. constant propagation)'" [CoC77al. We do not
consider it reasonable to characterize "available expressions" as
"syntactic'", because then the information hardly can be used for anything.
From our experience we may suggest that one cannot prove "available
expressions" correct with respect to the usual semantics, but that one has to

In [CoC79,p.27 81 the "available expressions' dinterpretation is developed
from a "set of traces" semantics. However, the transfer function, essentially
Aexp.generated u (preserved a exp), is not justified: the definitions of
preserved and generated are neither given nor related to the semantics.

It appears that our treatment of available expressions is the first to

give some semantic characterization of "available expressions analysis'. It
is not crucial that we work from a denotational semantics.
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CHAPTER 5

The MOP Solution

The purpose of this chapter is to relate the data flow information
specitied by Table 2.2-C together with an induced interpretation (ind) to the
solutions considered in traditional data flow analysis. In section 5.1 we
define semantic functions A% Ad, AP and A% such that APindEprol specifies
the transfer functions of program pro. These functions were called
Bf<uiaupaes> in section 2.3. We also state some properties fulfilled by the
semantic functions.

In section 5.2 we show a certain relationship between PindEprol and
APindEprol. This relationship can be formulated as: PindEprol specifies the
i10P solution of traditional data flow analysis. One possible conclusion is
that this is not a reasonable conclusion because the fact that the MOP
solution is wanted is only based on intuitive arguments. The converse
with the information specified by our approach. This is also not a reasonable
conclusion, e.g. because there is a certain arbitrariness in going from std
to col. The reasonable conclusion probably is that two different approaches,
both intuitively correct, turn out to give the same result, thus raising our
confidence in both of them.

in this chapter we only consider interpretation ind and especially in
proofs we often omit the prefix ind-. The same development can be performed
for his=ind and ae with only occasional changes in the notation. Also recall
that sts and his-sts are special cases of ind and his-ind (respectively).

5.1 The Transfer Functions

One way to obtain the transfer functions pertaining to some program pro is
to do as in "traditional' data flow analysis: First the program is
syntactically traensformed into a greph, where nodes are sequences of simple
assignment statements and arcs represent flow of control (as menticned in
section 2.3). Transfer functions are then constructed and associated with the
nodes. These two stages are usually not justified semantically: the syntactic
transformation is considered intuitively obvious and the construction of the
transfer functions is done without reference to any formal semantics. An
exception is [CoC77al where the transfer functions are justified with respect
to an operational semantics.

For our purposes it is simpler to define one non-standard semantics (Table
5.1-A and an induced interpretation ind) that traverses the program and
constructs the transfer functions. Hopefully, it is intuitively clear that
the transfer functions constructed by APindEprol essentially correspond to
those usually constructed in traditicnal data flow analysis; because only
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TA?LE 5.1-ACa) —--- SEMANTIC FUNCTIONS COLLECTING ARCS
Domains
S . specified by the interpretation
D=8 =-1> 8§
U=Pla XD
Trans = (Pla X Pla) X D
F=U-=-t>UX P(Trans)

Auxiliary Functions

Arecord € D -t> F
Arecord(d-neuwl)<pla,d-old> =
<<Kpla,d-newed-old>,B>

Aattach € Pla -t> F ‘
Aattach(pla—-new)<pla-old,d> =
Kpla-new,As.s>, {Kpla=-old,pla-new>,d>}>

* € FXF -t>F
(f * g) u=< Ff(glwyIVl, fFlglwyIy2 w glw 2>

WITH € F X F —-t> F
Cf WITH @) u = < glwyl, fluwy2 v glwy2>

ALSC € F X P(Trans) —-t> F

AP € Pro -t> ®(Trans)

AFE BEG cdel IN cmd END I =
L ABEcmdI <2> *
AAEdclI <1> 1 < <>, "(pro">, As.s> 2

Ad € Dcl -t> Occ -t> F

ME dcl1 ; dcl2 T occ =
Aattach<occ,'"dcl)"> *
ANEdc 2T occs$<2> *
AREdc 11 occg<l> *
Aattach<occ,"(dcl'>

AJE DCL ide := bas I occ =
Aattach<occ,dcl) "> *
Arecord{(DassignEidel) =
Arecord(Dpushkbasi) =
Aattach<ccc,'"(dcl">

AZ € Exp ~t> Occ -t> F

AZE expl ope exp2 I occ =
Aattach<occ,"exp)'> *
Arecord(DapplyFoped) =*
AZexp2d occe<3> *
Aglexpld occé<1> *
Aattach<occ, ' (exp">

ABE ide T occ =
Aattach<occ,'"exp)''> *
Arecord(bcontentlided) =*
Aattach<occ,'"(exp">

A8E bas I occ =
Aattach<occ,exp)'"> *
Arecord(Dpushlbasi) =*
Aattach<occ,"(exp'>
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then Theorem 5.2-12 can be interpreted to say: PindEprol specifies the MOP
solution. Ue ignore the fact that APindEprol considers smaller basic blocks
than is usually done {ar.

TABLE 5.1-ACb) --- SEMANTIC FUNCTIONS COLLECTING ARCS

AF € Cmd -t> Occ -t> F

ARE cmdl ; cmd?2 I occ
Aattach<occ,"cmd) ">
APEcmd2d occé<2> *
AgEcmdTd occg<1> *
Aattach<occ,"(cmd'>

ABT ide := exp 1 occ =
Aattach<occ,cmd) "> *
Arecord(DassignFidel) =*
AZTEexpl occs<2> *
Aattach<occ,"(cmd">

AET IF exp THEN cmdl ELSE cmd2 FI I occ =

(L Aattach<occ,"cmd)"> *
AfEcmd2l occd<3> *
Arecord(Df-cond) 1 WITH

L Aattach<occ,”cmd)"> *

A8Ecmd1d occé<e> =
Arecord{(Dt-cond) 1 ) *

ABFexpd occd<1> *

Aattach<occ,'"(cmd">

ASE WHILE exp DO cmd 0D I occ =
(L ¢ A€EcmdI occg<2> * Arecord(Dt-cond)) WITH
( Aattach<occ,"cmd)"> * Arecord(Df-cond)) 1 *
AgFexpl occ<1> *
Aattach<occ,"(cmd"> )
ALSO {< <<occs$<2>,"cmd) ">, <occ$<1>,"(exp'>>, As.s>)

AT WRITE exp I occ =
Aattach<occ,'cnd) "> =*
Arecord(Dwrite) =*
A¢Eexpd occe<l> *
Aattach<occ, " (cmd">

ABE READ ide I occ=
Aattach<occ,'cmd) "> *
Arecord(Dassi?nE1deI) *
Arecord(Dread) =
Aattach<occ,'"(cmg">

¥ 1

In the sequel we explain the non-standard semantics as specified by Table
5.1-A and some interpretation ind.

To understand Table 5.1-A it may be helpful to mentally view a program pro
as a graph (see section 2.3). This amounts to identifying arcs with places
and Lletting a node be represented by a pair of places. The start arc
corresponds to < <>,"(pro">. This leads to one way of understanding the
semantics, even if this view sometimes may appear artificial.

{a} One way to remedy. this is to remove some attach functions from Table 2.2-C
and the corresponding Aattach functions from Table 5.1-A. A disadvantage
of this is that approximations are then performed inside basic blocks.
This can be avoided by using ind' instead of ind where ind' is mainly as
sts but where attach (and similarly Aattach) is changed so as to apply the
abstraction and concretization functions.
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The intention with APindEprol then is to specify

{<<plal, plaz2>,Bf<plal,plaz>> | <plal,pla2> is a path in pro
going through one nodel}

A tuple <<plal,pla2>,Bf<plal,pla2>> will be called & transition and is an
element of Trans = (Pla X Pla) X (S =-i> §8) = (Pla X PlLa) X D where
B =8 -i> S is the domain of transfer functions. Thus the functionality of
A®ind is Pro =t> P(Trans).

More or Less the intentions with AZindEcmdi, AfindEdclI and AfindEexpl are
as above. In the sequel we consider only AfindEcmdi.

We supply A€indEcmdi with an occurrence because places are defined in
terms of occurrences and because we want distinct syntactic constructs to
generate distinct places. The functionality of A&indEcmdI(occ) is more
complicated than might have been expected:

AfindEcmdd occ € F where F = U =t> U X #(Trans)
and U = Pla X D
Below we informally explain why we supply A&indEcmdICocc) with an argument
<pla,d> € U.

That a node 1is represented by a pair of places implies that "the first
place" encountered in cmd (namely <occ,"(cmd">) is part of a representation
<pla,<occ,"(cmd">> of some node. To generate a transition for the transfer
function (d) for that node we supply <pla,d> to AfindEcmdiI(occ). Another way
to explain the need to supply d to AfindEcmdiI(occ) is that our approach
unifies Llocal and global analysis. When performing Local analysis cne "traces
through' the internal of a node and must record the partial transfer function
(d) encountered so far. Then when reaching a place <occ,'"(cnd"> the
transition <<pla,<occ,"(cnd">>,d> will be produced. - A reading of <pla,d>
is: "since place pla was Lleft the partial transfer function d has been
recorded".

The need for AZindEcmdI(occl)<pla,d> to produce an element of U is best
illustrated when cmd is cmdlzcmd2. The clause Tor APINdE cmdl ; cmd2 T can
be depicted as shown on the figure below. Here ===> represents an arc
(place) and =-=-- can be thought of as a node. The element of U to be supplied
to AfindEFcmd2ICocc$<2>) must be produced by APindEcmdlICocc§<1>).

cmdl ; cmd2
cmd1 cmd2
CEE e s et > = B e
pla <occ, [<occe<]> <occfK1>| [<occE<2> <occf<2>| <occ
—in "(emal> ,”(CH’IG”> ,“Cﬂld)”-/" ,"(Cmd"> ,”Ch‘]d)“>_ ncmd5|1>

The transitions generated by A%indEcmdI(occ)<pla=-in,d-in> include:
< <pla=-1in,<occ,"(cnd">> ,d-in>
AgindEcmd1d occ$<1> < <ocec,"(cmd">, As.s> 2
AindEcnd2l occe<2> < <occ8<1>,"emd) ">, As.s> 2
€ < Loecked> Yend)">, <oce,MemedV> >, JAs.e>
That this is so follows from Lemma 5.1-4.
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To understand the clause for ABindE WHILE exp DC cmd 0D I(occ) it may be
helpful to consider the figure below. The abbreviatijons of places used will
also be used in the proofs of Lemmas 5.2-8 and 5.2-11. Abbreviate

pla-begin = <occ,"(cnd">
plaR = <occ8<1>,"(exp"> ("Repeat")
plaT = <occ¥<1>, "exp)''> ("Test")
plaB = <occ3<2>,"cmd) "'> ("Back™
pla=-out = <occ,emd) ">
WHILE exp DO cmd OD
£ .0 . e e e . AN
. cmd
== ind-Dt-cond —+--=== ===>-f
/ plaB
l exp /
SESPo o EEE e s ===>—4-
pla=in La= plaR plaT \
egin \
=1= ind=Df-cond =f-m==m—————— ===
pla-out

The boxes labelled ind-Df-cond and ind=-Dt-cond represent the effect of these
functions, i.e. to choose the false or true branch <{al}.

The transitions generated by
ABindE WHILE exp DO cmd 0D ICocc)<pla-in,d-in> include:

< <ple-in,pla-begin>, d=in>

AZindFexpl occd<1> <pla-begin, 3s.s> V2

APindEcmdI occ§<2> <plaT, ind-Dt-cond> V2

< <plaB,plaR>, As.s>

< <plaT,pla-out>, ind-Df-cond>
This follows from Lemma 5.1-4. As will become clear in section 5.2 it is the
transition < <plaB,plaR> ,As.s> which accounts for the "iterative" nature of
a WHILE construct.

Similarly to the situation in section 2.2 we have:
LEMIMA 5.1-1: Table 5.1-A and interpretation ind define functions A%ind,
Adind, AZind and A&ind. They are of functionalities as shown and no function

is supplied with an argument of the wrong type. L1

We now state some properties of the non-standard semantics (Lemmas 5.1-4
and 5.1-5). We first define some concepts which are explained afterwards.

{a} In data flow analysis it is often assumed that Dt-cond = Df-cond = As.s.
This is not the case for ind but one can, of course, define a more
approximate interpretation apr such that this holds.
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DEFINITION 5.1-2:
Define xpld: Occ -> P(Pla) (for "explode™) by

xpldCoce) = {<occ',g'> | occ' = occdc...>t .

Here occ' = occé<...> is a shorthand for Focc'e0cc-{1,7X: occ' = occocc”.
Define out: F => Pla by out(Ag) = Ag< <<>,"2'"> As.s> ¥l yi.
Define Llocal: F => P(Pla) by

local(Ag) = {pla2 | <<plal,pla2>,d> € Ag< <<>,"?"> ,)s.s> 2. Ll

DEFINITION 5.1-3:

Define the predicate P-F: F -=> B by P-F(Ag) =

i) 3Ipla-out ¥<pla=in,d-in>eU: Ag<pla-in,d=in>y1 = <pla-out,As.s>

ii) dpla€fP(Pla) ¥<pla-in,d-in>eU:
out(Ag) € pla a
{plal | <<plal,pla2>,d>€ Ag<pla-in,d=in>y2} € (pla-{out(Ag)Pvipla-int A
{pla2 | <<plal,pla2>,d>e Ag<pla-in,d=in>y2} = pla

i11) ¥pla-inlélocal(Ag) ¥pla-in2ePla ¥d-inl,d-in2eD:
LET transl = Ag<pla—inl,d=ini>y2 INM
LET trans2 = Ag<pla-in2,d-inte d=in2>y2 IN

v {K<plal,pla2>,d> | plal#pla—inl A <<plal,pla2>,d>¢ trensi? L

1}

Let Ag AfindEcmdICocc) and assume P-F(Ag). Condition "i)" intuitively
says that regardless from where (pla-in) cmd is entered it must be Left by
the arc pla-out. Clearly pla-out = out(Ag).

Condition "i1)" intuitively says that there is a set pla of places that
"occur in cmd", one of which is out(Ag). When cmd is entered from pla=in any
transition <<plail,pla2>,d> generated has plale(plg-{out(Ag)P)v{pla=-in} and
pla2épla. Clearly pla = Local(Ag).

Condition "ii1)" says what use cmd makes of the place and partial transfer
function it is entered with. When d=in2 = As.s the condition expresses what
difference it makes to come from pla-in2 rather than pla=inl. When pla-inl =
pla=inZ it expresses how the partial transfer function influences the set of
transitions produced.

e use xpld to express conditions Llike Local(Ag) € xpld(occ). Intuitively
this says that any place occurring in cmd has playl to be an extension of
(ol olH

Lemmas 5.1-4 and 5.1-5 state properties of the non-standard semantics.

LEFMA S.1-4:
a) ¥cmd: P-F(AfindEcmdiocc)
A Local (A%indEcmdIoce) £ xpldCocc)
A out(A®indEcmdIocc) = <occ,"cmd) ">
b) ¥Yexp: P-F(AZindEexpIocc)
A Local (AfindEexpIocc) € xpldCocc)
A out(AfindEexplocc) = <occ,"exp)'">
c) ¥Yexp: ¥pla-indlocal (A&indEexplocc): ¥d-ineD:
{Kplal,plaz2>,d> | plal=pla=in A
<Kplal,pla2>,d>e LABindEexpI(occ)<pla-in,d-in>y213
= {K<pla=in, <occ,"(exp">>,d=in>}
d) ¥dcl: P-F(AdindEdclIoce)
A Local(AdindEdclIoce) € xpldCocc)

A out (AdindEdcliIoce) = <oce,"dcl)'™> ]
Proof is by an (omitted) structural induction that uses the results of Lemma
51555 |
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Analogues of "c)" also hold for commands and declarations but this will not
be needed. We explain the results of Lemma 5.1-5 below.

LEMMA 5.1-5:
1) P-F(Aattach pla) a local(Aattach pla) = {pla} A out(Aattach pla) = pla
2) P-F(Ag) =>
P-F(Ag*Arecord(d)) A Local(Ag*Arecord(d)) = Local(Ag) A
out(Ag*Arecord(d)) = out(Ag)
3) P-F(Ag1) A P-F(Ag2) A out(Ag2) ¢ Llocal(Agl) =>
P-F(Ag2*Agl) A local(Ag2*Agl) = Local(Ag2) u Local(Agl)
A out(Ag2*Agl) = out(Ag2)
4) P-F(Ag1) A P-F(Ag2) A out(Ag2) € [local(Agl)={out(Agl1)}] =>
P-F(Agl WITH Ag2) A local(Agl WITH Ag2) = local(Agl) v local(Ag2)
A out(Agl WITH Ag2) = out(Ag2)
5) P-F(Ag) A plal € Llocal(Ag)-{out(Ag)}] =>
P-F(Ag ALSO {<<plal,pla2>,d>}) A
Local(Ag ALSO {<<Lplal,plaz>,d>}) = locallAg) v {pla2}
ocut(Ag ALSO {<<pLa1,pLa2> d>}) = out(Ag) f1
Proof is omitted. L1l

The intuitive content of "3)" is that P-F is "preserved under sequencing'.
The condition out(Ag2) ¢ Local(Agl) is fulfilled when
Local(Agl) n Llocal(Ag2) = @ as is usually the case. Combinator * is as in
Table 5.1-A.

One way that out(Ag2) ¢ [local(Agl)-{out(Ag1)}] may hold in "4)™ is when
out(Ag2) = out(Agl) as is the case for the conditional. Case "5)" is only
needed when consiuering the 1»HILE Loop.

Pla X PLa to D) such that Bf<plal,pla2> = d <=> <<plal,pla2>,d> € APIndEprol.
This BT corresponds to the Bf of section 2.3, and thus complements our
earlier explanation about the intention with APindEproi.

5.2 Eauivalence of the Solutions

o ———— o ————— o S o

In this section we show the desired connection between the data flow
information specified by our approach (PindEprol) and the MOP solution. To do
so we specify what we understand by the MOP solution. For this we need the
function Close:

DEFINITION 5.2-1: For § = ind=S and Trans as in Table 5.1-A we define
Close: #(Trans) X Pla X P(S) -> ( Pla -t> P(S) ) by

CLose( trans, pla-in, s) pla-out =

so that pla=-in = pLaEO] and pla-out = plalnd } £l

OBSERVATION 5.2-2: W¥pla ¥s: Atrens.Close( trans, pla, g) is isotone. £
Recall that R(f)(g) = AlL.f(g(l)) (subsection 2.4.2) and let start =
<<>,"(pro'> and initeS. Note that (R W) (Close(APindEprol, start, {init}))
closely corresponds to the formulation of the MOP solution in section 2.3:
Aarc.U{Bf<start,...,arc> init | <start,...,arc> is a path . This is because
Bf and AfindEprol are related as stated in section 5.1. A difference that we
will ignore throughout is that the two formulations disagree on start.
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To prove (and state) the relationship between PindEprol and APindEprol we
define the predicate P=-G (explained below):

DEFINITION 5.2-3:
Define EQ: (Pla -t> §) X (Pla =t> $) => B by
cl1 EQ cl2 = ¥pla: [purelPlal(pla) => cli(pla) = cl2(plal)l.
For C = ind-C define P=G: (C -¢c> C) X F => B by
P-G(g, Ag) = P-F(AQ) A
[ ¥pla—indlocal(Ag): ¥Ycel: ¥se@S):
U{g(c)(s) |sesY EQ U{c(s) |secllout(Ag)d} o (RU) cl
where cl = Close( Ag<pla-in,As.s>y2, pla-in, s) 1 ]

The use of EQ instead of = is motivated later (in the proof of Lemma 5.2-5).
Note that the first two U in P-G are joins of Pla -t> S whereas the third is
the join of S.

Suppose ¢ = ind-finish =1L and 5 = {init} in the definition of P-G. Then
P-G(g,Ag) says that (g;c)init ecuals the MOP solution (R W{(cl). When ¢ # 1L
the expression Wc(s) [seclCout(Ag))} is needed to represent the effect of
"the rest of the program". To understand it note that cl(out(Ag)) is intended
to be (when s = {init}):

{Bf<pla-in,...,out(Ag)> init | <pla=in,...,out(Ag)> is a path
e need to write UWlc(s) | secl(out(Ag))} rather than c(U(clout(Ag))))
because we do not assume that ind is a "distributive framework".

A partial result in showing that PindEprol is the MOP solution is:

LEMMA 5.2-4:
purefOcclCoce) => P-G(HindEdclIoce, AfindEdclIoce)

purefOccICocc) => P-G(FindEexplocc, AZindEexplocc) C3l
Proof We omit the proof, which is by structural induction. Use is made of
Lemmas 5.2-5, 5.2-6 and 5.2-7. (!

The proof of the following lLemma shows why we use EQ rather than =.

LEMIA 5.2=5: purelPlal(pla) => P-G(ind-attach pla, ind-Aattach pla) ]
Proof is shown in appendix 5. L]

LEMMA 5.2-6: P-G(g2,Ag2) A g1 = Ac.cebgl => P-G(Ac.g1;92;c, Ag2*Arecord(Dgl))

LEMIMA 5.2-7: P-G(gl,Ag1) A P-G(g2,Ag2) A local(Aglinlocal(Ag2) =0 =>
P-G(Ac.gl;g2;c, Ag2*Agl) L]
Proof is shown in appendix 5. 3

One way to paraphrase the condition Local(Agl)alocal(Ag2) =@ is: "the set of
places occurring in g1 is disjoint from the set of places occurring in g2".
To intuitively and informally explain how this condition is used in the
proof one may perceive feF as a "flowchart". One traces through f by (non-
deterministically) following a path <plal,...,plalnl> where
¥ie{l,...,n> 3di: <<Lplali-11,plalil>,di> e f<plal,As.s> {2.
Then the condition local(Agllnlocal(Ag2) = @ s used in the proof to
express the situation in which g2 may be "entered" from gl and to assert that
once g2 has 'been entered” from gl it is impossible to "enter'" gl again.

Another partial result in showing that findEprol is the HMOP solution is:

LEMMA 5.2-8: purelOccl(occ) => P-G(&indEcmdlocc, A&indEcmdIocc) Ll
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Proof 1s shown in appendix 5. ]

It is more difficult to establish this Lemma than Lemma 5.2-4. The proof uses
Lemmas 5.2-9 and 5.2-11 below. Lemma 5.2-9 is useful for handling the
conditional.

LEMIA 5.2-9: P-G(g1,Agl) A P-G(g2,Ag2) A out(Agl)=out(Ag2) A
Local(Agl)nlocal (Ag2) ={out(Ag2)} =>
P-G(Nc.condlgl;c, 92;c),
CAgl*Arecord(ind=Dt-cond)] WITH CAg2*Arecord(ind-Df-cond)l) (]
Proof is shown in appendix 5. £l

The condition Local(Agldalocal(Ag2)={out(Ag2)¥={out(Ag1)} is used in the
proof to assert that once g1 has been "entered" it is impossible to "enter"
g2, and vice versa.

To factor out the complexities of handling the WHILE construct we state
the "technical"” Lemma 5.2-11. It employs the function Luk which essentjally
is as Close but constrains the use of some transitions.

DEFINITION 5.2-10: Define

so that plal0i=pla-in A plalnd=pla-out
and |[{i | <<plali-1],plalil>,di> € trans2}| = k > L]

Here |{...}] is the cardinality of the set {...}.

LEMMA 5.2-11:

Abbreviate:
pla=-begin = <occ,"(cmd"> plaR
plaT = <occg1>,"exp) "> plaB
pta-out = <occ,"cmd) ">

<occg<1>, " (exp">
<occ§<2>,"cmd) ">

(A &indFexpl occ<l>
(A) BindEcmdI occE<2>

(A gl
(A) g2

glelde' = g1; cond(g2;c', attach(pla-out);c)

Ag = (CAg2*Arecord(Dt-cond)]
WITH CAattach(pla-out)*Arecord(Df-cond)1)
* Agl

alk+1] = Luk( Ag<pla-begin,As.s>¥2, pla-begin, s, k, {<<plaB,plaR>,)s.s>})
Assume:
purelOccl(occ) A P-G(g1,Agl) A P-G(g2,Ag2)

Then ¥k>1:
ULCgleM (L) (s) | sest EQ Ufc(s) | se(Caku...wall pla-out) ¥ u
(R W) Clakwaa.auall ]
Proof is shown 1in appendix 5. L1

The abbreviations of places are in accordance with the figure for the WHILE
Laop in section 5.1. Lemma 5.2-11 intuitively says that

U{(glcD)® (1) (s) | ses) approximates the effect of the WHILE construct (and
the rest of the progrem) by allowing the WHILE lLoop to be iterated at most
k=1 times. Here one iteration means to "follow" the <<plaB,plaR>As.s>
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transition once.

From Lemmas 5.2-4, 5.2=7 and 5.2-8 it is guite easy to show that PindEprol
specifies the FMOP solution:

THEOREN 5.2-12: ¥proePro: ¥inpe®(Inp): FindEprolinp EQ
Apla.U{ dn(...(d1(uabs{ <Aide."nil" dinval, inp, <>, <>> | inpeinp}))) |
n>1 A IK<plal,pltal>,d1>,...,.<<plaln-11,plalnl>,dn> e APindEprol
Aplal0d=<<3,"(pro"> A plalnl=plal L3
Proof is shown 1in appendix 5. L]

As mentioned earlier this development also holds for his-ind and ae as
well as for sts and his-sts.



CHAPTER 6

Program Transformations

In this chapter (section 6.1) we jnvestigate how data flow information
specified by our approach can be used to validate a class of program
transformations that includes a "constant folding" example [AhU78,p.409]1. In
section 6.2 we briefly relate our approach to other work.

A property of a denotational semantics is that it is always possible to

replace one syntactic construct with another that has the same denotation
{a¥. But this is not sufficient to validate the program transformations
coensidered e.g. in optimizing compilers. Consider constant folding that
replaces an expression (e.g. 1+3) by a constant (e.g. 5) provided the
expression can only be "reached" with & constant value of the ijdentifiers
occurring in it (e.g. i=2). But the denotations of the expression (i+3) and
the constant (5) are usually not the same.

By a "computational context" we understand & set of states that are
possible at some place, i.e. fstsEproﬂigg<occ,"(...">. Tc be able to
validate program transformations it is necessary only to require that the two
syntactic constructs produce the same result in the computational context in
which they occur. In the example above 1t 1is sufficient that any state in
the computational context maps i to 2. Qur method is one way of validating
program transformations by taking computational contexts into account.

6.1 The Method

e formalize (in subsection 6.1.1) the notion of "a lLabelled parsetree"
and formally define some operations upon labelled parsetrees; these
operations are not considered in Denotational Semantics. Then (in subsection
6.1.2) we formulate the semantic functions in the new notation and prove some
properties of continuation removal. Our subsequent development is mostly in
terms of the continuation removed functions.

In subsection 6.1.3 we prove some "intuitively obvious'" properties about
the data flow information specified. The properties are needed in subsection
6.1.4 where we prove sufficient "local" conditions for when a program is
semantically eguivalent to a transformed program. These conditions take the
computational context into account and are adeguate to give an easily tested
condition for the validity of "constant folding" as well as many other
program transformations.

{a} When talking about 'denotation" and "semantically equivalent' we assume
this is with respect to interpretation std.
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In this subsection we give a formal definition of a labelled parse-tree.
e do so in order to give formal definitions of "the subtree at occurrence
Lab" and "the tree obtained by replacing the subtree at lab by ...". The
definitions are adapted from [Ros73].
tie need the "names" of the productions of Table 2.2-A:
Prod = { <"pro","BEG dcl IN cmd END">,
Masl”, Mdell  del2YF, el "BLL Yde = bas'h,
<cma","cmdl ; cmd2">, <"cmd","ide := exp'>,
<emd","IF exp THEN cmd] ELSE cmd2 FI'>,
<"cmd","WHILE exp DO cmd 0D'">,
<"cmd","WRITE exp">, <"cmd","READ ide'>,
<1lexpll’llexp¢l Ope exp2|l>, <lle){pl’l’ll_'|de”>’ <"ey\p“’”ba5“> }
v {<"ide",ide> | ideeldel
v {<"bas'",bas> | baseBas}
v {<"ope",ope> | opeeldpel
We assume that no two elements of Prod have the same second component. It is
convenient to define "names' for the syntactic categories by

Cat = {prod¥1 | prodeProd} and similarly "names" for the right-hand sides by
Str = {prody2 | prodeProd}. Finally, we need a set of lahbels. We use
Lab = {occeCcc | purelCccl(occ)} rather than Occ to avoid some special cases

below (e.g. so that root below is always defined).

We now define the Labelled parse trees by defining ¥labelLab: ¥YcateCat: the
sets Tree(lab,cat) € P(LabXProd). Intuitively, teTree(lab,cat) is a labelled
perse—tree of category cat whose root is labelled Lab. Formally, it is a set
containing for each node a tuple (label and production). The trees are
defined inductively as shown by Table 6.1-A, where we "imitate" the
procductions of Table 2.2-A. It is convenient to define
Tree = U{Tree(lab,cat) | labelLab A cateCatl).

Below we state some properties fulfilled by the trees. They are
intuitively obvious and we omit the proofs. We also define some notation.

OBSERVATION 6.1.1-1:
teTree(lab,cat) => 3!str: <lab,<cat,str>>et A ¥lab',cat',str':
[ <lab',<cat',str'>> € t-{<lab,<cat,str>>} => lab#lab' A Lab'=lab€<...>]
teTree => 3!<lab,<cat,str>>: <lab,<cat,str>>et A teTree(lab,cat) €]

Similarly to the abbreviations made in chapter 4 we let (for xelLabXProd)
X.lab mean xy1, x.cat mean x¥y2¥1 and x.str mean xy2¥2. Also labl#lab2&...>
means ¥lab3: labl#lab2§lab3.

DEFINITION 6.1.1-2:
roct: Tree => LabXkProd is defined by
root(t) = <lab,<cat,str>> iff [teTree(lab,cat) A <lab,<cat,str>>et]

t: TreeXlLab -> P(LabXProd) is defined by

a
t at lab = {<lab',<cat,str>> | lab'=lab§<...> A <lab',<cat,str>>et}

dom: Tree => (P(Lab) is defined by
dom(t) = {lab | <lab,<cat,str>>et}
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TABLE 6.1-A ===- DEFINITIOM OF PARSE-TREES

t1€Tree(labfK1>,"dcl") A t2€Treellah€<2>,"cmd") =>
{Klab,<"pro","BEG dcl IN cmd END">>}utlut2 e Tree(lab,"pro')

t1eTree(lab§<1>,"dcl") A t2eTree(lab$<2>,"dcl") =>
{<lab,<"acl","dcl1;dcl2">>}otlut2 € Tree(lab,"dcl")

t1eTree(lab$<1>,"ide") ~ t2€Tree(lab§<2>,"bas") =>
{Klab,<"dcl","DCL ide:=bas'">>Fytivt2 & Tree(lab,"dcl™)

tleTree(labd<1>,"cmd'") A t2eTree(labé<2>,"cmd") =>
{<lab,<"tmd","cmd] ;cmd2">>}vt1vt2 e Tree(lab,"cmd")

t1eTree(lab8<1>,"ide") A t2eTree(lab§<2>,"exp") =>
Klab,<"cmd","ide:=exp">>Yutlet? € Tree(lab,"cmd™)

t1eTree(labd<1>,"exp") A t2eTree(labg<2>,"cmd") a_t3eTree(lab§<3>,"cmd") =>
{<lab,<"cmd","IF exp THEN cmdl ELSE cmd2 FI">>}etlut2ut3 & Tree(lab,'cmd™)

t1€Tree(labs<i>, "exp') A t2€Tree(labf<2>,"cmd) => _
{<Klab,<'cmd","WHILE exp DO cmd OD">>3utluvt? € Tree(lab,"cmd")

t1€Tree(labé<l>,"exp") =>
{<lab,<"cmd","WRITE exp">>}t1 ¢ Tree(lab,"cmd")

tle Tree(labs<1>, "ide') =>
{Klab,<"cmd","READ ide">>}uvt1 ¢ Tree(lab,"cmd"™)

tleTree(labs<i>,"exp!") A t2eTree(labf<2>,"ope”) a t3eTree(labd<3>,"exp") =>

{Klab,<"exp","expl ope expZ2">>Futlut2vt3 € Treel(lab,"exp'™

tleTree(lab$<t>,"ide") =>
{Klab,.<"exp","ide">>}utl € Tree(lab,"exp")

t1e Tree(lab§<1>,"bas') =>
{<lab,<"exp","bas">>}ot1 € Tree(lab,"exp')

ide€lde =>
{Klab,<"ide",ide>>} ¢ Tree(lab,"ide")

baseBas =>
{<lab,<"bas",bas>>} e Tree(lab,'"bas")

opeelpe =>
{<lab,<"ope",o0pe>>} e Treel(lab,"ope")

eeeleeu<=02): TreeXLabXTree => P(LabXProd) is subtree replacement and is
defined by

t1(lab<-t2) = {Klab',<cat’,str'>>¢t1 | lab'#lab$<...>}
v {<lakbglab',<cat',str'>> | <lab',<cat',str'>>et2}

soni: Tree->@(LabXProd) is defined by
soni(t) = t at (root(t).lab8<i>) 2

OBSERVATION 6.1.1-3:
treee€Tree A labedom(tree) => tree at lab € Tree

treeleTree A (3Fstr: <lab,<cat,str>>etreel) A tree2€Tree(<>,cat) =>
treel(lab<-tree2)eTree L]
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TABLE 6.1-B --= SEMANTIC FUNCTICONS P and T
7 € Tree =t> C -¢> € P € Tree(<>,"pro™) —t> I -t> A
J(tree)(c) = Pltree) =

CASE root(tree).str OF setup( Iltree);finish )

"BEG dcl IN cmd END':
attach<root(tree). Lab Wl
JTsonl (tree));

STson2(tree))
attach<root(tree) Lab,"™)">;¢c

Yleld o dgl2”
attach<root(tree) Lab, " ("
T{sonl(tree));

FTsonZ(tree))
attach<root(tree) Lab,")">z0

“DCL qde:=bas"
attach<root(tree) Lab,"(">;
push( root(sonz(tree) «sStr J);
assign( root(sonl(tree)).str b
attach<root(tree) lab,")">;¢

"expl Oﬁe expa':
attac <root(tree) Lab,"(">;
JHsonl(tree));
TTsonS(tree))
apply( root(sonE(Lree)) str J);
. gttach<root(tree) Lab, ")”>
:
attach<root(tree). Lab,"(">;
content( root(soni(iree)) str D -

Ibattach<root(tree) .lab,'")">
as
attach<root(tree).lab,"('">;
push( roct(soni(tree)s.str )
attach<root(tree} Lab,")">;

“emdl ; cmd2"
attach<root(tree} Lab,"(">;
T(sonl(tree));

ETson2(tree))
attach<root(tree) Lab,'")">:c
"ide := exp"

attach<root(tree) Lab,"(">;
J(son2(tree));

assign( root(sonT(tree)) str J;
attach<root(tree).lab,’ s
"IF exp THEN cmd! ELSE cmd2 Frv.
attach<root(tree).lab,'"(">;
Jlsonl (tree));
cond( STsonE(tree))
attach<root(tree). Lab,"™)">;c
» T(son3(tree));
attach<root(tree) Lab,")">;¢)
"WHILE exp DO cmd OD"
att ch<root(tree) Lab N,
( 2c! JTson1(Lree))
cond( JTson2(tree)) s
» attach<root(tree). Lab,"™)">:c))
"WRITE exp":

attach<root(tree) Lab,"(">;
J(son1(tree));
write;

attacﬁ<root(tree) Lab,'")">:¢c
"READ qde’

attach<root(tree) Lab,"(">;

read;

ass1gn( root(sonl(tree)).str );
attach<root(tree).lab, ")”>
OTHERUISE

ESAC
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TABLE 6.1-C === SEMANTIC FUNCTION PJ

PT € Tree =t> § =c> R
PI(tree) =
CASE root(tree).str OF
"BEG dcl IN cmd END':
Pattach<root(tree).lab,'")"> *
PI{son2(tree)) =
PIlsonl(tree)) *
Pattach<root(tree) Lab," (">
"del1 ; dcl2”
Pattach<root(tree) Lab,'")"> =
Pfson2(tree)) =*
PI(sonl(tree)) *
Pattach<root(tree) Lab," (">
"DCL ide:=bas"
Pattach<root(tree). Lab,'")">
Passign( root(son1(tree)) st
Ppush( root(son2(tree)).str
Pattach<root(tree) Lab, e
"expl ope exp
Pattach<root(tree) Lab,")!"> =*
Papply( root(son2(treed) .str ) *
PT(son3(tree)) *
PT(soni(tree)) =
Pattach<root(tree) Lab," (">
ide"
Pattach<root(tree) Lab,")'"> =
Pcontent{ root(soni(tree)).str ) =
bPattach<root(tree) «Lab;, ngins
as
Pattach<root(tree).lab,")"> *
Ppush( root(soni (tree) .str) *
Pattach<root(tree) Lab," (">
Y"emdl ; cmd2"
Pattach<root(tree).Lao,“)““
PI(son2(tree}) =*
P7(sonl(tree)) =*
Pattach<root(tree) Lab, " (">
"ide := exp"
Pattach<root(tree). Lab,'")"> *
Passign( root(soni(tree)).str ) *
Pf{son2(tree)) =*
Pattach<root(tree).lab," (">
“"IF exp THEN cmdl ELSE cmd? FI':
Pcond( Pattach<root(tree).lab,') "> *
PITson2(tree))
, Pattach<root(tree).lab,'")"> %
PI(son3(tree)) ) *
Pfisonl{(tree)) =*
Pattach<root(tree). tab s
"WHILE exp DO cmd OD"
FIX[C Ass. Pcond( ss * PITson2(tree))
Pattach<root(tree).lab,")'"> ) *
PT(sont (tree)) 1 =
Pattach<root(tree).lab," (">
"WRITE exp'":
Pattach<root(tree). Lab,")"> =
Purite %
P9 sonl(tree)) *
Pattach<root(tree).lab," (">
"READ ide'":
Pattach<root(tree). Lab,")"> *
Passign( root(soni(tree)).str ) *
Pread *
Pattach<root(tree).lab," (">
OTHERHISE

ESAC

*

o

)
*
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In this subsection we formulate the semantic functions with respect to the

new "notation" (Table 6.1-8). Also we perform continuation removal for the
entire language (Table 6.1-C).

There is a close correspondence between Tables 6.1-B and 2.2-C as well as
some minor differences. One is that we have combined 3, ¥ and & into the
single function J. Also (in attach) we elide the "dcl", "cmd" and "exp" part
of the places. The changes have been performed to simplify later formulation
but are otherwise unimportant. In the definition of J we use a CASE construc
that is hopefully self-explanatory.

Similarly to Theorem 2.2-4 and Lemma 4.2.1-1 we have (omitting the
proofs):

LENMMA 6.1.2-1: Table 6.1-B and an interpretation int define functions Pint
and Jint. They are of functionalities as shown and no function is supplied
with an argument of the wrong type. C3

LEMMA 6.1.2-2: Table 6.1-C and std (as augmented by 4.2-B) define a function
Plstd. Similarly, Table 6.1-C and sts (as augmented by 4.2-C) define a
function PIsts. They are of functionalities as shown and no function is
supplied with an argument of the wrong type. £

lle now prove the '"correctness' of our formulation of continuation removal,
i.e. we relate T and PT.

LERIA 6.1.2-3:

Ytree€Tree: ¥std-cestd-C: Tstd(tree)(std-c) = std-c®LPIstd(tree)] ]
Proof is shown in appendix 6. £1

LEMHA 6.71.2-4: YtreeeTree: ¥Ysts—cests—C: sts-c & complete-w~morphism =>

Jsts(tree) (sts=c) = sts-c@#[PIsts(tree)] Cd
Proof essentially follows the same pattern as in Lemma 6.1.2-3 (except that
case 5 is omitted). L1

6.1.3 Properties of the Data-Flow Information
We now prove some properties of PICtree) that will be needed to validate
the program transformation in subsection 6.1.4. The properties are expressed
by Lemmas 6.1.3-2, 6.1.3-5 and 6.1.3-7 below.

e first show a relationship between Asta.PJIsSts(treelstayl and
PIstd(tree). The result bears some relationship to Lemma 4.2.1-4.

DEFINITIOM 6.1.3=1: Define P-G : [(std-S =-c> std-R)} X (sts-§ -¢> sts-RI1 ->
by P-G(std-ss,sts-ss) = ¥sta€® Sta):
(sts-ss(sta)d¥yl = { (std-ss(sta)|Sta) | staesta a [stc-ss(sta)EStal=truel

£]

LEMIMA 6.1.3-2: ¥treeeTree: P-G(PJStd(tree), PIsSts(tree)) Lel
Proof 1is shown in appendix 6. L]

COROLLARY 6.1.3-3: psta. PJsts(treelsta ¥1 is a complete-u—morphism. £l
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We now show some simple properties of PIsts(tree).

DEFINITION 6.1.3-4: Define predicates Pa:Tree->B, Pb:Tree->B and Pc:Tree->B
by

Pa(tree) = ¥staeP(Sta): (P¥sts(treelsta ¥2)<root(tree).lab,"('"> = sta
Pb(tree) = ¥sta: (PJsts(treel)sta ¥2)<root(tree).lab,'")'"> = PFsts(tree)sta V1
Pc(tree) = ¥stae®P(Sta): ¥labelLab: ¥geQ:

L purelPlal<lab,g> A Labfdom(tree) =>
(PIsts(treelsta ¥2)<lab,g> =@ ] £l

Predicates Pa, Pb and Pc are used to prove predicates Pd and Pe below.
Predicate Pc constrains the places for which PJsts(tree) can specify non-
empty data Tlow information; this is needed when we perform proofs by
structural induction.

LEMMA 6.1.3-5: YtreeeTree: Paltree) A Pb(tree) A Pcltree) £l
Proof is shown in appendix 6. Ll

e now consider some interesting properties of PJsts(tree). Together with
Lemma 6.1.3-2 they are the fundament for validating program transformations
(Theorem 6.1.4-2).

DEFINITION 6.1.3-6: Define predicates Pd: Treekleab -> B and Pe: TreeXlab => B

by

Pd(tree,lab) = ¥stae®(Sta):

LET & = PIsts(tree)sta V2 IN

a<lab,'")'"> = (PFsts(tree at Llab) (a<lab," ("))l

Y¥staefP(Stald:

LET a = PYsts(tree)sta ¥2 IN

LET str = root(tree at lab).str IN

i) stre{"dcll ; dcl2", "cmdl ; cmd2", "BEG dcl IN cmd END"Y} =>
a<lab§<1>," ("> = a<lab,"("> A
a<lab®<as, (s = F¢labSery, Iy

11)  str = "expl ope exp2" =>
a<lab§<1>," ("> = a<lab," ("> A
allah<3%, ("> = a<lah§41>, )"

i11) stre {"ide := exp'", "WRITE exp'"} =>
a<lab&<1>,"("> = a<lab,"('">

iv)  str = "IF exp THEN cmdl ELSE cmd2 FI" =>
a<lab$<1>," ("> = a<lab, ("> A
a<lab$<2>," ("> = sts=-Dt-cond( a<labg<i>,")"> )
a<labg<3>, " ("> sts=Df-cond( a<labd<i>,")"> )

v) str = "WHILE exp DO cmd 0D =>
LET F = [Asta. PIsts( tree at lab$<2> ) sta y1 1o

sts-Dt-cond ©
[Asta. PIsts( tree at Labg<1> ) sta ¢1 1 IN

a<lab$<1>,"("> =YL F"C a<lab," ("> ) | n20 } A
a<labé<2>,"("> = sts-Dt-cond( a<labg<1>,")"> )

Pe(tree, Lab)

oo

Also define predicates Pd': Tree => B and Pe': Tree => B by
Pd'(tree) = ¥labedom(tree):
L root( tree at lab J.cat € {"dcl", "cmd", "exp", "pro"+ => Pd(tree,lab) ]
Pe'(tree) = ¥labedom(tree):
L root( tree at lab J.cat € {"dcl", "cmd", "exp", "pro"} => Peltree,lab) 1]
L3
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In the sequel we do not consider parse-trees of category "ide", "ope" or
iy

pas'. This 1is expressed by the definitions of Pd' and Pe' above and
simplifies the development.

LEMMA 6.1.3-7: YtreegTree: Pd'(tree) A Pe'(tree) E4
Proof is shown in appendix 6. B

The key result of this subsection is Theorem 6.1.4-2 that gives sufficient
conditions Tor when treet and treel(lab <~ tree2) are semantically
equivalent. The major positive virtue is that we do not need to require that
treel at lab and tree2 are semantically equivalent, but only that they
produce the same results in the computational contexts in which they occur.
This is expressed by P2 below.

DEFINITION 6.1.4-1: Define predicates P1: TreeXTreeXLabX(P(Sta) -> B and
P2: TreeXTreeXLabX®P(Sta) -> B by
P1(t1 ,t2,lab,sta) =
FteTree(<>,"pro'):
3t1',t2%€Tree(<>,"pro")uTree(<>, "del'" ) uTree(<>,"cmd") uTree (<>, "exp™) :
t1 = tllab <~ t1') A t2 = tl{lab <- t2') A P2(t1,t2,lab,sta)
P2(t1,t2,Llab,sta) =
¥stae(PIsts(tldsta ¥2) <lab,"(">:

PYstd( t1 at lab ) sta = PJstd( t2 at Lab) ste [
THEOREM 6.1.4-2: ¥11,t2¢Tree: ¥labelLab: ¥staeSta):
P1(t1,t2,lab,sta) => P1(t1,t2,<>,5ta) [l

Proof is shown in appendix 6. L3

tle now rephrase Theorem 6.1.4-2 so as to avoid continuation removal where
possible:

THEOREM 6.1 .4-3:
t1eTree A t2e€Tree A labeLaba inpe(Inpla
dteTree(<>,"pro™)
F1',t27 € Tree(<>,"pro") ¢ Tree(<>,"del") vTree(<>,"cnd") uTree(<>,"exp"):
t1 = tllab <= t1') A t2 = t(lab <= t2') A
¥staeFsts(t1) inp<lab,"(">:
PIstd( t1 at lab )(sta) = PJstd( t2 at lab J)(sta)

=> ¥inpeinp: Pstd(t1)inp = FPstd(t2)inp i

Proof 1is shown in appendix é. £1

Below we formulate a special case of Theorem 6.1.4-3 that expresses
sufficient conditions for constant folding to be valid. It has been
formulated so as to make it clear that each test can be verified
automatically; especially if the test concVa(...)€... is replaced by
...EdabsVa(...) for dabsVa and concVa semi-down-adjoined (2.4.3). The proof
is tedious (and long) and is omitted because it gives no insight.

COROLLARY 6.1.4-4:
Let basé€Bas
treeeTree(<>,"pro")
Llabedom(tree) such that root(tree at lab).cat = "exp"
tree' = tree(lab <~ { <<, <Mexp”,"bas">>, <<1>,<"bas',bas>>} )
<uabs,conc> be the pair of semi-adjoined functions defined in section
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3.2 in terms of the pair <uabsVa,concVa> of semi-adjoined functions
L concVal Find<uabs,conc>(treed)inp <lab,")"> ¥2¢1) € {std-BEbasi}
then ¥inpeinp: Pstd(tree)inp = Pstd(tree')inp L3

When program transformations are performed in practice it is often
important to know how the data flow information for the transformed program
(tree') can be cheaply obtained from that of the original program (tree). Our
approach makes it possikzle to show such relationships, e.g. {in the notation
of Corollary 6.1.4-4) that playl#lab$<...> A purelPlal(pla) =>
Pind(tree)inplpla) = Pind(tree)inplpla). But we do not investigate such
results.

6.2 Comparison with Other Approaches

Below, we briefly relate the approach of this chapter to other approaches
considering the validity of program transformations [HuL7 81[Ger?5]. The
comments will be informal because both the aims and the semantic foundations
of the papers differ from those of our development.

The aim of [HuUL783 is to consider "[programl transformations based on
control structure equivalence", e.g. recursion removal. The semantic
foundation is different from Denctatiocnal Semantics as described in [Sto?7]
and L[HMiS761].

Consider programs t1 = t(lab <= t1') and t2 = t(lab <= t2'). The paper
considers easily tested conditions for asserting that t1 and t2 are
equivalent, i.e. PIstd(t1) = PJIstd(t2). Clearly one can view t2 as obtained
from t1 by a program transformation that replaces t1% by t2'. ALL the
conditions are sufficient to deduce PIstd(t1') = PFstd(t2%'), i.e. that the
two syntactic constructs produce the same result for all states. Thus the
paper does not consider the possibility of PIstd(t1) = PIStd(t2) when
PIstd(t1')sta = PIstd(t2")sta only holds for the states (sta) of the
computational context in which t1' and t2' occur. A consequence is that the

method of [HuUL78] is inadequate for validating program transformations Like
constant folding.

The aim of [Ger75] is to consider correctness of programs (and program
transformations) with respect to an input predicate Pin and an output
predicate Pout. That two programs t1 and t2 are both correct with respect to
Pin and Pout does not, in general, imply that they produce the same results
for inputs satisfying Pin. But in many situations (including our treatment of
constant folding) it can be arranged that this is the case.

The semantic foundaticn is the "inductive assertions method" formulated
using attribute grammars.

Assume that t1 = t(lab <- t1') and t2 = t(lab <- t2'). Programs must
describe the predicates Pin and Pout as well one predicate for each WHILE
Loop. A predicate belonging to a WHILE loop specifies an approximate set of
states expected to include the states possible at that point. Predicates Pin
and Pout are denoted t1.Pin, etc. and we assume that t1.Pin = t2.Pin A
t1.Pout = t2.Pout.

The approach of [Ger7?5] is to define (in effect) PIFa specifying "forward
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attributes" and PIfvc specifying "forward verification conditions'.

Essentially PTfa(t) is PIsts(t){stalt.Pin(sta)}V2 so that PITalt)<lab, (">
describes a set of states. But PJFfa(t)(pla) exploits the predicates
states that includes those holding at pla. This is 1in contrast with our
approach where abstract interpretation is powerful enough to express this set
of states without exploiting such predicates.

That PIfa(t)(pla) exploits the predicates belonging to the WHILE Loops of
t has as a consequence that these predicates must be verified. The Logical
formula PSFvc(t) formulates a correctness condition in terms of PFFa(t). When
PIfvc(t) is true it is said that t is correct. - Very roughly PIFvc(t)
corresponds to our Pe'(t), but it is not always true (contrary to Pe'(t))
because the predicates in the program need not be satisfied.

The paper does not explicitly consider an analogue of PTstd. It is merely
stated that PTstd must be so that PITvc(t) A t.Pin(sta) implies
t.Pout(PJstd(t)sta) and that the predicates belonging to the WHILE Loops are
satisfied.

In [Ger75,p.64] there is a schematic transformation that includes constant
folding. Sufficient conditions to deduce correctness of t2 are
a) t1 is correct, and
b) ¥stae PITalt1)<lab," ("> that PIstd(t1")(sta) = PIStd(t2")(sta)
As mentioned earlijer, correctness of t1 and t2 can be made to imply that
PTstd(t1) and PIstd(t2) are eguivalent for all states satisfying t1.Pin. Thus
the approach of [Ger?5] can be used to validate constant folding.

The main virtue of [Ger751 is that a notion of computational context is
present (see "b)" above) so that e.g. constant fclding can be validated. But
it is difficult to automate the method. One reason is that PIFvc(tl) must be
proven and that the formula often is "structurally complex, although not
necessarily deep" [Ger75,p.55]. Another is that PYfs requires that each
WHILE Loop contains a predicate in order to describe (approximately) the set
of states possible inside WHILE loops.

lle therefore feel that our approach is better suited to verify program
transformations than that of [Ger75].
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CHAPTER 7

Conclusion

insensitive analyses (chapter 3) and history-sensitive analyses (chapter 4).
This view corresponds to that of [Don79]. But the theorems stated do not
formally relate the data flow information findEprol to the semantic meaning
PstdEprol. This is because of the loose connection between Pcol and Fstd (or
Ptra and Pstd). Similar remarks apply to Phis-ind and Pae.

semantics. An indication of the usefulness of Pind even if it could not be
related to Pstd is achieved by relating the data flow information specified
by our approach to the solutions considered in traditional data flow analysis
(chapter 5). Similar remarks apply to £his—ind and Pae. The validation of
program transformations is one way of relating Pind to Pstd (chapter 6).

- We have been unable to think of others.

Our approach to formulating data flow analyses is based on expressing
abstract interpretation in a denotational setting.

We hope that our motivation and analysis of the concepts from abstract
interpretation gives more insight than previous motivations (section 2.4). In
particular, the concept '"semi-adjoined" is closer than "adjoined" to the
informal approximation jdeas that are considered in "traditional data flow
analysis" d{a¥. We expect it to be possible to weaken our assumption that
only complete lattices are considered. It is interesting if the isotony
assumption of "semi-adjoined functions" can be weakened in such a way that
Theorem 3.1-10 still holds.

The dual concepts "semi-down-adjoined" and "down-adjoined" are useful when
considering program transformations, as indicated by the remarks leading up
to Corollary 6.1.4-4.

The formulation of Abstract Interpretation within Denotational Semantics
gives a more high-level formulation than the usual (chapter 3). That the
entire development is based on semi-adjoined functions shows the usability of
the concept '"semi-adjoined".

From a practical point of view the material of sub-section 2.4.2 shows
that pairs of semi-adjoined functions can be specified in a systematic way.
This is useful because the concept of "induced interpretation" makes it

{a} Let uabs be an abstraction function and conc a concretization function.
A consequence of requiring uabs and conc to be adjoined is that conc e uabs
must be extensive, isotone and idempotent. When uabs and conc are semi-
adjoined then conc o uabs need not be idempotent. The "informal
approximation jdeas' amount to conc euabs being extensive.
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possible to specify a data flow analysis simply by giving a pair of semi-
adjoined functions (between P(Sta) and some complete Lattice). This is
demonstrated by the "constant propagation' example of section 3.2.

There 1is a problem inherent in our approach. The applicability dis limited
because we are unable to define reflexive powersets. Thereby language
constructs as labels and procedures cannot be handled.

We hope to investigate whether the Literature on power—-domains contains
tools that can extend the applicability of our method. Reflexive powersets
amounts to defining a domain that contains its own powerset. Since this is
impossible (Cantor's Theorem [Halé60l1) we must exclude some elements similarly
to Scott's exclusion of non-continuous functions when solving X = X => X. In
section 3.1 we mentioned that modelling the powerset by ...—c>T" excluded
elements that we wanted to be there {a}.

Intuitively, in our approach we use two kinds of partial orders. Some are
interpreted as in Denotational Semantics, j.e. £ means 'less defined than'" in
the sense of Scott [Sto77]. Others, e.g. those of #(...), can maybe more
naturally be thought of as "logically implies", because #X) is isomorphic to
the set (X -t> T") of predicates on X. - These two ways of considering E are
different. This gives an intuitive explanation for why e.g. the continuations
of col are not continuous.

The development of this paper was based on a single table of semantic
equations so that the entire development must be redone for another table of
semantic equations. It should be possible to avoid this by specifying a class
of semantic tables (e.g. by a grammar or an algebra) such that Theorems 3.1-6
and 3.1-10 hold in this more general case.

"Available expressions” is a forward, history-sensitive data flow
analysis. We share with [CoC77al the belief that it cannot be given any
semantic characterization with respect to the static semantics (using sts).
This 1is contrary to what holds for "constant folding'". Instead we obtained
a semantic characterization with respect to a more '"concrete'" static
semantics (using his-sts 1in chapter 4). We believe that this extends the
applicability of abstract interpretation, and that it is not crucial (but
maybe helpful) that we work from a denotational semantics <{bZr.

Probably neither sts nor his-sts is adequate for giving a semantic
characterization of the backward analysis "live variables'. Presumably the
role of Phis-sts will be played by a semantic function Pfut-sts that
associates (sets of) continuations with places. Whether it is necessary to
work with sets of continuations rather than just continuations is difficult
to predict.

A set of Llive identifiers can be obtained from a continuation ¢ by e.g.
r(c) = { ideelde | IKenv,inp,out,wit>eSta Fvall,val2eVal:

c<envlval1/idel,inp,out,wit> # c<envlval2/idel,inp,out,wit> 2
As in section 4.2 it probably 1is natural to develop a semantic notion of
Liveness and approximate it by the syntactic notion.

{a} Recall that T" is the complete lattice ({yes,no},E) with no E yes.
{b} In the flow-chart view one would have to consider lLocal analysis as well

as global analysis. Alternatively, the basic blocks must contain only one
operator (in one expression).
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The constant propagation example of section 3.2 is similar to that of
Cbon79,section 7.1]. Two other data flow analyses formulated in [Don79] are
determination of common subexpressions [bon79,section 7.2] and determination
of invariant expressions [Don79,section 7.31. Our approach cannot directly
model any of these. One reason is that both formulations have the domain of
inputs to be @%* where g€Q identifies a symbolic input value. It would be
interesting to investigate how to model this by means of abstract
interpretation.

We indicate the usefulness of our approach in two ways. One is to compare
the information specified by our approach to the solutions of traditional
data flow analysis. The other is to validate program transformations.

To relate our approach to that of traditional data flow analysis we
constructed a "traditional" data flow analysis problem from a program
(chapter 5). One shortcoming of this construction is that it considers
smal ler basic blocks than usual. We then showed that the MOP solution to the
constructed problem equals the information specified by our approach.
Informally stated: our approach specifies the MOP solution.

It would be interesting to obtain a formulation that specifies the MFP
solution. This could be used to formulate the work of [Ros&)] in our
approach, i.e. to specify elimination methods computing a solution between
MFP and MOP. We conjecture that a kind of MFP solution is specified by (an
augmented) interpretation ind and direct-style semantic functions
corresponding to those of Table 6.1-C <{a}. We expect the solution to
correspond to Kildall's MFP solution [Hec77,p.173] rather than the MFP
solution of section 2.3 (Kam&UlLman's MFP solution CHec?7 ,p.1781). If this
conjecture holds it is an argument in favour of basing our approach upon
continuation style semantics.

In chapters 4 and 6 we have performed continuation removal because of
difficulties in conducting proofs without performing continuation removal.

An exception is the use of P&std in chapter 4 which is probably necessary to
consider a semantic notion of availability.

The need to perform continuation removal does not seem to Limit the
applicability of our approach. This is because Language constructs that makes
it difficult to perform continuation removal (e.g. jumps) probably also Leads
to reflexive domains involving powersets, which cannot be handled by our
approach.

The main reason for validating program transformations (in chapter 6) has
been to remedy the undesired Loose connection between Pind (as well as Psts
and frol) and Pstd. But program transformations are also important in their
own right. = We believe that to formalize the notion of correctness of data
flow information one has to consider program transformations.

Presumably the approach is of wide applicability: A sufficient condition
for two syntactic constructs to be replacable by one another is that they
produce the same results jn the computational context in which they are

{a} It is crucial that ind is augmented in the same way as sts is, e.g. that
we continue to use ind-S rather than ®(ind-S). If @ ind-S) is used it is
possible to obtain a direct style semantics that specifies the MOP
solution. This remark relates to [CoC79,Theorem 9.2.0.11 and to some
extent to the functionality of Close in chapter 5.
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placed. Constant folding is but one of the many program transformations that
can be validated in this way.

We expect it to be considerably more difficult to validate program

transformations exploiting "available expressions” information. It is
probably reasonably straight-forward to exploit "live variables" information.

In summary, the main accomplishments of this paper are:

To weaken some of the assumptions usually stated in abstract
interpretation. To present a different motivation for the usual
assumptions.

To express abstract interpretation in a denotational setting. To show that
a denotational semantics specifying a data flow analysis can be obtained by
defining a pair of semi-adjoined functions in a rather systematic way.

To show how "available expressions' can be characterized semantically by
means of abstract interpretation. Previous treatments have only formulated
"available expressions'.

To show that the information specified by our approach essentially is the
MOP solution.

To formulate correctness conditions for program transformations. These
assert that for two syntactic constructs to be replacable by one another it
is sufficient that they produce the same results in the computational
context in which they are placed.
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APPENDIX 1

The development of subsection 2.4.3 is not the only way to move the test
(Elp to M. Assume that L is a power-set, e.g. L = P(INT) where INT is the
integers, and that COMPC(L) = {i| idl>. Further assume that uabs and conc are
semi-adjoined between L and M and that conc is a strict m-morphism. Then a
different way of testing LELlp avoiding the use of dabs is to test
uabs(l) n uabs(COMP(LpP)) =1 in M [Jon80J]. To see this:

uabs (L) n uabs( COMP (Lp)) =1 =>

(conc ©uabs)(L) n (conc @uabs)( COMP(Lp)) =0 =>

L n (COMP(LP)) =@ =>

L E Lp
But sometimes this method is too coarse as may be seen from the following
example: Let M =¢{a,b} and conc{a,b} = INT, conc{al} = {03},
conc{b} = {i |i>0} and conc(@) = @. Also uabs =2AL'.M{m |conclm) 2 L'} so
that uabs and conc are adjoined. When L = Llp = {3 |i>0} then
uabs(Ll) n uabs(COMP(Lp)) # @. In our approach we could have used
dabs(lp) = {b} so that uabs(l) ¥ dabs(lp).

To investigate the connection between our method and that of [Jon8J] we
assume that uabs and conc are adjoined and that M (as well as L) is a pouwer-
set and that conc is strict. It is easy to see that the method of [Jon&01
amounts to dabs(Ll') = COMP(Cuabs(COMP(L'))) and testing uabs(l) € dabs(lp).
This is a safe test because <dabs,conc> is semi-down-adjoined: Clearly dabs
is isotone and dabs(L') 2 m <=> uabs(COMP(L")) o m =@ =>
(conc ¢ uabs) (COMPCL")) m conc(m) =@ => COMP(L') n conc(m) =0 =>
L' 2 conc(m) so that conc odabs is reductive.

But <dabs,conc> need not be quasi-down—-adjoined as follows from the
previous example, where dabs(lp) = COMP(uabs(COMP(Lp))) =B even though
conc{b} Elp. If we also assume that conc(COMP(m)) = COMP(conc{m)) then we
can show that <dabs, conc> is a pair of down-adjoined functions:

dabs(L")2Zm <=> COMP(uabs(COMP(L*)))2m <=> uabs(COMP(L')) E COMP(m) <=>

COMP(L") € conc(COMP(m)) <=> COMP(L") E COMP(conc(m)) <=> L' 3 conclm)

By Lemma 2.4.3-11 this definition of dabs is '"adequate'" under the stated
assumptions: L and M power-sets, uabs and conc adjoined,
¥m: conc(COMP(m)) = COMP(conc(m)) (which implies that conc is strict).
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PROOF OF 2.1.2-4:

1) (f complete-u-morphism) => (f continuous) a (f u-morphism) A (f(L)=41) is
obvious from the definitions.

2) If UEL2 then {11,123} is a directed, finite, and non-empty set. If f is
continuous or a w-morphism then L1 £ 12 implies f(L1) € F(LD)uf(L2) =
f(l1ul2) = f(L2) so T is isotone.

3) Define f:T->T by f(1) = f(false) = f(true) =1 and f(P=7. Then f is
continuous but not a w-morphism.

4) Define [0,11={x| x real o x>0 A x<1} and [0,10={x€[0,1] |x#1}>. Then
(L6,131,<) is a complete Lattice and [0,1[ is a directed set. Define
T"=({no,yes},B) with t1€t2 <=> (t1#yes ¥ t2#no) and f:00,11->T" by
f(x)=(x<1->no,yes). Then f is au=-morphism but not continuous:

UL f(x) [x€[0,10} = no # yes = (1) = fWID,10).

5) Assume T is continuous, a o-morphism and fi=i. Let LSL. Define
LY = {UL" |L"sL A L" finite) so L' is a directed set (using Lemma 2.1.1-7)

with UL' = Ul Cusing Lemma 2.1.1-7). Then
FOUL = FCULY)
= ULfCL) | LeL'> since f is continuous

u{fqUL™) |L"sL A L" finitel
ULUL FCL) [Lel"F [L"sL A L" finite o L"#@2

since fa=sand f is a u—-morphism
UCFCL) |Lel) by Lemma 2.1.1-7. [l

PROOF OF 2.1.3-2:
LSan73,p.27 =281 proves (for n=2) that L1A...ALn is a complete lattice and
that LU is as shown. Dual computations give the form of 1. To see that Vi is
continuous: Let LSL1A...XLn be directed. Then
WLV = <aaw, UL L'el}, ...>¥i = ULL"Yi| L'ell.
Many of the following Lemmas are (like this one) proved in the literature
(e.g. [Sto77], [San73], [MiS761). The proofs therefore are omitted. CJ

PROOF OF 2.1.3-13:

To see that L-t>i, L=i>M and L-c>M are partially ordered sets is easy (for
anti=-symmetry use the axjom of extensionality [Sto77,p.561). It is
straight=forward to show that L-t>M and L-i>M are complete Lattices with U
and 1 as shown. Also one can show that L-c>M is a complete lattice with U as
shown (using Lemma 2.1.1-7 twice) and nf = U{g| gel-c>M A ¥f'ef: flagl.

To see that U{g |gelL-c>M o ¥f'ef: f'ag} need not be Al. N{f(L) |fef}
define L = {t, 73l <"a",i>, <"b",i> |i>0) with L1EL2 <=> (l1=L v 2=T v
(LY1=12¥1 A L1¥2< L2¥2)). Define f:L->L by f(1)=a,
f<"a",i>=f<"b",1>=<"3",i> and f(+)=7. Define g:L->L by gl.)=4,
g<'a", i>=g<"b",i>=<"b", 1> and g(+)=% Obviously, f and g are continuous.
But h =2L.fC(L) » g(L) = Al.LET> L, T is not continuous:
h(W<"a",i> [i>03) =7 #£ o+ =U{h<Ma",i> |i>0). C1
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PROOF OF 2.2-4:
The proof is by structural induction [Sto77]. Define the predicates:

P-Dcl:Dcl=>B by P-Dcl(dcl) = AintEdclI is well-defined (and in the clause for
dintEdclI no function is supplied with an argument of the wrong type) and
Aintkdcld is of functionality as shown.

P-Exp, P-Cmd and P-Pro are defined similarly.

Clearly the predicates are well-defined, since they are not defined
recursively 1in terms of each other [Sto?7]. We could be more precise about
"argument of the wrong type" but there is Little point in doing so.

Structural Induction on Dcl:

The case 'DCL ide := bas': First note that (the last) attach is supplied
with arguments (<occ,"dcl)"> and c) of the right types and that
attach<occ,'dcl)">;c is well-defined. Then note that assign is supplied with
arguments of the right types and that assignEidel;attach<occ,"dcl)'>;c is
well-defined. Then note that push is supplied with arguments of the right
types and that pushkbasi;assignkided;attach<occ,"dcl)">;c is well-defined.
Finally note that (the first) attach is supplied with arguments of the right
types and that AintEDCL ide:=basi occ ¢ is well-defined. Furthermore no
function in the clause for JintEDCL ide:=basI occ ¢ is supplied with an
argument of the wrong type. Also Lemma 2.1.2-8 yields
HintEDCL ide:=basi € Occ -c¢> C -¢c> C.

The case 'dcl1;dcl2' is similar.

Structural Induction on Exp: As for Dcl above.

Structural Induction on Cmd: The case 'IF exp THEN cmd]l ELSE cmd2 FI'. Let
gl,02 € C-=c>C and cond € CXC-c>C. Then h=Ac. cond(gl;c, g2;c) is easily seen
to be continuous. From this P-Cmd(IF exp THEN cmdl ELSE cmdZ2 FI) follows.

The case "WHILE exp DO cmd OD': Let géC-c>C and cond€CXC-c>C and hLnl =
Ac.(Ac'. cond(g;c', ¢))’1. Then one can show ¥n>0: hCnleC-c>C so that
Ac.FIXC Ac'.cond( g;c',c)) = Ac.U{ hlnl;c [n>0} =U{ hInl | n>0 + € C -c> C
because of Lemma 2.1.3-13(3). From this follows that P-Cmd(WHILE exp DO cmd
oD).

The remaining cases are straight=forward.

Structural Induction on Pro: This is by hypothesis and requirements upon

setup. ]

PROOF OF 2.2-5:

a) As there are no reflexive domains in Tables 2.2-B and 2.2-D the domains
(including C, I, A and S of Table 2.2-D) obviously exist and are complete
lattices.

k) Obviously wrongeC and finisheC.

c&d) We only prove assign € Ide —-t> C -c¢> C as the remaining proofs are more
or lLess similar to this proof.

1) We show Vassign € Ide =-t> Sta =-c> T.
It is convenient to write Vassignkidelsta= (#stay4)<<1 ->false,true. By
Lemmas of section 2.1 and our assumption that << is continuous it easily
follows that Vassignkided € Sta-c>T.
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2) We can show Bassign € Ide -t> Sta -c> Sta similarly to above.

3) We now show assign € Ide -t> C -¢> C.
Obviously assign € Ide -t> C -t> Sta -t> A. It is easy to show
assign € Ide -t> C -c> Sta =t> A and using ™))" and "2)" and results Like
2.1.2=-8 it is straight-forward to show assign € Ide —-t> C -¢> Sta —-c> A.
I

PROCF OF 2.4.2-1:
Let <=> be => if "semi-adjoined" and <=> if "adjoined". Then
¥L1ell ¥LIn+1Jelln+13:

uabslnl(...Cuabs1(Ll1)) ELCh+1]

2 <=> uvabsCn-1J1(...Cuabs1(l1))) £ concCnI(LLpn+ D)

<=> 11 € concl(...{concCnICLIn+11)))
In the case of "adjoined" the result obviously follows (by Definition
2.4.1-6). In the case of "semi-adjoined" the result follows by Observation
2.4.1-5 because uabsCnle...?uabs? and concle...oconclnl clearly are isotone.

PROOF OF 2.4.2-3:
YLEP(LIX ... XLn) ¥me€ALTIX. .. XP(Ln):
uabsX(l) em <=> ¥i€{1,...,n}: {LYyi |leL)Emyi
<=> L ek, e, ln> [¥iell ,.0.,n): Liemyil
<=> L € concX(m) Ll
PROOF OF 2.4.2-9:
We have ¥L €AL1+...+Ln) ¥meP(L1)+...+P(Ln):
1 If L =0:
uabs+(L)E m <=> 1€ m <=> true <=> 0 € conc+(m) <=> | £ conc+(m)
2) If ¥lel FlieLi: L = Li inLl1+...+Ln and L # @ then:
uabs+(L) € m <=> { i | Ui inlM+..ctln € L F inP(LD+...+”Ln) £ m
<= (n=m) v (ml=iA {Li | Ui dnll+...tln € LY € my2)
(this was by Definition 2.1.3-4)
<=> =7 v (my1=i A L € { i inl1+...4ln | Liemy2})
if m=7 then <=> true <=> L € L1+...4Ln <=> | € conc+(m)
if m=4 then <=> false<=> L € @ <=> L £ conc+(m) (as L#@)
if m= L infL1)+...+#%Ln) where LjSLj then
<=> j=ia Leconc+(m) <=> [Econc+(m) (as L#®)
3) Otherwise:
uabs+(l) € m <=> T Em
if m=7 then <=> true <=> [Zconc+(m)
if m=1 then <=> false<=> LEconc+(m) (as L#D)
ifm = L] inALD)+...4(Ln) then <=> false <=> L T conc+(m)
since NON(Fi¥lel3dlieli: L= Li inLl1+...+Ln)
and Yl€conc+(m)3Fljelj: L = Lj inLl+...+Ln L]

PRCOF OF 2.4.2-11:

Let <=> be <=> if <uabs,conc> is a pair of adjoined functions and => if

<uagbs,conc> is a pair of semi-adjoined functions. Then for

L € Ll+eaatliteaatln and m € Li+ao+Mitea.tln :

If L=1:
(S uabs L) Em<=>1LE m<=>41 E (Si conc m) <=> LE (Si conc m)

IT L =Ll inll+...+ln and j#i:
(S1 uabs LD Em
<=> Lj inL1+eeatfiiteaatln Em
<=> (m=T) v (FLj': m = Lj" inll+..eatMiteeatbn A LISLIY
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<=> LE (Si conc m) vi@lj': m = Li"inll+.e et liteeatlna L € (Si conc m))
<=> L € (Si conc m)
If L =11 in L1+...4Ln:
(Si uabs L) E m <=> ( uabs(Li) inll+...+iteeetn ) E n
<=> (m=7) v (Imi: m = mi inLT +eeHiite.atln Auabs(LidEmi)
<=> (m=7) v (3mi: m = mi inL1+eeetMiteaa+ln A LiEconc{mi)
<=> (L= (Siconcm)) v (3mi: m=mi inLl1+eee+tMiteeatln A
L £ (89 conc m))
<=> L £ (Si conc m)
If L=r:

(S uabs DE m<=>TE m<=> TE (57 conc m) <=> L E (Si conc m)

In the case of "adjoined" the result obviously follows (by 2.4.1-6). 1In the

case of "semi-adjoined" the result follows by 2.4.1-5 because (Si uabs) and
(Si conc) clearly are isoctone. L3

PROOF OF 2.4.3-3:
Suppose <uabs, conc> is a pair of adjoined functions between L and M.
Clearly uabs = A L.M{m| uabs(L)EmX> = Al.N{m| LEconc(m)l.
Now uabs(UL) =n{m| ULEconc(m)} =nN{m| ¥lel: L€concm))}
= M{m| ¥lel: uvabs(lXEm} =n{n] U{uabs(l) |l&el}E m)>
= Wuabs(l) |lelY
so that uabs is a complete-p—morphism and hence isctone (2.1.2-4).
Similarly, conc=Am.U{l| uabs(L)Em} is a complete-,=morphism. It is easy
to see that conc is isotone.
So <uabs,conc> is pair of semi-adjoined functions. To see that it is a
pair of guasi-adjoined functions: conc e uabs = Al.Mconc( {m| LEconc(m)}) =
Al. N{conclm) | LEconc(m)}. [l

PROOF OF 2.4.3-10:
Since (semi-,quasi-) down-adjoined is the dual concept of (semi-,quasi-)
adjoined the proof is dual to that of 2.4.3-3. (]

PROOF OF 2.4.3-11:
1) We show: (Im,mp: mEmp A LEconc(m} A conc(mp)Elp) <=> uabs(l)Edabs(lp)

<= : Obvious with m = uabs(l) A mp = dabs(Lp)

=> : Assume mSmp A LEconc(m) A conc(mp)Elp. Since uabs and conc are
guasi-adjoined we get
concCuabs(Ll)) =N{conc(m') |conc(m')3L} € conc(m)
and from dabs and conc quasi-down-adjoined we get
conc(dabs(Lp)) =ULconc(n') [conc(m*)ELp} 2 conclmp)
SO
L £ conc(uabs(Ll)) € conc(m) € conc(mp) € conc{dabs(lp)) € Lp
If uabs and conc are adjoined then L € conc(dabs(lp)) gives
uabs(l) £ dabs(lp). If dabs and conc are down-adjoined then
conc(uabs(l)) £ Lp gives uabs(l) € dabs(lp).

2) lWe show conc(uabs(L)) & conc(dabs(lp)) <=> uabs(l) & dabs(lp).
<= : Trijvial
=> : If uabs and conc are adjcﬁned: conc(uabs(l)) £ conc(dabs(lp)) =>

L € conc(dabs(Llp)) => uabs(l) € dabs(lp). Similarly if dabs and conc are
down-adjoined: conc(uabs(Ll)) € conc(dabs(lp)) => concluabs(l)) € Lp =>
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uabs (L) £ dabs(lp). £l

PROOF OF 2.4.3-12:
We know that conc euabs is isotone and extensive and it is easy to show that
cenc ©uabs s idempotent (in fact conc cuabs econc = conc); so conc s uabs is
an upper closure operator. Obviously {conc(uabs(l)) |leL} < {conc(m) |meM}.
Conversely, let conc({m) € {conc(m') |m'elX¥. From conc e uabs e conc = conc
follows conc(m) = conc(uabs(conc(m))) € {concCuabs(Ll)) |lelLl}.
To show that the upper closure operator is unique, we let ucol and uco? be

two upper closure operators with

{ucot (L) [leLY = {uco2(l) |leL} = {conc(m) |meM}. Then for any LleL:

Leucol (L) => uco2(l) & uco2(ucol(l)) = ucol(l) since uco2 is idempotent and
ucol (L) € {uco2(l') [Ll'elL} so that uco2(l) € ucol(l). Conversely

uco2(l) 2 ucol(l). This shows ucol = uco?, i.e. uniqueness. 3

PROOF OF 2.4.3-13: .

Pefine NUM = {0,1,...} and POS = {1,2,...} and let L=ANUM). Define uco:L->L
by uco(l) = IF L is finite THEN L ELSE NUM. Then uco 1is an upper closure
operator. Define LSL as € LENUM |(L is finiteda0€l}. Then L is directed and
U = P0S. But uco(UL) = uco(POS) = NUM # POS = UL =U{ uco(l) |L€L}. So uco
is not continuous. L
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PROOF OF 3.1~2:
1) Since there are no reflexive domains the domains (including S, I, A and C)
obviously exist and are complete lattices.

2) Obviously, wrong € C and finish € C.

3) We only prove g € Par =t> C =c> C for primitive functions as the proofs
are tedious and the cases of setup, attach, and cond more or less are Llike
this proof.

a) Dg € Par =t> P(Sta) -c> P(Sta)
Clearly Dg(par) is well-defined. It is a complete-y~morphism because for
any seP(S)=RP(Sta)): Dglpar)s)
{std-Bg(par)(sta) |std-Vg(par)(sta)=true A stae(lg)}
{std=-Bg(par)(sta) |[std-Vg(par)(sta)=true A dstaes: staestal
(this was by U being U)
U{{std—Bg(par)(sta) | std=Vg(par)(sta)=true 5 staesta) |staest
(this was by U beingu)

U{ pglpar)(sta) | staes}

b) Clearly g(par) is well-defined. If c<C then
g(par)c) = (Uc)e(Dg(par))
= U{c e Dglpar) | ceck
= W{g(par)(c) |cec}
So g(par) is a complete—-u—morphism and hence
g € Par -t> C -c> (ASta) -t> Pla -t> P(Sta)). Since Dglpar) and ceC are
continuous Lemma 2.1.2-8 yields
g € Par -t> C -c> (P(Sta) -c> Pla -t> ASta)). Finally,
¥YceC ¥stae®(Sta): c(sta) € Pla —-c> P(Sta) so that g € Par -t> C -c> CI[]

PROOF OF 3.1-6: .
To prove the theorem we need the predicates
P-S: P(Sta)->B where P-S(sta) = ¥staesta:topfreelStal(sta)
P-C:(col=CXsts=C)->B where P-C(col-c,sts~c) = ¥sta:

[ P-S(sta) => sts-c(sta) = U{col-c(sta) |stae¢stalt 1
The proof is by structural induction (case 5 below), but we first show some
auxiliary results:

1) For any primitive function g € Par =t> C —-c> C we show that if
P-C{col-c,sts-c) then P-C(col-g(par)(col=-c), sts—-gl(par)(sts-c)).

i) We first show topfreelStal(sta) => std-Vg(par)(sta)#T. We only consider
g=assign as the remaining cases are similar. Assume
topfreelStal<env,inp,out,wit>. Then #wit#T by property of # and
#Hwit<<1)#T by property of <<. As false#T and true#T and. # T the result
follows.

ii) We then show P-S(sta) => P-S(sts-Dg(par)(stal)). It suffices to show
topfreelStal(sta) A stda-Vg(par)(stal)=true =>
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topfreelStal(std-Bg(par)(sta)). Let sta = <env,inp,out,wit> and assume
std-Vg(par)(sta) = true as well as topfreelStal(sta).

a) If g = assign: Clearly topfreellWitl(<val>$wit) => topfreelWitI(wit).
Also topfreelVall(val) o topfreelEnvi(env)  ideg{i, 7} yield
topfreelEnvl(envlval/idel). To see this assume topfree[Ide®I(ide').
Then envlval/idelide'e {4,val,envEide'I} because Assumption 2.2-3 and ==
continuous implies that (ide==ide')e {+,true,false}. This shous
topfreelStal(std-BassignEideIsta).

b) The cases content, read and write are similar to the above case (but
simpler). The cases apply and push use Assumption 3.1-4.

i11) Finally we show the result for primitive functions. Assume P-S(sta)
and P-C(col-c,sts=c). Then
sts-g(par)(sts-c)(sta)
sts-c(sts-Dg(par)(sta)) (and by "ii" and P-C(col-c,sts=c):)
U{(col=-c) (col-Bg(par)(sta)) |staesta A std-Vg(par)(sta)=truel}
U{col-g(par)(col=c)(sta) | staesta 4 std-Vg(par)(sta)=truel}
U{col-g(par)(col=-c)(sta) | staestal (which was by "i" and lui=L)

2) Similarly to "1)" we can prove P-C(col-c1,sts-c1) A P-C(col=-c2,sts-c2) =>
P-C(col-cond(col-c1,col-c2), sts-cond(sts-cl,sts-c2)). In step "i)" we
show that if topfreelStal(sta) then
std-Vcond(sta)=true => col-Scond(sta)# + and col-Vcond(stal)#

3) Similarly to ")" we can prove P-C(col-c,sts-c) =>
P-C(ccl-attach(plal)(col-c), sts—-attach(pla)(sts-c))

4) Similarly to '")" we can prove
L P-C(col-c,sts-c) Ao ¥inpeinp: topfreelInplinp 1 =>
sts-setup(sts-c)inp = U{col-setup(col-c)(inp) [inpeinp}.

5) We now perform the structural induction. We define the predicates
P-Cmd:Cmd=>B by P-Cmd(cmd)=
L P-CCcol-c,sts-c) => P-C(&colEcmdIocc col-c, @tskemdIoce sts—-c) 1
and P-Exp:Exp->B and P-Dcl:Dcl=>B similarly.

Structural Induction on Dgl: This is straight=forward using ™))" to "4)".

Structural Induction on Exp: As above.

structural Induction on Cmd: Most cases are as above.

Case WHILE exp DO cmd OD. Assume P-C(col-c,sts-c). Let
g=2c'.3Eexplocq§<1>;cond(gEcdeocq§<2>;c', attach<occ,'"emd)">;c). Then by
12" to "4)" and induction hypotheses it easily follows that
P-C(col=c',sts=c"') => P-C(col-g(col=c'), sts-g(sts-c')). Since P=ClL,4) &
proof by induction shows ¥n>0: P-C((col-g)"s, (sts-g)"u).

To deduce P-C(FIX(col-g), FIX(sts-g)) we assume P-S(sta). Then
FIX(sts-g)sta

= U{ (sts-g)'. sta |n>0%

u{ Ul (ecol-g)™. sta [staesta} |n>0} (and by Lemma 2.1.1-7 twice:)
u{ ul (col-g)"s sta [n>0} |staestal

U{ FIX(col-g) sta |staesta}

This shows P-C(FIX(col-g), FIX(sts-g)) from which
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P-Cmd( WHILE exp DO cmd 0D) easily follows.

Structural Induction on Pro: Surely P-C(col=finish, sts=finish) so that
AstsEdclI<1>; FstsEemdI<2>;sts=finish). Then the result follows by "4)'".
Cd

PROOF OF 3.1-10:
The proof is by structural induction. We define the following predicates:
P-C:(apri-CXapr2-C)->B by P-C(april-c,apr2-c) =
(aprl=c econc € (R conc) @ apr2-c)
P-Cmd:Cmd=>B by P-Cmd(cmd) = P-C(april-c,apr2-c) =>
P-C(FapriEcmdlocc apri-c, ¥apr2kcmdiocc apr2-c)
and P-Exp:Exp=>B and P-Dcl:Dcl=>B similarly.

Structural induction on Dcl: The proof is straight-forward using

Structural induction on Exp: As above.

Structural Induction on Cmd: The cases mostly are as above. Consider the
case WHILE exp DO cmd 0D. Let
glcd = Ac'.BEexploccs<1>; cond(EEcmdIocc§<2>;ct, attach<occ,'cmd)">;c).
Assume P-C(april-c,apr2=-c). Then P-C(apri-c*',aprz-c') =>

P-C(apri-glapri-cl apri-c', apr2-glaprz=-cl apr2-c'). Since P-C(i,1) a proof
by induction shows ¥n>0: P-C((aprl-glLapri-cI)".i, (apr2-glapr2-c)”.). To
show P-C(FIX(apri-glaprl-cl), FIX(apr2-glLapr2-cl)) we calculate:
FIX(apri-glapri-cl)econc

=  U{(apri-glapri=-cl)?ie conc |n>o}

U{(R conc) e (apr2-glapr2-cJ])". |n>02}

(R conc)e W{(apr2-glapr2-c1)”1 |n>02

(which was by isotony of R conc)
(R conc) e FIX(apr2-glaprz-cl).

g t

Structural induction on Pro: That the result holds is directly from
P=C(Aapr1EdclI<1>; &apr1EemdI<2>;apri-finish,
Aapr2kdclI1>; Lapr2kemdI<2>;apr2=finish)

and apr1 E<uabs,conc> apr2. . £J

PROOF OF 3.1-12:
We must show the conditions of Definition 3.1-9: Let P-C(sts-c,ind-c) =
(sts-c e conc € (R conc) eind-c).

a) P-C(sts-wrong,ind-wrong) and P-C(sts-finish,ind-finish) are immediate.

b) Assume P-C(sts-c1,ind-c1) and P-C(sts-c2,ind-c2). Then
sts—-cond(sts—-c1,sts=c2) ¢ conc
€ ds.sts-c1(concluabs(sts-Dt-cond(conc(s))))) w
sts—-c2(conc(uabs(sts-Df-cond(conc(s)))))
(which was because sts-cl and sts—c2 isotone and
conceuabs extensive)
E ds.(R conc)(ind=c1(ind=Dt=cond(s))) u
(R conc){ind=c2(ind=bf=cond(s)))
(which was by assumptions)
€ (R conc) ° (ind-cond(ind=¢c1,1ind-c2))
(which was by R conc isotone)
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This shows P-C(sts-cond(sts-c1,sts-c2), ind-cond(ind-c¢c1,ind-c2)).

c&d&e) The proof goes essentially as in case "b)" above. In the proof of
"c)" we use the fact ¥seS: Llconc(s)/plal € (R conc)(uls/plal). L1

PROOF OF 3.1-13:

Pefine the predicates

P:(sts=CAind-C)->B by P(sts—-c,ind-c)=[sts=c e conc € (R conc) e ind-c]
@:(ind=CXapr-C)=>B by QCind-c,apr-c)=C ind-c € apr-c 1

1) Assume ind<uabs,conc> £<As.s,As.s> apr and show sts S<uabs,conc> apr by
proving the conditions of Definition 3.1-9.

a) Clearly P(sts-wrong,apr-wrong) and P(sts-finish,apr-finish).

b) Assume P(sts-cl1,apr-c1) and P(sts-c2,apr-c2). Then by Lemma 3.1-12
sts—cond(sts=-cl1,sts-c2)econc £ (R conc)e(ind-cond(apr-cl,apr-c2))
But QCapr-ci,apr-c1) A QCapr-c2,apr-c2) so ind £<}s.s,As.s> apr implies
ind=cond(apr-ci,apr-c2) € apr-cond(apr-cl,apr-c2)
Also (R conc) is isotone. This implies
sts—-cond(sts-cl,sts-c2)econc £ (R conc)e(apr-cond(apr-c1,apr-c2))
From this P(sts-cond(sts-c1,sts-c2), apr-cond(apr-c1, apr-c2) follows.

c&die) The proof goes as in "b)" above.

2) Assume sts £<uabs,conc> apr and show ind<uabs,conc> £<Js.s,ds.s> apr by
proving the conditions of Definition 3.1-9.

a) Obviously @(ind-wrong,apr-wrong) and Q(ind-finish,apr-finish).

b) Assume QCind-c1,apr-c1) and Q(ind=-c2,apr-c2). Since apr-cond is isotone
in both parameters we only need to show
ind-cond(ind-c1,ind-c2) € apr-cond(ind-c1,ind-c2)
to be able to deduce Q(ind-cond(ind-c1,ind-c2), apr-cond(apr-cl,apr-c2)).
Define sts=cl = (R conc) ¢ ind-c1 © uabs
sts-c2 = (R conc) e ind=c2 o uabs
Then P(sts=-c1,ind-c1) and P(sts=-c2,ind-c2) because uabseconc is the
identity (reductive is enough). Then (by hypothesis)
P(sts-cond(sts-c1,sts-c2), apr-cond(ind-c1,ind-c2))
i.€.
(sts-cle sts-Dt-cond e conc) w (sts-c2 e sts-bf-cond e conc) €
(R conc) e apr-cond(ind=-c1,ind-c2)
and because (R uabs) is isotone we get:
LCR uabs)e(R conc)eind=cleuabsests=Dt-condeconc] w [...] €
(R uabs) ¢ (R conc) e apr-cond(ind=cl1,ind-c2)
When <uabs,conc> is exact this is equivalent to
ind=-cleind=Dt-cond v ind-c2eind-Df-cond £ apr=-cond(ind-c1,ind-c2)
as was tc be shown.

c’dé&e) The proof goes as in "b)" above. Ll

PROOF OF 3.1-14:

result by a structural induction that uses the predicates:
P-C:(ind1-CXind2-C)->B where P-C(indi-c,ind2-c) =

2:10
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L (R uabs)eindl-ceconcouabs = ind2-ceouabs 1
P-Cmd:Cmd->B where P-Cmd(cmd) = [ P-C(indl1-c,ind2-¢c) =>
P-C(&ind1 EcmdIoce indl-c, &ind2FemdIoce ind2-c)
and P-Dcl and P-Exp are defined similarly.

Before we approach the structural induction ("6" below) it is convenient
to show some properties of primitive functions, auxiliary functions and
constants.

1) Since uabs and conc are adjoined we have uabs(i)=1s0
P=C(indl=wrong,ind2-wrong) and P-C{indl=finish,ind2=finish).

2) We show P-C(ind1-c1,ind2=¢1) A P-C(indl1=c2,ind2-c2)
=> P-C(indl-cond(indl=c1,ind1-c2), ind2-cond(ind2-c1,ind2-c?))
Assume P-C(ind1-c1,ind2-c1) and P-C(ind1-c2,ind2-c2). Then
(R uabs)eindl-cond(indi-c1,ind1=-c2) conceuabs
= (R uabs)eindi—-cleconcouabsests—Dt-condeconceuabs w
(R uabsl)e indl-c2econceuabsests=bDf=-condeconceuabs
(which was by uabs a (complete-)u-morphism)
[ind2-cleind2-Dt-cond w ind2-c2oind2-Df-condleuabs
(which was by assumtions)
= ind2-cond(ind2=-c1,ind2-c2) e uabs
Hence P=-C(ind1-cond(indl-c1,ind1-c2), ind2-cond(ind2-c1,ind2~c2)).

3) We show P-C(indi-c,ind2-c) =>
P-C(indl=attach(pla)(indli=-c}, ind2-attach(pla)(ind2-c))
Assume P-C(indl-c,ind2-c). Then
(R uabs)e(indl-attach(pla)eindl-c) e conceouabs
= As.(R uabs)(indl-c(conc(uabs(s)))) w (R uabs)(ilconc(uabs(s))/plal)
(which was because uabs a (complete-)u-morphism)
As. ind2-c(uabs(s)) u 1[(uabseconceuabs)(s)/plal
(which was by assumption P=C(...,...) and uabs(r)=7 and uabs(i)=1)
(ind2-attach(pla)(ind2=c))euabs
(which was by uabseconceuabs = uabs which is
a property of a pair <uabs,conc> of adjoined functions)
Hence P-C(indl-attach(pla){indi=-c), ind2-attach(pla)(ind2-c)).

4) The proof of P-C(indl-c¢,ind2-c) => ¥inp:
(R uabs)(indl-setup(indl-c)inp) = ind2-setup(ind2-c)inp is easy.

5) The proof of P-C(indl-c,ind2-¢c) =>
P-C(ind1-g(par)indl-c, ind2-g{par)ind2-c) for a primitive function g goes
as case "2)".

6) The structural induction is mostly straight-forward using the results of
")" to "5)". We consider the case WHILE exp DO cmd OD. Define
gled = Ac' .8Fexplocc§<1>; cond(@FcmdIoccé<2>;c', attach<occ,cmd)">;c)
Then by hypotheses we may assume
P=C(ind1-c,ind2-¢c) A P-C(ind1-c¢c',ind2-c') =>
P=C(ind1-glindl-clindl1-c¢', ind2-glind2-clind2-c').
Assume P-C(indl-c,ind2-c). We now show
P=C(FIX(ind1=glind1-c1) ,FIX(ind2-gLlind2-¢1))
Since P-C(a,1) a proof by induction yjelds ¥n>0:
P-C(Lind1=gLind1-¢c11".:,Lind2-glind2-c11™1). Furthermore,
(R uabs)e (W{(indl-glindt=c1)"” L |n>0}) e conc & uabs
=U{ (R uabs)e(Lindl-gLind1=cJ1"1)sconceuabs |n>02}

211



CAppendix 3]

(this was by uabs a complete-g-morphism)
U{ (ind2-gCfind2-c¢I1)"s o uabs |n>0}

(this was by ¥n>0: P=Cl..u,cee))
FIX( ind2-glind2-cl) e uabs

This shows P-C(FIX(indl1-glind1=-cl), FIX(ind2-gLind2-c1)). From this
P-Cmd(WHILE exp DO cmd OD) easily follows. ]

PROOF OF 3.1-15:
Abbreviate ucol=concleuabsl, uco2=conc2euabs?, id=Asta.sta, ind1=ind<ucol,id>
and ind2=ind<uco?,id>.
We omit the proof of indl £<id,id> ind2, since it is straight-forward.

From this result and Theorem 3.1-10 we have

¥pro:¥inp: Pind1Eprolinp € Pind2Eprolinp
and by isotony of ucol and ucol € uco?

Ypro:¥inp: (R ucol) (Pind1Eproling) £ (R uco2) (Pind2Eprolinp)
By Lemma 3.1-14:

¥pro:¥inp: (R concl)(Pind<uabsl, conc1>Eprolinp) £

(R conc2) (Pind<uabs2, conc2>Eprolinp)
|

PROOF OF 3.1-16:
If <uabs,conc> is a pair of adjoined functions then conc e uabs is an upper
closure operator by Lemma 2.4.3-12.
Conversely, Let uco:P(Sta)=->P(Sta) be an upper closure operator. Let
§ = {uco(sta) | stae®sta)} and id:S->S be As.s. Then <uco,id> is a pair of
adjoined functions, as can easily be shown. Furthermore uco(r)=r because uco
is extensive. Below we show that S is a complete lattice.
Let €, U and N be those of A Sta). Clearly (S,2) is a partially orcered
set. We show ¥s<S: MNseS. This follows from
Ns £ ucons) € n{uco(s) [ses} =ns
(where we have used the properties of an upper closure operator) so that
s = uco(Ng) € S. This implies that for arbitrary s € S
¥seS: NNs 2s <=> 5 35
(because M is meet of (P(Sta) and S€ P(Sta) ) so that M is also meet of S
(and exists).
We now show that ¥sS€S: 3s0eS: ¥sleS: s € s1 <=> s0 € s1 because then S is
a complete lattice. For fixed g set sO =/{s2 |s22s} € S. Then
s €51 => {s2 |s22s} 2 s1 => s0 E s
and
sO € s1 => ¥s3es: s3 5 N{s4 |s43s3} € s0 € s1 => 5 € s1 C3

PROOF OF 3.1-17:
The part ucolfuco2 => ind<ucol,id> &¢id,id> ind<uco2,id> is to be proven as 1in
the proof of Lemma 3.1-15 (where we omitted the proof).

For the converse implication abbreviate ind1 = ind<ucol,id> and ind2 =
ind<ucoz,id>. Define ceP(Sta)-i>Pla-c>(Sta) by c=Asta.Apla.sta. Note ¥sta:
(ind1-dummy;c)sta = Apla.ucol(sta) and ¥sta: (ind2=-dummy;c)sta =
Apla.uco2(stad. So by indl £<id,id> ind2 we get ¥sta: ucol(sta) € uco2(sta),
i.e ucol € uco2. L3
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PROOF OF 4.1-6:

The proof is by structural induction. Define the predicates:

P-S:P(Sta¥*)->B by P-S(s)=¥Ysta¥es: topfreelSta®l(sta*) A #sta¥e{4,+,0F

P-C:(his-col-CXhis-sts-C)->B by P-C(his=-col-c,his=sts=c) =
¥se®P(Sta*): P-S(s) => his-sts-c(s) = U{his-col-c(sta¥) |sta¥es}

P-Cmd:Cmd->B by P-Cmd(cmd) = [ P-C(his-col-c,his-sts-c) => .
P-C(Bhis-colEcmdIocc his-col-c, &his-stskcmdi occ his-sts-c)

and P-Exp and P-Dcl similarly.

It 1s easy to modify the proof of Theorem 3.1-6 to hold jn this setting;
note that topfreelSta*l(sta*) A #sta*¢{+,7,0} => topfreelStal(sta*.last) [J

PROOF OF 4.1-9:

To show that uabs and conc are adjoined is by straight—-forward calculations.
To show exactness: We know uabs(conc(sta)) € sta. Let staesta. Then

<sta> € conc(sta) so {<sta>} < conc(sta) so

sta € uabs({<sta>}) € uabs(conc(sta)), i.e. uabs(conc(sta)) = sta. Ld

PROOF OF 4.1-10:
Define P-C:(sts=CAhis=ind-C)=->B by P-C(sts-c¢,his=ind-c) = (sts-c=his=-ind-c).
Then

a) P-C(sts-wrong,his-ind-wrong) and P-C(sts=finish,his=ind=finish)

b) Suppose P-C(sts-cl1,his-ind-c1) and P-C(sts-c2,his=ind-c2). Then
nis=ind-cond(his-ind=c1, his-ind-c2)
= sts-cleuabsehis-sts-Dt-condeconc u sts-c2euabsehis-sts-Df-condeconc
Now uabs(his—sts=-Dt-cond(conc{stal)))
= uabs {his-std-Bcond(sta*) |sta*econc(sta) a his-std-Vcond(sta*)=true
~ his-std-Scond(sta*) =truel}
{( sta*$<std-Bcond(sta ¥ last)> ).last | sta¥.last € sta
A std-Vcond(sta¥.last) = true
A Std-Scond(sta¥ Last) true F
{( sta*$<std-Bcond(sta¥.last)> ).last | sta*¢{i,v>
A «eeCOnditions as above... }

i

This was because sta¥=1 => sta¥§<...>=1 => (sta*&<...>).last=4
since 1¥i1=1. But sViesta => <a>econc(sta) and <a>.last=1

so that no elements were excluded from the set by requiring sta¥#.i.
Similarly for +. So

{std-Bcond(sta) |staesta a std-Vcond(sta)=true a std-Scond(sta)=true}
sts-Dt-cond(sta)

i n

Similarly for ...-Df-cond, so we have his=ind-cond(his=-ind-c¢1,his=ind=c2)
= sts-cl o sts-Dt-cond w sts-c2 o sts-Df-cond
= sts—cond(sts-¢1,sts-c2)

showing P-C(sts-cond(sts-c1,sts-c2), his—ind-cond(his-ind-c1,his~ind=-c2)).
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¢) Clearly P-C(sts-c,his=ind=c) =>
P-C(sts—-attach(pla)(sts-c), his-ind=-attach(pla)(his-ind=-c))

d) Clearly P-C(sts-c,his=ind=-¢) =>
sts—setup(sts~c)(inp) = his-ind-setup(his-ind-c)(inp)
since uabs{<sta>|...} = {stal...t

e) Aleong the same Lines as in "b)" we show P-C(sts-c,his=ind-c) =>
P-C(sts—-g(par)(sts-c), his=ind=g(par)(his-ind-c)).

Similarly to the above result it is not difficult to show the two results
stated in square brackets. |

PROOF OF 4.2.1-2:
We only prove the result for std since the proof for his-sts essentially is
similar to that of std. Below we elide the prefix std-.

1) For g anyone of apply, content, push and for arbitrary ceC we have:
c®lPg(par)]

Asta.Pg(par)(sta) £Sta -> c((Pg(par)(sta)) |Sta), "wrong" inA

Asta.Vg(par)(sta) => c(Bg(par)(sta)), "wrong" inA

glpar)(c)

inn

2) Similarly, for ceC we have c@[Pattach plal = attach(pla)(c).

3) We then show c®(ss1*ss2) = (c#ss1)@ss2 for any ceC, ss1 & Sta -c> R,
ss2 € Sta —-c> R. We have c®(ss1#*ss2)

Asta.(ss1*ss2) (sta) £Sta => c((ssl1*ss2)(sta) |Sta), "wrong" inA

Asta.[ ss2(sta) ESta -> ss1(ss2(sta) |Sta), ss2(sta) J £Sta ->
c((ss1*ss2)(sta) |Sta), "wrong" inA

Asta. ss2(sta) €Sta -> [ss1(ss2(sta) |Sta) £Sta ->
c((ss1*ss2)(sta) |Sta), "wrong" inA 1, "wrong" inA

Asta. ss2(sta)ESta -> [ ss1(ss2(sta) |Sta) £Sta ->
c(ss1(ss2(sta) |Sta) |Sta), "wrong" inA 1,
"wrong" inA

Asta. ss2(sta) €£Sta -> [(c®ss1) (ss2(sta) [Sta)l, "wrong" inA

(c@®ss1)@ss?

i

nnu

4) The proof of the lemma is by structural induction on Exp. This is
straight-forward by "1)", "2)" and "3)". L]

PROOF OF 4.2.1-4:
The proof is by structural induction on Exp. Define predicates P-S:Sta->B by
P-S(sta) = sta.wité{u, v} and P-Exp:Exp->B by
P-Exp(exp) = ¥sefSta*): [ (¥sta¥es: P-S(sta¥.last)) =>
[ {sta¥.last |sta*e(P&his-stsFexplocc s)¥1X
= {(P8stdlexplocc (sta¥.last)) |Sta | sta¥es) A
¥sta"e (PEnis—-stsFexplocc s)y1: P-S(sta*.last) 17

1) Case bas: Assume ¥sta¥es: P-S(sta*.last). Then
PZhis-stskbasfocc syl
his-sts=Dpushkbasi s
{his-std-BpushlbasI sta* |sta¥%es a his-std-VpushFbasi sta® = true}
{sta*§<std-BpushEbasI(sta*.last)> |sta¥esy
Since 1,T¢s uwe have
{sta*.last |sta*e(P&his-stsEbasTocc s)y1}

LI I |
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{std=-BpushFbasI(sta*. Last) |[sta¥es}

{(P&stdlbasi occ (sta¥.last)) |[Sta | sta%*esl}

and (e.g. from 4.2.1-3) sta¥es => P-S(P%stdEbasiocc (sta*.last) |Sta).
Hence P-Exp(bas).

1 n

2) Case ide: This case is similar to the above case.
3) Case expl ope exp2: Assume ¥sta*es: P-S(sta¥* last). Then
PZhis—-stslkexpl ope exp2y occ s V1
= his-sts-DapplyFopeI s2
where s2 = P¥his-stslexp2l occf<3> s1 V1
s1 = P&his-stskexpll occé<1> s Y1
So that by P-Exp(expl) and P-Exp(exp2)
{sta¥.last | sta®es2}

= {P&stdlexp2I(occd<3>) (sta¥.last) |Sta | sta*est}
= {P&stdlexp2i(occé<3>)( P&stdEexplI(occ§<1>) (sta*.last)|Sta)|Sta
| st&e s}

and by several applications of Lemma 4.2.1-3

{ sta¥.last | sta*P&his-stskexpl ope exp2i occ s V12}

= { sta¥.last | sta¥ehis-sts-DapplyFopel s2 2}
and by 1,7¢s2

{ std-BapplyEopeI(sta¥®.last) | sta*es2 a std-VapplyFopeI(sta*.last)=true)

{ std-Papplylfopedsta|Sta | stae{sta*.last | sta*es2}}

{ (std-PapplyEopel * PEstdEexp2loccs<3> * PéstdlexptIocct&1>)
(sta*.last)|Sta | sta¥es >

{ (PgstdEexpl ope exp2l occ (sta*.last)|Sta) | sta¥es 2

I

Also sta¥*¢s => P-S( (P%stdlexpl ope exp2i occ (sta*.last)) |Sta) as follows
from Lemma 4.2.1-3. Hence P-Exp(expl ope exp?). B

PROOF OF 4.2.2-9:
Shown after the proof of 4.2.2-10. £l

PROOF OF 4.2.2-10:
Lemma 4.2.1-3 shows pre3(stal,staz,exp) => stal.witdle, T} A sta2.wit¢ {2,172
=> [(P?stdEexpl stal E£Sta)=true o (P&stdEexpl sta2 £Sta)=true 4
#((PZstdEexpistal |Sta).wit)e{l, ...k A
#((PZstdEexpista? |Sta).witde{l,...} ]
It therefore suffices to show ¥Yexp: P-Exp(exp) where P-Exp: Exp->B is
P-Exp(exp) = ¥stal,sta2eSta: [ pre3(stal,staz,exp) =>
[ (Pfstdlexpistal |Sta).wityl = (P&stdEexpista? |Sta).wityl A
pre3(PEstdlexpistal |Sta, PEstdFexplsta2 |Sta, exp) 11
The proof is by a structural +induction:

1) Case bas: Assume pre3(<envi,inpl,outl,wit1>, <env2,inp2,out2,wit2>, bas).
Then P#stdEbasI<envlil,inplil,outlil,wit[i1> |Sta
std-BpushkbasI<envl[iJ,inplil,outlil,witlil>
<enviil,inplLil,outli], <std=-BEbasI>éwitlil>

From this P-Exp(bas) easily fellows.

2) Case ide: As above.

3) Case exp = expl ogpe exp2: Let stal, sta2 be such that
pre3(stal,sta2,exp). Then P&stdEexpl ope exp2i stalil
((std-PapplyFopel * P&stdFexp2I) * PEstdFexpll ) stalil

(std-Papplylkopel * P&stdFexp2i) stalil!
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where Lemma 4.2.1-3 implies that there exists vallil'eVal such that
stalil' = <stalil.env, stalil.inp, stalil.out, <vallil'>&(stalil.wit) >
Since pre3(stal,sta2,exp) => pre3(stal,sta2,exp2) we get from P-Exp(exp2)
that vall'=val2'. Obviously pre3(stal',sta2',exp) because
stalil'.env = stalil.env. So P&stdlexpl ope expe2d stalil
= std-Papplykoped stalil"
where Lemma 4.2.1-3 implies that there exists valLil"eVal so stalil" =
<stalil.env, stalil.inp, stalil.out, <vallil",vallil'> &(stalil.wit) >
As before, vall'=val2" and pre3(stal',sta2",exp). Then
P&stdEexpl ope exp2i stalil
= stalil"" in(Sta+{"wrong"}) where
stalil"' = <stalil.env, stalil.inp, stalil.out
» <std-@FopeI<vallil®,vallil">§(stalil.wit) >
Then stal"'.wityl = sta2"'.wityl and pre3(stal"’',sta2"',exp).
This shows P-Exp(expl ope exp?). L]

PROOF OF 4.2.2-9:

To show uabs=r2 € uabs-r3 it suffices to show ¥sta¥eSta®: r2(sta*) =
r3(sta®). By the form of the definitions of r2 and r3 it is enough to show
¥stal,sta2,exp: pre3(stal,staz,exp) => pre2{stal,staz, exp).

This follows from Lemma 4.2.2-10. L]

PROOF OF 4.2.3-2:
After the proof of 4.2.3-6. L3

PROOF QF 4.2.3-5:

Define the predicate P-Exp: Exp->B by P-Exp(exp) =

[ P-S(his-sts-s,ae-s => [

P-SC (PZhis-stskexplocc his-sts-s)¥1, (PZaekexplocc ae-s){1) a
PZhis-stskexplocc his-sts=s ¥2 € (R conc-r3) ( PZacEexpl occ ae-s y2)7]

1) We must show P-C(his-sts-c,ae-c) =>
P-C(Zhis-stsEexpI occ his-sts-c, Zaelexpl occ ae-c). Assume
P-C(his=sts-c,ae~c) A P-Exp(exp) a P-SChis-sts-s,ae-s). Then
Zhis-stsFexpIocc his-sts-c his-sts-s
= his-sts-c( PZhis-stskexpI occ his-sts-s ¥1)
P¢his-stskexpd occ his-sts-s }2
which was by Lemma 4.2.1-2
€ his-sts—c(Pghis-stskexpl occ his-sts-s ¥1) u
(R conc=r3) (P2ackexpl occ ae-sy2)
which was by P-Exp(exp); by P-Explexp) a P-C(his-sts-c,ae-c) we get
€ (R conc-r3)(ae-c(P2aekexpl occ ae-s V1)) u
(R conc-r3) (P&aelexpl occ ae-s 2)
£ (R conc-r3)[ ae-c(Pgackexpl occ ae-s y1) o Péaekexpl occ ae-s N
and by Lemma 4.2.3-4
= (R conc-r3) (Zackexpl occ ae-c ae-s)

We then are left with showing P-ExpCexp). This is done by a structural
induction on Exp (cases 2, 3 and 4 below).

2) Case bas: Assume P-S(his-sts-s,ae-s).

a) Péhis-stsEbasl occ his-sts—s
= <his-sts-s', alChis-sts-s/<occ,"(exp'">] u 1Lhis=sts-s'/<occ,"exp) "> >
where
his=sts-s' = his-sts-DpushEbasi his-sts-s
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{his-std-Bpushlkbasl sta* | sta¥ehis-sts-s}
(this was because his-std-Vpushlbasi sta® = true )
{sta*$§< std-BpushEbasI(sta*.last)> |sta¥ehis-sts-s}

1

b) PZaelbasi occ ae-s
= <ae-s', Llae-s/<occ,"(exp'">] w alae-s'/<occ,"exp)''>1>
where
conc-r3(ae-s') = conc-r3(ae-s)
{sta¥ | r3(sta¥) 2 ae-st

c) We now show his-sts-s' € conc-r3(ae-s'). Let sta®ehis-sts-s. Then
sta®¢ {1, 7} so r3(sta*§< std-BpushEbasI(sta*.last) >)
2 r3(sta¥) n {exp |pre3(sta*.last, std-BpushEbasI(sta*.last), exp)}
r3(sta*®) (which was by obvious property of std-Bpush)
ae-s (which was by using P-$(Chis-sts—-s,ae-s))
This yields his-sts-s' £ conc-r3(ae-s')

iy

d) For any sta¥ehis-sts—-s' we have sta¥*.last.wité{s,r} as easily follouws
from Lemma 4.2.7-3. This yields P-S(his-sts-s', ae-s') and P-Exp(bas).

3) Case ide: This case is similar to case 2.

4) Case expl ope exp2: Assume P-S(his-sts-s,ae-s). This case does not follow
the pattern of cases 2 and 3. We abbreviate:

F4 = Pattach<occ,'exp)'>
F3 = F4 * Papplylopedlexpl ope exp2d
F2 = F3 x P8Texp2I occé<3>
F1 = F2 x PZEexplI occé<i>
Then

a) P&€his-stsFexpl ope exp2I occ his-sts-s
= his-sts-F1(his-sts-s) v <u, 1[his-sts-s/<occ, ' (exp">1>
= his-sts-F2(his-sts-s1) u <1, his-sts—al w alhis-sts-s/<occ,'"(exp'>1>
where <his-sts-s1, his-sts-al> = P&his-stslkexpld occé<1> his-sts-s
Similarly, Pfaelexp] ope exp2i occ ae-s
= age-F2(ae-s1) u <1, ae-al v lae-s/<occ,"(exp">1>
By induction hypothesis P-Exp(expl) we know
his=sts-al & (R conc-r3)(ae-al)
P-S(his-sts—-s1, ae-s1)
and by Lemma 4.2.1-4 we know
{sta¥.last |sta*e¢his—sts-s12
= {PgstdlexplI(sta®.last) |Sta |sta€his-sts-s}

b) Péhis-stsFexpl ope exp2i occ his-sts-s
= his-sts=F3(his-sts-s2) u
<L, his=sts-aZ2 w his-sts-al w alhis-sts-s/<occ,"(exp'">] >

and P&aelexpl ope exp2i occ ae-s
= ae-F3(ae-s2) w <u, ae-a2 u ae-al u slae-s/<occ,"(exp'">1>
where we know

his-sts-a2 € (R conc-r3)(ae-a2)

P-§(his-sts—s2, ae-s2)
and by Lemma 4.2.1-%

{sta*.last | sta*ehis-sts-s2

= {P&stdlexp2I(PZstdEexplI(sta®.last) |Sta)|Sta | sta®¢his-sts—s7

c) P8his-stsFexpl ope exp2i occ his-sts-s
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= his-sts-F4(his~sts=s3) v <a, his-sts-a2 wu his-sts-al u
LLhis-sts-s/<occ,"(exp'>1>

where his—-sts—-s3

= his—sts-Dapplykoped(his=-sts-s2)

= {sta¥$< std-Bapplylopel(sta¥.last) > |sta¥ehis-sts—-s22}

because Lemma 4.2.1-3 shows that when sta*ehis-sts—~s2 then sta®.last.wit

is of the form <vall,val2>§wit for wité{1,7} so that

std-Vapplykopedi(sta®. Last) = true.

Similarly, P&aelexpl ope exp2I occ ae-s

= ae-F&(ae-s3) w <1, ae-a2 v ae-al w alae-s/<occ,"(exp'>1>

where ae-s3 = ae-s v {expl ope exp2}.

tle want to show P-S(his-sts-s3,ae-s3). We must show 2 things:

1) ¥sta*ehis-sts-s3: sta¥.last.wité{a,7>. This is straight-forward
because ¥sta¥ehis-sts-s2: #(sta¥.last.wit)e{2,3,00.3.

i1) ¥sta¥ehis-sts-s52 that

r3(sta¥é< std-BapplylopeI(sta¥.last) >) 2 (ae-s) v {expl ope exp2l.
We have r3(sta*$< std-BapplyFopeI(sta®.last)> )
= [ r3(sta*)

n{exp |pre3(sta*.last, std-BapplyFopeI(sta¥®.last), exp} 1

viexp |gen3(std-BapplylopeI(sta®.last), exp)Y
= r3(sta¥) y {exp| gen3(std-BapplyFoped(sta®.last), exp)}
So it suffices to show gen3(std-BapplyEFoped(sta¥.last), expl ope expe).
We know by "4b)" 3sta such that sta.wité{i,7} and
std-BapplyFopel(sta¥®. last)
= std-BapplyEopeI( P&stdlexp2i( P&stdlexplI sta |Sta)|Sta)
which by Lemma 4£.2.1-3 is seen to be P&stdEexpl ope exp2d sta.
So we must show gen3( P&std(expl ope exp2ista |Sta, expl ope expe)
knowing sta.wit¢{i,7}. An equivalent formulation is to show
pre2(sta, P#stdEexpl ope exp2i stal|Sta, expl ope exp2).
But we know pre3(sta, P&stdlexpl ope exp2l sta|Sta, expl ope exp2)
(by 4.2.1-3) so Lemma 4.2.2-10 shows this.

WYe have shown P-S(his-sts-s3, ae=s3)

d) P&his-stskexpl ope exp2I occ his-sts-s
= <his=sts=s3, ilhis-sts-s3/<occ,"exp)'>Iu
his-sts-a2 o his-sts-al w ulhis-sts-s/<occ,"(exp">1>
and P&aelexpl ope exp2l occ ae-s

= <ae-s3, 1lae-s3/<occ,"exp)">] w ae-a2 w ae-al w ilae-s/<occ,"(exp'>I>
It easily follows that P-Exp(expl ope exp2) holds. Cl

PROOF OF 4.2.3-6

Assume that P-C(his-sts-c,ae-c) and P-S(his-sts-s,ae-s) hold. We calculate

his-sts-g(par)(his-sts-c)(his-sts-s) = his-sts-c(his~-sts-s')

where his—sts-s'

{his=std-Bg(par)(sta®) |sta*€his-sts-s a his-std-Vg(par)(sta*)=true}

{sta®$< std-Bg(par)(sta*.last)> |sta®ehis-sts-s A
std-Vg(par) (sta®. last)=truel

Similarly, ae-g(par)(ae-c)(ae-s) = ae-c(ae-s') where ae-s' = PREg(par) n ae-s

because GENg(par) = @. It suffices to show P-S(his-sts-s',ae-s').

1) Clearly, ¥sta¥ehis-sts-s': sta ¥ last.wité{+,7}
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2) conc-r3(ae-s') = {sta* | r3(sta¥) = PREg(par) n ae-s }

Let staXehis-sts-s and assume std-Vg(par)(sta® last) = true. Abbreviate
sta' = std-Bg(par)(sta®.last). le now show r3(sta*¥§<sta'>) 2

PREg(par) n ae-s. Since r3(sta¥)Zae-s it is enough to show

{exp |pre3(sta*.last,sta’,exp)} = PREg(par). We show this for each
primitive function (except apply):

g = assign: Let exp € PREassignkided. Then ide¢#Iexpl and since ideg{r, 7>
and #Fexpl n {1, = @ we have ¥ide'eFFexpl: (sta¥.last.env)Eide'I =
(sta'.env)Eide'I. Hence pre3(sta®™. last,sta',exp).

g € {content, push, read, write}: Trivial since sta*.last.env = sta'.env[]

PROOF OF 4.2.3-2:
The proof is by structural induction. Define the predicates
P-Cmd: Cmd->B by P-Cmd(cmd) = [ P-C(his-sts-c,ae-c) =>
P-C(Ehis-stsEemdI occ his-sts-c, BaeFcmdI occ ae-c)]
and P-Dcl and P-Exp similarly.

Structural induction on Dcl: Along the Llines of Lemma 4.2.3-6 we can prove

P-CChis-sts—c, ae-c) =
P-C(his-sts—attach(pla)(his-sts-c), ae-attach(pla)(ae-c)). Then, in view
of Lemma 4.2.3-6, the proof is straight-forward.

Structural induction on Exp: Use Lemma 4.2.3-5 instead.

Structural induction on Cmd: Along the lines of Lemma 4.2.3-6 we can prove
P-CChis-sts-c1,ae-c1) A P-C(his-sts-c2,ae-c2) =>
P-C(his-sts-cond(his-sts-c1, his-sts-c2), ae-cond(ae-c1, ae-c2)). This

makes the structural induction easy, except for the WHILE Loop.

For the WHILE loop: Assume P-C(his-sts-c,ae-c) and define
9236'.'2Eexpiocc§<1>; cond(BEcmdIoccef<2>;c, attach<occ,"emd)">;c).
Clearly P-C(his-sts-c',ae-c") => P-C(his-sts-g(his-sts=c'), ae-glae-c')).
Also P-C(1,1) so that ¥n>0: P-CChis-sts-g" (1), ae-g"(u)). Hence
¥n>0: P-C(his-sts-g"(1), FIX(ae-g)) and P-C(FIX(his-sts-g), FIX(ae-g)).
Then P-C(Ehis-stsEWHILE exp DO cmd 00JIocc his-sts-c,

FaeFWHILE exp DO cmd ODIocc ae-c) easily follows.
Hence P-Cmd(WHILE exp DO cmd 0OD).

Structural induction on Pro: We must show P-C(his-sts-c,ae-c) =>
¥inpe®P(Inp): his-sts—setup(his-sts-c)(inp)

S (R conc=r3)( ae-setup(ae-c)inp)
It suffices to show P-S(his-sts—-s, ae-s) where his-sts-s = {< <Qide."nil"

inVal, inp, <>, <>> > |inpeinp} and ae-s = @. This is obvious. {1
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PROOF OF 5.2-5:

Part of the result follows from 5.1-5(1). For the remaining part, assume
purelPlal(pla) and assume pla-in € local(Aattach pla) = {pla}. Let ceC and
s€S be given. Define

cl = Close(Aattach(pla)<pla=in,As.s>¥2, pla-in, )

=dpla’'. { s |ses A pla*=pla}

Then (R el

=Apla*. UL s | ses A pla'=pla}
Apla'. UC UL {s|pla'=pla} | ses )
apla'. UL ULs|pla®=plal | ses} (by 2.1.1-7)
apla®. UL pla'=pla -> s, 4 | ses?
Apla'. U{ pla==pla -> s, 1 | ses?

(which was by purelPlal(pla) and Assumption 2.2-3)
U{LCs/plal | ses?
so that U{attach(pla)(c)(s) | sest

= U{ c(s)uals/plal | sest

= U{ c(s) | seskuw W{wls/plal | sesk
Eq UL c(s) | s € cl(out(Aattach pla)) }u (RU)cl ]

E

fo]

PROOF OF 5.2-7:
Part of the result is by 5.1-5(3), because out{(Ag2)elocal(Ag2) implies
out (Ag2)éLlocal(Agl) when local(Agldnlocal(Ag2)=@. For the remaining part,
assume P-G(g1,Agl) A P-G(g2,Ag2) A Llocal(Agl)nalocal(Ag2)=@ and
pla=inglocal(Agllulocal(Ag2). Let ceC and s=S be given. Then
U{ (gl;92;c)s | ses X
EQ UL (g2;c)s | s € cl1lout(Agl)I F u (R Wcll
which was by hypothesis where
cl1 = Close( Agi<pla-in,As.s>¥2, pla-in, g)
EQ K c(s) | s € cl2loutCAg2)] F w (R Wcl1 v (R Wecl?
which was by hypothesis where
cl2 = Close( Ag2<out(Agl),As.s>V2, out(Agl), cl1lout(Ag1)D)
= W c(s) | s e (cll v cl2)lout(Ag2)Ir v (R W el v cl2)
because cli1lout(Age)] = 1 (from local(Agllalocal(Ag2)=0)
Define cl = Close( (Ag2*Agl)<pla-in,ds.s>¥2, pla-in, s}
Close( Ag2<out(Agl),As.s>y2 « Agl<pla—-in,as.s>y2, pla-in, s)
Then it suffices to show cl = cll w cl2, where w is the binary join of
Pla -t> #£(S).

To show ¢l 3 ¢l1 w cl2 we show clicll and cl2cl2. That cl2Zcll is by
Observation 5.2-2. That cl2cl2 is by straight-forward calculations simpler
than those below for the case cl € ¢l1 w cl2. So consider the converse
inclusion. Let pla' be arbitrary and assume sfecl(pla'). Define trans(i) as
a shorthand for <<plali-11,plalil>,dLil>. Then

3 ses

3 trans(1),...,trans(n) € Agl<pla-inA s.s>¥2 v Ag2<out(Agl),As.s>}2
so plal0d = pla-in A plalnl = pla® A s' = dn(...(d1(s)))

Since pla—ind{out(Agl)Iulocal (Ag2) we know trans(1)eAgi<pla—~in,ds.s>y2.
This implies the existence of
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k1 = max{j [trans(1),...,trans(j) & Agl<pla-in,As.s>y2%
Then dCk13(...(d1(s))) € cli(plalkid) and we are done if k1 = n. Otherwise
k1 < n so that

k2 = max{j |trans(k1+1),...,trans(j) € Ag2<out(Agl),As.s>y22}
exits. Then plalkld € Local(Agl) A plalkld € Local(Ag2lu{out(Agl)} so
plalk1d = out(Agl) showing dlk2J(...(dlkT11(...Cd1(s))) € cl2 plalk2d.

We are done iT k2 = n. To see that k2 = n assume k2 < n. Then
plalk2lelocal(Ag2) A plalk2lelocal(Agl)u{pla=-in} which is a contradictionl]

PROOF OF 5.2-8:
Proof is shown after the proof of 5.2-11. ]

PROOF OF 5.2-9:
Part of the result follows from 5.1-5(2,4). For the remaining part, assume
P-G(g1,Ag1) A P-G(g2,Ag2) A out(Agl)=out(Ag2) A
Local(Agl)nlocal (Ag2) ={out(Ag2)} and pla-inélocal(Agllulocal(Ag2). Let ¢ and
s be given and Llet trans(i) be an abbreviation of <<plali-11,plalil>,d[iI>.
Then U{cond(gl;c, g2;c)s | ses’
= | (g1;e)(Dt-cond(s))| sestu UL(g2;c)(Df-cond(s))| ses}
EQ UL c(s) | seclMlout(Agl)1} o (RWcll u
UL c(s) | secl2lout(Ag2)]Y o (R Wecl?2
which was by assumptions where
clt = Close( Agi<pla=in,ds.s>¥2, pla-in, {Dt-cond(s) | ses})
= Apla. {dn(...(d1(Dt-cond(s))) | ses 4 Ftrans(1),...,trans(n) e
Agl<pla~in,?s.s>y2 so plalll=pla=-in A plalnl=plat
(and by iii of P-F(Ag1) and pla-inélocal(Agl) )
Apla. {dn(...(d1(s))) | seg Ftrans(1),...,trans(n) €
Agi<ple—in,Dit-cond>y2 so plal0l = pla-ina plalnl = pla}
Close( Agl<pla=-in,Dt-cond>y2, pla=in, s)
Close( CAgl*Arecord(Dt-cond)I<pla-in,As.s>¥2, pla—in, s)
Close( transl, pla—in, s)

where transl = [Agl*Arecord(Dt-cond)I<pla-in,As.s>V2

Similerly,
cl2 = Close( Ag2<pla-in,As.s>¥2, pla-in, {df-cond(s) |ses})
= Close( trans2, pla=in, s)

where trans2 = [Ag2*Arecord(Df-cond)I<pla=in,As.s>y2

nonn

Since out(Agl)=out(Ag2) we get UL cond(gl;c, g2;cls | sesl
= I c(s) | s € (cl1 v cl2)lout(Ag2)] ¥ u (R W (cll v cl2)
(by using Lemma 2.1.1-7). Define
cl = Close( (LAgl*Arecord(Dt-cond)] WITH LAg2*Arecord(Df-cond) 1)
<pla=in,As.s>¥2, pla-in, s)
= Close( translutrans2, pla-in, s)
It suffices to show cl = cl1 u cl2. The 2 inclusion is obvious by 5.2-2 so
consider the & inclusion. Let pla' be arbitrary and assume s‘ecl(pla'). Then
3 sés
3 trans(1),...,trans(n) e transivirans?
so plal0] = pla~in a plalnl = plaf A s' = dn(...(d1(s)))
Assume (without lLoss of generality) that trans(1) e transl so that

k = max{j | trans(1),...,trans(j)e transl} is well-defined. Also k=n, because
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PROOF OF 5.2-11:

tNote by 5.1-4 that out(Agl) = plaT A local(Agl)€ xpldCoccg<1>) and
out (Ag2) = plaB a Llocal(Ag2) € xpld(occé<2>).

1) We first develop a formulation of U{ gfel(c')(s) | ses}. In the sequel

pla€{pla-begin,plaB} intuitively is the arc along which s has been
propagated. Let

a = UL glellc')(s) | sesX
EQ U{ cond(g2;c', attach(pla-out);c)s | secli<pla,s>plaT} o
(R U (cli<pla, s>
which was by P-G(g1,Agl) where
cl1<pla,s> = Close( Agl<pla,)s.s>y2, pla, s)
= at o af o (R N (cli<pla,s>)
where
at = U (g2;c")(Dt-cond(s)) | secli<pla,s>plaTt
EQ U{ c'(s) | sécl2<pla,s>plaB} u (R W(cl2<pla,s>)
which was by P-G(g2,Ag2) where
cl2<pla,s> = Close( Ag2<plaT,ks.s>y2,plaT,
{Dt-cond(s) | secll<pla,s>plaTh
= Close( Ag2<plaT,Dt-cond>y2, plaT, cli<pla,s>plaT)
reasoning as in Lemma 5.2-9
and
af = { (attach(pla-out);c)(Df-cond(s)) | secli<pla,s>plaT}
EQ U{ c(s) | secl3<pla,s> pla~out} u (R W (cl3<pla,s>)
which is by 5.2-5 where
cl3<pla,s> = Close( Aattach(pla—out)<plaT,As.s>¥2, plaT,
{Df-cond(s) | secli<pla,s>plaTh
= Close( Aattach(pla-out)<plaT,Df-conc>y2, plaT,
cli<pla,s>plaT)
reasoning as above.
Then
a EQ UL c'(s) | secl2<ple,s>plaBru
U{ c(s) | secl3<pla,s>pla—-out}u
(R Wcli<ple,s> u cl2<pla,s> wcl3<pla,s>)
= W c'(s) | selcli<pla,s> o cl2<pla,s> v cl3<pla,s>IplaB} u
UL c(s) | selcli<pla,s> wvcl2<pla,s> v cl3<pla,s>Ipla-outtu
(R WL cli<pla,s> u cl2<pla,s> v cl3<pla,s>]
where the last step is because cli<pla,s>plaB = cl3<pla,s>plaB = @ and
cl1<ple,s>pla-out = cl2<pla,s>ple-out = 0.

2) We now derive a formulation of LK(gCcI)¥c' s | ses}. This formulation 1is
not the desired one but serves as a useful auxiliary stage. By calculations
for k=1,2 one may guess (for k>1):

LK (glcI)Kc's | sesy EQ UL ¢'(s) | s ¢ bk plaB} u
UL cls) | s e [bkueaawdld pla-outd o
(RU) [bkuea.ud!]
vhere
ol = cli<pla-begin,s> v cl2<pla-begin,s> v cl3<pla-begin,s>
bk = cli<plaB, blk-11 plaB> acl2<plaB, bLk-11 plaB> ucl3<plaB, bLk=-1] plaB>
It may be helpful to note that bk € Pla -t> #(S) so
(R ) (bku...ub1) & Pla -t> S. We verify the guess by induction on k.

k=1: The result is immediate from "i)".
k+1>2: We calculate

U< (g[c:l)"’H ct s | sest
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= U< (g[cj)K(gEc];c')s | sest ,
E@ UL (glcl;c')s | selbk plaB)> u {c(s) | se(lbko...ubll pla-out)} v
(R WIlbkwaeaeowbld
which was by induction hypothesis; by "1)" we get:
EQ U{ c'(s) | se(blk+1] plaB)}u
UL c(s) | se(blk+lIu...bl) pla-outtw
(R (bIk+1Juae..ubl)

3) We now prove ¥k>1: bk = ak because then the desired result easily follows
from "2)". The proof is by induction on k.

k=1: The proof can be obtained by adapting (simplifying) the proof below.

k+1>2: We have by the inductive hypothesis:
bCk+11 = cl1<plaB,(bk plaB)> u cl2<plaB,(bk plaB)> u cl3<plaB,(bk plaB)>
= cl1<plaB,(ak plaB)> 4 cl2<plaB,(ak plaB)> 4 cl3<plaB,(ak plLaB)>
_ Abbreviate
trans] = Ag<pla-begin,As.s>y2

and let pla' be arbitrary. We now show bLk+1J pla' = alk+1] pla'. We use
trans(i) as a shorthand for < <plali-11,plalil>, dLil>.

Inclusion <:
i) Assume s' € cli<plaB,(ak plaB)> pla'. Then
3 ses
so plal03 = pla-begin A pLaEmi_znataéi:-_"
[€i | i<m A trans(i) e trans2X| = k-1 A
dm(...(d1(s))) € (ak plaB®)
Also 3 trans(m+1),...,trans(n) e¢ Agl<plaB,As.s>y2
so plalml = plaB A plalnd = pla'4
¥ = dnlewaCdml oo (d1Cs) 331D

By 5.1-4(b,c) we have

plalj-1] € xpld(occ§<1>) => plalj-11 # plaB => trans(j) ¢ trans2. Also
trans(m+1) = <<plaB,plaR>,As.s> follows from plalml = plaB and 5.1-4(c)
so that trans(m+1) & trans2. This shows s' ¢ alk+1] pla'.
ii) Let s' € cl2<plaB, ak plaB>. Then (as above)
3 seg
so plal0l = pla-begin a pta[nj_;_ﬁta?-;u
dn...(d1(s))) € cli<plaB, ak plaB> plaT= alk+1] plaT
so plalnl = plaT a plafgl = plta'a 77
s' = dole.eldn(a.a(d1(s)))

which is by "11" of P-F(Ag2).
i11) Let s' € cl3<pleB, ak plaB>. As before s' e alk+1] pla'.

Inclusion =: :

Assume s' € alk+1] pla'. Then
3 ses
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so plal0] = pla-begin A pLaEmj';—EIa‘A ______
s = dm(...(d1(8))) A
[{i | trans(i) € trans2}| = k

Define g = max{j | trans(j) € trans2}. Obviously g is well-defined
because k>1. Then trans(g) = <<plaB,plaR>,As.s> and

dlg=-11(...(d1(s))) € (ak plaB). By 5.1-4(c) we have

trans(g) € Agl<plaB,As.s>V2 so that

gl = max{j | trans(g),...,trans(j) e Agi<plaB,As.s>y2} is well-defined.
Clearly dgl(...¢d1(s))) ¢ cli<plaB,(alk] plaB)> plalgll so that we are
finished if g1 = m. Otherwise gi<m and trans(g+1) is in

Ag2<plaT,Dt-cond>y2 or Aattach(pla-out)<plaT,Df-cond>y2.

i) Assume trans(gi+1) € Ag2<plaT,Dt-cond>V¥2. Then
plalgll € xpldCocc®<1>) A plalyld € xpld(occg<2>)uiplaT} so
plalagld = plaT. Furthermore
g2 = max{j | trans(gl+1),...,trans(j) € Ag2<plaT,Dt-cond>{2} is
well-defined and dg2(...(dg1(...(d1(s))) ¢ cl2<plaB,(ak plaB)> plalg2].

We are finished if g2 = m. To see that g2 = m assume otherwise: Then
transfg2+1] € Agi<pla-begin,ds.s>y2 u Aattach(pla-out)<plaT,Df-cond>y2
implying [Cby P=-F(Ag1) and 5.2-5] that

plalq2] € xpldCocc8<i>)vipla-begin} which is impossible when P-F(Ag2)
implies plalg2] € xpld(occé<2>).

11) Assume trans{gl+1) € Aattach(pla—-out)<plaT,Df-cond>y2. Then
plalgll e xpld(occe<i>) A plalgll € {plaT> so that plalgld = plaT and
dlg1+11(...(d1(s))) ¢ cl3<plaB,(ak plaB)> plalgl+11. Ue are done if
gl+l = m. This is the case because
plalgl+11 = pla-out ¢ xpld(occé<1>) v xpld(occé<2>) y {pla-begink. [I

PROOF OF 5.2-8:

The proof 1is by structural induction. We only show the proof for
WHILE...DO...0D. Part of the result follows by 5.1-4(a). For the remaining
part, assume purelOccl{ccc) and make the abbreviations of Lemma 5.2-11. To
save space they are not repeated here.

1) Our first goal is to show (for arbitrary ¢ and g)
ULFIX(glcl)s | ses}
EQ Uc(s) | secl{out(Ag))} w (R U cl)
where cl = Close([Ag ALSO {<<plaB,plaR>,As.s>}]
<pla-begin,As.s>¥2, pla-begin, s)
By 5.1-4 and 5.1-5 this amounts to
P-G( Ac.FIX(glcl), Ag ALSO {<<plaB,plaR>,As.s>}) except that pla-in of P-G
can only be pla-begin.

By the induction hypothesis and Lemma 5.2-4 the result of Lemma 5.2-11
holds in this setting. So
UC FIX(glcl) s | ses¥
L W (gLeDP s | n213 | sesY
ul W (gleD™ 4 s | sesY | n>13
which was by Lemma 2.1.1-7 twice, and by Lemma 5.2-11 we get:
EQ U WK c(s) | se(fanv...vallpla-out)} o (R W(anu...wa1) | n>12
:Xl-'}’
where
x = W UL c(s) | selfanu...vall pla—out)} | n>13

ionu
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LK c(s) | 3In>1: seCfanu...uall pla-out)?
which was by Lemma 2.1.1-7
UL c(s) | se (W{an|n>1}) pla~out)r

and
U (R D (anpeeawal) | n>13
U{Apla. UL(an pladu... ulal pla)l | n>1}
Apla. UL ULCan pladv...uCal pla)d | n>12
Apla. UC U{Can pladu...vlal pla) | n>1H)
which was by Lemma 2.1.1-7
= Apla. UC(ULan]n>1 ) pla)
= (R (WKan|n>1H
so U{ FIX(glcl)s | sest
EQ UL c(s) | seC(Wan|n>1Ppla-out)} u (R U) (Wan|n>1))
This shows the result because U{an|n>1}
UC LukC Ag<pla-begin,Ns.s>y2, pla-begin, s, n,
{<K<plaB,plaR>,As.s>}) | n>0%
Close( Ag<pla-begin,As.s>y2 v {<<plaB,plaR>,%s.s>}, pla-begin, s)
Close( [Ag ALSO {<<plaB,plaR>,?s.s>}I<pla-begin,As.s>¥y2, pla-begin,s)

1}

2) By Lemma 5.2-5 P-G(attach(pla-begin), Aattach(pla-begin)) so that ")" and
reasoning as in the proof of Lemma 5.2-7 yields
P-G(ZLEWHILE exp DO cmd 0D occ, AEEWHILE exp DO cmd ODI occ) where we have
used AEEWHILE exp PO cmd ODI occ =
(Ag ALSO {<<LpleB,plaR>,As.s>})*Aattach(pla-begin). This ends the proof of
the WHILE exp DO cmd 0D case. L]

PROOF OF 5.2-12:
Lemmas 5.2-4, 5.2-8 and 5.2-7 dmply
P-G(A c.dEdc LI<1>;BFcndI<2>;c, A8FcmdI<2>%AEdclI<I>). Since
< <>, "(pro"> ¢ Local (A®REcmdI<2>*AMIEdclI<1>) we get YinpeA Inp):
PindEBEG dcl IN cmd ENDTinp
= UL (JEdclI<1>; BEemdI<2>; Finish)s |
s € { uabs{ <Ajide."nil" inVal,inp,<>,<> > | inpeinp}}>
EQ (R ) (Close( APEBEG dcl IN cmd ENDI, <<>,"(pro">,
{ uabs{ <Aide."nil" inVal, inp, <>, <>> | inpeinp}}))
= dpla. Uddn(. .. (d1Cuabs{<)ide."nil" inVal, inp, <>, <>> | inpeinp?))) |
n>1 A 3<<plalid,plall1l>, d1>,...,<<plaln-11,plalnl>,dn>
€ APIBEG dcl IM cmd ENDI
so that plel0] = < <, "(pro'> A plalnld = pla 7 L3
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APPENDIX 6

PROOF OF 6.1.2-3:
The proof is an extension of the proof of Lemma 4.2.1-2 (for the std case):

1) For any ceC, ss1 € S -¢c> R and ss2 € $S -c> R we can prove (céss1)@ss2 =
ch(ssl¥*ss2) as in 4.2.1-2.

2) For g € Par =t> C =¢> C any primitive function and ceC we can prove
glpari(c) = c@LlPglpar)l as in 4.2.1-2.

3) For plaePla and ceC we can prove attach(plal)(c) = c@lPattach(plall as 1in
§.2.1-2,

L) For ceC, ss1 € S -¢c> R and ss2 € S -c> R we have cBPcond(ss,ss2) =
cond(c#sst,chss2). To see this: cond(chsst,chss?2)

As. Veond(s) => (Scond(s) -> céssl, chss2)(Becond(s)), "wrong'inA

As. Vcond(s) => L ¢ & (Scond(s) => ss1, ss2)1(Bcond(s)), "wrong'inA
(which was by cases of Scond(s))

¢ & [ As. Vcond(s) => [ Scond(s) => ss1, ss2 1(Bcond(s)), “"wrong"inR 1
(which was by cases of Vcond(s))

c & Pcond(ss1,ss2?

1l i n

n

5) Define strict ¢ = Ar. rESta -> c(r |Sta), "wrong" inA. It is not
difficult to show that strict € [S -c> Al -c> LR —-c> Al.

6) The result 1is shown by a structural induction. We only consider the
"difficult" case WHILE exp DO cmd 0OD. So assume root(tree).str =
"WHILE exp DO cmd 0D" and ceC and abbreviate:

(P)gD = (P)attach<root{tree).lab,"(">
(P)gl = (P)JT(sonl(tree))
(PYg2 = (P)T{son2(tree))
(P)g3 = (P)attach<root(tree).lab,")">

gn. = E Ae%. ylzeondlyl e, g3:¢317 4
ssn = [ Qss. Pcond(ss*Pg2, Pyg3)*Pgll™ 2

It is easy to show

chss = ¢ => ¢ & [ Pcond{(ss*Pg2,Pg3)*Pgl 1 = gl;cond(g2;c?, g3;c) using
induction hypotheses and "4", "3" and "". Since c®rL=41 a proof hy
induction yields ¥n>0: cn = c@ssn. We now want to deduce U{cn |n>0} =
c@(Ussn [n>03). We have WHcen |n>0%

U{ céssn | n>0

UL (strict clessn | n20

(strict c¢) o (U{ssn | n203)

nnn

which was because (strict c¢) continuous and {ssn | n>0> a directed set

c & (Lssn | n>03)
Hence g0;(Hcn | n>03) = ¢ @ ((ssn | n>03) * Pg0) showing
Jltree)c = c®PI tree). Ld
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PROOF CF 6.1.3-2:
We first prove 4 auxiliery results and then (case 5) perform a proof by
structural induction.

1) We show P-G(std-ssl,sts—ss1) A P-G(std-ss2,sts-ss2) =>
P-G(std-ssl*std—-ss2,sts-ss]*sts-s52)

Let staeP(Sta) and calculate (sts-ssi*sts—-ss2)sta V1
= { (std-ss1(std-ss2(sta) |Sta) |Sta) | staesta a(std-ss2(stal)ESta)=true,
(std-ss1(std-ss2(sta) |Sta) £Sta) = true 7
= { ((std-ssi*stcd-ss2)(sta) |Sta) | staesta a

((std-ss1*std-ss2)(sta) £Sta) = true 2

2) For any primitive function g it is easy to showuw
P-G(std-Pg(par) ,sts-Pglparl)).

3) It is easy to show P-G(std-Pattach(pla), sts—Pattach(pla)).
4) We show P-G(std-ssl,sts—ss1) A P-G(std-ss2,sts—-ss2) =>

P-G(std-Pcond{std-ss1,std-ss2), sts—-Pcond(sts—-ssl,sts-ss2)). Let
stae®(Sta) and calculate: sts-Pcond(sts—ss1,sts-ss2) sta V1

= { (std-ssl(std-Bcond(sta)) [Sta) | staesta A std-Vcond(sta) = true .
std-Scond(sta) = true A (std-ssl(std=-Bcond(stal)) £Sta) = truel
UL pon &
= { (std-Pcond(std-ss1,std-ss2)(sta) |[Sta) | staesta a

(std-Pcond(std-ss1,std-ss2)(sta) €£Sta) = truel

5) e now pertorm the structural induction. We only consider the "difficult"
case where root{treel).str = "WHILE exp DO cmd 0D". Abbreviate

Pgl = Pattach<root(tree).lab," (">
Pgl = PJI(sonl(tree))
Pg2 = PJI(son2(tree))
Pg3 = Pattach<root(tree).lab,'")'">

ssCnilss'] = [ Ass". Pcond(ss"*Pg2,Pg3) * Pgl 17 ss!

From P-G(1,1), the induction hypotheses and "1", "3" and "4" a proof by
induction yields ¥n>0: P-G(std-ssCnlCad, sts-ssCndlid). Our goal is to
show P-G(U{std-ssCnIl+] | n>03%, ULsts-ssCniCed | n>03). To do so we first
show an auxiliary result about {std-ssCnifil | n>0} and then prove the
desired P-Gleeajaunle

The result

¥staeSta: {std-ssCnllsdsta | n20} = {1, U{std-ssCnICadste | n>0}}
easily follows from (omitting prefix std- in the rest of "i)')

¥n>0: YstaeSta: [ ssCnllalsta #1 => ssinilalsta = ssin+1JCadsta 1
From ssCn+#11Ca1 = ssndlssC1JI0a]] we only need to show by induction in n:

¥staeSta:r [ ssCnlfalsta # 1+ => (¥ss': ssCnlCalsta = ssCnlCss'Jsta) I
For n=0 the result is obvious so assume it for n>0 and prove it for n+l.
Let sta and ss' be arbitrary and assume ssCn+1]Lilsta # 1. Our strategy
is to prove ssCn+11Css'] equivalent to an expression which does not
depend on ss' (because then the desired result holds).

e have (from ssin+11lss'] = ssC11CssCndlss'13)

ssCn+T1lss'Jsta = (Pcond(sslnilss'I*Pg2,Pg3) = Pgllsta
There are four possibilities of (Pgl sta). If
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(Pgl sta) e {1,7,"wrong"ink} then ssin+1dlss'lsta = (Pgl sta) is
independent of ss'. Otherwise (Pgl sta) = sta' inR feor sta' independent
of ss'. Proceeding like this we are left with:

ssCn+1Jlss'Jsta = ssinliss*lsta”
for sta" independent of ss'.

From ssin+tlJdlilsta# Lwe get ssinilalste"#1L so by induction hypothesis
ssCn+1Jdlss*Jsta = sslnllss'Ista" = ssinllilsta" is independent of ss'.

ii1) To show P-GMU{std-ssCnll+] | n>03, B{sts-sslnlle] | n>03) we calculate
for stae®P(Sta): ((U{sts-ssCnll+d | n>0F)staly1

=U{{ ((std-ssCnlCidsta) |Sta) | staesta A
(std-ssCndC+lsta ESta) = true F | nx0 ¥
which was by ¥n>0: P-G(std-ss[nlls+J,sts—sslnlCad)
= { ((std-ssCnlC+lsta) |Sta) | staesta a

In>0: (std~ssCniCilsta €Sta) = true %
L U{ std-ssCnlCadsta | n>0F | staesta A
(UW{std-ssCniC+lsta | n>0} E£Sta) = true
which was because i) implies
dn>0: (std-ssCniladsta ESta) = true <=>
((U{std-ssCnifadsta | n>0}) £Sta) = true

]

and
(std-ssCnilidsta ESta) = true =>
std-ssCnJlidsta = UL sta-ssCmIfadsta | w>0 2
Then P-G( PYstd(tree), PTsts(tree)) easily followus. L3

PROOF OF 6.1.3-5:
The proof is by structural induction. We only show the proof of the case
root(tree).str = "WHILE exp DO cmd 0D". Abbreviate (omitting prefix sts-).
Lab = root(tree).lab :

Pg0 = Pattach<lab," (">
Pgl = PI(sonl(tree))
Pg2 = PJ(son2(tree))
Pg3 = Pattach<lab,')'>

ssCnl = [ Ass. Pcond(ss*Pg2,Pg3) * Pgl 17
F(sta) = Pg2(Dt~cond(Pgl(stal{1))¥1

Calculating ssfn+llsta
= ssinJ(F(stal)) w Pg3(Df-cond(Pgl(stalV¥1d) u
<i, Pg2(Dt-cond(Pgl(stady12)V¥2 u Pgl(staly2 >
makes it easy to show by induction on n>0 that:
sslnlsta = UL Df-cond(Pgl(FI (staddy1)
,‘LEDf—cond(Pg1(Fj(igg))w1) / <lab,")">1u
Pg2(Dt-cond(Pg1(FI(sta))y1))¥y2 wu Pgl(FI(sta)ly2>
| 0<i<n ¥
So that (by Lemma 2.1.1-7) U{ ssCnista | n>0 ¥
= UL < pDf-cond(Pg1 (F™(sta))y1)
, LIDf-cond(Pyl (F™(sta)dy1) / <lab,"™)'"> 1u
Pg2(Dt-cond(Pygl (F"(sta)dV¥iNy2 o
Pgl(F"(sta))y2 > | n>0
and thereby PIUtree)sta
= < U{ Df-cond(Pg1(F™(stal))y1) | n>0}
, AL UL Df-cond(Pg1(F?(sta)X¥1) | n>0F [/ <Lab,"™"> 1 u
u{ Pg2(bt-cond(PgT(F"(sta))y1)¥y2 | n>02
UL Pgl1(F™(sta)dvy2 | n>0X u
LL sta / <lab,"(">1 >

nJ
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B8y this result, by dom(tree) = dom(sonl(tree))udomn(son2(tree))uilabl, by
induction hypotheses and assuimptions on == it is straight-forward to show
Pa(tree) A Pbltree) A Pcltreed. Ca

PROOF OF 6.1.3-7:

The result is shown by a structural induction. So lLet treeeTree A
Labedom(tree) A staef(Sta) and assume

rooct(tree at lLab).caté&{"pro","dcl","cnd","exp"}. We are to prave

Pd(tree,lab) A Pe(tree,lab). This is done by cases of root(tree).str using
that root(tree).caté{"ide","ope","bas"}. Most cases consider two
possibilities: Lab = root{tree).lab and lab # root(tree).lab. We are rigorous
about the Tirst possibility and slightly less rigorous about the second.
Below we only show the proof of the case root(tree).str =

"WHILE exp DO cmd OD". We omit the prefix sts— and abbreviate:

Pg0 = Pattach<root{tree).str,"('">

Pgl = PT(sonl(tree))

Pg2 = PJlson2(treel)

Pg3 = Pattach<root(tree).str,'")">

F Asta'. Pg2(Dt-cond(Pgl(sta"dy11)I¥1

nn

PJltreelsta ¥2

From the calculations in the proof of Lemma 6.71.3=5

a pla = LT ULDT-cond(Pgl1(F™(sta)dy1) | n>0} / <lab,™"> 1 pla wu
U{ (Pg2(Dt-cond(Pgl1(F"(sta))y1))y2) pla | n>0F 4
UL (Pg1(F"(sta))V¥2)pla | n>0} v
4L sta / <lab,"("> 7 pla

1) Assume lab = root(treel).lab

To show Pd{tree,lab) we calculate:

a <lab,")"> = PI{treelsta V1 by Pb(tree)

= PJltree) (a<lab,"(">) V1 by Pa(tree)

To show Pe(tree,lab) we calculate:

a <Llabg<1>,"("> =L (Pg1(F™(sta))¥2) <labf<1>,"("> | n>0} by Pcl...)
= UL F"sta) | n>0 > oy Pa(sonl(tree))
=u{ F"C a<lab,"(">) | n>0%} by Pa(tree)

a <lab$<2>,"("> = U{ (Pg2(Dt-cond(Pgl(F?(sta))¥1))y2) <lab§<2>,"("> | n>02

which was by Pc(...)
Dt-cond( UL Pg1(FN(sta))¥1 | n>0} ) by Palson2(tree))
Dt-cond( UL (Pg1(FM(sta)dy2) <lab§<i>,")"> | n>0})
which was by Pb(sonl(tree))
Dt-cond( a<lab§<1>,"™)"> ) by Pc(...)

1

11) Assume lab # root(tree).lab
Then Llab = Lroot(tree).labl8i,...> for i€{1,2}. Since the cases are
similar we consider only i=1 below.

To be rigorous the proof of Pd(tree,lab) A Pe(tree,lab) is by cases of
root(tree at labl).str. To condense the proof we choose to give a general
discussion covering all cases.

By inspection of the definitions of Pd(tree,lab) and Pe(tree,lab) it is
easy to see that verification of Pd(tree,lab) A Peltree,lab) amounts to
showing one or more equalities

(a ptal) = GL tree at lab 1 (a pla2)
for plalyl = lab&<...> a purelPlLal(plal) and
pla2yl = lab§<...> o purelPlal(pla2) and GLtree at labl: P(Sta) -> P(Sta) a
complete—u-morphism (Corollary 6.1.3-3) that does not depend upon tree
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except tree at lLab.

Ooviously,

(a plal) = UL (Pe1(F™sta)d¥y2)plal | n>D 2 by Pclewd) and i=1

UC GLsonl(tree) at labl ((Pgl1C(F"(sta))¥y2)pla2) | n>0 2
which was by Pd(soni(tree)) a P&sonl(tree))

GL sonl(tree) at Llab I (WL (Pg1(FM(sta))¥y2)pla2 | n>0)
which was by GL...] a complete-u-morphism

GL tree at Lab 1 (a pla2)

which was by Pc(...) A 1 =1 L]

I 1" u

i

PROOF OF 6.7 .4-2:

The proof is by induction on #lab. For #lab=0 it is obvious so we only need
to show P1(t1,t2,labg<i>,sta) => P1(t1,t2,lab,sta). Therefore, assume
P1Ct1,t2,labé<i>, sta)l.

Let teTree(<>,"pro") and
t1',t2'€ Tree(<>,"pro") v Tree(<>,"dcl") yTree(<>,"cmd") v Tree(<>,"exp") be
such that t1 = t(lab§<i> <= t1%) and similarly for t2. Define (for j=1,2)

tj" = {<lab®,prod'> | <lab§lab',prod'> € tj at labl.
Clearly ©1 = t(lab <= t1") and t2 = tl{lab <= t2") as well as
t1",t2" € Tree(<>,"pro") vTree(<>,"dcl™) v Tree (<>, "cnd") v Tree(<>,"exp").
This leaves us with showing P2(t1,t2,lab,sta).

This proof is by cases of root(tl at lab).str. We only show the proof for
the case root(t1 at lab).str = "WHILE exp DO cmd OD". The definition of Tree
ensures that ie{l1,2}. Let i'=3-1 so that {i,1'>={1,2>. Then
PIstd(tl at Lab§<i'>) = PIStd(t2 at lab$i'>) so that P2(t1,t2,labd<i'>,sta)
holds. We only use this weaker characterization because we then avoid having
to consider the cases i=1 and i=2 separately. Abbreviate for je{1,2}:

Paj0 = Pattach<lab,"('>
Pgit = PI(t] at Labsg<i>}
Pgi2 = PITt] at Labg<z>}
Pgj3 = Pattach<lab,'")">

ssjlnl = [Dss.Pcond(ss*Pgj2,Pgi3)*Pgi11" 4
sts—a = (Pfsts(t1)staly?

e must show ¥sta € sts—a<lab,'" ("> that
PTstd(ti at Llab)sta = PIStd(t2 at lah)
How PJstd(t] at lab) sta
((Hstd-ssjilnl | n>03) + std-Pgjl) sta
= std-ssjCni(sta) | n>0>
so it suffices to show ¥n>0 ¥stae(sts—a<lab,"(">) that
std-ss1lnl(sta) = std-ss2inl(sta)
e do this by showing by induction in n
¥Ystaests—a<lab$<1>,"(">:  std-ss1lnl(sta) = std-ss2Cnl(sta)
This is an appropriate result because Pe'(t1) implies
sts—a<lab,"("> € sts-a<lab&1>,"(">. The case n=0 1is obvious so we are left
with showing it for n+l assuming it holds for n>0.

i}

Let sta & sts-a<labg<1>,"(">. We show std-ss1Cn+11(sta) = std-ss2[n+11(sta)
by showing std-ssjin+1Jsta equivalent to an expression that does not depend
on j. We have

std-ssjln+1Jsta = [std-Pcond(std-ssjLnl*std-Pgj2,std-Pgj3)*std-Pgj1l(sta)
By P2(t1,t2,labé<1>,sta) we know std-Pgli(sta) = std-Pg21(sta) = std-al for
soie std-al. IT (std-al€Sta) # true then std-ssjln+llsta = std-al is
"independent of j". Otherwise std-al = stal inR for stal "independent of j"
and
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std-ssjln+1dsta = std-Pcond( std-ssjlnl*std-Pgj2, std-Pgj3) stal
Also Pa'(t1) and 6.1.3-2 1implies stal & sts—a<labs<i>,")">,

Proceeding Like this we are left with the case
std-ssjin+iJsta = std-ssjlnlista?
for sta2 e sts—a<lab$<2>,")"> and sta?2 "independent of j". The result
follows by the induction hypothesis if sta2 € sts—a<labd<1>,"(">. It is not
difficult to show C(using Pd'(t1) and Pe'(t1) and 6.1.3-3) that
sts—a<lab$<1>," ("> 2 sts-a<labg<2>,'")">

This finishes the proof for the case n+l. [

PROCF OF 6.1.4-3:
Let sta = {KXide."nil" inVal, inp, <>, <>> | inpeéinp}. Then
Psts(t1)inp = sts-setup( Jsts(tl);sts—finish ) inp
= PIsts(t1)sta V2
which was by 6.1.2-4 and definitions of sts-setup and sts-finish.

So the premise of the theorem merely amounts to P1(t1,t2,lab,sta).
By Theorem 6.1.4-2 then P1(t1,t2,<>,s5ta) which implies
Ysta e (PIsts(t1) stay2)<<>, " ("> PIStd(t1)sta = PIStd(t2)sta
which by Pa(t1) and 6.1.2-3 implies
¥staesta: (Fstd(t1);std=finish)sta = (Fstd(t2);std-finish)sta
By definition of sta and std-setup this is equivalent to
¥inpeinp: Ftd(tDinp = Atd(t2)inp L3
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