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Preface

Summary

An increasinghumberof systemdevelopmentprojectsareconcernedwith distributed
andconcurrensystems.Therearenumerousexamples rangingfrom large scalesys-
tems,in theareasf telecommunicatioandapplicationdbasecon WWW technology
to mediumor small scalesystemsjn the areaof embeddedystems.A typical dis-
tributedor concurrensystemconsistof a numberof independenbut communicating
processesThis meanghatthe executionof suchsystemanay proceedn mary dif-
ferentways,e.g.,dependingon whethermessagearelost, the speedf the processes
involved, andthe time at which input is receved from the ervironment. As a result,
distributedandconcurrensystemsare,by nature,complex anddifficult to designand
test. This hasmotivatedthe developmentof methodswhich supportcomputeraided
analysis,validation, and verification of the behaiour of concurrentand distributed
systems.

Statespacemethodsaresomeof the mostprominentapproache thisfield. The
basicideaunderlyingstatespacesds (in its simplestform) to computeall reachable
statesand statechangef the system,andrepresentheseasa directedgraph. The
virtue of a constructedstatespaceis thatit makesit possibleto algorithmically rea-
son aboutthe behaiour of a system,e.g., verify that the systempossessesertain
desiredpropertiesor locateerrorsin the system.The maindisadwantageof usingstate
spacess the stateexplosionproblem: evenrelatively small descriptions/systemmsay
have anastronomicallyor eveninfinite numberof reachablestatesandit is a serious
limitation on the useof statespacemethodsin the analysisof real-life systems.The
developmentof reductionmethodsto alleviate this inherentcompleity problemis,
thereforea centraltopic in the developmentof statespacemethods Reductionmeth-
odsavoid representinghe entirestatespaceof the systemor representhe statespace
in acompactform. Thereductionis donein sucha way that propertiesof the system
canstill bederivedfrom thereducedstatespace.

In thisthesiswe studystatespacanethodsn theframeavork of ColouredPetriNets
whichis agraphicalanguagdor modellingandanalysisof concurrentanddistributed
systemsThethesisconsistof two parts.Partl is themandatoryoverview papemwhich
summariseshe work which hasbeendone. Part Il is composedf five individual
papes and constitutesthe core of this thesis. Four of the thesepapershave been
publishedelsavhereasconferencgapersjournal paperspor book chapters.Thefifth
paperis submittedto aninternationalkconference.
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Theoverview papelintroducegheresearchield of statespacanethodgor Colou-
red Petri Nets and summariseshe contentsand contritutions of the five individual
papers.A substantiapartof the overvienv paperhasalsobeendevotedto puttingthe
resultspresentedn thefiveindividual papersn abroadermperspectie in theform of a
discussiorof relatedwork.

The first paperconsidersstatespaceanalysisof ColouredPetri Nets. It is well-
known that almostall dynamicpropertiesof the consideredsystemcan be verified
whenthe statespaceis finite. However, statespaceanalysisis more thanjust for-
mulating a setof formal requirementsand invoking a correspondingsetof queries.
Statespaceanalysisis alsoapplicableduring the designand dehugging of a system.
An approachtowardsthis is to allow the userto analysethe behaiour of systemdy
drawving and generatingselectedpartsof the statespace. The paperpresentsa tool
in which formal verification, partial statespacesandanalysisby meansof graphical
feedbaclkandsimulationareintegratedentities. The focusof the paperis twofold: the
supportfor graphicalfeedbackandtheway it hasbeenintegratedwith simulation,and
the underlyingalgorithmsand datastructuresvhich supportcomputationrandstorage
of statespacesandwhich exploit the hierarchicalstructureof the models.

The secondpaperpresentsa computertool for verificationof distributed systems.
Thetool implementghemethodof statespacesvith symmetriesThebasicideain the
approachs to exploit the symmetriesnherentin mary distributedsystemsn orderto
constructa condensedtatespace.As an example,the correctnes®f Lamports Fast
Mutual Exclusion Algorithm is established.We demonstratea significantincrease
in the numberof stateswhich canbe analysed.Statespacesvith symmetriess not
our invention. Our contrikution is the developmentof the tool andverificationof the
example,demonstratindiow the methodof statespacesvith symmetriescanbe put
into practicaluse.

Thethird paperdemonstratethe potentialof verificationbasedn statespacese-
ducedby equivalencerelations. The basicobsenration is that quite often somestates
of asystemaresimilar, i.e., they inducesimilar behaiours. Similarity canbeformally
expressedoy defining an equivalencerelation on the setof statesand on the setof
actionsof asystenmunderconsiderationA statespacecanbeconstructedn whichthe
nodescorrespondo equivalenceclassef statesandthe arcscorrespondo equiva-
lenceclassef actions. Sucha statespaceis often muchsmallerthanthe ordinary
full statespacejput it doesallow derivation of mary verificationresults. Statespaces
with equivalenceclassess notourinvention. Thecontritution of thepapelis thespec-
ification of aconcretenotionof equivalence andademonstratiomf its applicationfor
verificationof a communicatiornprotocol. Aided by a developedcomputertool sig-
nificantreductionsof statespacesare exhibited, representingomefirst resultson the
practicaluseof statespacesvith equivalenceclassegor ColouredPetriNets. Exploit-
ing the symmetriesn systemsnducea certainkind of equivalence. The verification
of the communicatiorprotocoldemonstratethe potentialprovided by moregeneral
notionsof equivalence.

Thefourth paperaddressetheissueof usingthestubbormsetmethodfor Coloured
Petri Netswithout relying on unfolding to the equivalent Place/TansitionNet. The
stubbornsetmethodexploits the independencbetweeractionsto avoid representing
all possibleinterlearings of the systemexecution.We give alower boundresultwhich
stateghatthereexist ColouredPetriNetsfor which computinggoodstubbornsetsre-
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guirestime proportionalto the sizeof theequialentPlace/TansitionNet. We suggest
anapproximatre methodfor computingstubborrnsetsof so-calledorocess-partitiorte
ColouredPetriNetswhich doesnot rely on unfolding. The underlyingideais to add
somestructureto the ColouredPetri Net, which canbe exploited during the stubborn
setconstructionto avoid the unfolding. The practicalapplicability of the methodis
demonstrateavith boththeoreticalandexperimentalcasestudies,n which reduction
of the statespaceaswell assavingsin time, areobtained.

Thefifth paperpresentdwo newn question-guidedtubbornsetmethodsfor state
propertiesThefirst methodmalesit possiblego determinevhetherastateis reachable
in which agivenstatepropertyholds. It generalisegarlierresultson stubbornsetsfor
statepropertiedn the sensdhatthe earliermethodsanbe seemasanimplementation
of our moregeneralmethod. We alsoproposealternatve, morepowerful implemen-
tationsthat have the potentialof leadingto betterreductionresults. This potentialis
demonstratedn somepracticalcasestudies.As an extensionof thefirst method,we
presentnovel methodwhich canbeusedto determinef it is alwayspossibleo reach
a statewherea given statepropertyholds. Comparedo earliermethodshe benefitis
againin the potentialfor betterreductionresults.
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Chapter 1

Intr oduction

This chapterintroducesthe researcHield of statespacemethodsfor ColouredPetri
Nets. Sectionl.1 givesanintroductionto statespacemethods. Sectionl.2 givesa
brief introductionto ColouredPetri Nets,and Sect.1.3 givesan introductionto state
spaceof ColouredPetri Nets. Sectionl.4 presentghe motivation and aims of this
thesis.Section.1.5givesanovervien of thework doneandthestructureof thisthesis,
includinganoutlinefor theremainderof this overvien paper

1.1 StateSpaceMethods

An increasinghumberof systemdevelopmentprojectsareconcernedwith distributed
andconcurrensystems.Therearenumerousexamples rangingfrom large scalesys-
tems,in theareasf telecommunicatioandapplicationdbasedon WWW technology
to mediumor smallscalesystemsin theareaof embeddedystemsThedevelopment
of concurrentanddistributed systemss complex. A major reasonis that the execu-
tion of a concurrentsystemconsistingof a numberof independenbut co-operating
processemay proceedn mary differentways,e.g.,dependingon whethermessages
arelost, the speedof the processefmvolved, andthe time at which input is receved
from the ervironment. As aresult,distributedandconcurrensystemsare, by nature,
compl«, anddifficult to designandtest,andcanbe subjectto subtleerrorsthatcan
goundetectedor alongtime. This hasmotivatedthedevelopmentof methodswvhich
supportcomputeraidedanalysisvalidation,andverificationof the behaiour of con-
currentanddistributed systemsandwhich canbe usedduring designto obtainmore
reliableandtrustworthy concurrensystems.

Oneof the mostpromisingwaysto increasereliability, andreducedesignerrors
of suchsystemss the useof formal methodq27], which are mathematically-based
languagestechniquesandtoolsfor specifying,analysing andverifying systemsThe
applicationof formal methodss typically basedon the constructionof modelswhich
canbe manipulatecandanalysedoy a computer The modeldescribes/represesrthe
behaiour of the concurrentsystemunderconsiderationandis typically a simplified
andabstractepresentationf the real-world systemand,assuch,includesonly those
aspectf the real-world systemrelevant to the problemat hand. The useof formal
methodgloesnotautomaticallyguaranteeorrectnessf asystem.However, theactof
constructingamodelandanalysingts behaiour is away of gaininggreateiconfidence
in the proposediesignsaandhelpsrevealinconsistenciesambiguitiesandincomplete-
nessthat might otherwisenot be detected.Choosingthe abstractiorlevel of a model

3



4 CHAPTERI1. INTRODUCTION

is oneof theartsin applyingformal methodsandit is primarily a matterof intuition
basedon practicalexperience.

A centralpointin mostformal methodss to conductformal analysisand verifi-
cationbasedon a constructednodel,i.e., to determinewhetheror not a systemunder
developmentor analysissatisfy certainformally-statedproperties. Statespacemet-
hodsaresomeof the mostprominentapproache$or conductingformal analysisand
verification. The basicideaof statespacess to calculateall reachablestatesandstate
changesf the systemandrepresentheseas a directedgraph. Statespacesanbe
constructedully automatically From a constructedstatespaceit is possibleto an-
swerallarge setof analysisandverificationquestionsoncerninghe behaiour of the
systemsuchas absenceof deadlocksthe possibility of always being able to reach
a given state,and the guaranteedielivery of a given service. The applicability of
statespacemethodsds closelytied to the existenceof suitablecomputertool support
—manualcalculationandinspectionof the statespacefor morethantrivial systemss
time-consumingerrorprone,andimpossiblefor practicalpurposes.

Oneof themainadwantage®f statespacenethodds thatthey canprovide counter
examples,i.e., dehugginginformationasto why an expectedpropertydoesnot hold.
Furthermorethey arerelatively easyto use,andthey have ahighdegreeof automation.
Theeaseof useis primarily dueto thefactthatwith statespacemethodst is possible
to hide a large portion of the underlyingcomplex mathematicgrom the user This
meanghat quite oftenthe useris only requiredto formulatethe propertywhich is to
beinvestigatecandthenstarta computertool.

The maindisadwantageof usingstatespacess the stateexplosionproblem[129]:
evenrelatively small descriptions/systemmay have an astronomicabr eveninfinite
numberof reachablestates,andthis is a seriousproblemfor the useof statespace
methodsin the analysisof real-life systems.The developmentof reductionmethods
to alleviate this inherentcompleity problemis, therefore a centraltopicin thedevel-
opmentof statespacanethods Reductionmethodsavoid representinghe entirestate
spaceof the systemor representhe statespacein a compactform. The reductionis
donein suchaway thatpropertiesof the systemcanstill be derived from thereduced
statespace Mostreductionmethodgake advantageof certainaspect®r propertieof
a system.Oneexampleof this is to exploit the symmetriepresenin mary systems.
Anotherexampleis to take advantageof the asynchrog betweenprocessei order
to avoid representingll interleaved executionsof the system. However, dueto the
theoreticallyprovableintractablecompleity of verification,thereis no singlereduc-
tion methodwhich workswell in all situations.It is thereforeimportantto developa
toolboxof differentreductionmethods.

Anotherdravbackof statespacemethodss thatthey requireoneto fix the param-
etersof the system.For example,a systenis typically verifiedfor somefinite number
of processesThis dravbackis, however, lessserere comparedo the stateexplosion
problem.Onereasoris thaterrorstendto manifestthemselesin evensmall configu-
rationsof the system.Anotherreasornis thatif onehasverifieda systemfor anumber
of configurationsthenit is likely thatthe systemalsoworks correctlyin otherconfig-
urations.In fact, usingclever reductionmethodst is sometimegossibleto establish
resultswhich arevalid for all configurationsof the system.

The advantageoffered by statespacemethodsare so attractie that researchers
have pursuedthe developmentof statespacemethodsratherthan giving up dueto
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the dravbacksmentionedabove. The statespacemethodsof todayhave indeedbeen
shawn to give reasonabl@erformancdor systemf practicalsize[27].

1.2 ColouredPetri Nets

In this thesiswe studystatespacemethodsn the context of Coloured Petri Nets(CP-
netsor CPN)[66,67,69,70,85] which provide aframevork for constructiorandanal-
ysis of distributed andconcurrentsystems.A CPN modelof a systemdescribeghe
stateswhich the systemmay be in andthe actionscausingthe systemto changeits
state.CP-netds agraphicallanguagebasedn theideasof Petri Nets[104] andPred-
icate/TransitionNets[44]. The developmentof CP-netshasbeendrivenby the desire
to develop anindustrial-strengtimodellinglanguage- at the sametime theoretically
well-foundedandversatileenoughto be usedin practice- for systemf the sizeand
compl«ity foundin typical industrialprojects. To achieve this, CP-netscombinethe
strengthof PetriNetswith the strengthof programmindanguagesPetriNetsprovide
the primitives for describingsynchronisatiorof concurrentprocesseswhile a pro-
gramminglanguageprovidesthe primitivesfor definingdatatypesand manipulating
datavalues.CP-netshave beensupportedy the computertool DESIGN/CPN [16,99]
sincel989.The DESIGN/CPN tool useghefunctionalprogrammindanguageStaN-
DARD ML [95,119]asinscriptionlanguaye, i.e.,theprogrammindanguagédor defin-
ing datatypesandmanipulatingdatavalues.

Petri Netsaretraditionally divided into low-level Petri Netsand high-level Petri
Nets CP-netsbelongto the classof high-level Petri Nets which are characterised
by the combinationof Petri Netsand programminganguages Low-level Petri Nets
are primarily suitedasa theoreticalmodelfor concurreng, althoughcertainclasses
of low-level Petri Nets are often appliedfor modelling and verification of hardware
systems.High-level Petri Netsareaimedat practicaluse,in particularbecause¢hey
allow for constructiorof compactandparameterisechodels.

Petri Nets (and CP-nets)is just one out of mary formal methodsfor specifying
the behaiour of concurrensystems Otherprominentexamplesare Statebarts [56],
Calculusof Communicatingsystem$94], /0 Automatong90], and Communicating
SequentiaProcesse§s7].

Example. Figure 1.1 shovs a simple exampleof a CP-netmodelling a two-phase
commitprotocol[30]. Sucha protocolcan,for instancepe usedto implementatom-
icity of distributed transactions.We will not go into the detailsof this CP-nethere.
Theintentionis just to give a flavour of CP-nets.The left-handside modelsthe loop
executedby the Coordinator which is responsibldor determiningwhetheror not the
transactiorcan be committed. The right-handside modelsthe loop executedby the
Workers. The commit protocol shouldensurethat a transactionis committedif and
only if all workersare preparedo executetheir part of the transaction.The middle
partmodelsthe network connectingthe coordinatorandthe workers. The syntactical
elementf a CP-netconsistof places(dravn asellipses) transitions(dravn asrect-
angles)arcsconnectingheplacesandtransitionsandinscriptionsassociatewvith the
placestransitionsandarcs. Placesareusedto modelthe statesof the system.Tran-
sitionsare usedto modelthe actionsof the system. A state(in CP-netterminology
calledamarking is adistribution of so-calledokenscarryingdatavalues(colours)on
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Coordinator
Idle

Coordinator

c
Workers

Send

CanCommit Workers
Workers
c @ if vote = No
w then 1'w
Workers Receive else empty J

CanCommit

Waiting (ot
Coordinator oot Yes
¢ votes then 1'w
= WorkerxVote else empty
w Collect e
Waiting

(mssize votes), Votes InformWorkers votes
i = (mssize
(InformWorkers votes))] .
(w,decision) w Workers
Coordinator WorkerxDecision Receive

Decision

CoordinatorxInt
@) Acknowledge l W )

workers

Workers

Receive
Acknowledge

[(mssize workers) = i]

Figurel.1: CPNmodelof a simpletwo-phasecommitprotocol.

theplacesof the CP-net.Thearcsandarcinscriptionsareusedto describeghequantity
andcoloursof tokenswhich have to bepresenbntheinput placesof atransitionin or-
derfor thetransitionto be enabled andto describethe quantityandcoloursof tokens
addedto outputplacesof a transitionwhenthetransitionoccus. Initially the coordi-
natoraswell asthe workersareidle. This is describedy theinitial marking (initial
distribution of tokens)of the CP-netwhich s specifiedoy meansof inscriptionsasso-
ciatedwith the places.Theinscriptionsof a CP-netarewrittenin STANDARD ML.

1.3 State Spacesf Coloured Petri Nets

The considerablenodelling power of CP-netsinheritedfrom Place/TansitionNets
[107] andthe STANDARD ML languageimplies that essentiallyall interestingveri-
fication questionsconcerningCP-netsare undecidablgsee,e.qg.,[37] for a suney).
However, mary CP-netsarisingin practicedo have afinite statespacemakingverifi-
cationpossible.ln additionto this, it is oftenpossibleto prove anddisprove properties
of a systemby relying on a partial statespace|.e., a finite subgraptof the full state
space.

Example. Figure 1.2 shaws the full statespacefor the CPN modelof the commit
protocolwith two workers. Eachnodecorrespondso areadablemarkingof the CP-
net,i.e.,amarkingwhichcanbereachedy occurrencesf transitionsstartingfrom the
initial marking. Thearcscorrespondo occurringbindingelementsA bindingelement
is a pair consistingof a transitionand an assignmenbf datavaluesto the variables
appearingn theinscriptionsassociateavith thetransitionandonthesurroundingarcs
of thetransition. An arc betweentwo nodesmeanghatthe binding elemento which
the arc correspondss enabledin the marking representedby the sourcenode,and
the occurrenceof this bindingelementin the markingof the sourcenodeleadsto the
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Figurel.2: Full statespacefor two-phasecommitprotocolin Fig. 1.1.

markingrepresentetly the destinatiomode.

Nodel correspondso theinitial markingof the CPNmodel. Eacharchasanas-
sociatedabelspecifyingthe nameof the occurringtransitionto whichit corresponds.
For the transitionsmodelling the actionsof the workers the label also specifiesin
parentheseshich worker conductghe correspondingction. In the caseof Receive-
CanCommit the label also specifieswhetherthe worker voted Yes or No, andin the
caseof ReceiveDecision thelabelalsospecifieghe decision,i.e., whetherthe worker
is to Abort or Commit its partof thetransactionAs canbe seenfrom Fig. 1.2, initially
only onetransitionis enabledandcanoccurcorrespondingo the coordinatorbroad-
castinga CanCommit messageo all workers. After the occurrenceof thattransition
four thingscanhappen.Worker 1 canreceve its CanCommit messagdirst andreply
with a Yes or a No, or worker 2 canreceve its CanCommit messagdirst andreply
with aYes oraNo. Hence nhodes3-6 correspondo thesituationsn which oneworker
hasreceved a CanCommit messagendhassenta reply. Nodes7-10 correspondo
statesof the systemwhereboth workers have repliedandthe coordinatorcancollect
thevotes. Theleftmostpart (nodesd and11) correspondso anexecutionof the pro-
tocol in which both workersreply with a No. The two middle parts(nodes7. 14, 18
andnodes10, 12, 15) correspondo an executionof the protocolwhereone worker
repliesNo andthe otheronerepliesYes. Therightmostpart (nodess, 13,16, 17, 19)
correspond$o anexecutionof the protocolwherebothworkersreply Yes. A directed
pathin the statespacej.e., a sequenc®f markingsandbinding elementsstartingin
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1: Nodes:={My}

2: Arcs:=1)

3: Unprocessed= { M}

4: while Unprocesseét () do

5: SelectM; € Unprocessed

6: Unprocessed= Unprocessed- {M; }

7: {Processll enabledhindingelementsn A/, }

8: for all (b, M) suchthat M [b) M5 do

9: if My ¢ Nodesthen

10: Nodes:= NodesU { M5}
11: Unprocessed= Unprocessed {Ms}
12: endif

13: Arcs:= ArcsU {(My,b, M2)}

14: endfor

15: end while

Figurel.3: Basicalgorithmfor statespaceconstruction.

somenode,correspondso a so-calledoccuriencesequencef the CP-net.

From the statespaceit is, e.g.,easyto checkthat the coordinatordoesnot col-
lectthevotesreceved from workers(occurrencef transitionCollectVotes) beforeall
workershave senttheirreply. It canbe seenthatthe statespacefor two workerscon-
sistsof 19 nodesand27 arcs. For n workersthe statespacehasl + 2 % 3" = ©(3")
nodes. This also demonstrateghe stateexplosion problem— the numberof nodes
grows exponentiallyin thenumberof componentén thesystem(in this case¢he num-
berof workers).

The basicalgorithmfor constructionof statespacess listedin Fig. 1.3. Theal-
gorithm is essentiallya modified versionof a standardalgorithm for traversalof a
directedgraph. Initially, a nodecorrespondingdo the initial marking(denoted) is
created(line 1), andthis nodeis marked asunprocessetby insertingit into the set
of unprocessedodes/markingg¢denotedunprocessed) (line 3). The algorithmthen
loopsuntil no unprocessedodesexist. In eachiterationof the loop (lines 4-15) an
unprocessedode/markinddenoted); ) is selectedFor eachbindingelementwhich
is enabledn thatmarking,the markingresultingfrom the occurrencédenoted)/,) of
thisbindingelements calculated ThenotationM [b) M> usedn line 8 meanghatthe
bindingelemenb is enabledn M;, andtheoccurrencef b in M yieldsthemarking
M. If theresultingmarking M- is notalreadyincludedin the setof nodesit is added
andmarkedasheingunprocesseflines9-11). In ary eventanarcis createdline 13)
leadingfrom M, to M, correspondingo anoccurrencef the bindingelement.*

Although the idea of using statespacedor verification of systemscanbe dated
backto thevery earlypaperonPetriNets,theuseof statespacenethodss notlimited

IFor the sale of completenesi shouldbe mentionedthata statespacejn contrasto a corventional
directedgraph, may have multiple arcsleadingfrom one nodeto anothernode. This happensf two
distinctbinding elementsvhich areenabledn a given markinghave the sameeffect on the marking of
the CP-net.
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to PetriNetsnor CP-nets- statespacemethodshave beenusedin a wide variety of
other modelling formalisms. This meansthat verification algorithmsand reduction
methodsalso have beendevelopedin otherfields, andin mary casesit is possible
to (re)useideasdevelopedfor othermodellingformalismswithin the contet of Petri
Nets. The stateexplosionproblemis, for the samereasonnot specificfor CP-netshut
presenin all formal analysismethodshasedon theideaof constructingall reachable
statesandstatechange®f the systemandrepresentingheseasa directedgraph.

1.4 Motivation and Aims of Thesis

Whenthework onthisthesisbeganin 1995,therehadbeenonly afew reportsin liter-
atureon projectsandcasestudieswhich appliedthe statespacemethodfor high-level
PetriNets (and CP-netsin particular). Simulationof CPN modelshadbeenapplied
in a numberof projects,e.g.,for performanceanalysisof Usage ParameterContol
(UPC) algorithmsin ATM Networks[28], TransactionProcessingand Interconnect
Fabrics[12], and DocumentStorage System$108]. Simulationof CPN modelshad
alsobeenusedto investigatethe logical correctnes®f systemsge.g.,in the areasof
Intelligent Networkg[10], VLSIChips[110], andNetworkManagementSystem§15].
Sinceasimulationof a CPNmodelis arandomexecutionof themodel,it is like testing
techniques-it canbe usedto detecterrorsbut cannotbe usedto prove the correctness
of a design. Limited useof statespacemethodshadbeenreportedin a few papers,
e.g.,in the areaof Integrated ServicesDigital Networks(ISDN) [41], Arbiter Cas-
cadeg45], andDistributed Program Execution[80]. Thesethreeprojectsall applied
avery early prototypeof a statespaceool for CP-nets.All projectsappliedfull state
spacesi.e., they did notinvolve ary kind of statespaceeductionmethod.

The overall motivation for the work in this thesishasbeento adwancethe ap-
plicability of statespacemethodsfor CP-nets. The work hastaken its origin in an
early stand-alongorototypeof a statespacetool, which wasintegratedinto the DE-
SIGN/CPN tool with the participationof the author while working asa studentpro-
grammeiin the ColouredPetriNet Groupatthe University of Aarhusin thebeginning
of 1995. The theoreticalfoundationfor this early statespacetool had beengiven
in [63] and[67].

Thetheoreticafoundationfor someof thereductionmethodshasedon exploiting
symmetriesandequivalencein systemsvasalsogivenin [63] and[67]. However, no
computertool existedsupportingthesereductionmethodsand,asa consequence)o
practicalcasestudieshadbeenconductedvhich appliedthesereductionmethods.A
numberof otherreductionmethodsexisted,suchasthestubborrsetmethod120,125].
The applicationto CP-netswas, however, basedon unfolding to the equivalent low-
level Place/TansitionNet[98,107]. It is, in general possibleto transfermary state
spacemethodsdevelopedfor low-level Petri Nets, suchas Place/TansitionNets, as
well asothermodelling formalismsto CP-netsby exploiting the fact thata CP-net
canbeunfoldedto a Place/TansitionNet with anequivalentbehaiour. However, the
unfoldedform of a CP-netwill generallybe muchbiggerthanthe CP-netitself, andit
may evenbeinfinite causingheapproactto fail. As aconsequenceinfoldingshould
beavoidedif possible Dueto thepowerful inscriptionlanguageanddatatypesoffered
by CP-netst is, however, a challengeanda non-trivial issueto avoid this unfolding.
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A mainobjectie for the work in this thesishasbeento develop statespacemethods
and computertools which work directly at the CP-netlevel without unfolding to the
equialentPlace/TansitionNet.

1.5 Overview and Structur e of Thesis

Theareaof statespacemethodss afield in which theoreticaldevelopmentcomputer
tools, and practicalapplicationsgo handin hand. The theoreticaldevelopmentsare
necessarin orderto beableto develop soundcomputertools,andcomputertool sup-
portis neededn orderto evaluatethe theoreticaldevelopmentsn practiceon more
thanjusttrivial examples.Thisis alsoreflectedn thework donefor this thesiswhich
hasbeenconcernedvith theoreticaldevelopmentcomputertools,andpracticalappli-
cations.

Thework donefor thisthesishasbeendocumentedh five paperg19,74,75,86 87].
Part 1l of this thesis(Chapters8 through12) containsa reprint of thesepapers.Each
of thesechapterdegins with a shortdescriptionof the publicationhistory andstatus
of thepapercontainedn the chapter

Therestof Partl, constitutingthe overview paperis organisedasfollows:

Chapter 2 summarisethepaperStateSpaceAnalysisof Hierarchical Coloured Petri
Nets[19]. The paperpresentgoint work with SgrenChristenserandhasbeen
publishedn Petri NetApproadesfor ModellingandValidation, LINCOM Stud-
iesin ComputerScienceNo. 1, 1999(To appear).The paperis containedn full
in Chapter8.

Chapter 3 summariseghe paperComputerAidedVerificationof Lamports FastMu-
tual ExclusionAlgorithm Using Coloured Petri Netsand OccurrenceGraphs
with Symmetrie§74]. The paperpresentgoint work with JensB. Jggensen
andhasbeenpublishedin IEEE Transactionson Parallel and Distributed Sys-
tems Vol.10,No. 7, pagesr14-732 July 1999. The paperis containedn full in
Chapten.

Chapter 4 summarisethepapenverificationof Coloured Petri NetsUsing StateSpa-
ceswith EquivalenceClasseq75]. The paperpresentgoint work with JensB.
Jogensenand hasbeenpublishedin Petri Net Approacesfor Modelling and
Validation, LINCOM Studiesin ComputerScience,No. 1, 1999 (To appear).
Thepaperis containedn full in Chapterl0.

Chapter 5 summariseghe paperFinding StubbornSetsof Coloured Petri Nets\With-
out Unfolding [86]. The paperpresentgoint work with Antti Valmariandhas
beenpublishedn Proceeding®f 19thInternationalConfeenceon Application
and Theoryof Petri Nets Volume14200f LectureNotesin ComputerScience,
pagesl04-123,SpringefVerlag,1998. The paperis containedn full in Chap-
ter1l.

Chapter 6 summariseshe paperimproved Question-GuidedstubbornSetMethods
for StateProperties[87]. The paperpresentgoint work with Antti Valmariand
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hasbeenpublishedasatechnicalreportatthe Departmenbf ComputerScience,
University of Aarhus,DAIMI-PB 543,2000. The paperis submittedto the 21st
InternationalConferencen ApplicationandTheoryof PetriNets. The paperis

containedn full in Chapterl2.

Chapterg2 through6 are eachdivided into threesections. The first sectiongivesan
introductionandsomebackgroundknowledgeon the specifictopic consideredn the
papetbeingtreated.Thesecondsectiongivesa summaryof the paperlin question.The
third sectioncontainsa comparisorof the resultscontainedn the paperwith related
work. Chapter7 concludeson the work donefor this thesisand presentsomeideas
anddirectionsfor futurework.

1.5.1 ReadingGuide

To readthis overview paperdetailedknovledgeaboutCP-netsandstatespacess not
required.lt is, however, beneficialto befamiliarwith thebasicideasof PetriNetssuch
asPlace/TansitionNetsasdescribedn, e.g.,[98,107]. Readersvithoutknowledgeof
PetriNetswho wish to studythis thesisin moredetail shouldstartby readingthefirst
partof [74] which containsaaninformal aswell asaformalintroductionto CP-netsand
statespaces.Theremainingpaperq19,75,86,87] canbereadin ary order Readers
with basicknowvledgeof CP-netsand statespacesanreadthe papersin ary order
Thepapershave, however, beenorganisedn Partll in theorderin whichit feelsmost
naturalto readthe papers.

Thesummariesinddiscussionin Chapter2 through6 of resultsandrelatedwork
arekeptat aninformal level dueto the limited spaceavailable for this overvien pa-
per Thisimpliesthathereandthereambiguitiesandincompletedescriptionsareun-
avoidable. Thereaderis referredto the specificpaperdor the precisedefinitionsand
explanations.

1.5.2 Terminology

Thestatespaceof a CP-netis traditionally calledanoccurencegraph[67] or aread-
ability tree[63]. For low-level Petri Nets, suchas Place/Tansition Nets [98, 107],
they are also sometimesalled readability graphs In this overvien paperwe will
usethe moremodernterm statespaces The paperq19,75,86,87] alsousetheterm
statespacewhereaghe paper[74] usesthetermoccurrencagraphs.This meanghat
the termsstatespacemethod,occurrencegraphmethod,and reachabilitytree/graph
methodcanbe consideredequivalentterms. The sameholdstrue for statespaceana-
lysis, occurrencgraphsanalysisandreachabilitytree/graptanalysis.
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Chapter 2

State SpaceAnalysis of
Hierar chical Coloured Petri Nets

This chaptettreatsthe paperStateSpaceAnalysisof Hierarchical Coloured Petri Nets
[19]. Section2.1 containsa brief introductionto the resultsin the paper Section2.2
givesa summaryof the paper Section2.3 containsa discussiorof relatedwork.

2.1 Intr oduction and Background

Thegoalsof theprojectonwhich thepaperis basedvereto continuethedevelopment
of an early stand-aloneprototypeof a statespacetool for CP-netsandto integrate
it into the DESIGN/CPN tool. This work hasbeenongoingthroughoutthe work on

this thesis,andthe early prototypehasevolvedinto the DESIGN/CPN OCCURRENCE

GRAPH TooL (OG tool) [14]. The OG tool is now a fully integratedpart of the

DEesIGN/CPN tool. The OG tool hasalsosened asa basisfor the developmentof

the DESIGN/CPN OE/OS GRAPH TooL to whichwe will returnin Chapters3 and4.

Moreover, it hassened asa basisfor the experimentsconductedas part of the work

onthestubbornsetmethodto which we will returnin Chapters$ and6.

Thetitle of the paperandthis chapterrefersto Hierarchical Coloured Petri Nets
This reflectsthat CP-netssupporta hierarchicalstructuringmechanisnwhich makes
it possibleto splita CPNmodelinto anumberof modulegin CPNterminologycalled
pages. This hierarchicalstructuringmechanismmakesit possibleto work bottom-
up aswell astop-davn whenconstructingmodels,andit makesit possibleto reuse
a modulein different partsof a CPN model. This is importantwhen constructing
CPN modelsof large systems.As we will see,it is possibleto take advantageof the
hierarchicalstructuringin the storageof statespaces. All resultspresentedn this
thesisare also valid for HierarchicalColouredPetri Nets, and in the remainderof
this overview paperwe will thereforeomit the word Hierarchical andusethe terms
ColouredPetriNets,CP-netsandCPN modelsalsofor the hierarchicakase.

2.2 Summary of Paper
The focus of the paperis twofold: firstly, to presentstatespaceanalysisof CP-nets

assupportedby the OG tool andas seenfrom the userspoint of view, andsecondly
to presentthe core datastructureand algorithmsimplementedn the OG tool. The

13
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graphicalinterfaceof the OG tool is implementedn C [82], whereaghe corealgo-
rithms anddatastructurefor statespacegenerationstatespacestorage verification,
andanalysisareimplementedn STANDARD ML [95,119]. The centralcomponents
in the OG tool aresummarisedbelow.

State SpaceGeneration. The OG tool supportstwo modesin which the usercan
generatestatespaces:interactive and automatic In interactve generatiornthe user
chooses marking,andthe OG tool thencalculatedoththe enabledindingelements
in this markingandthe successomarkingsresultingfrom the occurrenceof eachof
thesebinding elements. Interactve generationis typically usedin connectionwith
visualisation(seebelaw). In automaticgeneratiorthe statespaceis calculatedfully
automaticallywithoutary interventionfrom theuser Theautomaticstatespacegener
ationis basednthealgorithmfrom Sect.1.3(Fig. 1.3)andusesa queueo implement
a breadth-firstgeneratiorof the statespace.The DeESIGN/CPN simulatoris usedto
calculatehesetof enabledindingelementsn eachmarkingencountereduringstate
spacegeneration.

Thegeneratiorcanbe controlledusingso-calledstopandbranciing options The
generationcontrol is particularly importantin early phasesof state spaceanalysis
which are typically concernedwith identifying a configurationof the systemwhich
is tractablefor statespaceanalysis.The stopandbranchingoptionsalsomale it pos-
sibleto obtaina partial statespace A partial statespaceis a subsetof the full state
space Partial statespacesresupportedsincein mary situationsit is not necessaryo
generatahefull statespacean orderto checkthe correctnessf a system.Moreover,
partial statespacesanbe quite effective in locatinganddetectingerrors.

StateSpaceStorage. Thestorageof thestatespacd(i.e.,thenodesandarcsandtheir
relationship)is basedon a datastructurevhich exploits the hierarchicalstructureof a
CP-netandthelocality of PetriNets. It is basedntheobserationthattheoccurrence
of atransitionin onemodulein a hierarchicalCP-netchange®nly the markingof the
immediatesurroundingplaces.Therefore a large fraction of the moduleswill be left
unchangedby theoccurrencef atransition.Thiscanbeexploitedin therepresentation
of markingsto avoid duplicaterepresentationf comple values.

Markings are storedon threelevels: the Global level, the Module level andthe
Multi-setlevel The Multi-set level is concernedvith the storageof the markingsof
the individual places. The Module level is concernedwith the storageof markings
for the individual modules. A modulestate (MS) hasan entry for eachplacein the
module,which is a pointerinto the multi-setstoragecorrespondingo thatplace. In
thisway, multi-setscanbeshaedamongthe MSs. The Globallevel is concernedvith
the storageof markingsof theentireCP-net.A global state(GS)hasanentryfor each
modulein the CP-netwhichis a pointerinto the correspondingtorageat the Module
level. In this way, the MSs canbe sharedamongthe GSs. To make insertionin the
storage<fficient, all storagesareimplementedasa variantof AvL trees[83]. In the
papeiit is demonstratey meanf arepresentate examplethatthis datastructurés
capableof reducingthe numberof multi-setswhich have to be storedto around0.1%
of the multi-setswhich shouldhave beenstoredif no sharingwasdone.Similarly, it is
demonstratethatthe numberof modulemarkingscanbereducedo around2% of the
modulemarkingswhich shouldhave beenstoredif no sharingwasdone.In addition,



2.2. SUMMARY OF PAPER 15

the datastructurenalesit efficientto checkwhethera markingis alreadyincludedin
thestatespace.Thisis importantfor theimplementatiorof the statespacegeneration.

StateSpaceReport. TheOGtool makesit possibleto generatea statespacereport
which is a textual file containinganswergo a setof standardoehaioural properties
which canbe usedon ary CPNmodel(i.e., genericpropertieshatcanbeformulated
independentlyof the systemunder consideration). The statespacereport contains
informationabouttheboundednessiome livenessandfairnesspropertieof the CPN
model. Practicalusehasshavn thatthe propertiesof a systenmwhich areinvestigated
first are very often containedn this setof systemindependenproperties. The state
spacereport can be producedtotally automatically and by studyingthe statespace
reportthe usergetsa roughidea,asto whetherthe CPN modelworks asexpected.If
the systemcontainserrors,they areoftenreflectedn the statespacereport.

Query Languages. In additionto the statespacereport,the OG tool also offers a

setof standad queryfunctionsthatallow the userto make a moredetailedinspection
of the standardbehaioural properties.Many of thesequeryfunctionsreturnresults
which arealreadyincludedin the statespacereport. The implementatiorof the stan-
dardqueryfunctionsarebasedon the proof rulesgivenin [67]. A proofrule statesa

relationshipbetweena dynamicpropertyof a CP-netandthe statespaceof the CP-

net. The standardyueryfunctionsfor boundednespropertiesconsistessentiallyof a

traversalof thegeneratedtatespace.Thestandardjueryfunctionsfor home liveness,
andfairnesspropertiesexploit strongly connecteccomponentgSCCs)which canbe

computedusing TARJAN's algorithm[48] in linear time and spacein the size of the

statespace.

The statespacereportandthe standardjueriesaregoodat providing a roughpic-
ture of the behaiour of the system.However, they alsohave somelimitations since
mary interestingpropertiesof systemsannoteasilybe investigatedisingthe system
independenstandardqueries. Moreover, for delugging of systemsmore elaborate
gueriesare often neededor locatingthe sourceof the problem. Therefore,a more
generalquerylanguageémplementedon top of STANDARD ML is provided. It pro-
videsprimitivesfor traversingthestatespacen differentwaysand,therebyfor writing
non-standar@ndsystemdependentjueries.

Visualisation. Sincestatespace®ftenbecomdarge,it seldommakessensdo drav

themin full. However, the resultof querieswill oftenbe a setof nodesand/orarcs
possessingertaininterestingproperties,e.g.,a pathin the statespaceleadingfrom

onemarkingto another A goodand quick way to get detailedinformationabouta
small numberof nodesandarcsis to drav the correspondingragmentof the state
space.This makesvisualisationparticularly usefulwhenlocatingerrorsin a system
underconsiderationThe statespacecanbe dravn eitherin smallsteps.e.g.,nodeby

nodeor archy arc,or in fragmentsisingresultsfrom, e.g.,queriesasinputto anumber
of built-in drawing functions.Visualisatiorof statespacess oftenusedin conjunction
with interactive generationFigurel.2 wasobtainedn this way.

Integration with Simulation. Duringamodellinganddesignprocesstheuserquite
often switchesbetweerstatespaceanalysisandsimulation. The OG tool is tightly in-
tegratedwith the simulatorto supportthis. This makesit possibleto transfemarkings
betweenthe simulatorandthe OG tool. Whena markingis transferredrom the OG
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tool into the simulator the usercaninspectthe markingof theindividual placesand
the enablingof theindividual transitions.It is alsopossibleto starta simulationfrom

thetransferrednarking. Transferringhe currentmarkingof the simulatorinto the OG

tool is supportecaswell. A typical useof this is to investigateall possiblemarkings
reachablevithin afew stepsfrom the currentsimulatormarking. In this casetheuser
transfersthe simulatormarkinginto the OG tool andall successomarkingscanbe
foundusinginteractie generatiorcombinedwith visualisation.

2.3 RelatedWork

An alundanceof verificationand analysisframeavorks basedon statespacemethods
have beendevelopedsupportingdifferentmodellinglanguagesndclasse®f systems
(seee.q.,[39]). Evenso,they typically consistof the samebasiccomponentsa lan-
guagefor modelling the systems algorithmsand datastructuregor generationand
storageof statespacesa languagdor specifyinganalysisandverificationquestions,
andalgorithmsfor determiningthe answergo thesequestions.In the following we
discusghe basiccomponent®f the OG tool from this perspectie, andcomparehem
to similarcomponentsoundin otherframenorksfor computeraidedanalysisandver-
ification. To the extentpossiblethe discussioris attemptedo be keptat a conceptual
level ratherthanbeingtool specific.

Temporal Logics. Thelanguagdor specifyinganalysisandverificationquestionsn
the OGtool is basednthe proofrulesin [67] madeavailableasa collectionof query
functionscorrespondingo the standardlynamicpropertiesof CP-nets.

PropositionalTempoal Logic [31] is anothewerywidely usedway of formulating
propertiesaboutsystemsA temporallogic consistsessentiallyof atomicpropositions,
propositionabperatorgsuchas“A” and“V”), andtemporaloperatorsTherole of the
atomic propositionsis to provide an abstractiormechanisnwhich makesthelink to
the modellinglanguage.For example,in a stateorientedtemporallogic for CP-nets,
a possibleatomicpropositioncould be | M (p)| < k where|M (p)| denoteghe num-
ber of tokenson a placep in a marking M, and k denotesan integer constant. This
atomic propositionis valid in a markingif andonly if p containsat mostk tokensin
themarkingM . Therole of thetemporaloperatorss to expresgemporakelationships
betweerthe atomicpropositions An exampleof atypical claim expressedisingtem-
porallogic couldbethatin all reachablenarkingsthe atomicproposition| M (p)| < k
is valid. This canbe expressedising a temporaloperator‘always” (often denoted
0). The claim would thencorrespondo the temporallogic formulaD(|M (p)| < k).
A temporallogic thus providesa querylanguagefor expressingtemporalproperties
of the systemunderconsideration. A modelcheding algorithm[25] is an algorithm
which takesatemporallogic formula¢ anda statespaceS.S, anddeterminesvhether
5SS is a so-calledmodelof ¢, i.e., whether¢ is a true statemenaboutSS. A wide
variety of differenttemporallogics, differing in their expressie power, have beende-
veloped,but two logicsin particularhave beenin wide-spreadise: Linear Tempoal
Logic (LTL) [47,132] andComputationTreeLogic (CTL) [25]. LTL is used,e.g.,as
guerylanguagen the SpiN [61,118]andProD [117,134]tools. CTL is usede.g.,as
querylanguagen the Smv [93,112] andPeP [51,62] tools.
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Temporallogic canalsobe usedto expressstandarddynamicpropertiesof a CP-
net. Boundednesgropertiesaanddeadransitions/bindinglementgtransitions/bindig
elementswhich cannever becomeenabled)canbe expressedn both CTL andLTL.
Homepropertiesandlivenesof transitions/bindig elementgtransitions/bindig ele-
mentswhich canalwaysbecomeenabledanbeexpressedn CTL. Fairnesgproperties
of transitionsandbindingelementsanbe expressedn LTL. It is thereforerelevantto
askwhetherthe standardyueryfunctionsareneededn the OG tool sincethey would
be automaticallyavailableby supportingCTL andLTL modelchecking.The answer
to this questioncanbefoundin theresultsproducedyy modelcheckingalgorithms.A
modelcheckingalgorithmoutputseitherYesor No dependingon whetherthe formula
provided asinputis a true statementaboutthe statespaceor not. In casethe answer
is No, thenvery often a subsetof the statespacee.g.,a path,is given asa counter
example. As an exampleconsiderinteger bounds An integer k is an upperboundof
aplacep if andonly if in all reachablenarkingsthereareno morethank tokenson
p. However, in practiceoneis very ofteninterestedn the bestupperinteger boundof
p whichis the minimal & which is an upperinteger boundfor p. To find the bestup-
perinteger boundusingtemporallogic, thetemporallogic formulafrom abore could
be usedin a sequencef questionson the form O(|M (p)| < k) in orderto find the
minimal k for which theformulais valid.

The resultreturnedby a standardquery function of the OG tool is typically not
a Yes/Noanswey but a morecomple value suchasan integer giving the bestupper
integerboundof a place,or thelist of deadmarkings(markingswithout enabledran-
sitions). Moreover, the standardjueryfunctionshave adirectimplementatiorandare
not basedon determiningthe answergo a sequencef temporallogic querieslike in
the exampleabove.

Theabove discussiordemonstratethat standardjueryfunctionsaremoregeared
towardsanalysisin the senseof askingwhatthe propertiesof the systemare,andthen
inspectingandinterpretingthe resultsafterwards. Temporallogic on the otherhand
is moregearedowardsverificationin the senseof statinga propertyandthencheck-
ing whetherthe systemhasthis propertyor not. Whenexperimentingwith different
designideasandfixing anincorrectdesign,one often switchesbetweeranalysisand
verification. Both standardqueriesandtemporallogic thereforehave their justifica-
tion asquerylanguagesin fact,the OG tool supportgemporallogic by meansof the
library ASK-CTL [20]. Thislibrary makesit possibleto make queriesformulatedin
a stateandactionorientedvariantof CTL [11]. Thefactthat ASK-CTL is both state
andactionorientedreflectsthefactthatPetriNetsareboth stateandactionoriented.

State SpaceStorage. Becausef the stateexplosionproblem.,it is essentiato pro-
vide a succinctrepresentatiof the markingsof the CP-net. The OG tool exploits
the hierarchicalstructureof CPN modelsandthe locality of PetriNetsassketchedin
the previous sectionto achieze a compactrepresentationf the statespace.The basic
obsenration hereis thatstateexplosionis rarely causedy theindividual moduleshav-
ing mary differentstates put morecommonlycausedy the cartesiamproductof the
“small” numberof statedor theindividualmodules A similartechniquéhasbeenused
in the SPIN tool [61,118] which usesthe specificationanguagePROMELA (Process
MetalLanguage¥or constructiorof models.Herethe local state<of the processeand
channelsn thePROMELA descriptiorarestoredseparatelyrom theglobalstatesThe
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SPIN tool hasin generalbeensubjectto muchresearcton approache$or obtaining
more compactrepresentationf statespaceg58]. Below the more prominentresults
aresuneyed.

GraphEncodedluple Sets(GETS) [52] is adatastructuréor storingsetsof tuples
in acompactway. Thebasicideais to encodehe statesastupleswhereanelemenin
thetuplerepresents.g.,astateof aprocessn themodel. Thecompactepresentation
of GETs is obtainedby sharingcommonsufiixes and prefixes of the tupleswhich
arerepresentedsinga graphstructure.The experimentalresultsin [52] shaved that
this reducednemoryconsumptiorwith a factorof 7 to 8 at the expenseof afactor3
increasan generatiortime on someselectedspiN models.

The useof minimisedDeterministicFinite AutomatongDFAS) to storethe setof
reachablestateshasbeeninvestigatedn [60]. The basicideais to encodestatesas
stringsof afixedlengthk over analphabet: of bits or bytes. The alphabet®: of the
DFA is determinedby the level of encoding.e.g.,for bit-level encoding® = {0, 1}
andfor bytelevel encoding® = {0, .., 255}. Thelengthk of thestringsis determined
by the numberof bits/bytesneededo represena state.During statespacegeneration
a DFA is maintainedwvhich acceptsexactly the stringscorrespondingo thereachable
statesgeneratedso far. The experimentalresultsin [60] shaved that a substantial
memoryreductioncanbeobtainedwith only asmalloverheadn generatioriime. The
DFA representatioseemsdo represena bettertime-spacdrade-of thanGETS.

ReducedDrdered Binary DecisionDiagrams(ROBDDs)[8] is anotherdatastruc-
ture which hasbeensuccessfullyapplied for representingstatespaceq9, 93]. A
ROBDD canprovide a canonicalrepresentatiomf a booleanfunction of n boolean
variables,or equivalently a setof bit-vectorsof lengthn. A ROBDD is a directed,
agyclic graphwherethecompactepresentatioof theboolearfunctionis achieved by
metging nodeswhicharerootsof isomorphicsubgraphsindby remaoving nodeswhich
areredundantin thefollowing we will useBDD asanabbreiation of ROBDD.

The basicideain applicationof BDDs for representingtatespacess to repre-

sentsetsof statesasaBDD S(vy,... ,v,) of n boolearvariablesvy, vs, . .. ,v,, and
thetransitionrelationof thesystemasaBDD R(v1,va, ... ,vpn, V], 05, ... ,v)) Of 2n
variables. If weletv = vy,v9,... ,v, andv’ = v{,v},... v}, thenthe BDD R

is suchthat R(v, ") is trueiff thereis a transitionwhich is enabledn the staterep-
resentedby v andwhoseoccurrencdeadsto the staterepresentedby v'. The setof

reachabletatescanbecomputedstartingfrom aBDD representingheinitial stateand
thencontinuouslyrepeatingheiterationS(v) := S(v) v 3’ : S(v') A R(v',v) until

afixpointis reachedIn thek’th iterationthe stategeachablén lessthanor equalto &

stepsfrom theinitial markingwill be containedn the BDD. The canonicalform of a
BDD is usedto detectwhenthefixpoint is reachedandit is exploitedthatconjunction
(disjunction)betweernBDDs canbe computedefficiently yielding a new BDD repre-
sentingthe conjunction(disjunction)of the two BDDs. The useof BDDs hasbeen
particularly successfuln symbolicmodelchedking whereBDDs are combinedwith

the model checkingproceduredor the temporallogics CTL andLTL. BDDs have
provento beavery compactway to represenstatespacesandsignificantresultshave
beenobtainedwith them— in particularin the areaof hardware circuit verification.
However, BDDs alsohave somedravbacks.Firstly, to be efficient they requiresome
currently not well-understoodorm of regularity in the system. Secondly they are
highly sensitve to the variableorderingchosen. Furthermore the memoryrequire-
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mentsaresomeavhatunpredictabldecausehereis no generakorrelationbetweerthe
sizeof the statespaceandthesizeof theBDD representingt. In particular thesizeof
theintermediateBDDs during generatiorof the statespacds oftena problem.

Theuseof BDDs in thecontet of PetriNetshasbeenconsideredn [100]. There-
sultsfrom [100] considerk-boundedPlace/TansitionNets,i.e., Place/TansitionNets
which containsat most . tokenson place. Theseresultsare not directly applicable
to CP-nets,sincethe elaboratenotion of datatypesand inscription languagepro-
hibit compilinga BDD representinghe transitionrelationdirectly from the CP-net.
It is, however, possibleto apply BDDs to CP-netsusingthe approachakenin [135].
Herethe transitionrelationis not representedsa BDD, but insteada corventional
statespacegeneratioralgorithmis applied,andthe BDD is only usedto storethe set
of reachablestatesencounteredo far. The experimentalresultspresentedn [135]
shaved that this yielded a reductionin memorybut at the expenseof a significant
increasén runningtime.

Theadwantage®f usingGETS, DFAs, andBDDs, in the context of CP-netscom-
paredto the datastructurecurrently usedin the OG tool hasnot beeninvestigated.
Theapplicationof GETS in the contet of CP-netgequiresan encodingof the mark-
ings astuples. A simple approachwould be for a CP-netconsistingof the places
P1,P2,--- ,Pn to encodea marking M as the tuple (M (p1), M(p2),... , M(pn)).
However, this would requireaugmentingGETs with the capability of beingableto
changehe encodingof stateson-the-fly sinceit is not generallypossibleto determine
in advancehow mary bits/bytesareneededo storea markingof a place.A similarre-
markappliesto DFAs andBDDs for representinghereachablenarkingsof a CP-net.
Thisis alsothereasonwhy theresultsin [100] arerestrictedto PetriNetsfor which it
is possibleto determingn advancea k suchthatno placecontainsamorethank tokens
in ary reachablanarking.

Visualisation. Anothercentralcomponenin the OG tool is the supportfor visual-
ising selectedpartsof the statespace. The recognitionof visualisationof the state
spaceasa meansto analysethe behaiour of systemshasalsobeenconsideredn a
processalgebraicsettingin [130]. Theapproachesakenin the OG tool andin [130]

are,however, different. In [130], the view of the systemis specifiedat the syntactical
level, andthe statespacds generate@ndreducedaccordingto this view. In contrast,
we generatehe statespaceonce,andthendefinedifferentviews on the systemat the
semantiqstatespace)evel.

Summarisinghediscussionsbore, it canbe seenthatthe OG tool containsthe same
basic componentsas most othertools for computeraided analysisand verification.
The strengthsof the OG tool comparedto mary othertools are, however, thatit is

closelyintegratedwith a simulator thatit supportsvisualisationandinteractive state
spacegenerationandthatit aimsat supportingoothanalysisandverification.
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Chapter 3

State Spaceswith Symmetriesand
Lamport’ s Algorithm

This chaptertreatsthe paperComputerAided Verification of Lamports Fast Mutual
ExclusionAlgorithmUsing Coloured Petri Netsand OccurrenceGraphswith Symme-
tries [74]. Section2.1 containsa brief introductionto statespaceswith symmetries,
which is the main subjectof the paper Section2.2 givesa summaryof the paper
Section2.3 containsa discussiorof relatedwork.

3.1 Intr oduction and Background

Many concurrentsystemspossess certaindegreeof symmetry For example,mary
concurrentsystemsare composedf similar componentsvhoseidentitiesareimma-
terial or interchangeabldérom a verification point of view. This kind of structural
symmetryis alsoreflectedin the statespace®f suchsystems.The basicideain state
spacesvith symmetriess to factoroutthis symmetry andto obtaina condensedtate
spacewhichis typically ordersof magnitudesmallerthantheordinaryfull statespace,
but from which the samekind of dynamicpropertiescanbedirectly verifiedandanal-
ysedwithout unfoldingto thefull statespace.

A concreteexampleof a systempossessingymmetryis the commit protocolin-
troducedin Chap.1 (seeFig. 1.1). Intuitively, this protocolis symmetricin the sense
thatit treatsthe workersin the sameway, i.e., all workersbehae in the sameway
—they are“symmetric”. The factthatthe workersaresymmetricis alsoreflectedin
the statespace(seeFig. 1.2). Considerfor instancethe two markings M5 and Ms,
which correspondo statesin which exactly oneworker hasreceved the CanCommit
messagandsenta No reply backto the Coordinator. Thesetwo markingsare sym-
metricin the sensehat M3 canbe obtainedfrom My by swappingtheidentity of the
two workers. Similarly, the two markingsM, and Mg, which correspondo statesin
which exactly oneworker hassenta Yes reply back,canbe obtainedfrom eachother
by interchangingheidentity of theworkers. Furthermoreit canbe obseredthattwo
symmetricmarkingssuchas M3 and M5 have symmetricsetsof enabledbindingele-
ments,andsymmetricsetsof successomarkings. Using induction,this propertycan
be expandedo finite andinfinite occurrencesequencesrThis justifiesthatif we have
a setof symmetricmarkingsthenit is sufiicient to explore the possiblebehaiours of
the systemfor only one of thesemarkings. The CPN modelof the commit protocol

1M; denoteghe markingcorrespondingo nodes.

21
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Figure3.1: Condensedtatespacefor two-phasecommitprotocolin Fig. 1.1.

containsmary markingsthataresymmetricin this way. The basicideain condensed
statespacess to lump togethersuchsymmetricmarkingsandsymmetricbinding el-
ementsnto equivalenceclasses Figure 3.1 shavs the condensedtatespacefor the
commit protocol obtainedby consideringthe two workersto be symmetric,i.e., al-
lowing permutationof the identity of workers. The nodesand arcsnow represent
equivalenceclasse®f markingsandbinding elementsrespectiiely. The equivalence
classof markingsrepresentetby a nodeis listedin bracletsin theinscriptionof the
node,e.g.,node3 representshe markingsMs and M5 from Fig. 1.2. The condensed
statespaceor the commit protocolhas13 nodesand 16 arcs.For n workersthe con-
densedstatespacehas(n + 1) * (n + 2) = O(n?) nodes.This demonstratethatthe
reductionobtainedby exploiting symmetriecanindeedbe ordersof magnitude.
Symmetryis technicallyexpressedy meansof a so-calledpermutationsymme-
try specificationwhich assignsan algebraicsymmetrygroup of permutationgo each
atomiccolour setof the CP-nef. A symmetrygroupdetermineshow the coloursof
an atomic colour setare allowed to be permuted. For example,a symmetrygroup
may specifythatall colourscanbe permutedarbitrarily, or thatthey mustall befixed,
i.e.,cannotbe changed Mary intermediatgforms exists, e.g.,all rotationsof a finite,
orderedcolour set. A permutationsymmetryspecificationdeterminesa group & of

2Eachplaceof a CP-nethasan associatedolour setwhich is similar to a type in a programming
language Thecoloursetdetermineshekind of tokenswhich canresideon the place.An atomiccolour
setis a colourset(type) definedwithout referenceo othercoloursets.
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permutationrsymmetriesvhichin turninduceswo equivalencerelations— oneonthe
setof markingsandoneonthesetof bindingelementsTwo markingsM; andM, are
consideredsymmetric(equivalent)if andonly if thereexistsapermutationsymmetry
¢ € & suchthat M; = ¢(M,), andsimilarly for binding elements. The fact that
the symmetrygroupsare algebraicgroupsensureghatthe relationson markingsand
binding elementsaareindeedequialencerelations.

A permutatiorsymmetryspecificatioris requiredto captureinherentsymmetries
of the system,i.e., symmetrieswhich are actually presentin the system. A permu-
tation symmetryspecificationin accordancavith the systemis saidto be consistent
Theconsisteng requiremenensureshatsymmetricmarkingshave symmetricsetsof
enabledbinding elementsandsymmetricsetsof successomarkings.Thisin turn en-
sureghatdynamicpropertieof the CP-netcanactuallybederivedfrom thecondensed
statespace.

In the following we will usethe terminologyfrom [67], andlet OS-gaphsde-
note condensedtatespacegbtainedusing permutationsymmetryspecifications.In
Chap.4 we will considera generalisatiorof OS-graphshasedon allowing general
eguivalencerelationson markingsandbinding elementdo be used. Suchcondensed
statespacewill bedenotedOE-graphs

3.2 Summary of Paper

The goalsof the projecton which the paperis basedwereto develop computertool
supportfor OE- and OS-graphsandto conductsomefirst practicalcasestudieson
the useof suchstatespacedor CP-nets.The two main contrikutions of the paperare
the presentatiomf the developedDEesIGN/CPN OE/OS GRAPH TooL (OE/OStool)
andthe useof OS-graphgo establisnthe correctnes®f LAMPORT'S FAST MUTUAL
EXCLUSION ALGORITHM [88]. Thepapeiis writtento beself-containecnddoesnot
assumeprior knowledgeof ary kind of PetriNetsor statespaces.

Lamports Algorithm is a mutual exclusionalgorithmfor shared-memorynulti-
processorsA shared-memorgnultiprocessors anarchitectureonsistingof anumber
of CPUsconnectedo a commonbus andwith a singlesharednemory It is assumed
thatthe memorysupportsatomicreadandwrite operationsandthateachprocesshas
a uniqueidentifier, which is a positive integer Lamports Algorithm is symmetricin
thesenseahatit treatsall processes thesameway.

The CPN model of Lamports Algorithm was createdby translatingeachof the
statement®f Lamports Algorithm (writtenin [88] aspseudo-codeinto CP-netcon-
structs. The creationof the completemodelconsistedf putting all of the piecesto-
gether This systematicstratgly reduceghe probability of accidentakrrors,andjusti-
fiesthatthe constructedCPNmodelis a propermodelof thealgorithm.Oneexception
to the abore schemeshould,however, be mentioned.lIt is relatedto the application
of symmetriesandthe modelling of for-statementsLamports Algorithm containsa
for-statemenin which the entriesin a booleanarraywith an entry for eachproces-
soris tested.If the entriesaretestedin turn startingfrom the processomwith identity
1, thenan orderingis imposedon the processein Lamports Algorithm. Hence,all
processearenottreatedn the sameway from a symmetricpoint of view. Therefore,
two variantsof Lamports Algorithm wereconsidered- onein which no orderingwas
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imposedandonein which all entriesweretestedn oneatomictest.

The OE/OStool is basednthe OG tool previously discussedn Chap.2 andsup-
ports verification and analysisby meansof OE- and OS-graphs. The tool supports
visualisationanalysis,andverificationin the sameway asthe OG tool, exceptthatit
dealswith OE- andOS-graphsnsteadof full statespaces.The OE/OStool supports
usersuppliedpermutationsymmetryspecifications. The usersuppliesthe informa-
tion by implementingtwo predicateqfunctions). Thefirst predicateexpressesvhen
two markingsaresymmetric/equialent,andthe secondoredicatesxpressesvhentwo
binding elementsare symmetric/equialent. The two predicatesnustreflectthe per
mutation symmetryspecification,i.e., the symmetrygroupsassignedo the atomic
coloursets.lt is the responsibilityof the userto ensurethatthe predicatesmplement
a consistenpermutationsymmetryspecification. This amountsto checkingthatthe
arc expressionsguards,andinitial markingscommutewith the permutatiorsymme-
try specificationin the way preciselydefinedin [67]. For Lamports Algorithm this
consisteng proof consistsof a numberof casesall of which were essentiallytrivial.
Therisk of makingmistalesin the manualconsisteng proof andimplementatiorof
the predicatesvasalleviated using an algorithm developedas part of the casestudy
of Lamports Algorithm [79]. The algorithmis basedon algebraicgrouptheoryand
makesit possibleo computehesizeof thefull statespacdrom theOS-graphwithout
unfolding). This makesit possibleto comparethe sizeof a generatedull statespace
with the sizecomputedbasedon the correspondingS-graph.Comparingthesesizes
hasin practiceturnedoutto expressa quite strongnecessargonditionfor consisteng
andcorrectimplementatiorof the predicates.

The OS-graph(OE-graph)is computedon-the-fly i.e., without first constructing
thefull statespaceandthengroupingmarkingsandbindingelementsnto equivalence
classes. This is done using a modified versionof the algorithm for generatingan
ordinarystatespace(seeFig. 1.3). Insteadof testingwhetherthe markingis already
includedin the statespace,it is testedwhethera symmetric/equialent markingis
alreadyincluded. Similarly, thereis a testof whethera symmetric/equialentbinding
elemenis alreadyinsertedbetweertwo nodespeforeanew arcis created.The OE/OS
tool storesequivalenceclassesisingrepresentates: eachnodein the OS-graphOE-
graph)is representedby a marking from its equivalenceclass. Analogouslyfor arcs
andbinding elements Markingsandbinding elementsarestoredusingthe samedata
structuresasin the OG tool. The querylanguageconsistsof a numberof standard
gueryfunctionscorrespondindo the standarddynamicpropertiesof CP-nets.These
gueryfunctionsare complementedby a setof more generalfunctionsfor traversing
the condensedtatespaceandfor writing non-standaréndmodeldependentjueries.
The standardjueryfunctionscontaina full implementatiorof the proof rulesfor OE-
andOS-grapifrom [67]. Thevirtue of thesestandardjueryfunctionsis thatthey work
directly on the condensedtatespacewithout unfoldingthe equivalenceclasses.

Theverificationof Lamports Algorithm established numberof crucialproperties
suchasmutualexclusion persistentreadability of the critical section,andabsence
of deadlo&s The casestudy demonstrateaignificantreductionsin the numberof
nodesandarcs.For example,for four processethe numberof nodesis reducedrom
around2,000,000to around90,000. Anotherimportantfinding from thesepractical
experimentsvasthatin additionto memory time wasalsosaved, i.e.,thegeneratiorof
the OS-graphwasfasterthanthegeneratiorof thefull statespaceor thesamenumber
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of processesThis is surprisingsinceonewould expectthat the more expensve test
relatedto checkingwhethera symmetricmarkingis alreadyin the statespacehasa
negative impactontime performanceTheresultshowvever suggesthatwhatis loston
amoreexpensve teston symmetryof markingsandbindingelementsis accountedor
by having muchfewer nodesandarcsto generateandalsoto comparewith beforea
new nodeor arccanbeinsertedn theOS-graphLamports Algorithm wasverifiedfor
up to four processesvhenthe entriesin the for-statement weretestedin an arbitrary
order andupto sevenprocessewhenthe entriesweretestedn oneatomictest.

3.3 RelatedWork

Theideaof exploiting symmetrywasproposedor CP-netsn [63]. The OE/OStool is
basedntheformulationof statespacesvith symmetriegivenin [67,68]. Meanwhile,
theideaof exploiting symmetryhasalsobeenappliedandfurther developedin other
modellinglanguagesndframenorks.

Symmetry and Model Checking. Exploiting symmetryin model checkingof the
temporallogic CTL* hasbeeninvestigatedn [26] and[34]. Thetemporallogic CTL*
containsthe temporallogics CTL andLTL assubsets.In both casesthe underly-
ing modelof computationis not PetriNetsbut labelledtransitionsystemsandshared
variableprograms.Exploiting symmetriesvheninvestigatingsafetypropertiese.g.,
deadlocksandinvariantviolations,hasbeeninvestigatedn [65]

The symmetryreducedstatespacepreservinghe truth valueof atemporallogic
formulain [26] and[34] areobtainedusinganalgebraiagroupof permutatiorsymme-
trieswhichis containedn theintersectiorof thesymmetriegpresentn thesystemand
the symmetriegpresenin thetemporallogic formulato be checled. Thecombination
of symmetriesand symbolicmodelchecking,i.e., whenBDDs (Binary DecisionDi-
agram)are usedfor computingand representinghe statespace,s alsoinvestigated
in [26]. Theseresultsshav thatthe sizeof the BDDs usedto representheequialence
classegrows atleastexponentiallyin the minimum of the numberof processesf the
systemand the numberof statesof one processor frequentlyappearingsymmetry
groups(suchasthoseconsistingof all permutationor all rotations). Hence,exploit-
ing symmetryin symbolicmodelcheckingis restrictedto eithersystemswith a small
numberof processesr processesvhich have a smallnumberof states.Theintuitive
reasorfor BDDs not working well with symmetryreductionis the lack of correlation
betweerthesizeof the BDD andthe sizeof the statespacdt representsSymmetries
reducethe numberof nodesandarcswhich have to be stored- but with BDDs it may
take alargerBDD to representhis smallernumberof nodesandarcs.

Exploiting symmetrywhenmodelcheckingunderfairnessassumptionfiasbeen
investigatedn [33] and[53]. Model checkingunderfairnessassumptiorconsistsof
restrictingthe modelcheckingto consideronly thoseexecutionsof the systenmwhich
arefair accordingto somefairnesscriteria. An exampleof a fairnessassumptionss
strongfairnesswhichrequireghatif abindingelements infinitely oftenenabledhen
it alsooccursinfinitely often. Fairnessassumptionsiretypically neededo establish
progresspropertiessuchas“eventually placep containsatoken”. The corventional
way of taking fairnessinto accountwhencheckinga property¢ in, e.g.,LTL model
checking,is to expressthe fairnessassumptiorasa formula ¢ ;- in LTL andthen
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performmodelcheckingusingtheformula¢ g, = ¢. Theapproachet symmetries
andmodelcheckingin [26] and[34] fail to handlethis effectively sincethey arebased
on intersectinghe symmetryin the temporallogic formulawith the symmetryin the

system,and the fairnessassumptiongxpressedas ¢r,;- iN Most casesrestrict the

symmetrygroup of the formula to consistof the identity permutationonly, thereby
prohibitingary reductionto be obtained.

Verification of Lamport’ s Algorithm.  In our searchfor agoodexampleto demon-
stratethe use of the OE/OS-toolfor verification, the inspirationto considerLam-
port’s Algorithm camefrom [3]. Here,the authorsverify Lamports Algorithm using
ColouredStochastidPetri Nets[91] andplaceinvariants Placeinvariantsis one of
the other main analysismethodsof Petri Nets. The basicidearesembleghat of in-
variantsor assertionknown from establishingcorrectnessf corventionalcomputer
programs. A placeinvariant determinesan equationwhich holds for all reachable
markingsof a PetriNet. Verificationof Lamports Algorithm in [3] is conductedon
amodelin which thefor-statements modelledin the coarsefashionwhereall entries
in thebooleanarrayaretestedatomically An advantageof theapproachn [3] is that
Lamports Algorithm is verified for anarbitrarynumberof processesThe capability
of verifying Lamports Algorithm for anarbitrarynumberof processes obtainedby
the combinationof placeinvariantsandmanualreasoning.

In the ariginal presentatiorof Lamports Algorithm in [88], Lamporthimselfes-
tablishescorrectnessHereanaxiomaticmethoddecoratinghe algorithmwith asser
tionsis applied. Lamportconcentratesn establishingdeadlockireedomand mutual
exclusion. As in [3], the propertiesare proved for an arbitrary numberof processes.
Both [3] and[88] conductcomplex andlengthymathematicaproofs. For the mutual
exclusionproperty theformeronly sketcheghe proof, while the lattermoregenerally
relieson anumberof proof sketches With respecto thelogical behaiour of thealgo-
rithm, we establisksimilar propertieso [3] and[88], plus otherimportantproperties.
Themainvirtue of our proofis thatit is almostautomaticand,hence muchlesserror
prone. We do not needto engagein detailedor complex mathematicabrguments.
Basedon this, we claim thatour resultsarequite reliable. However, the disadwantage
of our methodis thatit is necessaryo fix the systemparameter- in this casethe
numberof processedvioreover, thenumberof processewhich couldbehandledwas
restrictedto 4 (or 7 with a coarsemodellingof the for-statement).

Computer Tool Support. Developingtool supportfor OS-graphsnvolved making
anumberof designdecisionsasto how thetool shouldsupportthe userin conducting
verificationof systems.

A key designchoiceis whetherthe symmetriesshouldbe automaticallydetected
by thetool or be provided by the userbasedon knowledgeof the systemundercon-
sideration.We have choserthelatterapproacHor severalreasonsFirstly, computing
the symmetrieds expensve, andit is our experiencethat the useralwayshassome
knowledge/intuitionaboutthe potentialsymmetriesof the system. For example,in
Lamports Algorithm, it is obviousthatthe symmetryis in the processesSecondlyif
thetool detectghe symmetriesn the systemjt might resultin symmetriesvhich are
difficult to interpret.Furthermorethe symmetriesvhichtheuserhasin mind areoften
symmetriesvhich shouldbe presenin thesystemandif they arenot, this mightindi-
catea designerror. Therefore anautomaticcalculationof symmetriesdoesnotin the
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sameway allow designerrorsto be caughtaswith our approach An exampleof this
is the for-statementn Lamports Algorithm. If thetool hadautomaticallycalculated
the symmetrief the systemthentheresultwould have beenthatno symmetrywas
presenin the systemandsymmetryreductioncould not have beenapplied.But with
our approachwe couldidentify the problemandthenverify a moreabstractversion
of Lamports Algorithm in which thefor-statementausingthe problemwasmodelled
in adifferentway.

With respectto detectionof symmetries,our approachcoincideswith the ap-
proachego exploit symmetrydescribedn [22,23,26] andimplementedn the Symm
tool. Thisis in contrastto the MURPHI tool [65] which relieson automaticdetection
of symmetriesdirectly from the syntaxof the modellinglanguage.The sameis the
casefor the Smc tool [34,111]. The symmetrygroupsin [65] are,however, restricted
to algebraicgroupsconsistingof all permutationof a given setor groupsconsisting
of theidentity permutatioronly.

An alternatve to computingthe symmetriess to put narraw, syntacticalrestric-
tionson themodellinglanguagen sucha way thatonly symmetricconstructsaareex-
pressible.Suchideashave beenpursuedor Well-formedColouredNets (WNs) [13].
Detectionof symmetriesn WNs canbefully automatedthuseffectively eliminating
theneedof conductinga consisteng proof. For flexibility reasonswe have chosemot
to basethe OE/OStool on puttingsyntacticakestrictionson CP-nets Thisimpliesthat
aproofof consisteng hasto beconductedProving the consisteng of thepermutation
symmetryspecificatioris tedious becaus®f the mary casesn the proof, which need
to be considered.Therefore,it would be preferableif the tool could checkmost of
thesecasesautomatically Thetool may not be capableof conductinga full proof of
consisteny, but it may significantlyreducethe numberof caseghatthe userneedso
consider

Practicalexperimentswith the OE/OStool have clearly identified two points at
whichthe OE/OStool hasto beimprovedin orderto make it moreapplicableto larger
systems.One point is supportfor automaticallygeneratinghe symmetrypredicates
from the permutationsymmetryspecification the other point is supportfor an auto-
matic (or almostautomatic)consisteng check. Theseimprovementswill in addition
have theeffect of hiding moreof themathematicsinderlyingthe OE/OStool, andless
programminggskills would berequiredfrom the user

Checking Equivalence. A fundamentahspecbf putting OS-graphsnto practiceis
to be ableto determinewhethertwo markings(binding elements)are symmetricor
not, i.e., whetherfor two markings; and M, (binding elementsh; andb,) there
existsa permutatiorsymmetry¢ suchthat M; = ¢(Ms) (b1 = ¢(b2)). This problem
is alsoreferredto asthe orbit problem andits computationakompl«ity hasbeen
investigatedn a several papers.It wasshawn in [26] thatthe orbit problemis atleast
ashardasthe graph isomorphisnproblemfor which no polynomialtime algorithm
is knowvn. Theseresultswerelater extendedin [22] shaving that the orbit problem
is equivalentto importantproblemsin computationalgroup theorywhich are harder
thanthegraphisomorphisnproblem.lt is notknown whethertheseproblemsareNP-
complete. The constructiveorbit problemwhich is relatedto obtaininga canonical
representate for eachequivalenceclassis alsoinvestigatedn [22]. The constructie
orbit problemis known to be NP-hard.
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Theabove compleity resultsmayindicatethatthe useof OS-graphss impracti-
cal. However, it is our experiencehatwhatis loston anexpensve testof equivalence
of markingsandbinding elementsjs madeup for by having fewer nodesandarcsto
generateandalsoto comparewith beforeanen nodeor arccanbeinsertedn the OS-
graph. The experimentswith tools supportingreductionby meansof symmetrythat
werereportedon in [65] and[26] confirmthe abore obserations. However, practical
experimentshave subsequentlghavn thatfor certainCP-netswith highly structured
colour sets,the generationof the OS-graphis fasteronly whenthe numberof per
mutationsymmetriess small— typically lessthan120. This suggestshatthe useof
algebraictheory andalgorithmsto speedup the equivalencecheckis an areawhich
deseresmoreattentionin thefuture. Somework on this hasalreadybeendonein the
context of CP-netdn [2,43,76].



Chapter 4

State Spaceswith EquivalenceClassesand
the Transport Protocol

This chaptertreatsthe paper\erification of Coloured Petri NetsUsing StateSpaces
with EquivalenceClasseg75]. Sectiord.1containsabriefintroductionto statespaces
with equivalenceclassesvhichis themainsubjectof thepaper Sectiord.2 containsa
summaryof the paper Section4.3 containsa discussiorof relatedwork.

4.1 Intr oduction and Background

Likein thedefinitionof OS-graphsthedefinitionof anOE-graphfor a CP-netrequires
thepresencef two equivalencerelations.An equivalencepecificatiorconsistof two
equialencerelations— oneonthe setof markings(=,;) andoneonthe setof binding
elementq~pg). However, unlike the definitionof OS-graphswherethe equivalence
relationsarederived from thealgebraiogroupsof permutationsassignedo the atomic
coloursetsthereis norequiremenbntheorigin of thetwo equivalencerelations.They
can, roughly speaking be arbitrary equivalencerelationson the setof markingsand
bindingelementstespectiely. In thisway, OS-graphsreaspecialcaseof OE-graphs.

To beableto usean OE-graphto verify dynamicpropertiesthe equivalencerela-
tions mustcapturean equivalenceactually presentn the consideredsystem. Similar
to OS-graphghis is referredto asconsistency It requiresthat for all markingsi/y,
M, andbinding elementsh we have that M; =, M| and M;[b) M, implies the
existenceof abindingelemen®’ andamarking M} suchthat My ~y; M), b ~pg V',
and M/ [b')MJ. This propertyis illustratedin Fig. 4.1. The consisteng requirement
ensureghat equivalent markingshave equivalent setsof enabledbinding elements,
andequialentsetsof directly reachablanarkings.Lik e with OS-graphghis justifies
thatit is sufficient to explore the possiblebehaiours of the systemfor one marking
of eachequialenceclass.Constructiorof the OE-graphs<anbe doneusingthe same
algorithmasfor constructiorof the OS-graphs.

OE-graphsare presentedn [67] as a theoreticalgeneralisatiorof statespaces
basedon symmetries. In [67] it is notedthat the experienceswith practicaluse of
OE-graphsareratherlimited. Moreover, in the examplesof OE-graphgyivenin [67],
the equivalencerelationsare definedusing only the structureof the systemsunder
consideration.

'Recallfrom Sect.1.3thatthenotationM; [b) Mo meanghatthebindingelement is enabledn M,
andthe occurrencef b in M, yieldsthemarking M.
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My =m M] My =m Mj]
lb e lb ~BE b’l
Mo My ~u M)

Figure4.1: Consisteng requiremenfor equivalencespecifications.

4.2 Summary of Paper

Theresultspresentedh thepapercamefrom ourwork with developingthe OE/OStool
anddoingvariouspracticalexperimentsvith OE-graphsThegeneralityof OE-graphs
allowed usto experimentwith differentkinds of usersuppliedequivalencespecifica-
tions. During theseexperimentswe realiseda nev perspectie on OE-graphs:OE-
graphsallow equivalenceghataredynamic,in the sensehatthey expressthatsome
informationbecomaeirrelevant or similar asthe executionof a systemprogressesAs
notedabove, then OS-graphdgs a specialcaseof OE-graphs.In particular symme-
try is a structural, static notion basedon permutationof similar components. The
maincontrikution of the paperis to recognisg¢hatsometimesa moredynamickind of
equivalenceis beneficialandto demonstratéy meansof anexamplethat OE-graphs
areapplicablefor this purpose.

Thepaperdescribesheapplicationof OE-graphsaindthe OE/OStool for verifica-
tion of a protocolfrom thetransportiayerof the ISO referencenodel(seee.g.,[29]).
Theprotocolstudiedin the paperis in thefollowing referredto asthetransportproto-
col. Thetransportiayeris concernedvith protocolsensuringeliabletransmissiorbe-
tweensites. Thetransportprotocolconsistsof a sender which wantsto transfersome
datato a receiver Communicationtakes placeon an unreliablenetwork with risk
of lossandovertaking. Thetransportprotocolusessequenc@umbersacknavledge-
ments,timeouts,andretransmissionfor ensuringthat the datapacletsaredelivered
onceandonly onceandin the correctorderto the recever. The protocoldeplo/s a
stop-and-wit stratey, i.e., the samedatapaclet is transmitteduntil anacknavledge-
mentis receved.

The Message SequenceChart (MSC) in Fig. 4.2 illustratesthe basic operation
of the transportprotocol. The MSC hascolumnsrepresentinghe Sender, Network,
andReceiver. The MSC visualisesa possibleexecutionof thetransportprotocol. The
sendefirst sendsadatapacletwith sequencaumberl (Data(1)) tothereceverwhich
replieswith anacknavledgementvith sequenc&umber2 (Ack(2)) whichis the data
paclet the recever is expectingnext. After receptionof this acknavledgementthe
sendethensendghedatapacletwith sequenc@aumber2. The MSC alsoillustratesa
timeoutwhich causeshe datapaclet with sequenceumber2 to beretransmitted.

Theequialencespecificatiorfor thetransporiprotocolis dynamicandis basecn
the obseration that certainpacletson the network may becomesimilar asthe proto-
col executes As anexample,considerFig. 4.2 andthearrival of theretransmittediata
pacletwith sequencaumber2 attherecever. Thearrival of thisdatapaclet with ase-
guencenumbetdessthanwhattherecever expectsnext doesnotchangehestateof the
recever. Sucha datapaclet onthenetwork will becalledold. Arrival of this old data
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Figure4.2: Basicoperationof thetransportprotocol.

paclet hasthe effect that an acknavledgementaskingfor datapaclet numberthree
is sent. Generalisinghis, the arrival of ary datapaclet with a sequenceumberless
thanthe oneexpectedhasthe effect thatanacknavliedgements sentindicatingwhich
paclet is actually expected. Thus,two old datapacletsarriving at the recever have
exactly the sameeffect. Similar obserationsandterminologyapplyto acknavledge-
mentsarriving at the sender e.g, whenthe secondacknaviedgementwith sequence
number3 arrivesat the sender The intuition behindthe equivalencespecificatiorfor
the transportprotocolis to capturethat old datapacletsandold acknaviedgements,
respectiely, areequialent. This intuition is formalisedin the paper andit is proven
thatthe equivalencespecificatioris indeedconsistenti.e., it fulfils therequirementn
Fig. 4.1.

Using the proof rules for OE-graphsin [67] and their implementationas query
functionsin the OE/OStool, the following threecrucial propertieswere established
for thetransportprotocol. No improper termination meaningthatif the protocolter
minates,all datapaclets have beenreceied exactly once,in the sameorderasthey
weresent,andthe network is empty Possibility of termination meaningthatin ary
reachablestateof the protocol,it is alwayspossiblewithin afinite numberof stepsto
terminatethe protocol. Eventualterminationmeaningthatif the network is fair, i.e.,
loosesonly finitely mary paclets,thenthe protocoldoeseventuallyterminate.

The verification was donefor different valuesof the systemparametersyhich
are the capacityof the network and the numberof datapaclets to be transmitted.
Significantreductionin the numberof nodesand arcswas demonstratedmaking it
possibleto analyseconfigurationsof the protocolthatwe could not handleusingfull
statespaces.The experimentsshaved that the size of the OE-graphggrows linearly
in the numberof pacletsfor a fixed capacityof the network. The experimentsalso
shaved thatthetime for constructionof the OE-graphsandthe time for determining
the answersto the querieswere reduced. The latter is causedby the fact that the
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answerdo thequeriesaredeterminedirectly onthe OE-graphsvithout unfoldingthe
equvalenceclasses.

The paperalsoestablishes generallink betweenconsistentquivalencespecifi-
cationsandbisimulation[94] (we will returnto bisimulationin the next section).This
resultgivesraiseto atechniqueor supportingheuserin ensuringheconsisteng of a
proposecequivalencespecification.Theresultsstateghatthefull statespaceandthe
correspondin@E-graphviewed aslabelledtransitionsystemsarebisimilar moduloa
relabellingof the arcswhich mapseachbinding elementinto a uniquerepresentate
for its equivalenceclass.This meanghatif thesystenmunderconsideratioris suchthat
the full statespacecanbe generatedor small systemparameterghenan algorithm
for checkingbisimilarity canbe appliedasa necessargonditionon the equivalence
specificatiorto be consistent.

4.3 RelatedWork

Practical Applications of OE-graphs. Verificationby mean®f statespacess often
toutedasbeingautomaticandthusquitereliable. For verificationbasetn OE-graphs,
aqualificationmustbemade:proving theconsisteng of aproposedquivalencespec-
ification maybeanon-trivial taskandis considerablymoreinvolved thanproving the
consisteng of a proposedpermutationsymmetryspecificationfor OS-graphs. For
OS-graphsoingenuityis required,andthe proof canbe highly computeraidedsince
it (in mostcasespmountsto a moreor lesstrivial caseanalysisof all staticinscrip-
tions of the CP-net. This suggestghat the main potentialof verification by means
of OE-graphgs thatit allows verificationof largerconfigurationsf the systemunder
considerationThisis particularlyimportantin systemsvhich have severalparameters.
Dueto stateexplosionit may only be possibleto verify the systemby meansof full
statespacesvhenalmostall parameterfiaze smallvalues.By applyingOE-graphst
is possiblewith someextra effort to verify configurationof the systenmwhereseveral
of theparameterfiave large values.

Generality of the EquivalenceSpecification. Anotherquestioris, whetherthekind
of equivalencespecificatiorpresentedjeneralisei.e., applyto othersystemsWe be-
lieve it does.We believe thatthe notionof beingold canbefoundin variousdisguises
in mary systems- in particularprotocolson the transportayer of the ISO reference
model. Suchprotocolsare often designedusing standardechniquedike timers, re-
transmissionsand sequencaumbers therebyinherentlyintroducingthe conceptof
old paclets. Moreover, OE-graphsare describedand definedfor the formalism of
CP-netsput theideageneralisegmmediatelyto formalismswith anexplicit represen-
tation of both statesand actionsof systems.The sameis the casefor the suggested
equvalencespecificatiorbasedn the conceptof beingold.

The contritution of the paperwasto recogniseghat sometimesa more dynamic
kind of equivalenceis beneficialthancanbe provided by OS-graphsandto demon-
stratethat OE-graphsare applicablefor this purpose.OS-graphdail to handlesuch
casesinceit is a structural staticnotionof equivalence pasedn permutatiorof sim-
ilar components.Somework on adaptingsymmetriedo a moredynamicsettinghas
beenpresentedn [55]. Theresultsmakesit possibleto handlesystemswhich have
both symmetricandasymmetrigparts. The CPN modelof the transportprotocolalso
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consistsof symmetricandasymmetrigparts: if we considempermutationof sequence
numbersthenthe part modelling the network is symmetricsinceit doesnot look at
the contentsof the paclets. The senderandtherecever partis asymmetricsincethey
comparesequencaumbersn anasymmetriananner Theresultsin [55] are,however,
incapableof capturingthat paclets becomesymmetricasthe protocolexecutes.The
reasoris thattheapproacthin [55] is still basedn permutationsAs anexample,if we
have asetof old datapaclets: {Data(1), Data(2) } thenthis setcannever beconsidered
symmetricto {Data(1), Data(1) } sinceonly permutation®f thesequenc@umbersare
allowed. This meanghatthe equivalencespecificatiorbasedn old pacletscannotbe
capturedwith the partial symmetriesn [55].

Process-AlgebraicEquivalence. TheideasbehindOE-graphsareinspiredandre-
lated to bisimulationas indicatedby the link to bisimulationestablishedn the pa-
per This meansthat OE-graphsarerelatedto process-algebraistatespaceverifica-
tion[57,94,128]. Process-algebraatatespaceverificationis typically basedarounda
setof compositionabperatorsnmakingit possibleo composesystemsn a hierarchical
mannercomplementedby a notion of equivalencebetweersystems.The presencef
the equivalenceimpliesthatfor two equivalentsystemsS; and.Ss, it doesnot matter
whetherS; or Ss is usedfor theverificationtask— aslong asthe notionof equivalence
usedpreseresthe propertiesvhich areto be verified. In particular a systemcanal-
waysbesubstitutedvith anequivalentsmallersystem(or sometimegventhesmallest
equialentsystem).Process-algebrawetypically actionoriented,in contrasto Petri
Netswhich arebothstateandactionoriented.

Oneof the strengthof process-algebraieerificationmethodds thatthey support
a black-boxview on systems. This is accomplisheddy the capability of declaring
certainactionsof the systeminvisible andthenusinga notion of equivalencewhich
allows theseinvisible actionsto be abstractegway. This meanghatit is possibleto
abstractheinternaloperationof a systemaway andview only the externally observ-
ablebehaviourof the system.The externally obserablebehaiour is oftenwhatis of
interestfrom a verificationpoint of view. With CP-netghisis typically accomplished
by manuallyconstructinga morecompactandabstracCPN model.

Process-AlgebraicCompositionality. Strongandweak bisimulation[94] are two
examplesof equivalencebetweensystems.To our knowledgethe algorithmsfor re-
ducingthesystento anequialentsmallerone,suchasthosefor bisimulation[40] rely
on the entire statespaceof the systemto be presentbeforereductioncanbe applied.
This meanghat process-algebraiequivalenceis moregearedowardscompositional
statespaceverification(see,e.g.[128] for a suney). Theideain compositionaktate
spacemethodsis to exploit that mary systemsare composedf smallersubsystems
eachwith a statespacesignificantlysmallerthanthe statespaceof the full system.

As an example,supposehat we have an equivalencebetweensystemgdenoted
), an operator(denoted||) for constructingthe parallelcompositionof subsystems,

andthatwe constructhesystemS = S; || Sg || --- || S, from thesubsystems;. If
eachs; is replacedwith an equivalentsystems; (i.e., S; = S;) andwe considerthe
resultingsystemS = S; || Sz || -+ || Sn, thenS = S providedthat= is acongruence

with respectto the compositionoperator||. This meansthatit is possibleto apply
reductionto the statespace®f the componentbeforecomposinghemto obtainthe
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statespaceof the full system. The abore approachcan (of course)be appliedin a
hierarchicamannelito systemswith morethanoneintermediatdevel.

Compositionaktatespaceverificationhasthe dravbackthatsometimegheinter-
mediatestatespaceswhich have to be consideredarelarger thanthe full statespace
of the system. Suchsituationsoccursincethe context which the subsystemare put
into may significantlyrestrictthe behaiour of the subsystendueto synchronisation
with its ervironment. Compositionaktatespacegenerationmay considerexecutions
of the subsystemat the intermediatdevels which are not possiblein the complete
system At theextremecaseanintermediatestatespacemay evenbeinfinite.

A vastamountof process-algebraequialencescompositionabperatorsandal-
gorithmsfor manipulatinghemhave beensuggestedh theliterature. The bestchoice
of equivalencefor a concreteverificationtaskdependsn what propertiesof the sys-
temareto beverified. Theequivalenceshouldobviously presere the propertiesvhich
areto beverified,but onthe otherhand,it shouldalsobe asweakaspossibleto obtain
a goodreduction. The sameis true with OE-graphs.As an example,the equivalence
specificatiorfor thetransporprotocoldoesnotconsidebindingelementsorrespond-
ing to lossof pacletsandsuccessfulransmissiorio be equivalent. Thereasorfor this
is thatwe wantedto prove thatif the network loosesonly finitely mary pacletsthen
the protocolterminates Had we consideredhemequialent,thenthis propertycould
not be establishedrom the constructeddE-graph.

Compositionabktatespaceverificationhasbeenappliedin [81] and[131] for veri-
ficationof variantsof thetransporfprotocol.A slidingwindow variantwasconsidered
in [81], and a versionbasedon alternatingbits was consideredn [131]. Both case
studiesestablishsimilar propertiesaswe do for the transportprotocol. A major dif-
ferenceis, however, thatthe useof process-algebraiequivalencemalesit possibleto
establistthe propertiedor all valuesof certainsystemparametersTheresultsin [81]
arevalid independentlyof the capacityof the communicatiorchannelandtheresults
in [131] arevalid independenthof the numberof retransmissionsBoth casestudies
do useingenuityto establisitheseresults but they areinterestingsincethey shav that
it is sometimegossibleto overcomeone of the dravbacksof verification basedon
statespaces- thatof having to fix the systemparameters.

Compositionality and Petri Nets. The hierarchyconceptof CP-netss assuchnot
suitedfor compositionaktatespaceverification. The constructdor putting modules
togethemrepurelyamodellingcorvenienceoffering abstractioratthesyntacticalevel
ratherthanat the semanticalevel. To supportcompositionakeasoningnodifications
to the basicdefinitions of CP-netsare needed,ncluding the semanticsfor putting
modulestogether Suchmodificationsfor Place/TansitionsNetshasbeensuggested
in an event-orientecapproachwith parallelcompositionbasedon synchronisatiorof
transitiondn [122], andfor astate-orientedsynchronouapproactwith parallelcom-
positionbasedon memging of placein [126]. Combiningthe ideasof process-algebra
andPetriNetshasalsobeenconsideredn [4].



Chapter 5

Stubborn Setsof Coloured Petri Nets

This chaptettreatsthe paperFinding StubbornSetsof Coloured Petri NetsWithout Un-
folding [86]. Section5.1 containsanintroductionto the stubbornsetmethodwhichis
themainsubjectof the paper Section5.2 containsaasummaryof thepaper Sections.3
containsa discussiorof relatedwork.

5.1 Intr oduction and Background

Many concurrentanddistributedsystemsareasynchronouandconsistof a numberof
relatively independenprocesseghat synchroniseor communicateonly occasionally
In theextreme(over simplified)case considermsystenconsistingof n non-interacting
processesachexecutingk actionssequentiallypeforestopping.Sincefull statespaces
represengll possibleinterlearings of the processes a systemthis systemhasa state
spacewith (k + 1) states. This clearly shavs that representingll possibleinter
leavings of concurrentor independentctionsis a major sourceof stateexplosion.
Moreover, it seemgntuitively clearthatin orderto reasoraboutcertainpropertiesof
this systemnot all of thesestatesarea priori needed As anexample,if for theabove
systemwe areinterestedn verifying that a stateis reachablén which all processes
have terminated thenonly one of the interleared executionsof the systemis really
neededj.e., only nk + 1 statesare needed.The basicideabehindthe stubbornset
methodis to obtaina reducedstatespaceby avoid representingll possibleinterlear-
ings of independent/concrent actions.The stubbornsetmethodhasbeendeveloped
in aseriesof papergseg[129] for asuney).

Statespaceconstructiorwith the stubbornsetmethodfollows the sameprocedure
asthe constructionof the full statespace,with one exception. When processinga
marking, a setof binding elementsthe so-calledstubbornset is constructed.Only
theenabledvinding elementsn the stubbornsetareusedto constructsuccessomark-
ings. Theremainingbindingelementsareeithertakeninto accounin somesubsequent
marking,or the situationis suchthatthey canbeignoredaltogethewithout affecting
the analysisresults. The fact that only a subsetof the enabledbinding elementss
consideredn eachmarkingreduceghe numberof new markings,andthis mayleadto
asignificantreductionin the sizeof the statespace.

The constructionof the stubbornsetsdependson two factors: dependenciebe-
tweenbinding elementssuchas conflict (the occurrenceof eachbinding elementre-
movesa certaintoken),andthepropertieghatareto bechecledof thesystem.n each
marking encounterediuring the statespaceconstructiontherearein generalseveral
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Figure5.1: Propertieof bindingelementsn stubborrsets.

setsof bindingelementsvhich satisfythe propertiesof astubborrnset. Theart of stub-
bornsetsis to choosdahestubborrsetssuchthatthey containenoughbindingelements
to presere the propertieswvhich areto be verified of the systemandat the sametime
chooseghemassmallaspossibleto obtaina significantreduction.

A wide variety of stubbornsetmethodspreservingdifferentpropertieshave been
developed. We will discusssomeof themin moredetailin Chap.6. It is, however,
commonto mostof themthatthe stubbornsetsshouldsatisfythe two conditionsde-
pictedin Fig. 5.1. Thebinding elements;, bo, . .. , b, arebinding elementoutside
thestubbormsetin themarkingM , wherea$ (labellingthedashedarc)is abindingel-
ementin thestubbornsetin M. Thetwo figuresshouldbereadsuchthattheexistence
of the occurrencesequenceéepictedon theleft handsideof the doublearrow, implies
theexistenceof the occurrencesequencedepictedontheright handsideof thedouble
arrav. Thefirst conditionrequiresthatit shouldbe possibleto reoiganiseoccurrence
sequencesonsistingof aninitial prefix of binding elementdb;, ... ,b,) outsidethe
stubbornsetfollowed by a bindingelement(b) in the stubbornset,suchthatthereor
ganisedoccurrencesequencetartswith the binding elementin the stubbornset. The
seconcconditionrequireghatit shouldalwaysbe possibleéo move anenabledinding
elementin the stubbornsetto the endof occurrencesequencesonsistingentirely of
bindingelementoutsidethe stubbornset.

The conditionsin Fig. 5.1 arenot suitedfor constructingstubbornsetssincethey
are semanticalin naturein that they refer to occurrencesequencegwhich are not
known at the time at which the stubbornsetin A is to be constructed). This se-
manticalformulationis suitedfor proving thatcertainpropertiesarepresered by the
stubbornsetmethod ,but for implementatiorsomesyntacticalconditionsareneeded.
Constructiorof stubborrsetsis, thereforejn practiceimplementedy relyingonrules
thatreferonly to the structureof the CP-netandthe markingfor which a stubbornset
is to becomputed.Therulestypically expresssuficient conditionsto make the condi-
tionsin Fig. 5.1hold. Suchrulescantypically bethoughtof asspanninga dependency
graph the nodesof the grapharethe binding elementsandthereis an edgefrom a
bindingelement; to abindingelement, if andonly if therulesdemandhatif b; is
in the stubbornset,thenalsob, mustbe. A stubbornsetthencorrespondso a setof
bindingelementghatcontainsanenabledinding elementandwhichis closedunder
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reachabilityin thedependencgraph.Thereforeto constructastubborrset,it suffices
to know thedependencgraphandthe setof enabledbinding elements.

5.2 Summary of Paper

Thestubbornsetmethodhasmostlybeenappliedto CP-netdasedn anunfoldingof
the CP-netto the equivalentPlace/TansitionNet[66, Sect.2.4]. Sincethe equivalent
Place/TansitionNet hasa transitionfor eachbinding elementof the CP-net,and a
placefor eachpossiblecombinationof placeand colourin the colour setassociated
with the place(which might even be infinite), this approachis intractablein practice
if implementedn a computertool. Thereasorfor doingthis unfoldingis thatthede-
pendeng analysisneededy the stubbornsetmethodfor constructiorof the stubborn
setsis difficult with CP-nets.This is becausea CP-nettransitionmay, e.g.,simulta-
neouslyhave a binding elementthatis concurrentand anotherbinding elementthat
is in conflict with a binding elementof someother CP-nettransition. An alternatve
stubborrsetconstructiorfor CP-netsvould beto treateachCP-nettransitionasa unit
andconsidera CP-nettransitiont, asdependenbn anotherCP-nettransitiont, un-
lessit is certainthatno binding elementof ¢, dependn ary binding elementof ¢;.
The reductionresultsobtainedwith this coarsestratgy have usually beenvery bad.
The motivationbehindthework presentedn the paperhasbeento try to find a better
trade-of betweena costly detaileddependenc analysisat the level of the equivalent
Place/TansitionNet versusobtaininga reasonableeduction.

The first contrikbution of the paperis a lower boundresulton the complity of
computingstubbornsetsfor CP-nets. This resultshavs that the time compleity of
ary algorithmwhich computesnon-trivial stubbornsets(if suchonesexists) in all
markingsencounterediuring statespaceconstructioris in worst-caset leastpropor
tional to the size of the equivalentPlace/TansitionNet. A non-trivial stubbornsetis
astubbornsetwhich doesnot containall enabledbindingelementsThisresultshavs
thatif onewantsto avoid makinganunfolding(or doingsomethingequallyexpensve)
in worst-casethensomeapproximatioris necessarin termsof notalwayscomputing
the smallestpossiblestubbornsets,and henceoneis forcedto make a compromise
with respecto theamountof reductionobtained.

The secondcontrikution of the paperis to suggestnapproximatre stubbornset
methodfor CP-netavhichdoesnotrely onunfoldingto theequivalentPlace/Tansition
Net. Theunderlyingideais to addto the CP-netsomestructurewhich canbeexploited
duringthestubborrsetconstructiorto avoid theunfolding,andwhich atthesametime
preventthe stubbornsetsfrom becomingtoo big. The structureaddedconsistof sep-
aratingthe partsof the CP-netwhich modelcontrolflow of processegjatamanipula-
tion, andcommunicationThisis doneby dividing the CP-netinto oneor moredisjoint
processsubnetssuchthateachsubnetcorrespondgitherto a setof parallelprocesses
executingthe samecodeor to a variablethroughwhich two or moreprocessesom-
municate(a fifo queue,for instance). Theseprocesssubnetsare then connectedoy
differentkinds of border placeswhich aretypically modellingasynchronousommu-
nicationbetweerprocessedgncludingcommunicatiorbetweerprocesse the same
processubnet A CP-netwith this structureaddeds calleda process-partitioneP-
net As anexamplethe CP-netfor thecommitprotocolin Fig. 1.1 canbedividedinto
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two processsubnets:one processsubnetcorrespondingo the loop on the left-hand
sidemodellingthe coordinator andone processsubnetcorrespondingdo the loop on
theright-handsidemodellingtheworkers. Theborderplacesvould consistof thefour
placesin the middle, modellingthe communicatiorbetweenthe coordinatorandthe
workers.

Thekey propertyof process-partitiorleCP-netds thatthey make it possibleto lift
the dependengc analysisfrom the level of individual binding elementgo the level of
equialenceclasse®f binding elements.This in turn makesit possibleto formulate
rules which work at the level of setsof binding elementsand which guaranteghe
propertiegdepictedn Fig. 5.1. This meanghatdependencgraphscanbe definedfor
process-partitione@P-netssuchthatthe nodesnow represenequivalenceclasseof
bindingelementsnsteadof individual bindingelementsAs suchthe approactcanbe
thoughtof asakind of partialunfoldingwhich facilitatesapproximationandwhich at
the sametime doesnot fail to work whencolour setswith aninfinite domainareused
astypes(colours)of variablesof transitions.Thesizeof adependencgraph(number
of nodesandarcs)for a process-partitione@P-netss boundedoy 7" x |My|?, where
T is the numberof transitionsof the CP-net,and|M,| is the numberof tokensin the
initial marking M, of the CP-net.This makesit possibleto constructstubborrsetsfor
process-partitione@P-netsn O(T x | My|?) worst-casd¢ime andspace.

The stubbornsetscomputedwith the algorithmpresentedn the papercorrespond
to the basicstubbornsetmethodwhich meanghatall deadmarkings(markingswith-
out enabledbinding elements)as well asthe existenceof an infinite occurrencese-
guencds preseredin thereducedstatespace.

Thethird contrikution of the paperis to demonstrat¢he practicalapplicability of
thesuggestedpproximatie stubborrsetmethodwith someexperimentatasestudies,
in whichreductionof thestatespaceaswell assavingsin timeareobtained A common
denominatofor the experimentsvasthatthe reductionobtainedmorethancancelled
outthe overheadnvolvedin constructinghe stubbornsets.Hence judging from the
experiments,the suggestednethodseemsto give reasonablygood stubbornsetsin
practice,at a very low costwith respectto time. This indicatesthat the methodis
a good compromisein the trade-of betweennot makingtoo detailedan analysisof
dependencieandatthe sametime gettinga reasonableeduction.

5.3 RelatedWork

The stubbornsetmethodis oneof a group of rathersimilar methodsalso suggested
underthe namesof persistentsets sleepsets[49,50,136], andamplesets[101,102].
All of thesemethodsare basedon the fact that the total effect of a setof concurrent
actionsis independenbf the orderin which the actionsare executed. Therefore, it
often sufficesto investigateonly one or someorderingsin orderto reasonaboutthe
behaiour of the system. All of thesemethodscontainsimilar ideasbut differ with
respectto the detailsof how the algorithmsfor statespacereductionworks. These
reductionmethodsare also often referredto as partial order reductionmethodg24,
103]. This namereflectsthattheir underlyingideais thatsomeactionsof a concurrent
systemare dependenbn eachother (related),e.g.,one mustoccurbeforethe other
whereastheractionsareindependenfnot related),e.g.,they canoccurin ary order
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Many of thesemethodsverenotdevelopedfor PetriNets.However, in thediscussions
below we will formulatetheir basicideasin CP-netterminology

Persistentand Ample SetMethods. Statespaceconstructiorwith ampleandper
sistentsetsis similar to statespaceconstructiorwith stubbornsetsin thatthereduced
statespaceis obtainedby exploring only a subsebf the enabledbinding elementsn
eachmarkingencounteredThe stubbornsetmethodwasaoriginally developedto pre-
sene deadmarkingsandthe existenceof aninfinite occurrencesequencewvhereaghe
amplesetmethodwasdevelopedto presere propertiesvhich canbe expressedn the
temporallogic LTL with the next-time operatoromitted. This subsetof LTL is also
referredto asLTL _x. The next-time operatoris disalloved sinceit makesit possi-
ble to expresspropertieswhich are sensitve to the orderingof independentctions.
This hasthe effect thatthe propertiesvhich mustbe satisfiedfor a setof binding ele-
mentsto qualify asanamplesetis differentcomparedo a basicstubborrset. Another
differenceis thatan amplesetconsistsonly of enabledbinding elementswhereasa
stubbornset containsboth enabledand disabledbinding elements. It can however
be proventhatthe setof enabledbinding elementsn a basicstubbornsetconstitutes
anamplesetprovided thatthe additionalconditionsput on amplesetsfor preserving
LTL _x propertiesarenotrequired.Thisimpliesthattheapproactwe have developed
for constructingstubborrsetsof process-partitione@P-netscanalsobe usedto com-
pute amplesetsof CP-nets. Moreover, mostalgorithmsfor constructingamplesets
aresuchthatit is alsopossibleto adddisabledbinding elementgo the amplesetand
obtaina stubbornset. The persistensetmethodof [136] is similar to the ampleset
methodandthesetof enabledindingelementsn astubborrsetconstitutea persistent
setasprovenin [133].

Theamplesetmethodhasprimarily beenimplementedn the SPiN tool. Thecon-
structionof amplesetsin the SPIN tool [24,59] is basedon an approachsimilar to
the onefor constructingstubbornsetsof process-partitione@P-nets,n that similar
structuralpropertiesof the systemdescriptionare exploitedto producethe ampleset.
However, the natureof the PROMELA languagewhichis themodellinglanguageused
in the SPIN tool, makesit simplerto distinguishprocessedpcal variables,andcom-
municationchannelghanis the casewith CP-nets.

The SleepSetMethod. Statespaceconstructionwith sleepsetsfollows a different
patternthan statespaceconstructionwith persistentample,and stubbornsets. The
basicstratgy isto computejn eachmarkingM encountereda setof bindingelements
(calledthe sleepset). The sleepsetcontainsthe binding elementswvhich will not be
exploredfrom M.

Theapplicationof the sleepmethodrequiresheidentificationof anindependence
relationbetweerbinding elements.Two binding elementsare saidto be independent
if thepropertyshavn in Fig. 5.2holdsin all markingsM . Therequiremenhereis that
two independenbindingelementsannotdisableeachother Binding elementsvhich
arenotindependenaresaidto be dependentThe sleepsetin a givenmarkingis cal-
culatedfrom the sleepsetof its predecessamarkings theindependenceelation,and
theorderin which enabledindingelementsareexploredin thepredecessanarkings.

Whenusedalonethe sleepsetmethodreducesonly thenumberof arcsin the state
spacewhereaghe numberof nodesremainsunchangedThis meanghatthereduced
statespacestill containsall the reachablemarkings,and from a reductionpoint of
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Figure5.2: Independencbetweerbindingelements.

view nothingis really gainedby usingthe sleepsetmethodalone. The persistenset
methodandthesleepsetmethodcanbecombinedasshavn in [136]. Thecombination
hasthe potential of leadingto betterreductionresultsthan when the persistentset
methodis usedalone. The combinationof the sleepsetmethodandthe stubbornset
methodhasbeeninvestigatedn [133]. In both casest is shavn thatthe combined
reductionpreseres the deadmarkings. It shouldbe possibleto adaptthe approach
for constructingstubbornsetsfor process-partitiorle CP-netsn orderto computean
approximatiorof theindependenceelationbetweerbindingelementsequiredby the
sleepset method. This would malke it possiblealsoto computesleepsetsof CP-
netswithout relying on unfolding to the equivalent Place/TansitionNet. So far the
combinatiorbetweerthe persistensetmethodandthe sleepsetmethodhasonly been
exploredfor the basicmethodspreservingdeadmarkings. Theoreticalconsiderations
areneededo determinevhetherthesleepsetmethodcanbeusede.g.,in combination
with someof the more advancedstubbornset methodsto which we will returnin
Chap.6.

Modular Coloured Petri Nets. Alleviating stateexplosion by avoid representing
all possibleinterlearings of independentactionshasalso beenpursuedin the con-
text of CP-netdn [21] for so-calledModular Coloured Petri Nets A modularCP-net
is similar to a process-partitiorte CP-netin thatit consistsof a numberof subnets
calledmodulestypically modellingthe programexecutedby oneor moreprocesses.
The maindifferenceis thatthe communicatiorbetweemmodulesin [21] is by means
of transitionsynchronisationi.e., synchronousommunicationwhereador process-
partitionedCP-netst is by meansof places,.e.,asynchronousommunicationFrom
amodellingpointof view it is lessimportantwhethercommunicatioris asynchronous
or synchronousincein mostcasessynchronougasynchronous§ommunicatiorcan
be expressedy meansof theasynchronougsynchronousgonstructse.g.,by adding
anextra modulein the synchronougaseandby modellinga hand-sha& in the asyn-
chronouscase.

The statespacegenerationfor modularand process-partitioree CP-netsis also
different.Ourapproacheliesongeneratingsingle(reducedkstatespacedor theentire
systemwhereaghe approachHor modularCP-netds basedon generatinga modular
statespace A modularstatespaceconsistsof a statespacefor eachmoduleof the
modularCP-netcomplementedby a so-calledsyndronisationgraph Therole of the
synchronisatiorgraphis to ensurethat the statespacesf the modulescontainonly
thosemarkingswhich are actuallyreachabldn the full system.In effect, the useof
thissynchronisatiographavoidstheproblemspreviously discussedor compositional
statespacegeneratiorin Chap.4, wherethe statespace®f theindividual components
may beinfinite eventhoughthe statespaceof thefull systemis finite.



5.3. RELATED WORK 41

Anotherdifferencebetweenthe approachn [21] andour approactis thatthe ap-
proachin [21] doesnotattempto reduceaway interleaing betweerprocessesm same
module.For example,in thecommitprotocol(seeFig. 1.1) the modularapproactwill
only reduceaway interlearing betweerthe coordinatorandthe workers, but it would
still representll possibleinterleared executionsbetweerthe workers. This suggests
thatit mightbeworthwhileattemptingo combinethetwo approachesincein practice
whenmodellingwith CP-net§andModular CP-nets)it is very oftenthe casethatone
module/processubnetmodelsa setof identicalbut relatively independenprocesses.
Currently thereexists notool supportfor modularCP-netsandhencethe methodhas
only beentestedmanuallyon afew smallerexamples.

Theresultsin [21] containproofruleswhich shav how to derive reachabilityprop-
erties,boundednespgropertiesdeadmarkingsanddeadbinding elementgbinding el-
ementswhich never becomeenabled)directly from the modularstatespace. It also
gives proof rules expressingnecessaryonditionsfor homeand livenessproperties.
This meanghatthe propertieswvhich canbe verified from the modularstatespaceare
restrictedcomparedo thosewhich canbe verified with the moreadwancedstubborn
setmethodgo which we will returnin Chap.6.

Stubborn Setsfor High-level Petri Nets. Alleviating theimpactof unfoldingwhen
constructingstubbornsetsfor high-level Petri Netshasalso beeninvestigatedn [7]
for Well-FormedPetriNets. The approachakenthereis someavhatdifferentfrom our
approachn thatit is basednsolvingconstrainsystemsThebasicideais to compilea
constrainsystemfrom the Well-FormedPetriNet prior to statespacegenerationThis
constraintsystemexpresseghe dependenciebetweenbinding elementsneededby
the stubbornsetmethod,andit is repeatedlysolved during the statespacegeneration
to find the stubbornsets. The size (numberof equations)of this constraintsystem
is polynomially boundedby the size (humberof transitionand places)of the Well-
FormedPetri Net in question. However, when solving the constraintsystemduring
statespacegenerationthe approactstill works at the level of individual coloursand
binding elementsj.e., at the level of unfolding. The factthatthe arc expressionof
Well-Formed Petri Nets are restrictedcomparedto CP-netsallows theseconstraint
systemgo be computedandsolved. The paper[7] doesnot analysethe runningtime
of the suggestedlgorithmand no reportsare given on practicalexperimentswhich
couldprovide evidenceaboutthe practicalityof computingthe stubbornsetsbasecon
solvingsuchconstraintsystems.
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Chapter 6

Stubborn Setsfor State Properties

This chaptertreatsthe paperlmproved Question-GuidedtubbornSet Methodsfor
StateProperties[87]. Section6.1 containsa surwey of someof the more adwanced
stubborrsetmethodsn orderto motivatetheresultsof the paper Section6.2 contains
asummaryof the paper Section6.3 containsa discussiorof relatedwork.

6.1 Intr oduction and Background

The resultspresentedn the previous chapterwere concernedvith finding stubborn
setsof CP-netssatisfyingtherequirementsf thebasicstubbornsetmethod120]. The
basicstubbornsetmethodpreseresall deadmarkingsof the CP-netandthe existence
of aninfinite occurrencesequenceMore elaboratevariantsof the stubbornsetmethod
preservingadditional propertieshave beendevelopedin a seriesof papers. Below

we give a brief suney of theseadwancedstubbornsetmethodsin orderto motivate
the resultspresentedn the paper The generalpatternof the advancedstubbornset
methodsis that more propertiesare presered by putting additionalrequirement®on

thestubbornsets.

The safetypreservingstubbornsetmethod[124] consistsof ensuringthe condi-
tions of the basicstubbornsetmethod,andin addition, ensuringthat eachenabled
binding elementin a markingis eventuallytaken into the stubbornsetin somesub-
sequenmmarkingof the reducedstatespace.This is alsoreferredto aseliminationof
ignoring This stubbornsetmethodmalkesit possibleto checklivenessropertiesof
transitionsandbinding elements.It alsomalesit possibleto determinehomespaces
(asetof markingssuchthatatleastoneof themcanalwaysbereached).

The trace preservingstubbornsetmethod[124] canbe usedto presere the lan-
guageof a CP-net. The ideais to assigna label to eachbinding element. Binding
elementsassignedhe emptylabel are calledinvisible the remainingonesare called
visible Thelanguageof the CP-netis the setof all sequencesf labelsdetermined
by the finite occurrencesequencesf the CP-net. The methodis basedon the safety
preservingstubbornset methodwith the additionalrequirementhat if the stubborn
setcontainsan enabledvisible binding elementthenit containsall the visible bind-
ing elements.This methodmalesit possibleto checkpropertiessuchas“the binding
element); alwaysoccursbeforethebindingelements”.

The LTL preservingstubbornsetmethod[123] preseresthe validity of formulas
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which canbe expressedn LTL without the next-time operatot. It relieson declar
ing asvisible all thosebinding elementsvhich canchangethe value of someatomic
propositionin the LTL _ x formulato be checled. The methodis basedon thetrace
preservingstubbornsetmethodby requiringthatif the stubbornsetin a marking M
containsan enabledvisible binding element,thenit containsall the visible binding
elements.In additionto this, it is requiredthatif A/ hasanenablednvisible transi-
tion, thensucha transitionis in the stubbornsetused,andfor all infinite occurrence
sequencesf the reducedstatespacestartingin M andall visible binding elements,
thereis atleastonemarkingin the occurrencesequencén which the visible binding
elemenis in thestubborrsetused.This methodmakesit possible amongotherthings,
to checkthefairnesropertieof transitionsandbindingelements.

The CTL preservingstubbornsetmethod[46] preseresthe validity of formulas
which canbeexpressedn CTL* without the next-time operator This subsebf CTL*
is denotedCTL* . It is basedbnthetracepreservingstubbornsetmethodandrelies,
liketheLTL _x preservingnethod,ondeclaringthosebindingelementssisible which
canchangethe truth value of someatomic propositionof the formulato be checled.
The methodrequiresthatthe stubbornsetsusedaresuchthatthey eithercontainonly
oneinvisible enabledindingelementor all the enabledbinding elements.

It follows from theabove thatvirtually all standardlynamicpropertieof CP-nets
canbe presered usingdifferentvariantsof the stubbornsetmethod. It is, however,
a commondenominatothatthey areall very badat handlingreachabilityproperties,
e.g.,determiningwhethera certainmarking A/* of the CP-netis reachabldrom the
initial marking.Moreover, noneof the abore methodgjivesan effective way of deter
mining whethera certainmarkingis a homemarking(a markingwhich canalwaysbe
reached)TheCTL andLTL preservingmethodsan,in principle,beusedfor reacha-
bility propertiesput the formulato bechecledwill containanatomicpropositionfor
eachpair of placeandcolourin its colour setwhich effectively meansthatall bind-
ing elementsf the CP-nethave to be declaredvisible. This impliesthatonly a very
limited reductionof the statespacecanbe obtained. Reachabilityof a certainmark-
ing canalso be transformednto the existenceof a deadmarking or the occurrence
of certainbinding elementsafter a transformatiorof the CP-net. Thesetransforma-
tions make it possibleto handlereachabilitywith the basicstubbornset methodor
the safetypreservingstubbornsetmethod. This approachis, however, problematicin
thatthetransformatiorinducesdependenciebetweerthe binding elementsn sucha
way that, in practice,all enabledbinding elementswill bein the stubbornsetandno
reductionis obtained.

An effective way of overcomingtheproblemwith reachabilitypropertiesvasgiven
in [109] basedon the notion of attractor sets The basicideain the methodis thefol-
lowing. Supposehatwe wantto establishthe reachabilityof a marking A7*. Formu-
latedin termsof a CP-netanattractorsetin amarking M/ is a setof bindingelements
with the propertythatif M* is reachabldrom A thenary occurrencesequencéead-
ing from M to M* containsat leastoneof the binding elementdn the attractorset.
Figure 6.l illustratesthe propertyof attractorsets: ary occurrencesequencdeading
from M to M* is requiredto containa binding elementb; (labellingthe dashedarc)
whichisin theattractorset. Thestubborrsetmethodof [109] requireghattheattractor

IRecallfrom Chap.5 thatthis subsebf LTL is denoted TL _ x.
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Figure6.1: Principleof attractorsets.

setis alwayscontainedn the stubbornsetused. This requiremenensureshatif M*
is reachablérom a marking M containedn the reducedstatespacethenoneof the
successoref M in thereducedstatespaceis closerto M* thanM. In the following
we will referto thestubbornsetmethodof [109] asthe attractor setmethod

6.2 Summary of Paper

Themotivationbehindthework presentedh thepaperhasbeento improve andextend
the stubbornsetmethodpresentedn [109]. The improvementis achiezed by gener
alising the theory of [109] in sucha way that the requirementdo the stubbornsets
canbe relaxed. This allows oneto computebetter(smaller)stubbornsetswhich can
potentiallyleadto betterreductionresults.

The first contritution of the paperis to presenttwo new stubbornset methods
whichmalke it possibleto reasoraboutstateproperties A statepropertyis a property
thatrefersto only onemarking,i.e., a propertywhosetruth valuein a given marking
canbe determinedby consideringonly that given marking. This meansthat a state
propertyis essentiallya mappinge from the setof markingsinto Booleans.The state
propertiesare composedf so-calledatomic state propositions the logical operators
“A” and“V”, andparenthesey” and“)”. The atomicstatepropositionsconsidered
allow oneto comparahemarkingof a placewith a constanendcomparehemarking
of two placesusingrelationaloperatorsuchas”=", “<”, and“#".

Thechoiceof concreteatomicstatepropositionds, however, flexible. As amatter
of fact, the theoryin the paperhasbeendevelopedin sucha way thatthe stubborn
setmethodsarecorrectfor ary setof atomicstatepropositionsvhich allow for proper
definition of so-calledup setsand down sets and which are suchthat the resulting
statepropertiesvhich canbe composedvith themaregrowing boolearfunctions.An
up setis a setof transitionschosensuchthatat leastonetransitionin it hasto occur
in orderto malke the statepropertyhold. Henceup setsare similar to attractorsets.
A down setis a setof transitionschosensuchthata transitionin the down sethasto
occurin orderto make the propertynothold. Theup anddown setsplay a centralrole
in theformulationof thetwo stubbornsetmethods.

Thefirst stubbornsetmethodpresentednalesit possibleto answerthe following
guestion:“Is it possibleto reacha markingwherea given stateproperty ¢ holds?”
The methodis question-guidedi.e., it takesa statepropertyasinput andgenerates
reducedstatespace.This reducedstatespacewill containa markingwherethe state
propertyholdsif andonly if thereexistsareachablanarkingin which the stateprop-
ertyholds. Thismethodmalesit possibleto, e.g.,determinavhethera certainmarking
M* is reachablaisinga statepropertywhichis truein amarking M if andonly if M
is equalto M*. In the following we will referto this methodasthe readability of
statepropertypreservinglRSPP)stubbornsetmethod
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The secondstubbornsetmethodis baseduponthe first stubbornset methodand
makesit possibleto answerthe question:“Is it possiblefrom all reachableanarkings
to reacha markingwherea given stateproperty ¢ holds?”. Like the first stubborn
set methodthis methodis also question-guided.This methodmales it possibleto
determine e.g.,whethera certainmarkingis a homemarking. In the following we
will referto this methodasthe homestateproperty preserving(HSPP)stubbornset
method

The secondcontritution of the paperis to presenthreedifferentimplementations
of thetwo suggestedtubborrsetmethods Thefirstimplementatiorconsistof always
includingthe up setin the stubbornsetusedfor RSPPmethod,andalwaysincluding
both the up setandthe down setfor the HSPPmethod. For the RSPPmethodthis
is exactly whatthe attractorsetmethodin [109] does,andthis shavs thatthe RSPP
methodpresenteds ageneralisationf theresultsin [109]in thesenseahattheattractor
setmethodcanbe seenasanimplementatiorof our moregeneralmethod.Thevirtue
of this implementatiorof the RSPPmethodis thatit preseresa shortestpathin the
statespaceto a markingwherethe statepropertyholds(if sucha markingexists).

Thetwo morepowerful implementationsrebothbasedn generatinghereduced
statespacen adepth-firstorder andthey have the potentialof leadingto betterreduc-
tion resultsthantheimplementatiorsketchedabove. Thefirstimplementations based
on checkingwhetherthe requirementsn the stubbornsetsare satisfiedwheneer a
cycle in the statespaceis detectedj.e., when&er a markingis encounterediuring
statespacegeneratiorwhich is alreadyon the depth-firstsearchstack. The stubborn
setsareaugmentean-the-flywith additionalbindingelementsf therequirementsre
not satisfied.

Themostpowerful implementatioris basedn the simultaneougeneratiorof the
reducedstatespaceand strongly connecteccomponentsising TARJAN's algorithm.
This implementationaugmentshe stubbornsetssuchthat they satisfy the require-
mentsimposedwheneer aterminalstronglyconnectedcomponents found. Theim-
plementatiorexploits the fact that TARJAN’s algorithmrelieson depth-firsttraversal
andthatit findsthe stronglyconnectedcomponent$n a depth-firstorder

Thethird contritution of the paperis to presensomeexperimentalresultson the
reductionobtainedwith the RSPPstubbornsetmethod. Thesecasestudiesshaved
thatthe RSPPstubbornsetmethodis significantlybetterthanthe attractorsetmethod
whenthe statepropertydoesnot hold in ary reachablenarking. Whena reachable
markingexistsin whichthestatepropertydoeshold, thenthemethodrepresentagood
compromisdo thetrade-of betweemreservingshortespathsto a markingwherethe
propertyholds,andconsideringpotentiallylarge statespaces.The experimentalcase
studiesalsocompardifferentheuristicsfor theimplementatiorof the RSPPstubborn
setmethod.

6.3 RelatedWork

Stubbornset methodsare most corveniently developedand formulatedat the level
of statespacesij.e., occurrencesequencesThis hasthe advantageof separatinghe
stubbornsetmethodfrom the concretesyntaxof the modellinglanguageandit also
makesthe proof of correctnessimpler Figure5.1 which expresseshe requirements
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of thebasicstubbornsetmethodis anexampleof suchrequirement$ormulatedat the
level of occurrencesequencesHence,whendeveloping stubbornset methods,it is
adwantageouso separatahe specificationof what propertieshe stubbornsetshould
satisfyfrom howthisis implemented Thestubborrsetmethodcanthenbetransferred
to othermodellingformalismsby shaving how onecancomputestubbornsetswhich
satisfythe semanticapropertiesfrom the syntaxof the concretemodellinglanguage.
Thetwo stubbornsetmethodsn the paperaredefinedandformulatedin the con-
text of Place/TansitionNets. It can,howvever, be obsered thatin the paperwe only
directly referto Place/TansitionNetswhenshaving how to implementup anddowvn
sets.The suggestedtubbornsetmethodscan,therefore betransferredo othermod-
elling formalisms— provided thatthey allow for theimplementatiorof setsof transi-
tionssatisfyingthe propertieoof up anddown sets.SinceCP-netsandPlace/Tansition
Netsviewed at the level of statespacesarethe same this meansthatthe RSPPand
HSPPstubbornsetmethodscanbetransferredo the process-partitiorle CP-netdis-
cussedn Chap.5 by shawing how to computeup anddown setsfor suchCP-nets.

The Attractor Set Method. The main differencebetweenthe RSPPmethodand
the attractorset methodof [109] is in how progresstowardsa marking wherethe
statepropertyholds(if suchoneexists)is ensured.The attractorsetmethodensures
progresgowardsa markingwherethe propertyholdsby requiringthatthe attractorset
is alwaysincludedin the stubbornsetused. Our methodensuregprogressy requir
ing the wealer conditionthat eventuallythe up sethasbeentaken into the stubborn
setsused. In effect we have replacedthe always progresscondition of [109] with
the wealer eventualprogresscondition, which hasthe potentialof leadingto better
reductionresults,andwhich containghealwaysprogressonditionasa specialcase.

The HSPPstubbornsetmethodis moreeffective thanthe methodfor homeprop-
ertiessuggestedn [109] which is basedon the safetypropertypreservingstubborn
setmethod. The reasonis thatit doesnot imposeall the requirementof the safety
property preservingstubbornset method. Another novelty of the methodis that it
malesit possibleto checkwhethera certaintransition(binding element)is live (i.e.,
canalwayshbe madeenabled)moreeffectively thanthe safetypreservingstubbornset
methodwhich preseresthe livenessof all transitions(binding elements)simultane-
ously

RelaxedVisibility. Themainmotivationbehindthework in [109] (andtherebyour
work) wasto find a betterstubbornsetmethodfor checkingreachabilityproperties.
Theproblemwasthatthe CTL_ x andLTL _x preservingstubbornsetmethoddailed
to do this effectively sincecheckinga reachabilitypropertyrequiredmakingvirtually
all binding elementsvisible. Practicalexperimentshave shavn thatthe reductionde-
creasesapidly with the numberof visible binding elements An approacho alleviate
this problemfor theLTL _x preservingstubbornsetmethodhasbeengivenin [84]. It
is basedon the obsenation thatfor certainpropertiest is possibleto let the number
of visible bindingelementglynamicallydecreasevhile the propertyis beingchecled.
As demonstratedby someexperimentalcasestudiesin [84], this approachcan sub-
stantiallyalleviate the problemswith visibility presenin theoriginal LTL _ x method.
The RSPPstubbornsetmethodpreseres the truth value of the LTL _x formula
O-¢ (“¢ never holds”). Thevisibility requirementgor LTL _ x formulasof the form
O-¢ can, however, not be relaxed with the approachin [84]. The RSPPstubborn
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setmethodconsiderstherefore a propertywhich is not handledeffectively with the
approachn [84].

Combining Symmetry and Stubborn Sets. An interestingaspectof the stubborn
setmethodis the combinedusewith the symmetrymethod.The combinationwvasfirst
investigatedn [125] shaving thatthe combinedreductionpreseresthe equivalence
classesf markingscontainingthe deadmarkingsas well asan infinite occurrence
sequence.The combineduseof the stubbornsetmethodand the symmetrymethod
in generalyield betterreductionresultsthanwhen eachmethodis usedalone. The
reasonis thatthe two methodsareorthogonaliin thatthey focuseson differentaspects
of the system. The stubbornset methodfocus on the interlearing of the processes,
whereaghe symmetrymethodfocuseson the similarity of processe# the system.
Thecombinationof symmetryandstubbornsetwasalsoinvestigatedn [114] with the
additionalaspecthatBDDs wereusedfor computatiorandstorageof the statespace.
The resultsconcerningthe propertiespresered by the combineduse of symmetry
and stubbornsetswere later extendedin [32] in the framewvork of amplesets. The
paper32] shavs how the combinedreductioncanbe madeto presere the properties
which canbeexpressedn LTL_y andCTL* .

It would be worthwhile to revisit two new question-guidedtubbornsetmethods
for statepropertiesandinvestigateheir combinedusewith the symmetrymethodalso.
If astateproperty¢ underconsiderations suchthatfor ary two symmetricmarkings
M, and Ms it is thecasethat¢(M;) = ¢(Ms), i.e., thetruth valueof the stateprop-
erty is invariantundersymmetry thenthe symmetrymethodis known to presere the
reachabilityof a markingwherethe statepropertyholds. Intuitively, onewould also
expectthecombinedeductionto presere thereachabilityof amarkingwhereg holds.

The Unfolding Method. TheRSPPstubbornsetmethodpreseresthetruth valueof

the CTL temporallogic formula EF¢ (“there exist a futurein which ¢ holds”). The
HSPPstubborrsetmethodpreseresthetruthvalueof the CTL temporalogic formula
EFAG-¢ (“thereexistafuturein which ¢ cannotbe madeto hold”). A moregeneral
subsebf CTL, allowing arbitrarycombination®f thetemporaloperators< F' and AG

hasbeenconsideredn [36]. Themodelcheckingalgorithmof [36] is basednthe so-
calledunfoldingmethod[92] andis valid for 1-safePetriNets,i.e., Place/Tansition
Netswhereeachplacecontainsat mostonetoken. It is importantto noticethatthe
termunfoldingin this context hasnothingto dowith the proces®f unfoldinga CP-net
to a Place/TansitionNet.

The idea underlying the unfolding methodis the sameas for the stubbornset
method- avoid representingll interleaved executionsof the system. However, the
two methodsaddresghis in fundamentallydifferentways. The stubbornsetmethod
constructsa subsebf thefull statespacewhereaghe unfoldingmethodconstructsa
differentstructure— the so-calledunfolding. The unfoldingis constructecby essen-
tially viewing the Petri Net asa directedgraphand performinga graphunwinding.
This unwindingresultsin a PetriNet with a certainsimplestructure- a so-calledoc-
currencenet Theunfoldingis, therefore not a statespace-lile structure althoughit
representshe sameamountof information,i.e., all reachablemarkings. As suchit
canbe considereda kind of intermediaterepresentatiometweena Petri Net and its
statespace. The unfolding of a Place/TansitionNet is not necessarilyfinite, but it
wasshavn in [92] how to obtaina finite prefix of this unfoldingwhich representsll
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reachablemarkings. It wasalsoshavn in [92] how this finite prefix canbe usedto
determinethe deadmarkings. The prefix constructiorwaslaterimprovedin [38] for
1-safePetriNetssuchthatit is guaranteethatthe sizeof theunfoldingis boundedy
thesizeof the statespace.

Fromanapplicationpointof view, amaindifferencebetweertheunfoldingmethod
andmoststubborrsetmethodss thattheunfoldingmethods notquestion-guided,e.,
theunfoldingof the PetriNetis constructeanceandfor all, andit canthenbeusedto
answenll querieswhich canbe expressedn, e.g.,thegivensubseof CTL considered
in [36]. Comparedto the mary different variantsof the stubbornset method,the
unfoldingmethodhassofar beendevelopedfor aratherrestrictedsetof propertiesand
hasshawvn to be effective for a ratherrestrictedclassof Petri Netswhich are mainly
usedfor modellinghardware. Oneof the strengthf the unfolding methodcompared
to the stubbornset methodis thatit avoids doing ary kind of complicatedanalysis
to figure out dependenciebetweenbinding elements. The variant of the unfolding
method[92] canbe appliedto CP-netswith finite colour setsby simply applyingthe
methodon the equivalent Place/TansitionNet. To our knowvledgethis approachhas
not yet beenexploredin practice,but it is likely thatit will suffer from the same
performancegroblemsaswhenthe stubbornsetmethodis appliedbasedn unfolding
to theequivalentPlace/TansitionNet.
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Chapter 7

Conclusionsand Futur e Work

This chapterconcludesnthework doneandpresentsomedirectionsfor futurework.
Section7.1 containsa brief summaryof the main contrikutions of this thesis. Sec-
tion 7.2 containsa brief surey of someprojectsin which otherresearcherandengi-
neershave appliedthe toolsandmethodsdevelopedaspartof this thesis.Section7.3
presentsomedirectionsfor future work.

7.1 Summary of Contrib utions

Theresearchhasfocusedonthedevelopmenbf theoreticafoundationsallowing novel
reductionmethodgo beappliedin theframeavork of CP-netsandthecontinueddevel-
opmentof computertool supportfor full statespacesandexisting reductionmethods.
Themaincontrikutionsof thework donearesummedup below.

e Thedevelopmenbof the DESIGN/CPN OCCURRENCE GRAPH TooL (OGtool)
[14,19]. Thistool hasbeendevelopedstartingfrom an early stand-alongoroto-
type of atool supportingstatespacego beingafully integratedpartof the De-
SIGN/CPN tool. Thetool supportsfull statespacedor CP-netsand combines
analysisandverificationusingstatespacesvith simulationandvisualdehugging
of systems.

e The developmentof the DESIGN/CPN OE/OS GRAPH TooL (OE/OStool)
[74,78]. Thedevelopmenbf thistool hastakenstatespaceseducedy meansof
symmetryandequivalencefrom beingtheoreticallypromisingreductionmeth-
odsto methodswhich canbe exploredin practice. It hasallowed somefirst
practicalcasestudiesto be conducted.

e Theverificationof LAMPORT' S FAST MUTUAL EXCLUSION ALGORITHM [74]
using statespaceswith symmetries. The main contrikution of this casestudy
hasbeento verify Lamports Algorithm andto demonstratehat a significant
amountof spaceandtime canbe saved by exploiting symmetry This casestudy
alsodemonstratethe useandcapabilitiesof the developedOE/OStool.

o Verificationof a transportprotocol using statespaceswith equivalenceclasses
[75]. Oneof theimportantcontributionsof this casestudyhasbeento identify a
new way in whichto exploit thegenerahotionof equivalenceprovidedby such
statespaces.It hasbeenestablishedhatit canbe usedto capturethe factthat
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asthe executionof a systemprogressesomecomponents/informatioin the
systembecomeequivalent/symmetric.This kind of equivalenceis likely to be
presenin mary systemsin particularin the areaof communicatiorprotocols.

e Stubbornsetsfor ColouredPetriNets[86]. Themaincontritutionsof thiswork
hasbeena theoreticalresulton the compleity of computingstubbornsetsfor
CP-netsandthe developmentof anapproximatie stubbornsetmethodfor CP-
nets. This approximatie methodavoids an unfolding to the equivalent low-
level Place/TansitionNet. The resultsfrom practicalexperimentswith a first
prototypeimplementatiorhave beenquite promising.

e Stubbornsetsfor stateproperties[87]. The main contritutions of this work
have beenthe generalisatiorof an existing stubbornsetmethodandthe devel-
opmentof a novel stubbornset methodfor stateproperties. The potential of
thesemethodsis that they have more powerful implementationghan existing
methodswhichin turn leadsto betterreductionresults.This potentialhasbeen
demonstratedn somepracticalcasestudieshy meansof aprototypeimplemen-
tation.

7.2 Practical Applications

Whenthe work for this thesisstartedtherehadbeenonly very few applicationsand
casestudieson the useof statespacemethodsfor CP-nets. Here we briefly suney
a numberof larger projectswhere someof the tools and methodsdevelopedhave
beenputinto practicaluseby otherresearcherandengineersThe purposes to give
animpressionof the kind andcompleity of systemswhich canbe handledwith the
currenttoolsandmethods.

Security SystemsatDALCOTECH A/S. Thepapel[105]is basednaprojectin which
CP-netsandthe DESIGN/CPN tool wereusedfor the specificationdesign andimple-
mentationof softwareto be usedin a new versionof a securitysystemat the Danish
engineeringcompary DALCOTECH A/S.

Simulationandlaterfull statespacesvereusedto validateandverify thedesigned
securitysystem.Dueto the stateexplosionproblemthe statespaceanalysishadto be
basedon small configurationsandreducedscenario®f the securitysystem. For the
configurationsvhich could be handledwith full statespacesgrucial propertiesof the
systemwere verified suchasreversibility (the systemcanalwaysreturnto its initial
state)andif adetectoiis triggered analarmis generate@ndsentto thealarmcontrol
centre. Despitethe restrictionto small configurationsof the system,the statespace
analysisled to the identificationof approximatelyl5 non-trivial errorsin the design,
someof which would very likely alsohave existedin the final implementatiorof the
system.Thestatespaceaanalysisof thesystemappliedthestandardaswell asthemore
elaboratequerylanguage®f the OG tool. The drawing andvisualisationcapabilities
of the OG tool wereusedextensvely for identificationof errors. The statespace$ad
up to 150,000nodesand250,000arcs.

Communication Gatewaysat AUSTRALIAN DEFENCE FORCES. Thepaper[42] is
basedon a projectin which CP-netsandthe DESIGN/CPN tool were usedto spec-
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ify and designgatavays betweenRadio Networks and Broadbandintegrated Ser

vicesDigital Networks (B-ISDN) to beusedin the AustralianDefenceForcesTactical
Paclet RadioNetwork (TPRN).A TPRN consistf anumberof mobileradionodes,
andtherole of the gatavay is to make it possibleto usea B-ISDN infrastructureasa
backbondor connectinglifferentTPRNS.

Startingfrom an initial behaioural specificationof the gatevay the designwas
graduallyrefined. The OG tool wasusedto verify the basicbehaiour of the gatavay
suchastestingfor deadlocksandthe correctestablishmenof calls. The projectalso
involved building anintegrationbetweerthe OG tool andthe PROTEAN tool [6]. The
purposeof this integrationwasto be ableusethe process-algebraiequivalencetech-
niquessupportedy the PROTEAN tool in orderto beableto checkwhetherthedesign
of the gatevay conformedwith the specification.This analysisrevealedthat first at-
temptsto refinethe specificationdid not meetthe specification.Statespaceanalysis
of the gatavay only requiredquite small statespacesontainingup to 365 nodesand
860arcs.

Audio/Video Systemsat BANG& OLUFSEN (B& O). The paper[17] is basedon a
projectin which CP-netsandthe DESIGN/CPN tool were usedto validatevital parts
of the B& O BeoLink system.The BeoLink makesit possibleto distribute soundand
visionthroughouta homevia a network.

The statespaceanalysispart of the projectfocusedon the lock managemenpro-
tocol of the BeoLink. This protocolis usedto grantdevicesin the systemexclusive
accesdo variousservicesin the system. More specifically the statespaceanalysis
establishedhat in the initialisation phaseof the system,a single key is eventually
generatedThis key is usedby the devicesto obtainexclusive accesgo the services.
An interestingaspectof the projectwasthat statespacesvere generatedor a timed
CPNmodel,i.e.,a CPNmodelwhich in additionto specifyingthe logical behaiour
of the systemalso specifiesthe time taken by different activities. The modelwas
timed sincetiming is crucialin the communicatiorprotocolsof the BeoLink system.
Anotherinterestingaspectwas that the verification resultswere obtainedusing par
tial statespaces.The statespacesieededo verify the initialisation phaseof the lock
managemerprotocolfor four deviceshadup to 13,420nodesand41,962arcs.

Mobile Phone Software at NOKIA RESEARCH CENTER. The paper[137] is based
onaprojectin which CP-netsandthe DEsIGN/CPN tool wereusedfor modellingand
analysisof a new softwarearchitecturdor a mobile phonefamily. The purposeof the
modellingwasto be ableto analysethe time and spaceperformanceof the software
systemandfor configuringdifferentproductfamily membersThepurposeof applying
statespacesvasprimarily to ensurehe correctnessf themodels.
Statespaceanalysiswas conductedon several sub-modelsandfor differentsce-
narios. The standardjuerylanguageof the OG tool andthe closeintegrationwith the
DESIGN/CPN simulatorwasusedto investigatethe propertiesof the communication
protocolsincluding the interactionprotocolsfor the call control system. It was,e.g.,
establishedhatin a call collision case(in which a usermalkesa call at the sametime
asa call comesfrom the network) the protocolsbehae correctlyin thatthey have no
deadlocksandleadto terminationin the desiredstate.Severalnon-trivial errorswere
detectedshawing that statespaceanalysisis an effective way of delugginga model
andasystem.Thestatespacesiadontheorderof 5,000nodesand16,000arcs.
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Flowmeter Systemsat DANFOSS A/S. The paper89] is basedon a projectin which
CP-netsand the DesIGN/CPN tool were usedfor the modelling and analysisof a
flowmetersystem.A modernflowmetersystemconsistsof a numberof communicat-
ing processesooperatingo make variousmeasurementsn, e.g.,the flow of water
througha pipe. The purposeof the projectwasto investigatethe useof CP-netsfor
validatingthe communicatiorprotocolsin the flowmetersystem.

The statespaceanalysispartof the projectaimedat applyingstatespacedor ver
ifying crucial propertiesof the flowmetersystem. The statespaceanalysisidentified
deadlocksand dataconsisteng problemsin the proposedcommunicatiorprotocols.
The OE/OStool wasalsoappliedin the projectfor verificationusingstatespacesvith
symmetriesof a modifieddesignproposalwhich avoidedtheidentifieddeadlockand
dataconsisteng problems. The symmetriesvere basedon the obseration that the
processem aflowmetersystembehae in a similarway. The useof symmetriesal-
lowed configurationof the systemapproachinghosefoundin typical installationsto
be verified. The statespacewith symmetrieshadup to 120,000nodesand 500,000
arcscorrespondingo full statespacesvith upto 600,000nodesand2,000,000arcs.

Interw orking Traders at UNIVERSITY OF SOUTH AUSTRALIA. Thepaper[115]is
basedon a projectin which CP-netsandthe DESIGN/CPN tool wereusedto develop
anapproacHor analysinginterworking Traders.Tradingis aninformationinfrastruc-
ture servicewhich allows software to adwertise or export a serviceor resourcelo a
trustedparty known asa Trader Tradingis animportantpart of the realizationof
OpenObject-basedistributed Systemsandhasbeenatopic of standardisatioby the
InternationalOrganisationfor StandardisatioflSO), the InternationalElectrotechni-
cal CommissionandtheInternationallTelecommunicatiotynion aspartof theirwork
ontheReferenceModel for OpenDistributed Processing.

In the projecta CPNmodelreflectingthespecificatiorof the Tradingstandardvas
constructedThe procesof constructinghe modelled to theidentificationof several
ambiguitiesin the proposedstandard Theseambiguitieswereresohed anda number
of improvementssuggested.The statespaceanalysisshaved that the interworking
tradersoperatecorrectlyin a numberof scenariosuchas stand-alondrader stand-
alonetraderwith multiple concurrentequestsaswell asmorecomplex configurations
involving multiple traders. A numberof errorswere identified which had not been
revealedby simulationsof the CPN model. The projectappliedfull statespacesas
well asstatespacesvith equivalenceclassesassupportedy the OE/OStool. Thefull
statespacesadin theorderof 5,000-10,00thodesand6,000-40,000odes. Thestate
spacesvith equivalenceclassesveretypically afactor2-3 smaller The experimental
resultsshavedthesamepatternwith respectotime asobseredin thetwo casestudies
on condensedstatespacesconductedas part of this thesis— the generationof the
condensedtatespacevasfasterthangeneratiorof the correspondindull statespace.

Mechatronic Systemsat PEUGEOT-CITROEN. The paper[97] is basedon a project
in which CP-netsandthe DESIGN/CPN tool wereusedfor the modellingandanaly-
sis of a so-calledmedatronic system Active suspensionautomaticgearboxes,and
enginecontrolin moderncarsareall examplesof mechatronicsystemswhich canbe
characterisedsa hybrid systemconsistingof a continuougphysicalsystemadiscrete
controlsystemandsomeactuatorandsensorsllowing thediscretecontrolsystento
communicatewvith the physicalsystem.A centralactvity in designinga mechatronic
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systemis dependabilityevaluationwhich is concernedwith identifying sequencesf
eventswhich canleadto so-calledfearedeventsor faults.

In the project a quite simple mechatronicsystemconsistingof a pressuretank
containingoil, apumpsupplyingoil to thetank,andaconsumenf oil wasconsidered.
Statespacesvereusedto performqualitative dependabilityanalysisof the systemin
thepresenc®f re-configurationsTheuseof statespacegstablishedomeof themost
importantpropertiesof the systemincluding the identificationof which sequencesf
eventscanleadto the fearedevents. The statespaceanalysisconductedvasheavily
basedon the structureof the strongly connectedcomponentgraph of the full state
space.The statespaceof the consideredsystemwasrelatively small— 25 nodesand
59arcs.

7.3 Future Work

As statedn Sect.1.4,theoverallgoalandmotivationfor thework hasbeento advance
the applicability of statespacemethodgor CP-netsBasedon the contritutionslisted
in Sect.7.1andthe summaryof projectsgivenin Sect.7.2,it is reasonabléo conclude
thatthis hasbeenachiezed. Altogetherthe toolbox of available statespacemethods
hasbeenextendedbothfrom atheoreticalandfrom a practicalpoint of view. Evenso,
therearestill mary interestingideasanddirectionsto pursuein thefuture. Below we
discussanumberof ideasanddirectionsfor futurework baseduponthework donefor
thisthesis.

State SpaceStorage. If oneconsidersthe sizesof statespaceswvhich have been
reportedon in the casestudieswhich were briefly suneyed in the previous section,
thenthe sizesmight not impresscomparedo the sizeswhich arereportedelsavhere
in theliteraturefor othermodellinglanguagesndtools. Thereareseveralreasongor

this.

Onereasoris thatthe storageof the statespacein the developedtools areimple-
mentedn STANDARD ML whichis notlikely to beparticularlyspaceefficientbothin
termsof storingvaluesbut alsodueto garbagecollection. Thereasongor usingSTAN-
DARD ML for the storageof the statespacewasthatthe simulatorof DESIGN/CPN
isimplementedn STANDARD ML, andthattheinferencemechanisnprovidedby the
patternmatchingfacilities of the STANDARD ML languagevereneededor comput-
ing the setof binding elementsnabledn a givenmarking— which is oneof the core
component®f the statespaceools. It may very well turn out to be advantageouso
keepthe computationof the enablecbinding elementsn STANDARD ML but imple-
mentthe storageof the statespacein anothedanguagesuchasC or C++ which are
likely to be morespaceefficient. Moreover, CP-netshave a quite complex notion of
statewhich meansthat a state/-markingf a CP-netin generaltakes up more space
thana typical statefound in mary othermodellinglanguages.The main reasonfor
thisis theratherrich setof datatypesinheritedfrom the STANDARD ML language.

Experimentandcomparisomwith otherdatastructuresuchasBDDsfor storageof
statespacess animportanttopic for futurework. In particular it would beinteresting
to seewhetherthey work well with the elaboratenotion of stateprovidedby CP-nets.

Anotherissueis thatthe sizeof a statespaceells only onepartof thetruth—what
mattersis the compleity of the systemswhich canbe handled(albeitcomplexity of
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a systemis also difficult to measure). CP-netsmakesit possibleto performrather
comple manipulationsn a single stepin the executionof the model, e.g., mapping
througha list of elementsandfinding the elementswvhich satisfya certainpredicate.
Therefore whenconsideringa systemof a certaincompleity, a CPNmodeltypically
hasfewer stateghana modelof the systemin aformalismwith lesspowerful primi-
tives,whereoperationdik e the onedescribedabore have to be encodedhsa sequence
of steps.The projectssuneyedin the previous sectionconfirmthis obseration. Even
thoughthey arerathercomplex systemsthey still have a moderatesizedstatespace.
The above also sometimeshave the effect that somereductionmethodssuchasthe
stubbornsetmethodexhibit lessreductionwhenappliedto CP-netgshanwhenapplied
to othermodellingformalisms.

StateSpacedor Timed CP-nets. Thesupporin theOGtool for statespaceanalysis
of timed CP-netss still ratherrudimentaryandhasonly beenputinto practicalusein
onelargerproject[17]. Oneof the main obstacless thatthetime conceptof CP-nets
andthe currentdefinition of statespacedor timed CP-netamply thatthe statespaces
becomeinfinite in practice. The reasonfor the statespacedecominginfinite is that
the absolutenotion of time in a timed CP-netis carriedover into the statespaceand
becomegpartof thestate/markingnformation. This meanghatquiteoftenonly partial
resultscanbe obtainedfor timed CP-nets.It would beinterestingto revisit thetheory
of statespacedor timed CP-netsand develop a relative notion of time which would
be more suitedfor statespaceanalysis. One possibleway to proceedis to usestate
spaceswith equivalenceclassedo factor out the absolutenotion of time. It seems
intuitively clearthatanequivalencespecificationcanbe developed proved consistent
for all timed CP-netsandbe supportedully automaticallyby a computertool.

State Spaceswith Symmetries. The practical experimentsand casestudiescon-
ductedwith the currentversionof the OE/OStool have indicatedseseral areasvhere
the supportfor the symmetrymethodcanbe improved. The main obstaclesn using
the OE/OStool are the manualimplementationof the symmetrypredicatesandthe
proof of consisteng. Thenext generatiorof the OE/OStool shouldsupportautomatic
compilationof the symmetrypredicatedglirectly from symmetryspecificationsandit
shouldsupporta (semi)automaticonsisteng check. The practicalexperimentswith
the currentversionof the OE/OStool have givenideason how this canbe done,and
have hencerepresentedn importantintermediatesteptowards more elaboratetool
supportfor statespaceswith symmetries. The casestudieshave alsoindicatedthat
asthenumberof permutatiorsymmetriedecomedarge, thegeneratiortime for state
spaceswvith symmetriesstartsto becomea problem. Taking adwvantageof algebraic
theory and algorithmsto speedup the generationis a subjectwhich deseresto be
exploredaspartof futurework.

Stubborn Setsfor CP-nets. The stubbornset methoddevelopedfor CP-netscur
rently coversthe basicstubbornset method. As part of future work it would be of
interestto extendthe resultson finding stubbornsetsfor process-partitiorleCP-nets
beyond the basicstubbornset method,i.e., extend the approachto the differentad-
vancedstubbornsetmethodswhich presere additionalpropertiesof the system. A
suitablecomputertool supportingthe approactstill hasto be developed. In fact, the
currentstateof the stubbornsetmethodin the context of process-partitione@P-nets
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is muchlik e the statusof condensedtatespacesvhenthe work for this thesisstarted:
thetheoryexistsandsomesmallexperimentdave beenconductedbut a suitablecom-
putertool is lacking. This preventsthe methodfrom being exploredon somelarger
examples.

Stubborn Setsfor State Properties. The stubbornset methodsfor stateproper

ties canbe usedto determinewhethera markingis reachablén which a given state
propertyholds,andwhethera marking canalwaysbe reachedn which a given state
propertyholds. It would be interestingto investigatewhetherthe conceptf up and
down sets,which are centralto the two stubbornsetmethodscanbe usedto develop
new stubborrsetmethoddor otherkindsof properties.

The practicalexperimentswith the statepropertypreservingstubbornsetmethods
arestill ratherlimited. Only the simplestof the more powerful algorithmshasbeen
implementedandthe impactof differentimplementatiorheuristicsstill needsto be
explored. Transferringthe stateproperty preservingstubbornset methodsinto the
frameawork of process-partitione@P-netds alsoa subjectof future work.

The combinationof the stateproperty preservingstubbornset methodsand the
symmetryand equivalencemethodsis anotheraspectwhich haspotentialfor further
development. The combinationof partial orderreductionmethodsand symmetryis
somethingvhich until now hasonly beenexploredto a very limited extentin practice.

The combinationof the two methodsis alsointerestingfrom the perspectie that
for somesystemsthereductionobtainedwith the approximatie stubbornsetmethod
for process-partitione@P-netcombinedvith thesymmetrymethods thesameasthe
reductionobtainedwith the stubbornsetmethodbasedon unfolding combinedwith
the symmetrymethod. This meansthat sometimeghe symmetrymethodis capable
of accountingfor the reductionwhich is lost by usingthe approximatie stubbornset
method.
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Chapter 8

State SpaceAnalysis of
Hierar chical Coloured Petri Nets

The paperStateSpaceAnalysisof Hierarchical Coloured Petri Netsconstitutingthis
chaptetasbeenpublishedasa workshoppaper{18] andasabookchaptef19].

[18] S.ChristensemandL.M. Kristensen StateSpaceAnalysisof HierarchicalColou-
redPetriNets. In: B. Farwer D. Moldt andM-O. Stehr(Eds): Proceeding®f
Workshopon PetriNetsin SystemEngineering(PNSE’97)Modelling, Verifi-
cation, and Validation, Hamhkurg, Germalry, PublicationNo. 205, Universitt
Hamhurg, Fachberichnformatik, pp. 32-43,1997.

[19] S.ChristensemandL.M. Kristensen StateSpaceAnalysisof HierarchicalColou-
red PetriNets. In: W. v. d. Aalst, J.-M. Colom, F. Kordon, G. Kotsis,andD.
Moldt. PetriNet Approachegor Modelling andValidation. LINCOM Studies
in ComputerScienceNo. 1, 1999.To appear

The contentof this chapteris equalto the book chapter[19] exceptfor minor typo-
graphicalchanges.
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StateSpaceAnalysisof
HierarchicalColouredPetriNets

S. Christenseh L. M. Kristensen

Abstract

In this paper we considerstatespaceanalysisof ColouredPetriNets. It is
well-known that almostall dynamicpropertiesof the consideredsystemcanbe
verifiedwhenthe statespacds finite. However, statespaceanalysiss morethan
just formulating a setof formal requirementsandinvoking a correspondinget
of queries.Statespaceanalysisis alsoapplicableduring the designanddelug-
ging of a system. An approachtowardsthis is to allow the userto analysethe
behaviour of systemdy drawing andgeneratingelectegartsof the statespace.

The contribution of this paperis to presenta tool in which formal verifica-
tion, partial statespacesandanalysisby meansof graphicalfeedbackandsim-
ulationareintegratedentities. The focusof the paperis twofold: the supportfor
graphicalfeedbackandthe way it hasbeenintegratedwith simulation,andthe
underlyingalgorithmsanddatastructuresupportingcomputatiorandstorageof
statespacesvhich exploit the hierarchicaktructureof the models.

Keywords: StateSpaceBasedApproacheskfficientModel Checking,Tools,
ColouredPetriNets,Verificationand Simulation,Validation.

8.1 Intr oduction

Statespaceanalysids oneof the mainformal analysismethodsf PetriNets[98], and
hasproven successfuin the verification of concurrentsystemdike communication
protocols,parallel-anddistributed algorithms. In this papey we considerstatespace
analysisof ColouredPetriNets(CP-netsor CPN)[66]. CP-netsallow large models
to be structuredas a numberof moduleswith well-definedrelationsbetweenthem.
They provide the modellerwith a mechanisnfor structuringand abstractiorwhen
constructingCPNmodelsof large systems.

Thestatespaceof a CP-netis adirectedgraphwith a nodefor eachreachabletate
andan arc for eachpossiblestatechange.If the statespaceis finite, it canbe used
to verify analundanceof propertiesaboutthe CP-nete.g.,reachabilityboundedness,
livenessandfairness.Oneof the maindravbacksof statespaceanalysisis the state
explosionproblem,which imposedimitations on the applicability of statespacedor
large models.Oneof the contritutionsof this paperis to present datastructurevhich
exploits thelocality of CP-netsandthe hierarchicaktructuringconceptf CP-netdo

*Departmenbf ComputerScienceJniversity of Aarhus,DK-8000AarhusC., DENMARK.
E-mail: {schristensen,Imkristensen} @daimi.au.dk.
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obtaina compactrepresentationf the statespaceandreducethe limitationsimposed
by the stateexplosionproblem.

Anotheraspecbf this paperis to shav how statespaceanalysiscanbeintegrated
with graphicalfeedbackand simulationof CPN models. Simulationhasproven to
be a successfumethodfor validation of systems.This paperpresentsan approach,
which reconcilesstatespaceanalysisand simulation,and which allows the userto
switchbetweerformal verificationby meansof statespacesandvalidationby means
of simulation.

CP-netsare supportedby the computertool Design/CPN[16, 99], which is a
graphical-orientedool supportingconstructionand simulationof CPN models. The
statespacetool presentedn this paperis basedon the theorypresentedn [67] and
is anintegratedpart of the Design/CPNervironment. The statespacetool hasbeen
appliedin a numberof projectsdocumentedn theliterature,e.g,in the areasof com-
municationprotocols[17,42], andembeddedystemg105].

This paperis organisedasfollows: Section8.2 givesaninformal introductionto
the hierarchicalstructuringconceptof CP-netsandit introducesthe examplewhich
is usedthroughoutthe paper Section8.3 presentghe querylanguagesthe support
for drawing andgeneratiorof statespacesndexplainshow this have beenintegrated
with simulation. The algorithmsanddatastructureasedfor computatiorandstorage
of statespacesareconsideredn Sect.8.4. Section8.5 containsthe conclusionsand
a discussionof relatedwork. The readeris assumedo be familiar with the basic
conceptof CP-netd67].

8.2 Hierarchical Coloured Petri Nets

This sectioninformally introducesthe hierarchicalconstructsof CP-netsby building
a CPN model of a paclet-switchnetwork. This modelwill be usedasan example
throughoutthis paper The exampleis basedon Sect.5 in [113]. In orderto keepthe
introductionbrief, we only introducethe conceptswhich areusedin the subsequent
sectionsFor acompletedescriptionsee[67].

Considera numberof pacletstravelling througha reliable paclet-switchedcom-
municationnetwork. A paclet is storedat eachnodein the network beforeit is for-
wardedto the next nodeon its pathto the destination. Eachnodein the network
allocatesa finite amountof buffer spacefor this purpose.Sincethe amountof buffer
spacds finite, situationsmay occurin which a groupof pacletscannever reachtheir
destination.Suchsituationsare called store-and-forwad deadlo&s As anexample,
considera network consistingof two internalnodesconnectedo eachotherandtwo
endpointscalledsites Supposesite 1 wantsto sendthreepacletsto site 2 andvice
versaandthe buffer sizeallocatedn thetwo internalnodesis three.Supposdurther,
thatsite 1 sendsts threepacletsto nodel, andat the sametime site 2 sendsts three
pacletsto node2. Sincenodel cannotpassary pacletto node2 whosebuffer is full
andvice versa,we have a store-and-fonard deadlock.lt is the responsibilityof con-
trollers locatedat the nodesto avoid suchdeadlocksy puttingrestrictionson whena
paclet canbe forwarded.

Figure 8.1 depictsthe Network module, which is the most abstractCP-netde-
scriptionof the paclet-switchnetwork. The communicatiorlinks of the network are
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Sitel - Nodel - Node2 - Site2

NetPacket NetPacket NetPacket

»
NetPacket

NetPacket NetPacket

Figure8.1: Network moduleof the paclet-switchmodel.

modelledby the six ellipse-shapeglaces.The placeS1-N1 modelsthe communica-
tion link from Sitel to Nodel andthe placeN1-S1 modelsthe communicationlink
from Nodel to Sitel. The remainingcommunicationinks aremodelledin a similar
way by the otheraccordinglynamedplaces. All six placesin Fig. 8.1 have the type
(colour set)NetPacket which describesietworkpadets A network pacletis eithera
data padet or an adknowledgment An acknavledgemenis sentbackto a sending
network nodeto indicatewhetherthe transmitteddatapaclet wasacceptedr not. If
thetransmitteddatapaclet wasacceptedthe sendingnodecandeletethe datapaclet
fromits buffer.

Theactionsof the sitesandthe nodesin the systemaredescribedy meansof the
box-shapedransitions. Sitel andSite2 describethe behaiour of the two sites. The
two transitionsNodel and Node2 describethe behaiour of the two internal nodes
in the network. The transitionsin Fig. 8.1 are substitutiontransitions which means
that their behaiour is describedin more detail in a sub-module The sub-module
correspondingo substitutiontransitionSite1 is shavn in Fig. 8.2

The stateof a site is modelledby the threeplacesSend, Received, and Ready.
Send containsthe datapacletsto be sent,and Received containsthe datapaclets
recevedsofar. PlaceReceived hasthetypePacket. A datapacletis a pair consisting
of a string (the contentslandan integer (denotingthe numberof hopsin the network
the datapaclet hastravelled). The numberof hopsin a datapaclet is usedby the
controllersat the nodesto determinewhethera datapaclet canbe accepted.Place
Send hasthe type PacketBuffer which denotedists of Packets. The placeReady is
usedto modelthatonly onedatapacletis sentatatime. TheplaceReady hasthetype
E which containsa singleelemente. Theactionsof asitearerepresentetdly meansof
the two transitionsSendPacket and ReceivePacket. SendPacket modelsthe sending
of pacletsandReceivePacket modelsthereceiptof paclets.

The sub-modulein Fig. 8.2 is alsothe sub-moduleof the substitutiontransition
Site2. The placesincoming andOutgoing areusedasinterfaceplacesto the Network
modulein Fig. 8.1. For the substitutiortransitionSite1, the placesincoming andOut-
going areboundto theplacesS1-N1 andN1-S1, respectiely. Similarly, for S2-N2 and
N2-S2 andSite2. Thismeanghattwo differentinstanceof thesub-moduleSite exist.

Thetwo internalnodesof the network aremodelledby the sub-modulén Fig. 8.3.
A nodeconsistof two controllersrepresentedly thetwo substitutiontransitionsCon-
trollerl and Controller2. The two controllerscommunicateusing a sharedvariable
modelledby the place Capacity. This variableindicatesthe amountof free buffer
spacetthenode.A nodehastwo controllerssincea controlleris only capableof han-
dling traffic goingin onedirection. The interfacesplacesOutgoingLeft, IncomingLeft
arein Nodel boundto the placesS1-N1 andN1-S1 respectiely. Theinterfaceplaces
IncomingRight andOutgoingRight arein Nodel boundto theplacesN1-N2 andN2-N1.
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[("pack 1",1),

("pack 2",1),

("pack 3",1)]
« p::plist | send pack(p) . )
< P packet »{ Outgoing
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if DataPacket(np)
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Figure8.2: Sitemodulefor the paclet-switchmodel.
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NetPacket NetPacket

Figure8.3: Nodemodulefor the paclet-switchmodel.

Analogousfor Node2.

The controllersub-modulés shovn in Fig. 8.4. The stateof a controlleris mod-
elledby theplacesCapacity, Ready, andBuffer. TheinterfaceplaceCapacity is bound
to theplaceCapacity in theNode module(seeFig. 8.3). It hasthetypeCapacity denot-
ing the setof integers. Theinitial markingof placeCapacity is atokenwith colourB.
B is a constandenotingthe size of the buffers at the internalnodes.The placeBuffer
is usedto hold the paclets currently storedby the controllerat the node. The place
Ready is usedto ensureghatonly onedatapacletis sentatatime to thenext node.

The actionsof the controlleris modelledby the threetransitionsReceivePacket,
SendPacket, andReceiveAck. ReceivePacket modelsreceptionof IncomingPackets.
When a datapaclet is receved, an acknavledgementis sentback using the place
OutgoingAcks indicatingwhetherthe datapaclet could be acceptedAccept) or not
(Reject). If the datapaclet wasacceptedthe free capacityof buffer is decremented.
TransitionSendPacket modelsthe sending(forwarding) of a datapaclet to the next
node.Whena pacletis sent,it is put on placeOutgoingPackets, andatthe sametime
the numberof hopsin the paclet is incremented.TransitionReceiveAck modelsthe
receptionof an acknavledgemenfor a datapaclet which hasbeensent. If the data
paclet wasacceptedy the next node,the paclet is removed from the buffer andthe
free buffer capacityis incremented.
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if accept
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Figure8.4: Controllermodulefor the paclet-switchmodel.
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Figure8.5: Hierarchyfor the paclet-switchmodel.

Figure8.5depictsthehierarchicabtructureof thepaclet-switchmodel. Eachnode
in thefigurerepresentamodule.NodeNetwork correspond$o themostabstracview
of themodelshavn in Fig. 8.1. This nodehastwo outgoingarcs— oneleadingto the
Site module(seeFig. 8.2) andoneleadingto theNode module(seeFig. 8.3). Thearcs
areannotatedvith the nameof the correspondingubstitutiontransitions. The reuse
of sub-modulesneansthat we will have one instanceof the Network module, two
instance®f the Site module,two instance®f the Node module,andfour instance®f
the Controller module.

8.3 State SpaceAnalysis

In this section,we analysethe CPN model of the paclet-switchnetwork presented
in the previous section. We aim at illustrating the supportfor statespaceanalysis
provided by the tool and the stepsinvolved in conductingthe analysis,ratherthan

giving anexhaustve analysisof the paclet-switchmodel.
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8.3.1 State SpaceGeneration

The first steptowardsstatespaceanalysisof a CP-netis the generationof the state
space. This stepis fully automatic. The generationstatisticsfor the paclet-switch
modelareshavn in Table8.1. Thetableshavs the sizeof the statespace(numberof
nodesandarcs)andthetime usedto generatehe statespacefor differentnumbersof
datapacletspresenibon the placeSend of the Site module(seeFig. 8.2)in theinitial
stateof the CP-net.In all six configurationsof the modelwhich wasconsideredthe
sizeof the buffers of the two internalnodesin the network wasthree. The statespace
generatiorwasconductedn a SunUItra SparcWorkstationwith 512 MB RAM.

| Paclets | Nodes | Arcs | CPUSecs|

1 516 1,672 2
2 7,144 29,164 38
3 27,100| 119,754 192
4 59,748| 270,530 506
5 || 104,716| 479,866 1,102
6 || 162,004| 747,762 1,996

Table8.1: Statespacegeneratiorstatistics.

For large modelsthe statespaces oftensohugethatit cannotbe fully generated.
Thus,the useris forcedto focuson certainaspectf the modelby generatingonly
a subgraphof the statespace. For this purpose the tool provides stop optionsand
branching options Stopoptionsareusedto terminategenerationg.g.,whenacertain
numberof nodeshave beengenerated.Branchingoptionsallow the userto specify
that,for certainstatespnly a subsebf the successoris generated.

It is alsopossibleto generatepartsof a statespaceinteractiely. In this case the
userspecifiesa state andthetool thencalculatesll directsuccessorsThisis typically
usedin connectiorwith draving partsof the statespacewe will returnto thistopicin
Sect.8.3.4. Interactve generatiorof the statespacehasmary similaritieswith single
stepdehuggingasknown from corventionalprogrammingervironments.

8.3.2 Query Languages

The aim of generatinga statespaceis to analysethe overall behaiour of the model
andto investigatevhetherthe considereanodelhascertainspecificpropertiesor not.
Somestandad queriesarerelevantfor mary modelse.g.,to give generatiorstatis-
tics (numberof nodesand arcs,generationtime), boundsof places,the list of dead
stateg(stateswith no enabledransitions),andinformationon livenesof transitions.
Thetool savestheresultsof the standardjueriesin atextual report. Negative answers
to standardjueriesareconstructie, i.e.,they helptheuserinvestigatavhy anexpected
propertydoesnot hold. For example,if anunexpecteddeadstateis found, a shortest
pathfrom theinitial stateto the deadstateis helpfulinformation.
Otherqueriesdependon the modelbeinginvestigated A generalquerylanguage
implementedn StandardVL [95] is provided. It providesthe userwith primitivesfor
traversingthe statespacein differentwaysandtherebywriting non-standast queries
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Ontop of this generalquerylanguagea variantof CTL [11,20] is provided. In this
variantof CTL, it is possibleto formulatequeriesaboutstatesaswell asstatechanges.
This correspondgo the fact that Petri Nets are both stateand action orientedat the
sametime.

Themostinterestingoropertywe would lik e to verify for the paclet-switchmodel
is the absenceof store-and-fonard deadlocks. The paclet-switch systemhasthis
propertyif andonly if, from ary reachablestate,it is always possibleto reachthe
statein which: all datapaclets have beensentfrom Sitel to Site2 and vice versa,
andthe network aswell asthetwo buffersin theinternalnodesareempty In CP-net
terminology this propertycanbeformulatedasthe statedescribedibore beingahome
state.Furthermoreye would expectthis stateto be a deadstate,i.e., a statein which
the systemhasterminated.

By invoking one of the standardqueriesof the tool, we canlist the setof dead
statesf the paclet-switchmodel. In all six configuration®f the paclet-switchmodel
consideredn Table8.1, therewasonedeadstate. Using a secondstandardjuery it
wasverifiedthatthis deadstatewasalsoa homestate.

8.3.3 Integration with Simulation

During a modellingand designprocessthe useroften switcheshetweenstatespace
analysisandsimulation. To supportthis, the statespacetool is tightly integratedwith
the simulator makingit possibleto transferstatesdbetweerthe simulatorandthe state
spacegool.

Whena stateis transferredrom the statespacdnto the simulator the new stateof
thesimulatoris displayedgraphically(asusual)onthe CPNdiagram.In thisway it is
possibleto geta detailedview of thetransferredstateon the CPNdiagram.Moreover,
theusermay starta simulationfrom thetransferredstate.

In all six configurationsof the paclet-switchmodel, the stateobtainedfrom the
gueriesoutlinedin the previous sectionwasthe expectedstate. This waschecled by
transferringthe stateinto the simulatorandviewing it onthe CPNdiagram.

Transferringthe simulatorstateinto the statespacds supportedaswell. A typical
useof this is to investigateall statesreachablewithin a few stepsfrom the current
simulatorstate. In this case the usertransferghe simulatorstateinto the statespace
tool andall successomarkingscanbefoundanddravn asexplainedbelow.

8.3.4 Support for Drawing

Since statespacesoften becomelarge, it rarely makes senseto drav themin full.
However, the resultof queriesis often a setof nodesand/orarcspossessingertain
interestingpropertiese.g.,a pathin the statespacdeadingfrom onestateto another
A goodand quick way to get detailedinformationon a small numberof nodesand
arcsis to draw the necessaryragmentof the statespace. To illustrate this, we will
analysewvhathappensf thesizeof thebuffersin thetwo internalnodesof the network
is reducedrom threeto two. Theresultis a stronglyconnectedtatespaceconsisting
of 9 nodesand 18 arcs. Usingthe statespaceool, this statespacehasbeendravn in
Fig. 8.6. Node 1 representsheinitial stateof the CP-net. Figure 8.6 is explainedin
moredetailbelow.
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Controller'Receive 1:
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Controller'Receive 2:
accept=false
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Figure8.6: Drawing of the statespacd 3 datapacletsandbuffer size2).

To obtain detailedinformation aboutthe drawn fraction of the statespace,it is
possibleto attachdescriptos to the nodesand arcs. For the nodes,the descriptors
typically shav the marking of certainplaces. For the arcs,the descriptorgypically
shaw the occurringtransitionandthe bindingof someof its variables.Thedescriptors
have sensibledefaults but the usermay customisethe descriptordoy writing a script
which specifiesthe contentsand layout of the descriptor The descriptorghus offer
an abstractionmechanismby which the usercan definea view on the statespace.
In Fig. 8.6, selecteddescriptorsof the arcsare shawn, illustrating the actionsin the
paclet-switchmodel. The descriptoris positionednext to the correspondingrc. For
the paclet-switch model, the descriptorshave beencustomisedo give information
aboutthe occurringtransitionandthe network paclet manipulatedoy the transition,
if ary. By inspection,it canbe seenthat no datapaclets sentfrom site 1 andsite 2
to nodel andnode2, respectiely, will be accepteddy the controllerresidingat that
node.Hence we have a store-and-forwad deadlo& if the sizeof theinternalbuffers
is decreasetb two, sincethe setof datapacletscannever reachtheir destination.

Partsof a statespacecanbe dravn eithermanuallyin small steps,e.g.,nodeby
nodeor archy arc,or automaticallyusingresultsfrom, e.g.,queriesasinputto anum-
berof built-in draving functions.As anexampleof this, we considertheconfiguration
of the paclet-switchmodelin which a singlepaclet is to be sentfrom site 1 to site 2
andyvice versa,andthe size of the internal buffers in the two nodesare 3. We have
alreadyseenin Sect.8.3.1thatthis statespacehas516 nodesandl1,672arcs. We are
interestedn detailedinformationonashortespathin thestatespaceleadingfrom the
initial stateto thedeadstate.This canbedoneusingthe outputfrom oneof the query
functionsin thetool asinput to oneof thebuilt-in drawving functions,whichis ableto
displayapathin thestatespacegraphically Theresultaftermanualadjustmentanbe
seenin Fig. 8.7.

Nodel representtheinitial state,andnode516representhe deadstate.Fromthe
descriptoiof nodel, it canbeseerthat,initially, thetwo siteshave recevedno paclets
andbothbuffersin theinternalnodesof the network areempty The descriptorof the
arcleadingfrom nodel to node2 shaws thatfirst site 1 sendsa paclet with contents
“pack 1”. Thisresultsin the staterepresentethy node2. Next, site 2 sendsa paclet
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(with contents“pack 1”) leadingto node4. In the next two steps,the controllers
residingat nodel andnode2, respectiely, decideto accepthe pacletsleadingto the
staterepresentetdy nodel5. The descriptorof nodel5 shavs thatnodel andnode2
have storedthe paclet in their internalbuffers. Continuingthis way it is possibleto
tracethe communicatiorbetweerthe sitesandthe internalnodes,andwe eventually
reachstate516in 18 steps.

2 ! s T T T T T !
! Node'Buffer 1: empty ! Node'Buffer 1: 1“'pack 1" |

1
! Node'Buffer 1: empty

| Node'Buffer 2: empty | I Node'Buffer 2: 1"pack 1" | I Node'Buffer 2: 1"pack 1" |
| Site’Received 1: empty | | Site’Received 1: empty | | Site’Received 1: empty |
| Site’Received 2: empty | | Site’Received 2: empty | | Site’Received 2: empty |
1 ; 2 - » 4 ; » 7 e » 15 : 24
Site’Send Packet 1: Site’Send Packet 2: ControllerReceive 2: Controller'Receive 1: Node'Send Packet 1:
"pack 1" "pack 1" accept=true accept=true "pack 1"
BT T ! nE- oo ! ,
Node'Buffer 1: 1*'pack 1" | Node'Buffer 1: 2“pack 1" | Node'Send Packet 2
I Node'Buffer 2: 1"pack 1"| | Node'Buffer 2: 2"pack 1" | "pack 1"
| Site’'Received 1: empty | | Site’Received 1: empty |
| Site’Received 2: empty | | Site’Received 2: empty |
299 235 |¢ ——— 173 | —— 115 - 71 le - 41
Node'Send Packet 2: ControllerReceiveAck 1: ControllerReceiveAck 2: ControllerReceive 2: Controller'Receive 1:
“pack 1" Accept Accept accept=true accept=true
Node'Send Packet 1:
“pack 1"
355 » 411 »f 449 _ »f 488 »{508
Site'Receive Packet 2 Site'Receive Packet 1: Controller'ReceiveAck 2: Site'Receive Packet 1. Site’Receive Packet 2:
“pack 1" acknowledge Accept “pack 1" acknowledge

Controller'ReceiveAck 1:
Accept

| Node'Buffer 1: empty |
| Node'Buffer 2: empty |
| Site’Received 1: 1"pack 1'

Site’Received 2: 1"'pack 1'
a

Figure8.7: Executionpathleadingto the deadstate.

8.4 Algorithms and Datastructures

The fundamentalssuesin the implementatiorof the statespacetool are: the compu-
tation of the statespacethe storageof the statespace andthe algorithmssupporting
the verificationof CP-netsj.e.,howv dynamicpropertiedik e deadstates]ivenesstc.

of a CP-netcanbe verified usingthe statespace.Below, we focuson the computa-
tion andrepresentationf statespaces.The readerinterestedn the algorithmsused
to determinedynamicpropertiesof CP-netsby meanof statespacess encouragedo

consultf67] and[11].

8.4.1 Computation of State Spaces

The computationof the statespaceof a CP-netis straightforvard, using a standard
graphtraversalalgorithm. In eachstateencounteredstartingfrom the initial stateof
the CP-net the setof enabledbinding elementqpairsconsistingof a transitionanda
bindingof its variables)is computedandfrom this set,the setof immediatesuccessor
statesOneproceedsn thisway, until all encounteredtateshave beenprocessedThe
threekey issuesn thisalgorithmare: givenastatehow to calculateheenabledinding
elementsn this state givenanenabledindingelementow to calculatehe successor
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state,andgiven a statehow to determinewhetherthis stateis alreadyincludedin the
statespace.

Thecapabilityof computingthe setof enabledbindingelementsn a givenstateis
alreadypartof the simulator Moreover, givena stateandanenabledindingelement,
thesimulatoris ableto calculatehesuccessostateresultingfrom anoccurrencef this
binding element.Hence,the corein the implementatioris the bidirectionalmapping
betweerstaterepresentatiom the simulatorandin the statespacetool, anddetermin-
ing whethera stateis alreadyrepresenteh the statespace We will returnto thelatter
issuein thefollowing section.

8.4.2 State SpaceStorage

We now considerhow the statespace,i.e., the nodesand arcsconstitutingthe state
spaceis stored.At first, we consideithestates/nodeBecausef thewell-known state
explosionproblemiit is essentiato provide a succinctrepresentationf the states At
the sametime, in orderto make the computationof the statespacetime efficient, it
mustalsobe fastto determinewhethera given state/nodes alreadyincludedin the
statespace.

To obtaina succinctrepresentatiomf the states the locality of Petri Netsis ex-
ploited. A large hierarchicalCP-netoftenconsistof severalmodules.Theoccurrence
of a transitionin a modulechangesonly the marking of the immediatesurrounding
places.Thereforealargefractionof themoduleswill beleft unchangedby theoccur
renceof atransition.

Thebasicideain therepresentationf stateds to avoid unnecessargtuplicationof
compl« values.As anexampleof this, considerthe paclet-switchmodel. Whenthe
transitionSendPacket (seeFig. 8.2) in theinstanceof the Site modulecorresponding
to Siteloccursonly themarkingsof the placesOutgoing andReady in thismoduleare
affected.Becauseutgoing is aninterfaceplaceto the Network module(seeFig. 8.1),
the markingof S1-N1 alsochanges.Similarly, the marking of the interface placeof
S1-N1 in the moduleNodel changes.The markingsof all otherplacesof the CP-net
remainunchangedand more importantly the stateof the instanceof the Node and
Site modulecorrespondindgo Node2 andSite2 is left unchanged.

Figure 8.8 depictshow statesare stored,exemplified by the two modulesof the
paclet-switchmodelshavn in Figs8.1and8.2.

Statesarestoredon threelevels: the Global level, the Modulelevel andthe Multi-
setlevel The Multi-setlevel is concernedvith storageof multi-sets,i.e., the marking
of theindividual places.Thereis onemulti-setstorageor eachtype(colourset)in the
CP-net.

The Module level is concernedwith the storageof the stateof a single module.
The stateof a module equalsthe marking of eachof the placesin the module. A
modulestate(MS) hasan entryfor eachplacein the module,which is a pointerinto
themulti-setstoragecorrespondingo thetypeof theplace.In thisway, multi-setscan
beshaedamongthe MSs. Onthe Modulelevel, thereis a storagefor eachmodulein
the CP-net.

The Globallevel is concernedwith the storageof statesof the entire CP-net. A
global state(GS) hasan entry for eachmodulein the CP-net,which is a pointerinto
the correspondingtorageat the Modulelevel. In this way, the MSs canbe sharedoy
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Figure8.8: Representatioof states.

statesof the CP-net.Figure8.8 depictsthe storageof two statescorrespondingo the
initial stateof the CP-net(GS 1), andthe state(GS 2) resultingfrom an occurrence
in the initial stateof the transition SendPacket in the instanceof the Site module
correspondingdo Sitel. It canbeseenthatthetwo GSsshareanMS in thesitestorage
(MS 1). This correspondso thefactthatanoccurrencedf SendPacket doesnot affect
theinstanceof the Site modulecorrespondindo Site2, asexplainedabove. Because
theinitial stateof bothinstance®f the Site moduleis thesamethetwo corresponding
entriesin GS1referto MS 1. In asimilarway, it canbeseenthatmulti-setsareshared
by theMSs.

The representatiombove avoids unnecessarduplicationof comple valuesand
makesit efficient to determine,during the generationof the statespace ,whethera
stateresultingfrom the occurrenceof a binding elementis alreadyincludedin the
statespace.First, the marking of thoseplaceswhich are changedoy the occurrence
of the binding elementis insertedinto the Multi-set level. Using the pointersthus
obtained,MSs for thosemodules,whosestateis changedby the occurrenceof the
binding elementarecreatedandinsertedinto the Module level. In this way, pointers
into the Modulelevel areobtainedfor thosemodulesvhosestateis changedPointers
into the Module level for the moduleswhosemarkingis unchangedre the sameas
theonesfor themarkingin whichthebindingelementccurs.Now, giventhe pointers
into the Module level, the markingis alreadyincludedin the statespaceif andonly
if, a GSexistshaving the samepointersinto the Module level andcomparingpointers
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is an efficient operation. To malke insertionin the storage<fficient, all storagesare
organisedassearchrees.

We now studythe effect of usingthe above sharingof MSsandmulti-sets. First,
we considerthe sharingon the modulelevel for two different configurationsof the
paclet-switchmodel: threeandsix paclets. For eachof the four modulesin the CP-
net, we comparethe numberof MSswhich shouldhave beenstoredif no sharingof
MSswasmadewith the numberof MSsactuallystored. The figurescanbe foundin
Tables8.2 and8.3. The columnExp depictsthe numberof MSs which shouldhave
beenusedif no sharingwasmade.The columnAct depictsthe actualnumberof MSs
whensharingis used. The column Ratio depictsthe actualnumberdivided by the
expectechumberof MSs.

| Module || Exp | Act | Ratio |
Network 27,100] 5,609 2.1 x 101
Site 54,200 28] 52 x107*
Node 54,200 3|55x107°
Controller || 108,400 17 1.6 x 10 ¢

| Total | 243,900] 5657 2.3 x 10~ |

Table8.2: Statisticsfor the Modulelevel - 3 paclets.

| Module || Exp | Act | Ratio |
Network 162,004| 25,682| 1.6 x 10!
Site 324,008 91| 2.8 x 107
Node 324,008 319.3x10°6
Controller|| 648,016 35| 5.4 % 10°°

| Total | 1,458,036] 25,811] 1.8 x 10 2 |

Table8.3: Statisticsfor the Modulelevel - 6 paclets.

The Total row shaws that the saving in the numberof MSs is significant. For
example,from the Total row it canbe seenthatthe numberof MSs storedis reduced
to 2.3% for threepacletsand1.8% for 6 paclets.

Let us now considerthe sharingof multi-sets. For eachtype (colour set)in the
CP-net,the numberof multi-setswhich hadto be storedif no sharingwasdone,is
comparedio the numberof multi-setswhich is stored,when sharingis done. The
figuresareshavn in Tables8.4 and8.5. Again, significantsavings areobtained.For
example,for 3 pacletsthe numberof multi-setsstoredwasreducedto 0.14% for 3
paclets,and0.056% for 6 paclets.

For therepresentationf thearcs/bindingelementsasinglestoragés used.For the
samereason@swith statespointersarealsousedto avoid theduplicationof comple
values.
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| Type | Exp | Act| Ratio
NetPacket 33,654 27| 8.0x 107
Paclket 28| 4| 14x107!
PacletBufer 45| 11|24 x 101
E 45| 2| 4.4 %1072
Capacity 3 3|10

| Total [ 33,775] 47] 1.4 x 1073 |

Table8.4: Statisticsfor the Multi-setlevel - 3 paclets.

| Type | Exp [Act| Ratio
NetPaclet 154,092] 5133 x10°*
Packet 91| 7] 7.7x107?
PacletBuffer 126 23| 1.8x 107!
E 126 2| 1.6 x 1072
Capacity 3 3|10

| Total | 154,428] 86| 5.6 x 10~* |

Table8.5: Statisticsfor the Multi-setlevel - 6 paclets.

8.5 Conclusions

In this paperwe have presented statespaceool supportingformal verification,gen-
erationof partialstatespacesandanalysisof CP-netdasedn the capabilityof drav-
ing selectedpartsof the statespace We alsoconsideredhe way in which statespace
analysiss integratedwith simulation.A datastructuréor acompactrepresentatioof
statespace®f hierarchicalCP-netavaspresentedndstatisticsgiven,demonstrating
theapplicability of the datastructure.

Therecognitionof graphicalrepresentationsf the statespaceasa meango anal-
ysethe behaiour of systemshasalsobeenconsideredn a processalgebraicsetting
in [130]. Theapproachegpresentedn this paperandin [130] are,however, different.
In [130], theview onthesystemis specifiedatthe syntacticalevel andthe statespace
is generatechnd reducedaccordingto this view. In contrast,we generatehe state
spaceonce,andthendefinedifferentviews on the systemat the semantiqstatespace)
level. To our knowledgetheintegrationbetweersimulation,graphicalrepresentation,
andstatespaceanalysishasnot beenconsideredy others.

To someextent, the idea of avoiding duplication of comple valuesresembles
BDDs as, e.g., usedin the SMV system[93]. BDDs have indeedproven to be a
very compactvay in which to represenstatespacesandsignificantresultshave been
obtained;in particularwhenthe systemunderconsideratiorexhibits someform of
regularity  The datastructurepresentedn this paperavoids, however, someof the
potentialdravbacksof BDDs. First of all, it doesnot assumeary regularity in the
systemandis independenof ary kind of variableordering.Furthermorethe memory
requirementaremorepredictablehanwith BDDs, for which thereis no generakor-
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relationbetweernthe sizeof the statespaceandthe sizeof the BDD. In particular the
sizeof theintermediateBDDs during generatiorof the statespaceis oftena problem.
Thesuggestedatastructurdoesnotsufier from such“spurious’behaiour. However,
thecompressiombtainedby thesuggestedatastructurés sensitve to the hierarchical
structureof the CP-net.

The useof BDDs in the contect of PetriNetshasbeenconsideredn [100]. The
resultsfrom [100], which considersk-boundedPetri Netsare not directly applicable
to CP-netssincethey rely on encoding/represent the stateof a PetriNetasavector
of bits. Dueto the elaboratedhotion of datatypesandinscriptionlanguageprovided
by CP-netsthisis notapriori possible.

The ideaof generatingpartial statespaceshasmary similarities with on-the-fly
modelcheckingasimplementedn the SPINtool [61] for verificationof asynchronous
processsystems.The datastructureisedto representhe statespacen the SPIN tool
hassomesimilaritieswith the datastructur@resentedhn this paper

Eventakingthe aborve considerationito accountthe size of the statespacese-
mainsa problem.Severalmethoddor constructiorof smallerstatespacespreserving
mary propertieshave beenproposedn theliterature.

One approachis basedon the obseration that equivalenceand symmetry[26,
34,65,67] are presentin mary distributed systemsand canbe exploited to obtaina
reducedstatespace.A prototypeintegratedin Design/CPNsupportingthis approach
now exists[78].

An orthogonalapproachs basedon the obsenration thatoneof the mainreasons
for stateexplosionis causedy representingll possibleinterlearings of independent
actions. Partial orderreductiontechniqueg124,136] attemptto avoid representing
unnecessarinterlearings. Both of the above techniquesould be integratedwith the
ideasof graphicalfeedbackandthe samerepresentationf the statespaceandtheidea
of utilising the simulatorin the computationof the statespacewould still work. It is
worth observinghatthedatastructuréor representationf the statespacepresentedh
this paperalready to a certainextent, takespartial orderreductioninto accountsince
a givenstateof a moduleis only storedonce. Stateexplosionis rarely causedy the
individual moduleshaving mary differentstatesbut more commonlycausedoy the
cartesiamroductof the “small” numberof statesfor the individual modules.Hence,
by alsoapplyingpartial orderreduction,the main reductionin memoryusagewould
appearat the Globallevel andin the memoryusedto storearcs. For practicaluseof
partialorderreductionon CP-netst is importantto avoid relying on unfoldingto the
underlyingPlace/Tansitionnet. Someresultson the useof stubbornsetsfor CP-nets
canbefoundin [86,125].

Another approachto obtain a reducedstatespaceis basedon compositionality
[128] andmodularity[21]. Systems]ike for instancethe paclet-switchmodelcon-
sideredin this papey areoften specifiedin a numberof modules. The statespaceof
theindividual modulesis oftenof a sizewhich caneasilybe handled.By introducing
suitableparallelcompositionoperatorsandintroducingblack-boxsemanticscompo-
sitionality in the modelof the systemcanbe exploitedwith respecto verification.



Chapter 9

Computer Aided Verification of Lamport’ s Fast
Mutual Exclusion Algorithm Using Coloured Petri
Netsand OccurrenceGraphs with Symmetries

ThepaperComputerAided\Verificationof Lamports FastMutual ExclusionAlgorithm
Using Coloured Petri Netsand OccurrenceGraphswith Symmetriegonstitutingthis
chaptehasbeenpublishedasatechnicalreport[71] andasajournalpaper74].

[71] J.B.JggenserandL. M. KristensenComputetAided Verificationof Lamports
FastMutual ExclusionAlgorithm Using ColouredPetri Nets and Occurrence
Graphswith Symmetries.Technicalreport, Departmenbf ComputerScience,
University of Aarhus,Denmark.Februaryl997.DAIMI PB-512.

[74] J.B. JogenserandL. M. Kristensen. ComputerAided Verification of Lam-
port's FastMutual ExclusionAlgorithm Using ColouredPetriNetsOccurrence
Graphswith Symmetries.|IEEE Transaction®n Parallel and Distributed Sys-
tems.Vol.10,No. 7, pp. 714-732 July 1999.

The contentof this chapteris equalto the journal paper[74] exceptfor minor typo-
graphicalchanges.
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ComputerAided Verificationof Lamport's Fast
Mutual ExclusionAlgorithm Using ColouredPetri
NetsandOccurrencésraphswith Symmetries

J.B. Jagenseh L. M. Kristensen

Abstract

In this paper we presenta computertool for verificationof distributedsys-
tems. As an example,we establishthe correctnes®f Lamport's Fast Mutual
Exclusion Algorithm. The tool implementsthe methodof occurrencegraphs
with symmetrieOS-graphsjor ColouredPetriNets(CP-nets).Thebasicidea
in theapproachs to exploit the symmetriesnherentin mary distributedsystems
to constructa condensedtatespace. We demonstrate significantincreasen
the numberof stateswhich canbe analysed.The paperis to a large extentself-
containedand doesnot assumeary prior knowledgeof CP-nets(or ary other
kindsof PetriNets)or OS-graphsCP-netsaandOS-graphsrenotourinvention.
Our contribution is the developmentof the tool andverificationof the example,
demonstratindnow the methodof occurrencegraphswith symmetriecanbeput
into practice.

Index Terms: Modelling andAnalysisof Distributed SystemsFormal Ver-
ification, ColouredPetri Nets,High-Level PetriNets,OccurrenceGraphs State
SpacesSymmetriesMutual Exclusion.

9.1 Intr oduction

ColouredPetri Nets (CP-nets)[66] is a languagefor modelling and analysisof dis-
tributed systems. The ideasbehind CP-netsbuild uponthoseof ordinary Petri Nets
[98] andthoseof Predicate/TansitionNets[44]. CP-netds atthe sametime theoret-
ically well-foundedandcapableof modellinglarge distributedsystems A numberof
formal verificationmethodsareavailable,by which the behaiour of a CP-netcanbe
analysedOneof thesemethodss occurrencegraphs(O-graphs)67], alsoreferredto
asstatespacesandreachabilitytrees/graphsThe basicideais to constructa directed
graphwith a nodefor eachreachablestateandan arc for eachpossiblestatechange.
An alundanceof verificationresultscanbe derived from an O-graph.The methodun-
fortunatelysuffersfrom the stateexplosionproblem which severelylimits its practical
usability An approacho alleviate this problemis occurrenceyraphswith symmetries
(OS-graphs]67,68], which aremuchmorecompactbut still enableusto obtainthe
*SystematicSoftwareEngineeringhA/S, DK-8230 Aabyhgj, DENMARK.
E-mail: jbj@systematic.dk.

TDepartmenbf ComputerScienceUniversity of Aarhus,DK-8000AarhusC., DENMARK.
E-mail: Imkristensen@daimi.au.dk.
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sameverificationresultsaswith O-graphs.Consequentlyit is possibleto investigate
largerdistributed systemsprovidedthatthey possessomekind of symmetry

The applicability of OS-graphss highly dependenbn the existenceof computer
tools supportingthe approach.Manualcalculationsof OS-graphsvenfor small sys-
temsareimpossible.Onecontrikution of this paperis to presenta nev computertool
supportingOS-graphsand therebydeveloping the methodfrom being theoretically
promisingto somethingwhich canbe exploited in practice. Anothercontritution is
the useof OS-graphgo establisithe correctnesef Lamports FastMutual Exclusion
Algorithm [88], in this paperreferredto asLamports Algorithm

Lamports Algorithm is a mutual exclusion algorithmfor shared-memorynulti-
processorsA shared-memorgnultiprocessors anarchitectureonsistingof anumber
of CPUsconnectedo a commonbus andwith a singlesharednemory It is assumed
thatthe memorysupportsatomicreadandwrite operationsandthateachprocesshas
auniqueidentifier, whichis apositive integer. Figure9.1 depictsthecodethatprocess
1 executesn Lamports Algorithm, whenattemptingto enterthe critical section.The
algorithmusesghreeglobalvariables:z andy which areintegers,andanarrayb|1.. V]
of booleanswhere NV is the numberof processesThe statementwait cond repre-
sentsa busyloop andcanbe seenasanabbreiation for while —cond do skip. Angle
bracletsareusedto enclosethe atomicstatementsyhich arethe readsandwrites of
x, y, andtheentriesof b. In this papeywe will notexplain how Lamports Algorithm
works, becausét is notimportantfor our purpose.The curiousreaderis encouraged
to consult[88].

This paperis organisedasfollows. In Sect.9.2, we presentColouredPetri Nets
and createthe model of Lamports Algorithm to be usedthroughoutthe paper In
Sect.9.3, we introduceOS-graphsandin Sect.9.4 we describethe tool supporting
OS-graphs.In Sect.9.5, we formulatecorrectnesgriteria for Lamports Algorithm,
andin Sect.9.6,we reporton the useof thetool for the actualverification. Finally, in
Sect.9.7,we drav someconclusionsanddiscusselatedandfuture work.

9.2 Coloured Petri Nets

In this sectionwe introduceColoured Petri Nets(CP-netsor CPNs).As we go along
with the explanationof the basicconceptswe shav how thesecanbe usedto model
Lamports Algorithm. Section9.2.1 provides an informal introductionto CP-nets.
Section9.2.2 containsthe formal definitionsand may be skippedby readersalready
familiar with CP-nets.The completeCPN modelof Lamports Algorithm canbe seen
in Fig. 9.2.

9.2.1 Informal Intr oduction to CP-nets

In contrastto mary modellinglanguagesCP-netss both stateandactionoriented. A
stateof a CP-netis representetty meansof places By corvention, placesaredravn
asellipsesor circleswith anamepositionedinside. The basicideain our CPN model
is to describethe value of the programcountersof the processeduringthe execution
of Lamports Algorithm. Therefore,Fig. 9.2 hasa placefor eachline in Lamports
Algorithm. A placeis namedaccordingto the statementn thatline. As anexample,
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1: start:

2: (b[i] :=true);

3 (x:=i);

4. if (y#0) then

5: ( b[i] :=false);

6: await (y=0);

7: goto start;

8: endif;

9 (y:=i);

10: if (x#1i)then

11: ( b[i] :=false);

12: forj:=1toN do

13: await ( notb[j] );
14: endfor;

15: if (y #i)then

16: await (y=0);
17: gotostart;
18: endif;

19: endif;

20:

21: {critical sectior}

22:

23 (y:=0);

24: ( b[i] :=false);

Figure9.1: Lamports Algorithm.

the placesetx_3 nearthe upperleft cornerof the draving of the modelcorrespondso
the programcounterbeingin a position,wherethe statemenk x := i > in line 3 is
readyto beexecuted.

Theglobalvariablesarealsomodelledoy meansf places We have anaccordingly
namedplacefor eachof the variablesz, i, andb. All placesmodellingvariablesare
circularandhave athick borderin orderto distinguishthemfrom the placesmodelling
theprogramcounters Theshapeandline thicknesshave noformal meaning.lt should
be notedthat therearethreeplacesnamedy in Fig. 9.2. Theseare conceptuallythe
sameplace, but have beendravn asthreecopiesin orderto reducethe numberof
crossingarcsandtherebyimprove thelegibility of the CPN model. A similar remark
appliesto thefour placesnamedb.

Eachplacein aCP-nethasacolour set(atypet), which determineshekind of data
the placemay contain. An elementof a colour setis calleda colour. By corvention,
the colour setis writtenin italics to the lower right of the place. FromFig. 9.2, it can
beseernthattheplaceb hasthecoloursetPID x BOOL, andthatthe placesk andy have
the colour setPID_ON. The placeswait anddone have colour setPIDxPID. All other

1An alternatve andperhapsetternamefor ColouredPetriNetsmight be “TypedPetriNets”. How-
ever, theterm*“coloured” hasa historicalexplanation,andit hasstuck.“Colour set” and“type” areused
assynorymsin this paper



82 CHAPTER9. STATE SFACESWITH SYMMETRIES

(i, true) PIDXFALSE N

(i, bi) PI DXBOOL E@”‘

I

I

I

I

P N

/ N PIDXFALSE N

! N

I

I

@PI DxBOOL

@0 AN (i false) y :0
- , (i)
P D_ON <> o- - Cwait - 7D)<PI 5 [y<>i] APIDON

\
\ sety 9 L—-——~7 1 ! L i
* ixPID i N

|

I

I

I

I

I
o
PD |
I
I
I
I
I

yeqi_15 -—

(i bi) PIDXFALSE N

(i, false) PI DxBOOL

Figure9.2: The CPNmodelof Lamports Algorithm.

placeshave colour setPID. PID standsfor ProcesdDentifier. The definition of the
coloursetsareasfollows:

PIDON = {0,1,...,N}

BOOL = {true, false}
PID = PIDON\{0}
PID x BOOL = {(i,bi)|i€ PID Abi € BOOL}
PID x PID = {(i,j) | i,j € PID}

Thus, the placeb cancontainpairs consistingof an integer anda boolean. The
placesx andy can containintegersfrom 0 to N, andthe placeswait and done can
containpairsof integersfrom 1 to N. All otherplacescancontainintegersfrom 1 to
N. Thevalue0 is special.lt is usedto signalwhenthevaluesof the sharedvariables
x andy donot correspondo ary of the processes.

A stateof a CP-netis calleda marking A marking describeshow tokensare
distributed on the individual places. A token is a value, which is a memberof the
colour setof the correspondinglace. The initial marking of a placeis specifiedin
the CPN model,by corvention,to the upperright of the place. Theinitial markingof
the placestart_1 is PID, i.e., thetokensfrom 1 to N. This modelsthatto begin with,
the programcountersof all processesare positionedat the startlabel. For eachof the
placesx, y, andb, the initial marking describeghe startvalue of the corresponding
variable. Both x andy areequalto 0 initially. The initial marking of the b-placeis
determinedby the expressionPID x FALSE N, which evaluatesto a setof tokens
modellingthatall entriesb[i] are false for 1 < i < N. Initially, all otherplacesare
empty

Aside from having differenttokenson a place,it is alsopossibleto have several
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PID
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Figure9.3: Modelling of anassignment.

tokenswith the samecolour Therefore the markingof a placeis in generala multi-
set. A numberof operationssuchasadditionandscalarmultiplication aredefined
for multi-sets,andwe will applythemfreelyis this paper For details,see[66].

The actionsof a CP-netarerepresentetby transitions which, by convention,are
dravn asrectangles.Transitionsandplacesare connectedy arcs. In Fig. 9.2, solid
arcsare usedfor control flow and dashedarcsare usedfor datamanipulation. The
graphicalappearancef anarchasnoformal meaning.Thetwo kindsof arcsareonly
usedto make a clearempresentation.

A transitionremoves tokensfrom the placesconnectedo incomingarcs(input
places)andaddstokensto the placesconnectedo outgoingarcs(outputplaces).The
tokensto beremoved from input placesandaddecdto outputplacesaredeterminedy
thearc expressionswhich arepositionednext to thearcs.

In Lamports Algorithm, the actionsare executionof statements.Therefore,we
have associatedn accordinglynamedtransitionwith eachstatement.For example,
thetransitionsetbi_2 (seeFig. 9.3) modelsthe executionof the statemenb|i] := true
in line 2 of Fig. 9.1.

Thetransitionhastwo incomingarcsandtwo outgoingarcs. The arcexpressions
of theincomingarcsarei and(i,bi), wherei andbi arevariablesof typePID andBOOL,
respectrely. To talk aboutanoccurenceof thetransitionsetbi_2, the variablei hasto
be boundto avaluefrom PID, andbi hasto be boundto a valuefrom BOOL, in order
to evaluatethe arc expressions A pair consistingof a transitionanda binding of the
variablesof its surroundingarcsis calleda binding element A binding elementmay
occur iff thetokensto beremoved exist ontherespeciie input places.

Assumenow thatwe bind the variablei to 1 andbi to false. Then,the expression
ontheincomingarcfrom start_1 will evaluateto 1, andtheexpressiorontheincoming
arcfrom b will evaluateto (1, false). Sincein theinitial marking,denotedM,, a 1-
token is on start_1, anda (1, false)-token is on b, the describedbinding element,
denoted(setbi_2, (i = 1,bi = false)), may occur The binding elementis saidto
be enabledin M. Several binding elementanay be enabledin the samemarking.
For example,the binding element(sethi_2, (i = 2,bi = false)) is alsoenabledin
M. Thetwo binding elementsnay occurin the samestep sincein M, they do not
shareary of the tokenson the input places. The two binding elementsaresaidto be

2A multi-setis often referredto asa bag. Setscanbe considereda specialkind of multi-sets,and
thereforejn this paper we sometimesisea set-like notationfor multi-sets.
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Figure9.4: Modelling of anif-statement.

concurently enabled This corresponddo processed and2 beingableto do this
assignmenindependentlyof eachother

An occurrenceof the bindingelement(sethi_2, (i = 1,bi = false)) will remove
the 1-tokenfrom start_1 and,similarly, remove the (1, false)-tokenfrom b. As deter
minedby the arc expression®f the outgoingarcs,a 1-tokenwill be addedto setx_3,
anda (1, true)-tokenwill beaddedo b. An occurrencef this bindingelementorre-
spondgo processl executingthe statemenk b[i| := true > in line 2 of Fig. 9.1. In
this way, anoccurrencef atransitionmodelsthe executionof anatomicstatemenin
Lamports Algorithm. All otherassignmenti Lamports Algorithm aremodelledin
asimilarfashion.

We will now describehow to modelthe otherstatementn Lamports Algorithm,
i.e.,theif-, await-, for-, andgoto-statementsConsideltheif-statemenstartingin line 4
of Lamports Algorithm. This statemenis modelledby the part of the CPN model
shavn in Fig. 9.4.

The conditiony # 0 evaluatedo true or false,anddependingon this, oneof the
two branchesn Lamports Algorithm is chosenThe casewherethe conditionis false
is modelledby the transitionyeq0_4. It hastwo incomingarcs,one from the place
ify0_4 andonefrom the place y. The arc expressioron the arcfromy is 0 andwill
evaluateto 0, independenof the binding of the variablei, i.e., the processxecuting
theif-statement.Thus,the transitionwill only be enabledvheny containsa 0-token,
correspondingo y being0 in Lamports Algorithm. Whenthetransitionoccursit puts
the 0-token backon y andputsani-token on the placesety 9. Thetransitionyne0_4
modelsthecasein which theconditiony # 0 is true. Thetransitionhastwo incoming
arcswith arcexpressionsg andy, respectiely. Associatedvith thetransitionis alsoa
guad. Guardsare,by convention,putin bracletsandlocatednext to the lower right
cornerof thetransition.A guardis abooleanexpressionwhichimposesanadditional
conditiononenabling.Thevariablesnustbe boundsothattheguardevaluatedo true.
In this casethebooleanexpressioris y<>0. Thetransitionis, therefore pnly enabled
wheny is notboundto 0. Thetwoif-statementstartingin lines10and15aremodelled
in asimilar fashion.

We now turnto themodellingof the await-statemenin line 6. Theawait-statement
is modelledby the part of the CPN modelshavn in Fig. 9.5. The transitionhasan
incomingarcfrom awaity andfromy. The arcexpressiorfrom y evaluateso 0 inde-
pendenbf thebindingof i onthearcfrom awaity. Thus,thetransitionis only enabled

3A doublearcis ashorthandor two arcswith the samearcexpressionpnearcin eachdirection.
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Figure9.5: Modelling of anawait-statement.
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Figure9.6: Modelling of a for-statement.

wheny containsa 0-token, which correspond$o y being0 in Lamports Algorithm.

The goto-statementsare modelledimplicitly. Consider e.g., the goto-statement
immediatelyafter the await-statementn line 7. In the model,we have dravn anarc
from thetransitionmodellingthe executionof the await-statemento the placestart_1.

Finally, we considerthefor-statemenstartingin line 12. It is modelledby the part
of the CPNmodelshavn in Fig. 9.6. For reasondo becomeclearlater (in Sect.9.6),
we modela moregeneraform of the for-statementln Lamports Algorithm, the for-
statemenis usedto testeachof the entriesin the b-arrayin turn startingfrom 6[1]. In
themodel,we do notimposeanorderin which the entriesaretested.

Whenprocess entersthe for-statemenby occurrenceof the transitionfordo_12,
the multi-setdenotedi x PID i N = {(i,5) | 7 € PID} is puton the placewait,
which containgheentriesin theb-arraythatprocessg still needdo test. Thetransition
await_13 modelsthe executionof the await-statemeninside the for-statementandis
only enabledvhena (j, false)-tokenis presenbntheb-place.An occurrencef that
transitionwill remove an (i, j)-token from wait andaddit to the placedone, which
containgheentriesin theb-arraythatprocess hasalreadytested.Procesg leavesthe
for-statementvhenthe transitionforod_13 occurs.As it canbe seen this transitionis
only enabledvhenplacedone containsthe multi-set: x PID i N, i.e.,whenall the
entriesin theb-arrayhave beentested.

We have now explainedhow to modelall the basicconstructsof Lamports Al-
gorithm. The creationof the completemodel just consistsof putting all the pieces
together The procesanight even be automated No ingenuityis required— nor de-
sired. This systematicstratgy reduceshe probability of accidentalerrors,andthus
malkesit unlikely thatthe constructedCP-netis not a propermodelof the algorithm.
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Lamports Algorithm is modelledin a similarway in [3].

9.2.2 Formal Definition of CP-nets

We now give a formal definition of CP-netsandtheir behaiour. The purposeof this
sectionis twofold. Firstof all, to clearout any ambiguitythat might bein the infor-
mal introductionto CP-netdn the previous section,andsecondio fix the notationto
be usedin this paper The definitionsand notationcloselyfollow [66], and readers
familiar with thatreferencamay skip this section.

Structur e of CP-nets

Before giving the formal definition of a CP-net,we fix somenotationandterminol-
ogy. Theterm netexpressiongefersto the expressionsiescribingcolour sets,initial
markings,arc expressionsand guards. Relatedto net expressionswe introducethe
following notation:

e Type(expr) denoteghetypeof anexpressiorexpr.

Var(expr) denoteghesetof variablesin anexpressiorexzpr.

Type(v) denoteghetypeof avariablev.

Type(vars), wherevars is asetof variablesdenoteghe setof types
{Type(v) | v € vars}.

S s denoteghe setof multi-setsover asets.

e Bool denoteghesetof booleansi.e., Bool = {true, false}.
We now formally defineCP-nets Explanatiorfollows the definition.

Definition 1 A CP-netisatupleCPN = (3, P,T,A,N,C,G, E,I) satisfyingthe
requirmentdelow:

1. ¥ is afinite setof non-emptytypes,called coloursets

2. Pisafinite setof places

3. T is afinite setof transitions

4. Aisafinitesetof arcssuhthat PNT =PNA=TnNA={.
5. N isanodefunction.lIt is definedfromAinto P x TUT x P.
6. Cis acolourfunction.lt is definedrom P into 3.

7. G is aguardfunction.lt is definedirom T into expressionsud that:
Vt e T : [Type(G(t)) = Bool A Type(Var(G(t))) C X].
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8. FE is anarcexpressiorfunction.lt is definedfrom A into expressionsud that:
Va € A: [Type(E(a)) = C(p(a))ms A Type(Var(E(a))) C ¥,
whee p(a) is theplaceof N(a).

9. [ is aninitialisationfunction. It is definedfrom P into expressionswithoutfree
variablessud that: Vp € P : [T'ype(I(p)) = C(p)nms]- O

Item 1 determineshesetof coloursetsandhencehecolourswhichcanbereferred
to in the net expressions. In the CPN model of Lamports Algorithm we have the
following setof coloursets:Y. = {PID_ON, PID, BOOL,PID x BOOL, PID x
PID}.

ltems2, 3, and4 specifythe places transitions,andarcs. Item 5, the nodefunc-
tion, determineghe sourceanddestinationof arcs. Note thatan arc alwaysconnects
aplaceandatransition.|tem 6, the colourfunction,associatea colour setwith each
place.In the CPNmodelof Lamports Algorithm, the colourfunction mapsthe place
binto PID x BOOL,theplacesx andy into PID_ 0N, theplaceswait anddone into
PID x PID, andall otherplacesinto P1D. Item 7, theguardfunction,ensureghat
guardsareexpressionsvhich evaluateto a booleanandthatthetypesof the variables
in theguardsarein X. Likewise,items8 and9, thearcexpressiorfunctionandtheini-
tialisationfunction,ensuresimilarly, appropriateypeconstraintsin therestof this pa-
per, wewill assuméehataCP-netC PN isgiven,CPN = (X, P,T,A,N,C,G,E,I).

Normally, a CP-netis createdin termsof a CPN diagram i.e., a graphicalrep-
resentatiorasin Fig. 9.2, andnot by specifyinga 9-tupleasin Def. 1. Figure9.2is
createdusingthe Design/CPNtool [16,99], which supportsconstructionand analy-
sis of CP-nets.For declarationf colour sets,variables,andfunctions;andfor net
expressionsthistool usesCPN ML, whichis anextensionof the functionalprogram-
ming languageStandardvL (SML) (see,e.g.,[119]). The declarationgor the CPN
modelof Lamports Algorithm canbe seenin Fig. 9.7.

In line 2, the numberof processesV is specified.In thiscase,N = 3. Lines8-12
declarethe colour sets. Lines 15-17 declarethe variablesandtheir type. Finally, the
function PID x FALSE, usedto specifytheinitial markingon the placeb, andthe
functioni x PI1D, usedin the modellingof the for-statementaredeclared.Both are
typical SML-stylerecursve functions.

Behaviour of CP-nets

We now turn to theformal definitionof behaiour of CP-netsFirst, we fix somemore
notation.

e Var(t), for atransitiont € T', denoteghe setof variablesof ¢ presenin either
the guardG(t) or in an arc expressionof oneof the surroundingarcsdenoted
A(t). Formally:

Var(t) ={v|v e Var(G(t)) VIa € A(t) : v € Var(E(a))}.

o A(xy,x9) for (x1,20) € P x TUT x P denoteghe setof connectingarcs.
Formally:
A(z1,29) ={a € A| N(a) = (z1,22)}.
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(* Numberof processes in this case3 *)
valN =3;

(* non-zeropredicate®)
fun nonzera = (i<>0);

(* Declaration®f the coloursets*)

color PID_ON = int with 0..N declare ms;

color BOOL = bool;

color PID = subsetPID_ON by nonzerodeclare ms,
: color PIDxPID = product PID * PID;

: color PIDxBOOL = product PID * BOOL;

N ol e =
ARw RO

(* Declarationof thevariables*)
:var X,y : PID_ON;

:vari,j: PID;

: var bi ;: BOOL;

e A e
© o N o U

. (* Functionusedto specifytheinitial markingonb *)
: fun PIDXFALSE 0 = empty
| PIDXFALSE i = 1'(i,false)+ (PIDXFALSE (i-1));

N N NN

: (* Functionusedin thefor-statement)
: fun ixPID i 0 = empty
| iXPIDij=1'i,j)+(ixPID i (j-1));

N N
[SAI

Figure9.7: Declarationdor the CPNmodelof Lamports Algorithm.

As aconsequencéf 1 andxs arenotconnectedA(z1, x2) = (0.

e F(x1,x9) for (x1,29) € P x T UT x P denoteghe expressionof (z1, z2).
Formally:

E(zx1,12) = ZaeA(m,m) E(a).

It shouldbe notedthatthe sumin the definition of £(x1,z5) is well-definedbe-
causeof item 8 in Def. 1, which ensureghat all termsin the sum are of the same
multi-settype. Having fixed the notation,we definethe concepif a binding. exzpr(b)
denotegheresultof evaluatinganexpressiorezpr, whosevariablesareboundto val-
uesasdeterminedy b.

Definition 2 A binding of a transitiont € 7' is a functionb definedon Var(t) suh
that:

1. Vv € Var(t) : b(v) € Type(v).
2. G(t)(b).

B(t) denoteghesetof all bindingsfor t. O
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Item 1 ensureghat only valuesof the correcttype canbe boundto a variable.
Item 2 expresseshatin orderfor b to beabindingof ¢, theguardmustevaluateto true
in b. In thefollowing, bindingswill bewrittenontheform (v; = ¢1,v9 = ¢2, ... v, =
cn), WwhenVar(t) = {vi,ve,...v,}. Now, we formally definemarkings,binding
elementsandsteps.

Definition 3 A marking M is a functiondefinedon P suc that M (p) € C(p)ass for
all p € P. Thesetof all markingsis denotedM. Theinitial markingis denotedM,.
Abinding elementis apair (t,b), wheet € T"andb € B(t). Thesetofall binding
elementds denotedB £, while the setof binding elementdor a specifictransition
t € T isdenotedBE(t).
A stepis a non-emptyandfinite multi-setover BE. Thesetof all stepsis denoted
Y. O

By defininga stepasa multi-setof binding elementswe allow multiple occur
rencesof a binding elementin a given step. We now give the formal definition of
enabling.

Definition 4 AstepY € Y isenabledin a markingM € M, iff thefollowing property
is satisfied:

Vp € P ey Elp, 1)(b) < M(p).
M|[Y') denoteghatY is enabledn M. O

The definition stateghateachbindingelement(¢,b) € Y mustbeableto getthe
tokensspecifiedby E(p, t)(b) — which is the multi-setof tokensremoved from p,
whent occurswith the binding b — without having to sharethesewith otherbinding
elementsn Y. Thesummations a multi-setsum,i.e.,if (¢,b) appearsn Y multiple
times, this multiplicity is taken into accountin the sum. If a binding elementfor a
transitiont is includedin anenabledstepin amarking M, we will saythatt is enabled
in M.

WhenasstepY is enabledjt mayoccur WhenY occurs,it removestokensfrom
the input placesand addstokensto the outputplacesof the includedtransitions,ac-
cordingto the following definition, which alsointroduceghe conceptf occurrence
sequenceandreachability

Definition 5 Whena stepY is enabledin a marking M1, it mayoccur, changingthe
marking M; to anothermarking M, definedby:

Vp eP: M2(p) = <J\/[1 (p) - Z(t,b)eY E(pa t) <b>) + Z(t,b)eY E(tap) <b>
In this case we saythat M5 is directly reachable from M7 by the occurenceof the
stepY, which wedenoteM; [Y') M.
A finite occurrencesequencés a sequenc®f markingsandsteps:

Ml[Y1>M2[Y2>M3 .. .Mn[Yn>Mn+1 sud thatt » € N and Mi[Y;'>ML‘+1 for i =
1,...,n.

‘N = {0, 1,2, ...} denoteshe setof non-ngative integers.
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Analgyously aninfinite occurrencesequencas a sequencef markingsand steps:
My [Y1>M2[Y2>M3 ... sud thatMi[Y;>Mi+1 fori = 1,2,....

A marking M’ is reachable from a marking M, iff there exists a sequencef steps
Y1,Y5,...Y,, sud that:

MIY1)Ms[Yo)Ms ... M, [Y,) M.
Thesetof markingswhich are reachablefromM is denoted M ). O

If abinding elementfor a transitiont is includedin a stepY’, which occursin a
marking M, we will saythatt occursin M.

Quite often, the purposeof creatinga CP-netis to investigatewhethercertaindy-
namicpropertieshold. An exampleof sucha propertyis the existenceof deadmark-
ings, correspondindo deadlocksf a consideredsystem.In Sect.9.5.2,we formally
definea numberof dynamicpropertiesfor CP-netsandusethemto verify Lamports
Algorithm.

9.3 OccurrenceGraphs with Symmetries

This sectionintroducegheverificationmethodof occurrenceyraphswith symmetries,
whichwearegoingto useto establisicorrectnessf Lamports Algorithm. Thesection
is structuredasfollows. Section9.3.1briefly sumsup the conceptof full occurrence
graphgO-graphs)ln Sect.9.3.2,occurrenceyraphswith symmetriegOS-graphsare

describedn aninformal way. OS-graphsareformally definedin Sect.9.3.3,which

may be skippedby readerdamiliar with [67].

9.3.1 O-Graphs

Oneof the classicalverificationmethodsfor CP-netsemploys occurrencegraphs.in
its simplestform, anoccurrenceyraphfor a CP-netis adirectedgraphwith a nodefor
eachreachablenarkingandan arcfor eachoccurringbinding element. This kind of
graphsare calledfull occurrencegraphsor O-graphs Exceptfor concurreng prop-
erties, all dynamicpropertiesfor a CP-net can be derived from its O-graph— in
particular the propertiedo be usedfor the verificationof Lamports Algorithm.

As mentionedn Sect.9.1, a seriousdravbackof the occurrencegraphmethodis
thatit suffersfrom the stateexplosionproblem:Evenfor relatively small CP-netsthe
occurrencegraphsare often solarge thatthey cannotbe constructedn practicegiven
the computertechnologypresentlyavailable. Alleviation of this inherentcompleity
problemis a majorchallengeof research Severaltheoreticaimethodshave beenpro-
posed.Amongthemare OS-graphsThey aredefinedin [67]. Themainideaswill be
repeatedere.

9.3.2 Informal Intr oduction to OS-graphs

Lamports Algorithm treatsall processes thesameway. Theprocessearesymmet-
ric in asensdo beillustratedin thefollowing. In the CPNmodelfor N = 3, consider

SWhenworking with O-graphsye only considerstepsconsistingof onesinglebindingelement.
60nly CP-netswith afinite numberof reachablenarkingsareconsidered.
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the two markingsM; and My shavn belon. Multi-sets are written in the notation
from [66]: As asumusingthesymbol“+", wherethe numberof appearancesf each
elemenis the coeficient preceedinghe symbol* (pronouncedback quote”or “of ).

M (setx3) = 11

M (start.l) = 12+13

M;(b) = 191, true) + 142, false) + 1°(3, false)
Ml(X> = 1

M (y) = 10

Ms(setx3) = 12

Ms(start.1) = 1‘1+1°3

Ms(b) = 11, false) + 1°(2, true) + 1°(3, false)
Mo (x) ~ 10

Ms(y) = 10

For all other placesp, M;(p) = Ma(p) = empty, whereempty denotesthe
emptymulti-set. In bothmarkings,all processebut oneareontheplacestart 1. The
remainingoneis onthe placesetx_3. Thetwo markingsdiffer by which processs on
setx_3. In My, themarkingof setx_3is k for k = 1, 2.

M7 and M, aresymmetricjn thesensdhatonecanbe obtainedrom theotherby
interchanginghe colours1 and2. Thecrucialobseration aboutsymmetricmarkings
is that they describestatesof the systemthat are similar: If we know the possible
behaioursof thesystemstartingfrom A, thenwe do notneedto explorethepossible
behaiours from Ms. An indicationof thisis to considerthe setof binding elements
BE;, whichareenabledn M, fork =1, 2:

BE; = {(sethi_2, (i =2,bi = false)),
(setbi_2, (i = 3,bi = false)), (setx 3, (i = 1,z = 0))}

BE, = {(sethi-2,(i=1,bi = false)),
(setbi_2, (i = 3,bi = false)), (setx3, (1 = 2,z =0))}.

BUE, issymmetricto BE», i.e., BE, canbeobtainedrom B E; by interchanging
1 and 2. Now, considerthe marking M{ reachedwhen, e.g., the binding element
(setx_3, (i = 1,z = 0)) occursin My ; andthemarking M, reachedvhenthebinding
element(setx_3, (i = 2,z = 0)) occursin M. M; is identicalto M;, and M, is
identicalto M5, exceptfor the placedisted below:

M;(x) = 141
M 1 (setx 3) = empty
M(ifyo4) = 11
My(x) = 12
Mé (setx3) = empty
M,(ify04) = 12

It is easyto seethat M, and M., aresymmetric,.e., that M/, canbeobtainedrom
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M, by interchangingl and2.

The propertyillustratedabove is that symmetricmarkingshave symmetricsetsof
enabledbinding elementsandsymmetricsetsof directly reachablanarkings. Using
induction, this propertycanbe expandedto finite andinfinite occurrencesequences.
The CPN modelof Lamports Algorithm containsmary markingsthataresymmetric
in thisway. Thebasicideain OS-graphss to lump togethersymmetricmarkingsand
symmetricbindingelements.

The definition of an OS-gaph for a CP-netrequiresthe presencef two equia-
lencerelations— oneon the setof markingsandoneon the setof binding elements.
The OS-grapthasa nodefor eachreachablequivalenceclassof markingg. The OS-
graphhasanarcbetweertwo nodes|ff thereis a markingin the equivalenceclassof
thesourcenodein which abindingelementis enabledandwhoseoccurrencdeadsto
amarkingin theequialenceclassof thedestinatiomode.Thereis exactly onearcfor
eachequialenceclassof binding elementswith this property Typically anOS-graph
is muchsmallerthanthe corresponding-graph.

Thetwo equialencerelationsareinducedby analgebraigroupof functionscalled
permutationsymmetries A permutationsymmetrymapsmarkingsto markingsand
binding elementgo binding elements.Two markingsare equivalent(or symmetrig,
iff thereexists a permutationsymmetrymappingone of the markingsto the other
Similarly for bindingelement®.

The userdefinesthe group of permutationsymmetriesoy writing a permutation
symmetryspecification A permutationsymmetryspecificationassignsa symmetry
groupto eachatomiccoloursetappearingn the CP-net.A coloursetdefinedwithout
referenceo othercolour setsis atomic. In the CPN model of Lamports Algorithm,
therearetwo atomiccolour sets: PID_0ON and BOOL. A symmetrygroupdeter
mineshow the coloursof anatomiccoloursetareallowedto be permuted For exam-
ple,asymmetrygroupmay specifythatall colourscanbe permutedarbitrarily, or that
they mustall befixed,i.e., cannotbe changed.Many intermediatdorms exists, e.g.,
all rotationsof afinite, orderedcolourset.

A permutatiorsymmetryspecificatiorfor the CPNmodelof Lamports Algorithm
capturingthatprocessesorrespondingo theintegersin theset{1, ..., N} behaein a
symmetricway, andthattheinteger0 is aspecialalueusedfor initialisationpurposes,
canbedescribedasfollows: We assignthe symmetrygroupto PID_0N, thatallows
arbitrarypermutationsn theset{1, .., N}, andinsiststhat0 is fixed. This symmetry
grouphasN! elements.BOOL is assignedhe singletonsymmetrygroupconsisting
of theidentity functionid only. Thus,the valuestrue and false cannotbe swapped.
They are(of coursefundamentallydifferent.

A structued colour setis one, which is not atomic. The symmetrygroupfor a
structuredcolour setis inheritedfrom the symmetrygroupsof its basecolour sets
i.e., the colour setsthatit is built from usingthe CPN ML type constructors.In the
CPN model of Lamports Algorithm, there are three structuredcolour sets: PID,
PID x BOOL,andPID x PID (seeFig. 9.7). PID inheritsits symmetrygroup
from its basecolour set PID_ON (by the subset type constructor). An elementof

A reachableequivalenceclassis onewhich containsa reachablemarking. As we shall see for two
equivalentmarkings eitherboth of themarereachabler noneof themarereachable.

8A permutatiorsymmetrycanalsobeusedio mapcoloursto colours.Wewill speakabouttwo colours
beingequialent(or symmetric),iff thereexistsa permutatiorsymmetrymappingoneto the other
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thesymmetrygroupfor P/ D_0N inducesa permutatioron PID. Likewise, PI D x
BOOL inheritsits symmetrygroupfrom the symmetrygroupsof PI D and BOOL
(by the product type constructor). An elementof the symmetrygroupof PID x
BOOL is apair, wherethefirst elementis a memberof the symmetrygroupof PID,
andthesecondelemenis a memberof the symmetrygroupof BOOL. PID x PID
inheritsits symmetrygroup from the symmetrygroupof P1D (by the product type
constructor). An elementof the symmetrygroupof PID x PID is apair, wherethe
first andthe seconcelementareidenticalmembersf the symmetrygroupof PID.
The purposeof a permutationsymmetryspecifications to captureinherentsym-
metriesof the model. A permutationsymmetryspecificationin accordanceavith the
model,in away to be definedpreciselyin Sect.9.3.3,is saidto be consistent As we
will seethe permutationrsymmetryspecificationdescribedabore for the CPN model
of Lamports Algorithm is consistent.But if we, e.g.,assigneda symmetrygroupto
PID_ON thatallowedarbitrarypermutationsn theset{0, 1, ... , N}, and,hencehad
notinsistedthat0 shouldstayfixed,theresultingpermutatiorsymmetryspecification
would not be consistent.To seethis, consider e.g., the transitionawaity in Fig. 9.5.
A necessaryequirementor this transitionto be enabledjs thatthe placey contains
a 0-token. Thus,if we allowed to swap 0 with anothercolour, we could obtaintwo
symmetricmarkings,whereawaity wasenabledn oneof them,but notin the other
Thesetwo markingwould not containthe sameinformation,andit would bewrongto
considethemsymmetric.Consequentlya consisteng requirements crucial.

9.3.3 Formal Definition of OS-graphs

In this section,we introducethe conceptsnecessaryo formally define OS-graphs.
All definitionsandpropositionsaretakenfrom [67] andareincludedhereto male this
paperself-containedReadergamiliarwith [67] mayskipthis section.Firstthebasics.

Definition 6 A permutationsymmetryspecificationis a functionSG that mapsead
atomic colour set.S € X into a subgpup SG(S) of the setof permutationsof S.
SG(S) is calledthe symmetrygroup of S.

A permutationsymmetryfor SG is a function¢ thatmapsead atomiccolour set
S € ¥ into a permutationps € SG(S). Thesetof all permutationsymmetriegor SG
is denotedd . O

The permutationsymmetryspecificationSG, for the CPN model of Lamports
Algorithm, informally describedn Sect.9.3.2,is formally definedbelon. PERM (I)
is the setof all permutation®f afinite set/.

SGL(PID.ON) = {¢ € PERM{0,...,N} | $(0) = 0}
SGL(BOOL) = {id}.

An exampleof a permutationsymmetry¢ € ®s¢, is the following, wherethe
function (I k); swapsthevaluesk and! in theset!:

¢ : PIDON — (12)g0,. N}
¢ : BOOL s {id}.
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¢ induceghefollowing mappingson the structureccoloursets:

QZ) :PID — (1 2){17___7]\]}
¢ : PID x BOOL v ((12)(1.. ny,id)
¢ PID x PID — ((12)q1,...,ny> (1 2)q1,... v})-

As mentionedin Sect.9.3.2, eachpermutationsymmetry¢ € ®gq inducesa
function which mapsmarkingsinto markings. (M) is simply a substitutionof each
colour (value)v € S, whereS is somecolourset,by ¢(S)(v). A function mapping
binding elementgo bindingelementds inducedsimilarly. For example,considerthe
markingsand binding elementsusedin the examplefrom Sect.9.3.2. ¢ € ®gs¢,
definedabore maps); to M. Moreover, ¢ mapsthe binding element(setx_3, (i =
1,z = 0)) to the binding element(setx_3, (i = 2,z = 0)), and¢ alsomapsM, to
M,.

Definition 7 formally definesconsisteng of apermutatiorsymmetryspecification.
Thetransitionof agivenarca is denoted (a).

Definition 7 A permutationrsymmetryspecificationSG is consistentiff thefollowing
propertiesare satisfiedfor all ¢ € &g, all t € T, andall a € A:

1. (Mo) = Mp.
2. Vb€ B(t) : G){p(b)) = G(t)(b).
3. Vb € B(t(a)) : E(a){¢(b)) = d(E(a)(b)). O

Item 1 ensureghateachpermutatiorsymmetrymapstheinitial markingto itself.
Item 2 ensureghatno transitionhasanasymmetrigguard,i.e., a guardthattreatstwo
symmetriccoloursdifferently Iltem 3 stateghatarcexpressionandpermutatiorsym-
metriesmustcommute.Thus,asymmetri@arcexpressiongareruledout. It isimportant
to noticethatall threepropertiesarelocal andstructural. They canbe checled without
consideringoccurrencesequences.

Whena consistenpermutatiorsymmetryspecificatioris given,theimportantdy-
namicpropertyprovedin [67] andstatedin the next propositionholds. It formalises
thatsymmetricmarkingshave symmetricsetsof enablecbinding elementsandsym-
metricsetsof directlyreachablenarkings asillustratedin Sect9.3.2. Thus,thepropo-
sition justifiesthatit is sufficient to explore the possiblebehaiours of the systemfor
onemarkingof eachequialenceclass.

Proposition1 A consistenpermutationsymmetryspecificationSG satisfiesthe fol-
lowing property:

VJ\fl,MQ € MVbe BE V(;S € by : ]\41[b>M2 == ¢(M1)[¢(b)>¢(]\42) ]

We now formally definethe two equivalencerelationsthat are derived from the
groupof permutationsymmetriesdeterminedoy a permutationsymmetryspecifica-
tion SG.
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Definition 8 Therelation~yC M x M is definedby:
M~y M* & 3¢ € dgg: M = ¢p(M*).
Therelation~grC BE x BE is definedby:
brpp b* < 3¢ € Dgg 1 b= ¢(b*). O

Thefactthat®sg € [M — M] and®gq € [BE — BE] bothconstitutealgebraic
groupsensureghatthe two relations=y; and=~ g areindeedequivalencerelations.
The setof all equivalenceclassedor =~y is denotedM,.. Similarly with ~gz and
BE.. Theequialenceclassof anelementr is denotedzx]. This notationis naturally
extendedo sets:[X] = |J, .y [z]. Now OS-graphsireformally defined.

Definition 9 Let a consistenfpermutationsymmetryspecificationSG for CPN be
given.TheOS-graphis thedirectedgraphOSG = (V, A, N) wheee:

1.V ={C €M | C C [Mp)}.
2. A={(C1,B,Cy) € VXBExV | I(My,b,My) € Cyx BxCy : My[b)My}.
3. Va = (Cy1,B,Cy) € A: N(a) = (C1,C). 0

Item 1 definesthe setof nodes— onenodefor eachreachableequivalenceclass
of markings.Item 2 similarly definesthe setof arcs.Item 3 is necessarybecauseave
utilise a definition of directedgraphswhich is slightly differentfrom whatnormally
appearsn classicalliteratureon graphtheory Apart from the setof nodesandthe
separatelydefinedsetof arcs,we have afunctionmappingeacharcto a pair of nodes
— thefirst componenbeingthe sourceandthe secondthe destination.In this way;
multiple arcsbetweerntwo nodesareallowed,andthis mayappeain OS-graphs.

9.4 A Computer Tool Supporting OS-graphs

This sectiondescribeghe Design/CPNOSGraphTool (OS-tool)[78], which supports
generationanalysis,anddraving of OS-graphsThe OS-toolis anintegratedpart of
Design/CPN16], thegenerakool for CP-netanentionedn Sect.9.2, which supports
editing,simulation,andoccurrencgraphanalysisof CP-netsTheexisting supportor
O-graphsn Design/CPNO-tool) [14] hassenedasa basisfor theimplementatiorof
the OS-tool. Section9.4.1providesanoverviev of the OS-tool,while Sect.9.4.2uses
thedrawing facilities of thetool to compareD- andOS-graphs.

9.4.1 Overview of the OS-tool

Figure 9.8 givesan overview of the variouspartsof the OS-tool. The dashedboxes
in thefigurerepresenpartswhich areeithermodifiedor nev comparedo the O-tool.
The otherboxes correspondo partswhich areidenticalto partsin the O-tool. The
OS-tool consistof threemajor parts: a Graphical User Interface(GUI), a CPN ML
part,andanInterfacebetweerthesetwo parts.



96 CHAPTER9. STATE SFACESWITH SYMMETRIES
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Figure9.8: Architectureof the OS-tool.

The GraphicalUser Interfaceis the front-endof the application. Whenthe user
hascreateda CPN Diagram in the Editor, the Compilerin the CPN ML partcanbe
invoked. The Compiler hastwo parts: First, the CPN diagramis syntaxchecled by
theSyntaxChedker. If the CPNdiagramrepresentalegal CP-netthenthe Simulation
Code Geneator is invoked to generatehe SimulationCodefor the ML Simulator
Oncethis codehasbeengeneratedthe CPN modelcanbe simulated— the usercan
examinemarkingsand executestepsdirectly on the CPN Diagramin the GUI Sim-
ulator. In the ML Simulator we have implementedan OS Code Geneator. This
codegeneratousesthe SimulationCodeandthe userwritten OSSpecificatior(a per
mutationsymmetryspecification) provided throughthe GUI OS-too) to generataghe
necessargodefor the ML OS-tool The OS Specificationis written using the Util-
ity Functions Whenthe codefor the ML OS-toolhasbeengeneratedthe usercan
startgenerateanddraw (partsof) an OS-gaph, and make Queriesusingthe Query
Functionsto investigatepropertieof the consideredystem.

TheOS-toolstoresequivalenceclassesisingrepresentates: Eachnodein the OS-
graphis representetly amarkingfrom its equivalenceclass.Analogouslyfor arcsand
bindingelementsBeforean OS-graptcanbe generatedthe useris requiredto imple-
menta permutatiorsymmetryspecificationIn the currentversionof the OS-tool,this
consistsof writing two CPN ML functions: A predicateEquivM ark definingwhen
two markingsare equivalent,anda predicateEquiv BE definingwhentwo binding
elementsareequivalent. Thesetwo predicatesnustreflectthe symmetrygroupsthat
the userhasassignedo the atomic colour sets,and they mustimplementthe rules
sayinghow structurectcoloursetsinherittheir symmetrygroupsfrom theirbasecolour
sets. Moreover, the usermustmale surethat the predicatesmplementa consistent
permutationsymmetryspecification. In the currentversionof the tool, this is not
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1. Waiting := empty;
2: Node([MO0));

3: repeat

4 Select(M1,[Witing]);

5: for all (b,M2) suchthatA/1[b) M2 do

6:

7 if not (Represented(M2Yhen
8: Node([M2]);

9 endif

10: if not (Represented([M1],[b],[M2])}hen
11: Arc([M1],[b],[M2]);
12: endif

13: endfor

14: Waiting := Waiting - {[M1] };

15: until Waiting= empty

Figure9.9: Algorithm to generatean OS-graph.

checled automatically In a futureversion,theuserwill only have to assignasymme-
try groupto eachof the atomiccoloursets.Thetool will thenautomaticallygenerate
FEquivMark and FquivBE.

Whenthe predicatesF quiv M ark and Equiv BE have beenwritten, a predefined
function that generateshe OS-graphcanbe invoked. Whenthe generatiorhasfin-
ished theuseris readyto analysehe OS-graphto getinformationabouttheconsidered
CP-net.Thefunctionthatgeneratethe OS-grapiimplementsanalgorithmfrom [67].
This algorithmis a naturalmodificationof the algorithmto constructa normal state
spacej.e.,anO-graph:Thetestof equalitybeforea nenv nodeis insertedjs replaced
by a testfor equivalence. Similarly, the algorithmto constructOS-graphgrecedes
insertionof anarcwith atestfor equivalence.

The algorithm is shavn in Fig. 9.9. It usesa numberof auxiliary functions:
Nodel Arc createsa node/arcin the OS-graphfor the given equivalenceclass,and
Node morewer addsits agumentto the setWaiting of unprocessedodes. Select
picks a nodefrom a given set. Represented usesthe predicatesFquivMark and
EquivBE, provided by the user to determinewhetherthe equivalenceclassof the
givennode/ards alreadyin the OS-graph.

9.4.2 A First useof the OS-tool

In this sectionwe will illustratethe draving facilities of the OS-tool. With respecto
verification,drawving is of minorimportance Generatiorof the OS-grapifollowed by
suitablequerieds thewayto verify systemsHowever, dravingsarevery adequatéor
presentatiorpurposes.Here,we will usethemto comparethe O- and OS-graphfor
the CPNmodelof Lamports Algorithm, for N = 3.

Part of the O-graphis shawvn in Fig. 9.10. To enhanceeadability we have only
shavn someof the markingsandsomeof the binding elements.Node 1 is the initial
marking. Thetext placedright abore thenodedescribeshemarking. Emptyplacesare
notlisted. In theinitial marking,threebindingelementsareenabled.They correspond
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1
start_1: 11+ 12+ 1'3
y: 10

x: 1'0
b: 1'(1,false)+ 1‘(2,false)+ 1'(3,false)

3:1->4

1:1->2
(setbi_2,<i=1,bi=false>)

(setbi_2,<i=3,bi=false>)

2
start_1:1'1+ 12

4
start_1: 12+ 13

x: 1

b: 1'(1,true) +
1'(2,false) +
1°(3,false)

Figure9.10: Part of O-graphfor the CPNmodelof Lamports Algorithm.

to the threeoutputarcsfrom nodel. Considerthe arcleadingfrom nodel to node2.
Fromthetext placednext to this arc, it canbe seenthatanoccurrenceof the binding
element(sethi_2, (i = 3,bi = false)), in theinitial marking,leadsto the markingof
node2. This markingis describedy thetext in thebox positionednext to node2.

Whenthe permutationsymmetryspecificationSGy, for the CPN modelof Lam-
port’s algorithmis implementedthe OS-graphcanbe generatecanddravn. Part of
it is shavn in Fig. 9.11. As in Fig. 9.10, we have associatedexts with the nodes
and arcs, which describethe correspondingnarking or binding element,chosenas
representatesfor theequivalenceclasses.

Let uscomparen detailthe partial O-graphin Fig. 9.10with the partial OS-graph
in Fig. 9.11. We will arguethatthey containthe sameinformation,namelyall occur
rencesequencesf the CPN modelwith at mosttwo single steps. Considernode 1
in the OS-graph. This noderepresentshe setof markings,which are equivalentto
theinitial marking. Becausahe permutatiorsymmetryspecificatioris consistentwe
know from item 1 of Def. 7 thatthe sizeof this equivalenceclassis 1. Hence nodel
in the OS-graphrepresentshe equivalenceclassconsistingexactly of nodel in the
O-graph.Nothingis savedyet.

Thingsimprove, however, whenwe considerthe immediatesuccessorsf nodel
in thetwo graphs.In the O-graph,nodel hasthreesuccessordn the OS-graphonly
onesuccessorThis is becausenodes2, 3, and4 in the O-graphare symmetric,i.e.,
belongto the sameequivalenceclass.For example,node2 canbe mappednto node4
by swappingthe processe4 and3. Theoccurringbinding elementswhich leadfrom
nodel to the nodes2, 3, and4, arealsosymmetric,andtherefore the OS-graphhas
only onearcfrom nodel to node2.

In a similar fashion,nodesb, 8, and 10 of the O-graphare symmetric. They are
all markingsin which two differentprocessesave executedonestatemeneach,and
they arerepresentetly node4 in the OS-graph.Thesamegoesfor thenodess, 7, and



9.5. CORRECTNESSFLAMPORT’'S ALGORITHM 99

tart_1: 1'1+ 1'2+ 1'3

1:1->2

2

start_1: 11+ 12
setx_3:13

y: 1'0

x: 1'0

b: 1‘(1,false) +
1'(2,false)+ 1'(3,true)

3:2->4

2:2->3
(setx_3,<j=0,i=3>) (setbi_2,<i=2,bi=false>)

3 4

start_1:1'1+ 12 start_1:1'1

ify0_4:1'3 setx_3: 12+ 13

y: 10 y: 10

x: 13 x: 1'0

b: 1'(1,false) + b: 1'(1,false) +
1'(2,false) + 1'(2,true) +
1'(3,true) 1'(3,true)

Figure9.11: Partof OS-graphfor the CPNmodelof Lamports Algorithm.

9. They areall markingsin which one processhasexecutedtwo statementsandare
representetdy node3 in the OS-graph.

9.5 Correctnesof Lamport’ s Algorithm

In this section,we describehow to verify Lamports Algorithm by meansof OS-
graphs.In Sect.9.5.1, somepropertiesexpressingthe correctnes®f Lamports Al-
gorithmarelisted. In Sect.9.5.2,thesearetranslatednto dynamicpropertiesof the
CPNmodel. Finally, in Sect.9.5.3,we considethow to verify dynamicpropertiesfor
CP-netausingOS-graphs.

9.5.1 Propertiesof Lamport’ s Algorithm

In [106], anumberof propertieshatmutualexclusionalgorithmsmustpossesn order
to becorrectarediscussedThesepropertiesarel to 4 listedbelow:

1. Mutual exclusion At ary time, no morethanoneprocesss in the critical sec-
tion.

2. Persistentreadability of thecritical section Whensereralprocesseattempto
enterthe critical section,eventuallyonewill do so. It is not possibleto have a
situationin which all processearestaned.

3. Nodeadlo&s No executionof the mutualexclusionprotocolcanleadto a situ-
ationin whichthereis no activity amongthe processes,e.,asituationin which
all processeareblocked.
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4. IndependenceThebehaiour of aprocesoutsidethe mutualexclusionprotocol
doesnotinfluencethe protocol.

In additionto theseminimal requirementsthereare someadditionalproperties,
whichwe would like to verify. They are:

5. Returnto start In ary execution,it is always possibleto returnto a statein
which all processearepositionedat the startlabel.

6. No deadcode Any statementlwayshasthe possibility of being executedby
someprocessn the future.

Obviously, therearelogical relationsbetweersomeof theseproperties For exam-
ple, No deadcodeimpliesNo deadlo&s

9.5.2 Translation into CPN Dynamic Properties

Now, we explain how the propertieformulatedfor Lamports Algorithm in the previ-

oussectioncanbe verified by meansof the CPN model. Eachpropertyof Lamports
Algorithm is translatednto a dynamicpropertyof the CPNmodel. Thenecessarjor-

mal definitionsaregiven aswe proceed.For a morecompletedescriptionof dynamic
propertiefor CP-netsthereaderis encouragedo consult[66].

Mutual exclusion. An integer boundfor aplacep is alimit onthenumberof tokens
onp in all reachablenarkings.Thebestinteger boundfor p is themaximalnumberof
tokenson p in ary reachablenarking. Formally:

Definition 10 n € Nisanintegerboundfor p € P, iff
VM € [My) : |[M(p)| < n.

If aninteger boundexists,p is saidto bebounded For a boundedlacep, thebest
integerboundis theminimaln € N sud thatn is aninteger bound. O

The Mutual exclusionpropertycanbe verified by consideringhe placeCS_21 in
the CPN model(seeFig. 9.2): WhenCS_21 containsa token with colour, it corre-
spondsto process beingin the critical section. If 1 is aninteger boundfor CS_21,
thenatary time atmostoneproceswill bein thecritical section.

Persistent reachability of the critical section. A transitiont is impartial , iff in
ary infinite occurrencesequencetartingin theinitial marking,¢ hasinfinitely mary
occurrencesi-ormally:

Definition 11 Let70OS bethesetofinfinite occurencesequencestartingin M, and
OC¢(o) bethe numberof occurencesof a transitiont € 7' in an infinite occurence
sequence € 10S.

Atransitiont € T isimpartial, iff Vo € I0S : OCy(o) = oc. 0
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The Persistentreadability of the critical sectionpropertycanbe verified by con-
sideringthe transitionsety0_23: Whenit occurs,process is leaving the critical sec-
tion. If sety0_23 is impartial, thenwe cannothave aninfinite occurrencesequencén
whichthecritical sectionis notleft and,hencenotenterecdby someprocessaninfinite
numberof times. Thus,the critical sectionalwaysremainsreachable.

However, if no infinite occurrencesequenceexists, the impartiality propertyis
trivially fulfilled. We thereforealsohave to establisithe existenceof aninfinite occur
rencesequence.

No deadlocks. A markingM is dead iff no binding elements enabledn M. For-
mally:

Definition 12 AmarkingM € M is deadiff Vo € BE : =M|z). O

TheNo deadlo&s propertycanbe proveddirectly by proving thatthe CPNmodel
hasno deadmarkings:Then,at ary time during execution,at leastonetransitionwill
beenabledand,henceatleastoneprocesswill beableto executea statement.

Independence. For this property we only needthe basicconceptsof markingsand

enablingalreadydefinedin Defs.3 and4. The Independenceropertyis established,
if we canverify thata processannotbe forcedto enterthe mutualexclusionprotocol

in orderto unblock processeswhich are executingthe mutual exclusion protocol.

Entering the mutual exclusion protocol correspondgo occurrenceof the transition

setbi_2. All othertransitionsof the CPN modelareinternalto the protocol. Whatwe

wantto shaw, is thatif setbi_2 is the only enabledtransition,thenall processesare

outsidethe protocol,i.e.,onthe placestart_1.

Return to start. A setof markingsX is a homespace iff it is possiblefrom ary
reachablenarkingto reachoneof themarkingsin X. Formally:

Definition 13 A setof markingsX C M is a homespace iff
VM e [Mp) : X N [M) # 0. O

TheReturnto start propertyholds,if the setof markingsX describedext consti-
tutesahomespaceA markingM belonggo X, iff it is identicalto theinitial marking
for all placesbut x, whichis allowedto containary single P1 D-token— in contrast
to y, = will never beequalto 0, exceptfrom atthevery beginning.

No deadcode. A transitiont is live, iff from ary reachablenarking,we canreacha
markingin which ¢ is enabled Formally:

Definition 14 Atransitiont € T is live, iff
VM’ € [My) AM" € [M'") 3z € BE(t) : M"|[x). O

TheNodeadcodepropertyholds,if all transitionsarelive: Livenes®f atransition
meanghatthe correspondingtatemenaiwvayshasthe possibility of beingexecuted.
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No fairness. In additionto the propertiedistedin Sect.9.5.1,yet anothemroperty
of Lamports Algorithm is easyto derive from the CPN model. The algorithmis not
fair: Any processwvantingto enterthe critical sectionmay be staned forever. In the
CPNmodelin Fig. 9.2,aninfinite occurrencesequencstarvingary givenprocessan
easilybe constructed.

9.5.3 Verification by Meansof OS-graphs

It canbe formally proved that with a consistenpermutationsymmetryspecification
all standarddynamicpropertiesof a CP-netare presered up to symmetryin the OS-
graph. This meansthat we can verify suchdynamicpropertiesby consideringthe
OS-graphinsteadf the O-graph.Thestandardlynamicpropertieof a CP-netaretra-
ditionally dividedinto readability, boundednesiome live, andfairnessproperties.
Thesédfive setsof dynamicpropertiedncludethe propertiesntroducedn Sect.9.5.2.

To verify the dynamicpropertiesof a CP-netfrom the OS-graphit is alsoworth-
while to constructthe strongly connecteccomponent{SCCs)of the OS-graphand
considerthe SCC-gaph [67]. Investigatingthe SCC-graphinsteadof the OS-graph
may significantlyspeedup the checkof a dynamicproperty Using Tarjans algorithm
(see,e.qg.,[48]) or a similar algorithm, the constructionof the SCC-graphis aninex-
pensve operation.ts time compleity is linearin the sizeof the OS-graph.

Beforewe shav how to verify dynamicpropertiesof a CP-netusingthe OS-and
SCC-graphwe will fix someterminologyandnotation. Thesetof hodesin the SCC-
graphis denotedSCC'. A nodein the SCC-graplor the OS-graphis calledterminal
iff it hasno outgoingarcs. The setof terminal nodesin an SCC-graphis denoted
SCCr. A nodein the SCC-graphis calledtrivial, iff it correspond$o onesinglenode
in the OS-graphandhasno arcs. The setof trivial nodesin the SCC-graplis denoted
SCCrg.

Proposition2 belonv containsproof rules specifyinghow to investigatethe OS-
andthe SCC-graphA proofrule statesarelationshipbetweera dynamicpropertyof a
CP-netandthe correspondingdS- or SCC-graph.The proof rulesareexplainedafter
the proposition.The proofsof theitemsof the propositioncanall befoundin [67].

Proposition2 Leta consistenpermutationsymmetrySG for CPN begiven. Then
thefollowing holds.

1. Bestintegerbound
LetV bea setof representativegor the nodesof the OS-gaph,andletp € P.
Thenthebestinteger boundfor pis: max yrev | M (p)|.

2. Impartiality:

Lett € T, andlet SCCpg\; denotethe SCC-gaph derivedfromthe OS-gaph
afterremawing all arcscontainingt € T'. Then:

tisimpartial & Ve € SCCpg\, : cistrivial.

3. Existenceof an infinite path startingin Mj:
I0S # ) < SCCrr # SCC.
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4. Deadmarking:
LetM e [My). Then:
M is dead< [M] is terminal.

5. Homespace

Let X C M andlet X¢ denotethe set of strongly connecteccomponentgo
which somemembetrof X belongs.Then:

[X]isahomespaces SCCr C X°©.

6. Enabling:
Lett € T. Then:
t is enabledn M < t appeas on an outputarc from [M].

7. Liveness

LetT'(c) denotethe setof transitionsappearingon arcsin a strongly connected
component, andlett € T'. Then:

tislive & Ve e SCCrp : t € T(c). O

The upperinteger boundof a place may be found by visiting all nodesof the
OS-graph. For eachnode, the numberof tokensin the consideredblaceis found.
Finally, themaximumof all thecomputechumberss returned.This proofruleis valid
becausary permutatiorsymmetrypreseresthe numberof tokenson eachplace,and
all reachablenarkingshave arepresentate in the OS-graph.

A transitiont is impartial, iff it appearson anarcin all cyclesof the OS-graph.
Thisis thesameassayingthatif all arcscontainingt areremovedfrom the OS-graph,
thenthereareno cycles,i.e., all stronglyconnectedcomponentsretrivial. This proof
rule is valid becauseary permutationrsymmetrymapsa binding elementto a binding
elemenibf the sametransition.

Obviously, aninfinite occurrencesequencestartingin the initial marking M ex-
ists,iff thereis a stronglyconnectedomponentvhichis nottrivial.

A reachablenarking M is deadiff the correspondingquivalenceclassin the OS-
graphis terminal,i.e., it hasno outgoingarcs.Thisis thesameassayingthatthereare
no enabledbinding elementsn ary markingof the equivalenceclassof M.

With OS-graphsit is not possibleto distinguishequivalentmarkings. Thus, we
cannotshav thatanarbitraryset X of markingsis a homespace.However, whenall
markingsthatareequialentwith markingsin X areconsideredthefollowing holds:
This setof markingsis a homespaceiff all terminalnodesin the SCC-graptcontain
anodefrom X. This proofruleis valid becausdrom ary reachablanodein the SCC-
graph,it is possibleto reacha terminalnodein the SCC-graphrandhencean element
of [X].

A transitiont is enabledn amarking M/, iff theequivalenceclassof M in the OS-
graphhasanoutputarc containingt. This follows immediatelyfrom the consisteng
requirementandthe obsenationthatpermutatiorsymmetriepreserestransitions.

A transitionis live, iff it appearson anarcin eachof the terminalstrongly con-
nectedcomponentsThis proof rule is valid becauseary permutatiorsymmetrymaps
abindingelemento a bindingelementof the sametransition.
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Thereaderinterestedn a completetreatmentof how the standarddynamicprop-
ertiesare verified usingthe OS- andthe SCC-graphis referredto [67]. The crucial
obsenationto malke hereis thatto usethe OS-tool, it is not necessaryo know these
details. The OS-toolcontainsa full implementatiorof all the proof rulesfrom [67],
andthe usersimply hasto invoke the appropriatequeryfunction andinspectthe re-
turnedresult. Examplesof thiswill begivenin thenext section.

9.6 Carrying out the Verification

In this section,we considerthe actualverificationof Lamports Algorithm usingthe
OS-tool. Section9.6.1describesiecessarpreparationsSection.9.6.2reportson the
applicationof the OS-tool, andincludesstatisticsgatheredto compareO- and OS-
graphs.Finally, in Sect.9.6.3,the obtainedverificationresultsarediscussed.

9.6.1 Preparation of the Verification

In orderto usethe OS-toolfor verificationof Lamports Algorithm, we have to prove
thatthepermutatiorsymmetryspecificationS G, is consistenti.e., prove thatthethree
requirementsn Def. 7 arefulfilled. The proof, whichis includedin full detailin [77],
consistof alarge numberof casesall of which aretruly trivial. We will notpresent
the proofin this paper Onething relatedto the proof should,howvever, be notedatthis
point. In Sect.9.2.1,we modelleda more generalform of the for-statementn Lam-
port’s Algorithm. We did not specifythe orderin which theentriesin the b-arraywere
to betested.Hadwe doneso, the permutatiorsymmetryspecificationvould not have
beenconsistent.Thereasonis thatif the entriesareto betestedin turn staringfrom
b[1], thenanorderingis imposedon the processes Lamports Algorithm. Hence all
processearenottreatedn the sameway from a symmetricpoint of view.

Oncethepermutatiorsymmetryspecificatioris provedconsistentthe OS-toolcan
beapplied.Verificationof Lamports Algorithm amountgo thefollowing stepswhich
will bediscussedbelow.

1. Implementatiorof the permutatiorsymmetryspecification.
2. Generatiorof the OS-graph.
3. Generatiorof the SCC-graptfor the OS-graph.

4. Invocationof suitablequeryfunctions.

Item 1 consistof implementinghe predicated/quiv M ark and Equiv BE previ-
ouslydiscussedn Sect.9.4.1.Theutility functionsprovidedby the OS-toolto support
theimplementatiorof the predicatesaredescribedfogethemwith the underlyingdata
structuresin [2]. In this paper we will notdescribehow to implementthe two pred-
icates. They areincludedin full detailin [77]. For a CPN modellike the one for
Lamports Algorithm, it is very easyto programa nawe versionof FquivMark and
FquivBE. Onewayto implemente.g.,EquivMark is justto let it testall permuta-
tion symmetriesn turn. If oneis foundthatmapsthefirst markinggivenasarmgument
to the second true is returned,otherwisefalseis returned. However, for efficiency
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reasonsit is important— andindeedpossible-to write the predicatesn amoreclever
way.

When the permutationsymmetry specificationhas beenimplemented the OS-
graphandthe SCC-graphcanbe generateditems2 and 3). This is fully automatic
— two generatiorfunctionsareavailablevia menus.Finally, suitablequeryfunctions
(item 4) canbeinvokedto producethe desiredverificationresults.

Figure 9.6.1 shaws how the correctnes®f Lamports Algorithm, asformulated
in Sect.9.5, is expressedas query functionsin the OS-tool. The mutual exclusion
property(lines 1-2) is checled usingthe standardqueryfunction Upperinteger. This
function takes a placeas agumentand returnsthe bestupperinteger boundof the
place. The placeCS_21 is referredto by Mark.LamportCS_21 1. The impartiality
of the transitionsety0_23 is checled usingthe queryfunction Isimpartial (lines 4-5)
which takes a transitionas agument,and checkswhetherthe transitionis impatrtial.
The transitionsety0_23 is referredto by Tl.Lamport'sety0_23 1. The existenceof an
infinite occurrencsequencés easilychecledby inspectinghenumberof nodedn the
SCC-graphlf therearefewernodedn the SCC-graphhanthe OS-graphanon-trivial
SCCnodeexists.

The absencef deadlockgropertyis checled usingthe queryfunction ListDead-
Markings (lines 7-8). This function lists the equivalenceclassesontainingthe dead
markings.If thislist is empty we know thatthe CP-nethasno deadmarkings.

Theindependencpropertyis verifiedusingthequeryfunctionPredAllNodes (lines
10-12),whichtakesa predicateasargument,andreturnsthe equivalenceclassesatis-
fying the predicate. The predicateexpresseshatwe aresearchingor theequialence
classesn which the transitionsetbi_2 is the only enabledransition,andwheresome
procesds not positionedat the startlabel. If no equivalenceclassesatisfythis prop-
erty, we have verifiedindependence.

To establishthe returnto startproperty we usethe query function HomeSpace
(lines 14-16),which takesa list of equivalenceclassesand checkswhetherthe cor
respondingset of markingsconstitutesa home space. We use the query function
PredAllNodes to obtainthe list of equivalenceclassesvhereall processesre posi-
tionedatthe startlabelandy is 0. Finally, we verify the no deadcodepropertyusing
thequeryfunctionListLiveTls (lines 18-19),which lists thelive transitions.We check
thatthelive transitionsequalsthe setof all transition(TI.All).

9.6.2 Application of the OS-tool

An inherentpropertyof the occurrencegraphmethodis thatary graphis generated
for a fixed value of the systemparameters— in this casethe numberof processes
N. Thus,Lamports Algorithm wasverified for a setof fixed values.The computing
power availabledetermineghe possiblevaluesof N. Theresultspresentedherewere
obtainedon a SUN Ultra SparcWorkstationwith 512MB of RAM.

In addition to generatingand analysingthe OS-graphswe also consideredO-
graphs. This is a main point, becauseahe overall goal of usingOS-graphss to save
space andwe wantto demonstratéhat this wasactuallyaccomplished.Table 9.6.2
containsthe sizesof the O- and OS-graphs.The columnswith headlineRatio shavs
thereductionfactorfor the OS-graphcomparedvith the O-graph.It holdsthenumber
of nodesandarcs,respectiely, for the O-graphdivided with the correspondingnum-
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1. (* — Mutual Exclusion— *)

2: Upperintger (Mark.Lamport’'CS21 1);

3:

4. (* — PersistenReachabilityof thecritical section— *)
5. IsImpartial(Tl.LamporsetyQ231);

6:

7: (* — No deadlocks— *)

8: ListDeadMarkings);

9:
10: (* — independence-*)

11: PredAlINodegfn n => (OnlyEnabled(TIl.Lamporsetbi 2 1 n)) andalso
12: ((Mark.Lamportstart1 1 n) <><> PID));

13:

14: (* — returnto start— *)

15: HomeSpacéPredAllINodeqfn n => ((Mark.Lamportstart1 1 n) == PID)
16: andalsq(Mark.Lamport'y1l n) == 1'0)));

17:

18: (* — No deadcode— *)

19: ListLiveTIs() = TLAII;

Figure9.12: Queriesfor the correctnessf Lamports Algorithm.

Nodes Arcs
O-graph OS-graph Ratio || O-graph OS-graph Ratio || N!
380 191 2.0 716 358 20| 2

19,742 3,367 5.9 58,272 9,788 6.0|| 6
1,914,784 83,235 23.0| 9,046,048 383,030 23.6| 24

~ownNnZ2

Table9.1: Sizesof O- andOS-graphs.

berfor the OS-graph.The outermostight columnlists thefactorial N! of N, i.e., the
sizeof thegroupof permutatiorsymmetries.

Dueto the stateexplosionproblem,O-graphscould only be generatedor values
of IV upto 3 with the available computingresourcesin spiteof this, for N = 4, we
actuallydo know the sizeof the O-graph. It is calculatedrom the OS-graph.Using
algebraicgrouptheory we have designedan efficient algorithmto do so without un-
folding. The detailsof the methodaredescribedn [79]. This algorithmis interesting,
becausdt enablesisto comparehesizesof the O- andOS-graphgvenwhengenera-
tion of the O-graphis impossible . Thealgorithmalsoturnedout to beasignificanttest
to justify thattheimplementatiorof the permutationrsymmetryspecificationj.e., the
predicatesF quivMark and EquivBE wascorrect,in the sensehatit capturedthe
intendedassignmendf symmetrygroupsto theatomiccoloursets andtheinheritance
rulesfor the structuredcolour sets. Moreover, the algorithmwassuitableto increase
our confidencen the consisteng of the choserpermutationsymmetryspecification.
For N < 3, if adiscrepang betweenthe size of a generatedD-graphandthe size
calculatedrom the OS-graphappearedthenwe know thatsomethings wrong. Using
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Second®f CPUTime
N || O-graph OS-graph Ratio
2 1 1 1
3 66 16 4
4 - 3,637 -

Table9.2: Generatiortimesfor O- andOS-graphs.

this test,we correctedtwo non-trivial errors(see[77]) in our initial implementation
of EquivMark. Whenanaccordancéetweenthe sizesobtainedby generatiorand
calculationwasrecordedit wasvery strongevidencethatthe CPNmodelandtheper
mutationsymmetryspecificatiorwereasintended.In thisway, thealgorithmwasused
to narrav the gapbetweenthe abstractpermutationsymmetryspecificationj.e., the
assignmenof algebraicggroupsto the atomiccoloursets,andits implementation.

Now, considerthe time usedfor the verification. Generatiorof SCC-graphand
evaluationof queryfunctionstake arelatively shorttime. Thedominantime-consuming
taskis to generatehe OS-graphsor the O-graphswhenwe wantto compare.These
generationtimes are containedin Table 9.6.2. An empty entry (-) signalsthat the
measureouldnot be obtained.

9.6.3 Discussionof the Verification

With OS-graphswe could verify Lamports Algorithm for all N < 4. Resultsfrom
gueriesin the OS-toolshaved thatthe correctnesgropertiedistedin Sect.9.5were
true. From Table9.6.2,it canbe seenthatfor a given IV, the O-graphis almostNV!
biggerthanthe OS-graph.This is remarkable Becauseno morethan N'! permutation
symmetriesare available,an equivalenceclasscannotbe biggerthan N!. Therefore,
N!isatheoreticalimit onthesizeof the O-graphdividedby thesizeof the OS-graph,
i.e., thereductionobtainedis almostmaximal. From Table9.6.2,it canbe seenthat
for agiven N, generatiorof the OS-graphwvasfasterthangeneratiorof the O-graph.
Eventhoughwe only have two obserations,they indicatewhatseemdo beageneral
fact: Whatit lost on a more expensve teston equivalenceof markingsandbinding
elementsjs accountedor by having fewer nodesandarcsto generateandalsoto
comparewith beforea new nodeor arccanbeinsertedn the OS-graph.

As explainedin the beginning of this section,a slightly generalisedsersion of
Lamports Algorithm wasthesubjectfor our verification,becaus®f a problemcaused
by thefor-statementvith respecto applyingOS-graphsThe modelof thegeneralised
algorithmhasa larger O-graphthanthe modelof the original algorithm. Thus, even
thoughOS-graphyield big savings,in somecasesthestartingpointfor usingthemis
worsethanthe startingpoint for usingO-graphsHowever, it is still worthwhileto use
OS-graphsfor N = 3, the O-graphfor the CPN modelof the original algorithmhas
11,978 nodesand32, 226 arcs. The OS-graphfor the CPN modelof the generalised
algorithmhasonly 3, 367 nodesand9, 788 arcs.As anaside afterour own verification
of Lamports Algorithm, we discoreredthatfor-statementsave alsobeenidentifiedas
causingproblemswith respecto exploiting symmetriesn verificationin [65].

At afirst glance thevaluesof N, for which Lamports Algorithm canbe verified,
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Nodes Arcs

N O-graph  OS-graph Ratio O-graph OS-graph Ratio N!

2 268 135 1.9 484 247 1.9 2
3 6,134 1,071 5.7 16,296 2,765 5.9 6
4 118,176 5,755 20.5 410,244 18,600 22.1 24
5 2,071,872 24,035 86.2 8,892,460 91,383 97.3|| 120
6 34,258,216 83,895 408.4 175,300,026 361,151 485.4| 720
7 || 543,954,112 255,394 2129.9|| 3,233,579,902 1,213,953 2663.7| 5040

Table9.3: Sizesof O- andOS-graphs- atomicfor-statement.

might notimpress.We would of coursdlike aslarge valuesaspossible.Cananything

bedonewith respecto creatinga modelmoresuitablefor occurrencegraphanalysis?
Theanswelis yes,but we paya price with respecto the credibility of the verification.

If we modelthefor-statemenin a coarserffashionwe arebeableto dotheverification

for all N < 7. Theway to modify the modellingof the for-statements to have one

transition,which is enabledvhenall b[i]'s are false, insteadof testingall the entries
of the b-arrayindividually. Thesizeof the OS-graphsaandO-graphgfor comparison)
usingthis coarsemodellingarelistedin Table9.6.3.

The coarsemodelling of the for-statementanbe informally justified by the ob-
senation thatwhena processstartsthe executionof the for-statementijt hasto read
all the entriesin the b-array In betweenthe readingof the individual entries,there
is no writing to ary of the sharedvariables,andhencethe processannotcorvey ary
informationto the other processesluring the executionof the for-statementhereby
possiblyinfluencingtheir execution. Therefore the procesamight aswell “wait” un-
til all entriesare false andthencontinueexecution. The coarsermodellingis a bit
dangeroughough, becausét violatesthe assumptioraboutatomicity in Lamports
Algorithm. A non-atomicstatements modelledasif it wasatomic,jeopardisinghe
correctnessf themodel.

9.7 Conclusions

The main contritutions of this paperare the presentatiorof the developedOS-tool
supportingverification of CP-netshy meansof OS-graphsandthe demonstratiorof
the OS-graphmethodon a non-trivial example. Using OS-graphsit waspossibleto
verify the crucial propertiesof Lamports Algorithm. Oncethe permutationsymme-
try specificationwas proved consistentand implementedin termsof the predicates
FEquivMark and EquivBE, the verification was very easyand almostautomatic:
Generatean OS-graphandan SCC-graphandinvoke suitablequeryfunctionsin the
OS-tool.

9.7.1 Verification of Lamport’ s Algorithm

In our searcHor agoodexampleto demonstratéhe OS-toolfor verification,theinspi-
rationto considerLamports Algorithm camefrom Balboetal. [3]. Here,theauthors
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verify Lamports Algorithm usingColouredStochastid®etriNets[91] andplaceinvari-
ants.Balboetal. verify Lamports Algorithm on a modelin which thefor-statements
modelledin the coarsefashiondescribedat the endof Sect.9.6. An adwantageof the
approactof Balboetal. is thatLamports Algorithm is verifiedfor anarbitraryvalue
of N.

In the original presentatiorof Lamports Algorithm in [88], Lamporthimself es-
tablishescorrectness.Here an axiomaticmethoddecoratingthe algorithmtext with
assertionss applied.Lamportconcentratesn establishingleadlockreedomandmu-
tual exclusion. As in [3], the propertiesare proved for anarbitraryvalueof N. Both
Balbo et al. and Lamport conductcomplex and lengthy mathematicalproofs. For
the mutualexclusionproperty the formeronly sketchthe proof, while the lattermore
generallyrelieson a numberof proof sketches.

Balboetal. alsostudythe performancef Lamports Algorithm. It is animportant
subject,but outsidethe scopeof the work we presentin this paper With respecto
the logical behaiour of the algorithm,we establishsimilar propertiesto Balbo et al.
andLamport,plus otherimportantproperties.The main virtue of our proofis thatit
is almostautomaticand,hence muchlesserrorprone. We do not needto engagen
detailedor complex mathematicahrguments Basedon this, we claim thatour results
arequitereliable.

Verificationbasedon OS-graphslsohassomedravbacks. First of all, it is nec-
essaryto fix the systemparameter— in this casethe numberof processesSecondly
the numberof processeswhich canbe handledpresentlyis restrictedto N < 4 (or
N < 7 with a coarsemodelling). Therefore,it is relevantto askif we could have
donebetterwith respectto the chosenmethodof verification, e.g., if we had com-
binedsymmetrieswith othermethodsfor condensingccurrencegraphs.Oneideais
to considerHaddads structuralreductiong54]. However, by inspectingof the CPN
modelin Fig. 9.2,it canbe seenthatthe conditionswhich arerequiredin orderto use
structuralreductionsarenot present.Yet anotherideais to apply Valmari's stubborn
setg[86,125]. It is generallyrecognised32] thatstubbornsetsandsymmetriesanbe
appliedsimultaneouslythusyielding aneven smalleroccurrenceyraph.

9.7.2 Tool Support for OS-graphs

Developing tool supportfor OS-graphsnvolved making a numberof designdeci-
sionsasto how thetool shouldsupportthe userin conductingverificationof systems.
A key designchoiceis whetherthe symmetriesshouldbe automaticallydetectedoy
the tool or be provided by the userbasedon knowvledgeof the systembeing consid-
ered. We have chosenthe latter approachfor two main reasons.Firstly, computing
the symmetrieds expensve, andit is our experiencethat the useralwayshassome
knowledge/intuitionaboutthe potentialsymmetriesof the system. For example,in
Lamports Algorithm, it is obviousthatthe symmetryis in the processesSecondlyif
thetool detectghe symmetriesn the systemijt might resultin symmetriesvhich are
difficult to interpret,andthe tool may evenfail to detectthe symmetriegdueto, e.g.,
anerrorin thedesigncausingthe systemto behae asymmetrically

An alternatve to computingthe symmetrieds to put narrav syntacticallyrestric-
tionsonthe modellinglanguagen sucha way thatonly symmetricconstructsareex-
pressible.Suchideashave beenpursuedor Well-formedColouredNets (WNs) [13].
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Detectionof symmetriesn WNs canbefully automatedthuseffectively eliminating
theneedof conductinga consisteng proof. For flexibility reasonwe have chosemot
to basethe OS-toolon putting syntacticalrestrictionson CP-nets.This impliesthata
proof of consisteng hasto be conducted Proving the consisteng of the permutation
symmetryspecificationis tedious becaus®f themary casesn the proof, which need
to be considered.Therefore,it would be preferable|f the tool could checkmostof
thesecasesautomatically This canbe donein away similar to the checkingof a pro-
posedplaceinvariantasdescribedn [67]. Thetool may not be capableof conducting
afull proof of consisteng but may significantlyreducethe numberof caseghatthe
userneeddo consider

With respecto detectionof symmetriespur approachs similar to the approach
to exploiting symmetrydescribedn [22,23,26] andimplementedn the SYMM tool.
In [26], symmetriesare alsocombinedwith binary decisiondiagramsBDDs) to de-
sign an efficient model checkingalgorithm. In contrast,the Murphi programming
language/enronment[65], relieson automaticdetectionof symmetriegdirectly from
thesyntaxof thedescriptiolanguage Thesamds thecasdor the SMCtool [34,111].

A fundamentabspecbf putting OS-graphsnto practiceis to be ableto determine
whethertwo markings/bindingelementsare symmetricor not. The computational
compl«ity of this problemhasbeenstudiedin a numberof papers,e.g.,[22, 26],
shawing thatthe problemis equivalentto the graphisomorphismproblemfor which
no polynomialtime algorithmis known. This mayindicatethatthe useof OS-graphs
is impractical. However, it is our experiencethatwhatis lost on a expensve teston
equialenceof markingsandbindingelementsis accountedor by having fewernodes
andarcsto generateandalsoto comparewith beforeanewn nodeor arccanbeinserted
in the OS-graph.

In the OS-toolthe equivalencetestis handledby the two functions Equiv M ark
and FquivBFE provided by the user Casestudieswith the OS-toolhave shavn that
writing thesetwo predicateds errorprone. Therefore,we planto addanimproved
interfacefor permutationsymmetryspecifications:The useris only asled to assign
thechosersymmetrygroupsto theatomiccoloursets.The OS-toolthenautomatically
generate¥/quivMark and EquivBE.



Chapter 10

Verification of Coloured Petri NetsUsing
State Spaceswith EquivalenceClasses

The paper\erification of Coloured Petri Nets Using State Spacewith Equivalence
Classesconstitutingthis chapterhasbeenpublishedas a technicalreport[72], asa
workshoppaper[73], andasabook chapte75].

[72]

[73]

[75]

J.B. JggenserandL. M. Kristensen Verificationby StateSpacesvith Equiv-
alenceClassesTechnicalreport,Departmenbf ComputerScience University
of Aarhus,Denmark,Februaryl997.DAIMI PB-515.

J.B. JggensemandL. M. Kristensen.Verificationof ColouredPetri NetsUs-
ing StateSpaceswith EquivalenceClasseslin: B. Farwer D. Moldt andM-O.
Stehr(Eds): Proceedingof Workshopon Petri Netsin SystemEngineering
(PNSE’'97)Modelling, Verification,and Validation,Hamhurg, Germary, Publi-
cationNo. 205, Universitit Hamhurg, Fachberichnformatik, pp. 20-31,1997.

J.B. JggenserandL. M. Kristensen Verificationof ColouredPetriNetsUsing
StateSpaceswith EquivalenceClasses.In: W. v. d. Aalst, J.-M. Colom, F.
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Verificationof ColouredPetriNetsUsing
StateSpacewith EquivalenceClasses

J.B. Jagenseh L. M. Kristensen

Abstract

This paperdemonstrateshe potentialof verificationbasedon statespaces
reducedby equivalencerelations.The basicobsenationis thatquite oftensome
stateof asystemaresimilar, i.e., they inducesimilar behaviours. Similarity can
be formally expressedoy defining an equivalencerelation on the setof states
andon the setof actionsof a systemunderconsiderationA statespacecanbe
constructedn which the nodescorrespondo equivalenceclassef statesand
thearcscorrespondo equivalenceclasse®f actions.Sucha statespacds often
much smallerthanthe ordinaryfull statespaceput it doesallow derivation of
mary verificationresults.

Otherresearcherbave takenadvantageof the symmetriesn systemswhich
inducea certainkind of equivalence. The contribution of this paperis to shov
thata moregenerainotionof equivalences useful. As arepresentatie example
a communicatiorprotocolis verified. Aided by a developedcomputertool sig-
nificant reductionsof statespacesare exhibited, representingsomefirst results
on the practicaluseof statespaceswvith equivalenceclassedor ColouredPetri
Nets.

Keywords: StateSpaceBasedApproacheskfficientModel Checking,Tools,
ColouredPetriNets, CommunicatiorProtocols,Reductionby Equivalenceand
Symmetry

10.1 Intr oduction

In the researchon verificationof parallelanddistributed systemsattentionhasbeen
given to take adwvantageof symmetry[35] to alleviate the stateexplosion problem.

Symmetryappearsvhena systemis composedf similar componentswhoseidenti-

tiesareimmaterialwith respecto statespaceverification. As anexample considethe

well-known dining philosophersystem.A stateof this systemin which philosophers
1 and3 areeating,is symmetricto a statein which philosophers3 and5 areeating.

Thefirst statecanbe mappedo the secondby the permutationwvhich rotatesphiloso-

pheri into philosopheri + 2 (modulothe numberof philosophers) Symmetryis also

presenin mary real-world systems.

*SystematicSoftwareEngineeringhA/S, DK-8230 Aabyhgj, DENMARK.
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TDepartmenbf ComputerScienceUniversity of Aarhus,DK-8000AarhusC., DENMARK.
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Statespacesvith equivalenceclasse4SSEs)arepresentedn [67] underthename
occurrencegraphswith equivalenceclasseq OE-graphsasa theoreticalgeneralisa-
tion of statespacedasedon symmetrieslin [67] it is notedthatthe experiencesvith
practicaluse of SSEsareratherlimited. Moreover, in the examplesof SSEsgiven
in [67] the equivalencerelationsare definedusing only the structureof the systems
underconsideration.In particular symmetryis a structural,static notion, basedon
permutatiorof similar componentsThe contritution of this paperis to recognisehat
sometimesa moredynamickind of equivalenceis beneficial,andto demonstrat¢hat
SSEsareapplicabldor this purpose SSEsaredescribednddefinedfor theformalism
of ColouredPetriNets(CP-netsor CPN)[66], but theideageneralisegnmediatelyto
formalismsallowing anexplicit representatioof both statesandactionsof systems.

This paperis organisedas follows: Section10.2 introducesthe communication
protocolto be usedas exampleandthe propertiesthat we are going to verify. Sec-
tion 10.3 presentghe conceptof SSEsandshavs how to defineappropriateequiva-
lencerelationson the statesandactionsof the consideredexample.In Sect.10.4,the
exampleis verified: It is first provedthattheequialencerelationsareconsisten{well-
defined) ensuringthatthe SSEscanactuallybe usedto derive the desiredverification
results. Thenit is describechow the verificationwascarriedout usingthe developed
computertool. Finally, statisticsarepresentedo compareverificationbasedon SSEs
andverificationbasedon ordinaryfull statespacesSection10.5presentsometech-
niquesto supportthe proof of consisteng by a computertool. Section10.6 drawvs
the conclusionsanddiscussrelatedwork. Thereaderis assumedo be familiar with
CP-netsasdefinedin [66].

10.2 An Example- The Transport Protocol

In thissectionwe presena CPNmodelof aprotocolfrom thetransportayerof theISO
referencanodel(seee.g.,[29]). In thefollowing this protocolwill bereferredto asthe
transportprotocol This sectionalsointroducesthe basicnotationrelatedto CP-nets
usedin subsequengections.The CPN modelhasbeencreatedwith the Design/CPN
tool [16, 99] supportingCP-nets. The computertool developedand appliedin this
paperfor verificationbasedn SSE78] is anintegratedpartof the Design/CPNuool,
andis referredto asthe Design/CPNCondensed&tateSpacerool.

Thetransportayeris concernedvith protocolsensuringreliabletransmissiorbe-
tweensites. The CPN model of the transportprotocolis shavn in Fig. 10.1. The
systemconsistsof a sender(left), which wantsto transfersomedatato a receiver
(right). Communicatiortakes placeon an unreliablenetwork(middle), with risk of
lossandovertaking. The datais atext string, split into substringsof lengtheight,and
eachassigneasequencaumber A pair consistingof asequenceumberandastring
is calleda datapadet Datapacletsmustberecevedin theright order Wheneer a
datapaclet is receved, an acknowledgmentis sent. The protocolis a stop-and-wait
protocol: The sendekeepssendingcopiesof the datapaclet thattherecever expects
next, until the sendergetsa properacknavledgementfrom the recever. Then,the
sendestartssendinghenext datapaclet. Thetermpadket is usedgenericallyfor both
datapacletsandacknavliedgements.

The stateof the senderis modelledby the two placesSend andNextSend. Send
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1'(1,"Reductio")+

- 1(2,"n by equ")+ -
Declarations @ 1'(3 "valence"y+ Received
(* Colour sets %) INTXDATA L(a, ) DATA |4
(* Sequence numbers*) (n,d)

color INT =int; if n=k
andalso
d<>stop
then revid
else rev

if success

INTXDATA then1'(nd)  INTXDATA

(* Packet contents *) Send (n.d) (n,d) Trans | else empty ! e
color DATA = string; Data Data

(* Data packets *)

color INTXDATA =
product INT * DATA;

1 .
color E = with e; @ 2'e
color BOOL = bool; E

if success
then empty
else l'e

if success

(* Variables *) k max(k,n) then empty then k+1

var n,k: INT; else 1'e else k it n=k
var d,rcv: DATA; then k+1
var success: BOOL,; Rec Trans : J elsek
(* Constants *) Ack n C if success Ack n

val Stop = "HHHHHHIH", INTthen 1'n INT

else empty

Figure10.1: CPNmodelof the TransportProtocol.

containsall datapaclets,andNextSend containghe sequencaumberof the next data
paclet to be sent. The stateof therecever is, in a similar way, modelledby the two
placesReceived and NextRec. Received containsthe datareceved until now, and
NextRec containsthe sequencaumberof the datapaclet expectednext. The stateof
the network is modelledby the circular networkplaces A andB which may contain
datapaclets, and C and D which may containacknavledgements.The place Limit
is usedto modelthat the network hasa certaincapacity i.e., that the network can
maximally containa certainnumberof pacletsat atime. This alsoensureghatthe
systemhasa finite statespace.

Theactionsof thesendercorrespondo thetwo transitionsSendData andRecAck.
SendData modelssendingof datapacletsandRecAck modelsreceptionof acknavl-
edgementsTherecever hasonly oneaction,correspondingo thetransitionRecData
which modelsreceptionof datapaclets andsendingof acknaviedgements.The ac-
tions of the network correspondo the two transitionsTransData and TransAck mod-
elling transferof paclets. Thepossibility of losingpacletsonthenetwork is modelled
usingthe booleanvariablesuccess. In occurrence®f the transitionsTransData and
TransAck, success canbe boundto eithertrue or false. Theformercasecorresponds
to successfutransmissionthe latterto lossof a paclet.

Theinitial markingsof the placesarewritten next to the placegandomittedwhen
empty). For example,Send initially containsall datapaclets,all four network places
areempty andReceived containghe emptystring (“*).

The propertiesvhich we wantto verify for thetransporfprotocolare:

e Noimpropertermination If the protocolterminatesall datapacletshave been
receved exactly once,in the sameorderasthey weresent,andthe network is
empty

¢ Possibility of termination In ary reachablestateof the protocol, it is always
possiblewithin afinite numberof stepsto terminatethe protocol.

e Eventualermination If thenetwork loosesonly finitely mary paclets,thenthe
protocoldoeseventuallyterminate.
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Multi-sets are functionsfrom their domaininto the setof naturalnumbers. A
multi-setm.s overadomainX is written asaformalsumlike - ms(x)'z. empty
denoteghe emptymulti-set.

In a given marking M of a CP-net,the marking of a placep is denotedM (p).
M denoteghe setof all markings. M, denotegheinitial marking. Whena binding
elementb (a pair consistingof a transitionanda binding of datavaluesto its vari-
ables)is enabledn amarkingM; andtheoccurrencegieldsthemarkingM,, we write
M;[b) M,. ThenotationM;[b) meansthatb is enabledn M;. A binding elementof
atransitiont will be written ontheform (¢, (v; = c¢1,v2 = ¢2,...v, = ¢,)), Where
v1...v, arethevariablesof ¢t ande; ... ¢, aredatavalues. The setof all binding
elementss denotedBE.

A reathablemarkingis a markingwhich canbe obtainedfrom A, by a sequence
of occurrencesf bindingelements[M,) denoteshe setof all reachablenarkings.

10.3 State Spaceswith EquivalenceClasses

An ordinary statespace(SSO)for a CP-netis a directedgraphwith a nodefor each
reachablenarkingandarcscorrespondindo occurringbinding elements The defini-
tion of astatespacewith equivalencelassegSSE)for aCP-netrequireghatanequiv-
alencespecificatioris given. An equivalencespecificatiorconsistof two equivalence
relations— oneon the setof markings(~,,;) andoneon the setof binding elements
(~pg). The equvalencerelationsmust capturean equivalenceactually presentin
the consideredsystem.This meanghattwo equivalentmarkingsmustinducesimilar
behaiours. This requirements referredto asconsistencyandis relatedto bisimula-
tion [94], anissueto which we will returnin Sect.10.5. Consisteng is formalisedin
Def. 15 below, whichis equivalentto Def. 2.2.in [67].

For two markings(or two binding elements) andy, if = is equialentto y, we
write = ~ y, andtheequialenceclassof x is written [z]. For asetX, [X] denoteghe
setof elementequivalentwith someelementin X. For example,[[M,)] denoteghe
setof markingsequivalentwith areachablenarking.

Definition 15 Let ES = (=), ~pg) be an equivalencespecificationfor a CP-net.
ES is consistentif and only if for all markingsM;, M, € [[M,)] and all binding
elementd € BE:

M, € [My] A My[byMy = 3b € [b] A IMy € [My] - M, [b)M,
O

The definition expresseshat equivalentmarkingsarerequiredto have equivalent
setsof enabledbinding elementsandequialentsetsof directly reachablemarkings.
Intuitively, this justifiesthatit is sufficient to explore the possiblebehaiours of the
systemfor onemarkingof eachequialenceclass.

Given a consistenequialencespecificationthe SSEhasa nodefor eachequv-
alenceclasscontaininga reachablemarking. Moreover, the SSEhasan arc between
two nodesf andonly if thereis a markingin the equivalenceclassof the sourcenode
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in which abindingelementis enabledandleadsto a markingin the equivalenceclass
of thedestinatiomode. Thereis exactly onearcfor eachequivalenceclassof binding
elementswith this property This is formalisedin Def. 16 below, which, disregarding
differencedn terminology is identicalto Def. 2.3in [67]. The setof all equvalence
classe®of markingsis denotedVl... The setof all equivalenceclassef bindingele-
mentsis denotedB F ..

Definition 16 A statespacewith equivalenceclasseqSSH for a CP-netis a triple
(V, A, N) satisfyingtherequirrmentdelow:

1.V = {C € Ma|C N [Mo) # 0}
2. A= {(Cl,B,CQ) EVXBELXV | E'(Afl,b, ]\/[2) € Cl X B x CQ : ]\{1[6>M2}
3. Va:(Cl,B,Cg)eA:N(a):(Cl,Cg) O

ltems 1 and 2 definethe setsof nodesand arcs, respectiely. Item 3 definesa
functionwhich for eacharc designateds sourceanddestination.ltem 3 is necessary
to allow multiple arcsbetweertwo nodeswhich mayappeain SSEs.An SSEis often
much smallerthan the correspondindgsSO, of coursedependingon the equivalence
specification. The wealer the equivalencespecificationj.e., the more markingsand
binding elementsareconsideredquivalent,the morereductionis obtained.The SSE
canbe computedon-the-fly i.e., withoutfirst constructinghe SSOandthenmeiging
markingsandbindingelementsnto equivalenceclassesThisis doneusingamodified
versionof thestandardalgorithmfor generatingan SSO.Insteadof testingwhetherthe
markingis alreadyincludedin the SSE, it is testedwhetheran equivalentmarkingis
alreadyincluded.Similarly, thereis a testof whetheranequvalentbindingelements
alreadyinsertecbetweerthetwo nodesbeforea new arcis created.

The userof the condensedtatespacetool suppliesthe equivalencespecification
by writing two predicates:one predicateexpressingwhentwo markingsare equiva-
lent and one predicateexpressingwvhentwo binding elementsare equivalent. Using
the suppliedequivalencespecificatiorthe tool thencomputeghe correspondindsSE.
Whenthe SSEis finite, i.e., it hasafinite setof nodesandarcs,it canbeuseddirectly
to prove mary dynamicpropertieof the CP-net. The userof the tool verifies/proes
propertiesaboutthe consideredsystemby invoking suitablequery functions. The
gueryfunctionsarebasedon proof fuleswhich relatesdynamicpropertiesof CP-nets
with propertiesof the SSE.The wealer the equivalencespecificationthe wealer are
the proof fules,andhencethe equivalencespecificatiorshouldto be chosersuchthat
the desiredpropertiescanstill be verified. In Sect.10.4we describehow thisis done
for thethreepropertiedisted at the endof Sect.10.2which we wantto verify for the
transportprotocol. The readerinterestedn an exhaustve treatmenbf the proofrules
is encouragedo consultSect.2.3in [67]. The condensedtatespacetool containsa
full implementatiorof the proofrulesfor SSEsfrom Sect.2.3in [67].

The equivalencespecificatiorfor the transportprotocolis dynamic,andbasedon
the obsenationthatcertainpacletson the network becomesimilar asthe systemexe-
cutes.Supposéhattherecever expectsdatapaclet numberthreenext. Arrival of ary
datapaclet with a sequencenumberlessthanthreedoesnot changethe stateof the
recever. Suchadatapaclet onthenetwork will becalledold. Arrival of ary old data
paclet hasthe effect that an acknavledgementaskingfor datapaclet numberthree
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is sent. Thustwo old datapacletsarriving at the recever have exactly the sameef-

fect. Similar obserationsandterminologyapplyto acknavliedgementsrriving atthe

sender The purposeof the equivalencespecificationis to capturethat old datapack-
etsandold acknavledgementsrespectiely, areequialent. Below we formalisethe

above obsenration by formally definingthe equivalencespecificatiorfor thetransport
protocol.

Firstwe considetheequivalencerelationonthesetof markings.Let M1, My € M
betwo markings.M; =,; M, requireghatthe markingsof all placesbut the network
placesA, B, C, andD areidenticalin M, and M. For eachof the network placesthe
markingof the placeis partitionedinto two multi-sets,onecontainingthe old paclets,
and one containingthe otherpaclets. In orderfor My ~j; M, we requirethatthe
numberof old pacletsarethesamen M, and M, andthatthe multi-setsof the other
pacletsareidenticalin M; and M. Below, |ms| denoteghesizeof themulti-setms,
i.e.,thenumberof elementswith their multiplicity takeninto account.For a multi-set
with only oneelement,ms alsodenoteghat element. The definition usesa function
old which takesa marking M in which | M/ (NextRec)| = 1 andoneof the network
placesp € {A, B} asagumentsandyieldsthe multi-setof old pacletson thatplace:

old(M,p) = > ((M(p))(n,d))' (n,d) (10.1)

{(n,d)e M (p) | n< M (NextRec)}

A similar function, also called old, coping with old acknavledgementson the
placesp € {C, D} is usedwherethe conditionn < M (NextRec) in (1) is replacedby
n < M (NextSend). Now thedefinitionof ~,:

M =y My &
(Vp € {NextSend, NextRec} : |Mi(p)| = |Ma(p)| =1) A
(Vp € {Send, NextSend, Limit, Received, NextRec} : M;(p) = Ma(p)) A
(Vp € {A,B,C,D} : |old(My,p)| = |old(Maz,p)| A
Mi(p) — old(Mi.,p) = Ma(p) — old(M2,p)

We now considerthe equivalencerelationon the binding elements.Let b1, b, €
BE betwo binding elements.In orderfor b; ~pg by we requirethatb; andby are
bindingelementdor the sametransition. For the transitionsSendData, RecData, and
RecAck we considerall binding elementsequialent. For TransData and TransAck
thereis the additionalrequirementthat a loss of paclet in eitherb; or b, mustbe
matchedby the other We do not considerall binding elementsof TransData and
TransAck equivalent, sincewe want to be able to make a distinction betweenloss
and successfutransmissiorof pacletsin connectionwith the eventualtermination
property

In the definition below, we usea predicateis_success which given a binding el-
ementfor the transitionTransData Yyields true if the binding elementcorrespondso
successfulransmissiorof adatapacket. We usea similar predicate s_success which
is definedfor TransAck.

is_success(TransData, (n = n’,d = d’, success = success’)) = success’

Below follows the definitionof ~gg. Thetransitionof abindingelement € BE
is denoted:(b).
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b1 =BE by &
t(b1) = t(b2) = SendData V t(b;) = t(by) = RecData V
t(b1) = t(bg) = RecAck V
(t(b1) = t(be) = TransData A (is_success(by) < is_success(ba))) V
(t(b1) = t(b2) = TransAck A (is_success(by) < is_success(ba)))

10.4 Verification of the Transport Protocol

In this section,we describeverificationof thetransportprotocol. First, we prove that
the equivalencespecificationdefinedin the previous sectionis consistent.Then, we
translatehepropertiedistedattheendof Sect.10.2into dynamicpropertiesof the CP-
net,andoutline how thesepropertiescanbe proved from the SSE.Finally, we present
statisticsto comparethe verificationbasedon SSEsand SSOsfor differentvaluesof
thesystemparameterd, andN. L is thecapacityof the network asdeterminedy the
numberof e tokenson the Limit placein theinitial marking,and NV is the numberof
datapacletsasdeterminedy theinitial markingof the Send place.

We first prove thatthe equivalencespecificatiordefinedin Sect.10.3is consistent
accordingto Def. 15. Let My, M, € [[My)]. Letb € BE. Assumethat M, ~; M,
andthat M, [b) M. We prove theexistenceof b* and M, suchthat:

b ~pg bA ]\/fé =~ My A M{[b/ﬂ\/fé.

We do so by a caseanalysison the transitionof b. In this paper we sketchthe
proof by consideringthe transitionTransData. The othercasesare similar. We split
the proofinto four casesaccordingto whetherb corresponds$o anold datapaclet or
not,andwhetherb correspond$o alossor not.

We usea predicateis_old definedon the bindingelementf TransData andTran-
sAck which yields true if the binding elementcorrespondso transmissiorof an old
datapaclet or acknavledgementFor p € {A,B} andamarkingM, let young(M, p)
bethemarkingof p in M in which all old datapacletsareremovedfrom p.

Casel: Assume—is_old(b) Ais_success(b), i.e.,b correspondso asuccessfulrans-
missionof a datapaclet (n/,d') € young(My,A). Since M; ~j; M; we
have (n/,d') € young(M,,A). Henceb is alsoenabledn M, andwe choose
b' = b. Let M, besuchthat M, [b) M,. Sinceanoccurrencef b cannotchange
themarkingof NextRec, anoccurrencef b cannotcornvert a datapaclet which
is not old to an old, andvice versa. Since M; =~ M{, we thereforehave:
young(Ms, A) = young(My,A) — {(n',d)} = young(M;,A) — {(n',d)} =
young(M,,A). For old datapaclets:
lold(My, A)| = |old(My,A)| = |old(M;,A)| = |old(M,,A)|. A similar agu-
mentcanbemadefor theplaceB. Sinceall placesbut A andB areleft unchanged
by anoccurrencef b, we concludethatMé ~yr Mo.

Case2: Assume—is_old(b) A —is_success(b), i.e., b corresponds$o alossof a data
pacletwhichis notold. This caseis similarto casel above.

Case3: Assumeis_old(b) A is_success(b), i.e., b correspondso a successfutrans-
missionof anold datapaclet. SinceM; =~ M{ thereis alsoanold datapaclet
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OonAin M{. Chooseb’ correspondingo a successfutransmissiorof this old
datapaclet. Clearly b ~pp b andb is enabledn M;. Let M, besuchthat
M, [b)M,,. Theproofthat M, a2, M, is similar to the correspondingart of
casel.

Case4: Assumeis_old(b) N —is_success(b), i.e., b correspondso a lossof anold
datapaclet. This cases similarto case3 abore.

Let usnow considerthe threepropertiedisted at the end of Sect.10.2which we
wantto verify for the transportprotocol. We want to translatetheminto appropriate
dynamicpropertiesof the CP-net.

For No improper termination we needthe conceptof a deadmarking which is
a markingin which no binding elementsare enabled. The No improper termination
propertyis establishedf we can verify thatin all reachabledeadmarkingsof the
CP-net,all datapaclets have beenproperlyreceved andthe network is empty The
reachableleadmarkingscanbe derived from the SSEbasedon the proof rule below.
The proof rule statesthat a reachablemarking M is deadif andonly if the nodein
the SSErepresentinghe equivalenceclassto which M belongis terminal,i.e., hasnho
outgoingarcs.

M € [M,) isadeadmarking< [M] is terminal

For Possibility of termination we needthe conceptof a homespace which is a
setof markingswith the propertythat from ary reachablenarking, it is possibleto
reacha marking of the homespace. Home spacescan be derived from the SSE by
exploiting the stronglyconnectedcomponengraph(SCC-graph)seee.g.,[48]). The
nodesin the SCC-grapharereferredto asstrongly connectedcomponentsThe setof
nodesin the SCC-graphwithout outgoingarcsarereferredto astheterminalstrongly
componentandis denotedSCC. The strongly connecteccomponentgo which a
setof nodesX belongsaredenotedX“. Whetherthe setof markingsequialentwith
asetof markingsX C [[M,)] constitutesa homespacecanbeinvestigatecbasedon
thefollowing proofrule.

[X] isahomespace= SCCr C X°

The possibility of terminationpropertyis establishedf we canverify thatthere
existsa homespacecontainingonly deadmarkings.

For Eventualtermination we needthe conceptof a setof binding elementdeing
impartial. This meanghatelementdrom the setoccurinfinitely oftenin ary infinite
occurrencesequencestartingin the initial marking. We denoteby DC'S the setof
simpledirectedcyclesin the SSE.For asimpledirectedcycle dc we denoteby B E(dc)
thesetof bindingelementsleterminedy thearcsof de. Impartiality of asetof binding
elementanbeinvestigatechasedn thefollowing proofrule.

[X] € BE isimpartial< Vdc € DCS : X N BE(dc) # ()

If thebindingelementsn theequivalenceclasse®f bindingelementsorrespond-
ing to lossof pacletsis impartial,thenthe protocolterminatesn all executionswhere
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only finitely mary pacletsarelost. Hence the Eventualterminationpropertyis estab-
lishedif thesetof bindingelementorrespondingo lossof pacletsis impartial.

Thethreeproofrulesfor SSESOE-graphs)istedabove andtheirimplementation
as query functionsin the tool, allowed us to verify the protocol. It turnedout that
for eachinvestigatedvalue of the systemparameterd. and N, the generated/SSE
had exactly one terminal node (a nodewith no outgoingarcs). The corresponding
equvalenceclasshadonly onemembernamelythe markingin which all datapaclets
hadbeenproperlyreceived, andall four network placeswereempty This equivalence
classwasahomespacethusthe only deadmarkingwasa homemarking

Tablel0.1containghesizesof the SSOsand SSEsfor differentvaluesof 1. anda
fixednumberof datapaclets N = 4. The Ratiocolumnshold the savingsfactors,.e.,
thefigure for the SSOdivided by the figurefor the SSE.The measuresvereobtained
on a SunUltra SparcEnterprise3000computemwith 512 MB RAM. An emptyentry
(-) signalsthatit wasnot possibleto obtainthat measure.It canbe seenthat SSEs
yieldedremarkableeductionsn the numberof nodesandarcs,andthatSSEsenabled
usto analysecapacitie®f the network thatwe could nothandleusingSSOs.

Numberof Nodes Numberof Arcs
L SSO | SSE | Ratio]|| SSO | SSE | Ratio
1 33 33 1.0 44 44 1.0
2 293 155 1.9 764 383 2.0
3 1,829 492 3.7 6,860 1,632, 4.2
4 9,025| 1,260 7.1 43,124 5,019 8.6
5 37,477 2,803| 11.2{ 213,902 12,685| 16.9
6 || 136,107 5,635| 24.2|| 891,830, 28,044| 31.8
7 - | 10,488 - - | 56,203 -
8 - | 18,366 - - | 104,442 -
9 - | 30,605 - - | 182,754 -
10 - | 48,939 - - | 304,445 -

Table10.1: Verificationstatisticg(4 datapaclets).

Thegeneratiorandquerytimes(in CPU secondsprelistedin Table10.2. It can
beseenthatfrom a certainpoint, generatiorof the SSEwasfasterthangeneratiorof
the SSO.For example,for I. = 6 the generatiortime is reducedrom approximately
2 hoursand5 minutesto 3 minutes.Thequerytime, i.e., theactualverificationof the
threeconsideregropertiesof the transportprotocol,was,againfrom a certainpoint,
significantlyfasteronthe SSEthanonthe SSO.For example for L. = 6 thequerytime
is reducedrom approximately28 minutesto 39 secondsThis is becausehe queries
aremadedirectly onthe SSE ,andthesizeof thegraphis thecritical factorin thetime
compleity. The sizesof the SSOsand SSEsfor differentvaluesof N (the number
of datapaclets)is listedin Table 10.3for afixedvalueof L. = 4. Again, it canbe
seenthatthe useof SSEsyieldedremarkablereductionsin the numberof nodesand
arcs,andthat SSEsenabledusto analyseconfigurationsof the protocolthatwe could
not handleusingSSOs.In particular it is worth notingthatnodesandarcsin the SSE
grow linearly in the numberof paclets.
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GeneratiorTime QueryTime
SSO | SSE | Ratio || SSO | SSE| Ratio

1 1 1.0 1 1 1.0
1 1 1.0 1 1 1.0
6 3 2.0 8 2 4.0
15 3.7 63 6| 105

642 63| 10.2 358 17| 211
7,507 190| 39.5| 1,666| 39| 42.7

©| | N|o| ol M w|N| ||
ol
o

- 559 - - 84 -
- | 1,546 - - | 167 -
- | 3,712 - -| 318 -
10 - | 8,394 - - | 567 -

Table10.2: Verificationstatisticg(4 datapaclets).

Numberof Nodes Numberof Arcs
N | SSO | SSE | Ratio| SSO | SSE | Ratio
1 120 120 1.0 375 375 1.0
2 885| 500 1.7 3,570| 1,923 1.8
3 3,336| 880 3.8|| 15,009 3,471| 4.3
4 9,025| 1,260 7.1 43,124 5,019 8.6
5| 20,016| 1,640| 12.2| 99,355| 6,567| 15.1
6 || 38,885| 2,020| 19.3| 198,150| 8,115| 24.4
7 || 68,720| 2,400| 28.6| 356,965| 9,663| 36.9
8 - 12,780 - -1 11,211 -
9 - | 3,160 - - | 12,759 -
10 - | 3,540 - - | 14,307 -

Table10.3: Verificationstatisticg(network capacity4).

10.5 Computer-Aided ConsistencyProofs

Verification methodsbasedon statespacesare often toutedas being automaticand
thus quite reliable. For verification basedon SSEs,a qualificationmust be made:
Proving the consisteng of a proposedquialencespecificatiormaybeatedioustask,
asdemonstratedh Sect.10.3. Verificationbasedon SSEsis semi-automatisincea
manualmathematicaproofof consisteng hasto beconductedyith therisk of making
mistales. In this sectiorwe presentitechniquefor alleviating this problem which can
beimplementedn acomputertool to supporthe modellerin ensuringhe consisteng
of a proposecequivalencespecification.

The techniqueis basedon a closerelationshipbetweena consistenequivalence
specificatiorandbisimulation[94]. The underlyingideais to mapthe SSOandSSE
into labelledtransitionsystemdetweerwhich a bisimulationexistsif theequvalence
specificationis consistent.Below we first develop the necessargheory and subse-
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guentto thiswe discusshow theresultcanbesupportedy acomputetool andapplied
in practice.

Firstwe give theformal definitionof the ordinaryfull statespaceof aCP-net.The
definitionis similarto thatof a statespacewith equivalenceclassessgivenin Def. 16.

Definition 17 Anordinary statespace(SSO)for a CP-netis atriple (V, A, N) satis-
fying therequirmentdelow:

1.V = [Mp).
2. A={(My,B,M>) € V x BEx V| Mj[b)M> }.

3. VCL:(Ml,b,MQ) GAIN((I):(Ml,]\fg). O

Below we definelabelledtransition systemsand bismulationsbetweenlabelled
transitionsystems.

Definition 18 A labelledtransition system(LTS)is atuple L = (S, %, A, s9) whee
Sis a setof states X is a setof symbolscalledthe alphabet A C S x ¥ x S isthe
transition relation, and s, € S is theinitial state In thefollowing (s, a, s’) € A'is
alsowrittenass — s’ € A. O

Definition 19 Letl; = (Sl, X, Al, 801) andLy = (SQ, >, AQ, 802) betwo LTSssudh
that S; N Sy = (. Abinaryrelation~C S; x Ss is a bisimulation, if andonly if the
following conditionshold:

® S01 ™~ S02
e Foreverys € Sy ands’ € Sy sudthats ~ s':

1. If s 5 s1 € Ay, thereexistssy € Sy suhthats’ = so € Ay ands; ~ so.

2. If & & s9 € Ay, thereexistss; € Sy suhthats = s; € Ay andsy ~ so.

L, and L, are saidto be bisimilar (denotedL; ~pg L») if andonlyif thete existsa
bisimulationbetweenl; and Ls. O

In orderto mapthe SSOandSSEinto labelledtransitionsystemave introducetwo
mappings Givenanequialencespecification” S, wedenoteby v pp € [BE +— BFE]
a mappingwhich mapsa bindingelement € BFE into auniquerepresentate of the
equialenceclassto which b belongs Similarly, we denoteby ¢ gz € [BE~ — BE|
a mappingwhich mapsan equivalenceclassB € BFE,, of binding elementsnto a
uniquerepresentate binding elementfor the equivalenceclass. The two mappings
arerequiredto “agree”onthechoseruniquerepresentate by satisfyingfor abinding
element belongingto anequialenceclassB : ¢¥pr(b) = Ypg)(B).

We arenow in a positionto definethe desiredmappingsof the SSOand SSEinto
labelledtransitionssystemsaccordingto anequivalencespecification®'S.
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Definition 20 Let ES = (=), ~pg) be an equivalencespecificationfor a CP-net.
Let SSO = (Vsso,Asso, Nsso) be the ordinary state space and let SSE =
(Vsse, Assk, Nssg) thestatespacewith equivalencelasses.

TheLTSdeterminedby SSOis theLTS Lsso = (Vsso, BE, Asso, My) whee:
(My,b, Ms) € Agso < (My,b', M) € Asso Ab = pp(b)

TheLTSdeterminedoy SSEisthelLTSLssg = (Vsse, BE, Assg, [My]) whee:
(C1.b,C3) € Agsp < (C1, B,C) € Assp Ab = Ypg/(B)

O

Both the determined_TSshave the setof binding elementsB E asalphabet.The
statesof the LTS determinedoy SSOcorrespondso the nodesof the SSO,whereas
the statesof the LTS determinedby SSE correspondo the nodesof the SSE.The
transitionrelationsof thetwo LTSsarein a one-to-onecorrespondenceith the arcs
of the SSOandthe arcsof the SSE,respectiely, exceptfor a renamingof the labels
accordingto the functionsy )z and+gg;. Theinitial statesof the LTSscorrespond
to the noderepresentinghe initial markingandthe equivalenceclasscontainingthe
initial marking,respectrely.

Below we presenthe resultunderlyingthe proposedechnique:The LTS deter
minedby SSOandthe LTS determinedSSEarebisimilarif the equivalencespecifica-
tion is consistent.The resultthus givesa necessargonditionon a proposedequiva-
lencespecificatiorto be consistent.

Theorem1 LetLsso = (Vsso, BE, Agso, M) betheLTSdeterminedy SSOand
Lssg = (Vssp, BE,Agsg, [Mp]) the LTS determinedby SSEaccoring to some
equivalencespecificationE S. Thenthefollowing holds:

ESis a consistenequivalencespecification= Lsso =ps Lssk

Proof. AssumehatFES is aconsistenequivalencespecificatioraccordingo Def. 15
and considerthe following binary relation~ on Vssp x Vssg : My ~ [Ms] <
M, € [Ms]. We prove that~ is abisimulationbetweenl sso and Lgs g accordingo
Def. 19.

Clearly My ~ [My] sinceM, € [My]. Let M € Vggo, C € Vssr besuchthat

M ~ C, andassumeéhat M b, My € Agso. By thedefinitionof Lggo thereex-
ists (M, b, My) € Agso suchthatb = g (b') . By the definition of an SSEand
theconsisteng of theequivalencespecificatiorthereexists (C1, B, Cs) € Agsg such
that M € Cq, My € Cy andd € B. SinceM € C; andamarkingbelongsto only
oneequvalenceclass,C' = C;. Hence(C, B,(Cs) € Assg. Thedefinitionof Lssy

now impliesthatC' b, C2 € Assg, sincey gy (B) = b by therequiremenbn ypp
andypg). Now M; € Cy impliesthatM; ~ Cs. Henceconditionl in the definition
of bisimulationis satisfiedby ~. The proofthat~ satisfiescondition2 is similar. O



10.5. COMPUTER-AIDEDCONSISTENCYPROOFS 125

At firsttheresultsmaynot seenparticularlyapplicablan practicebecausd relies
onthe SSOto begeneratedn orderto applythe result— whatwe essentiallywantto
avoid by generatingareducedstatespacesuchasan SSE.However, mary systemsare
suchthatit is possiblefor smallconfigurationf thesystento generatehe SSO.This
is for instancehe casewith thetransporprotocolstudiedin this paper Any algorithm
for checkingbisimilarity of LTSscanthenbe appliedasa necessargonditionon the
equivalencespecificationto be consistentor small configurationsof the system. If
the LTSsdeterminedoy the SSOandthe SSEarenot bisimilar, thenthe equivalence
specificatiorcannotbe consistent.

In orderto apply the theoremon the transportprotocol, functionality hasbeen
addedto the condensedtatespacetool which makesit possibleto automaticallygen-
erateLgsspo and L gsg from the SSOandthe SSE.We have thenusedthebisimulation
tool of the Edinkurgh Concurreng Workbench(ECW) [96] for checkingbisimilarity
of the two generated.TSs. This wasdoneby generatinghe two LTSsas CCSex-
pressionswvhich is the input languageof the ECW tool. For all configurationsof the
transportprotocolin which the SSOcould be generatedt turnedout, that the deter
mined Lsso and Lgsg were bisimilar. A future versionof the tool might include
theimplementatiorof a bisimulationalgorithmsuchthatit is not necessaryo rely on
othertoolsasa back-endor checkingbisimilarity.

Alternatively, the theoremabore canbe usedin a slightly differentway by ob-
servingthatif the equivalencespecificationis consistenthenthe binary relation ~
definedin the proof above is a bisimulation. Hence,insteadof testingwhethera bis-
mulation exists betweerthe determined_TSs, anotherpossibility is to explicitly test
whether~ definesa bisimulation.This approachyivesa strongerequiremenbut has
the disadwantageof relying on the two predicategprovided by the userimplementing
the equivalencespecification. In practiceone would thereforeapply the theoremin
bothways,sincethetwo applicationgn asenseeomplemengachother In conclusion
the resultabove providesthe modellerwith a fastandautomaticnecessargheckon
the consisteng of a proposedequivalencespecification.This canbe of goodhelp to
locatepossiblemistales.

A questionis of coursehow strongthe checkabore is. During the casestudy of
the transportprotocolwe experimentedwith gettinga wealer equivalencespecifica-
tion thanthe onepresentedn the previous sections. This would have resultedin an
even betterreductionof the statespace.Oneideawhich cameup wasto wealenthe
requirementsvith respecto old pacletssuchthatinsteadof requiringthe samenum-
berof old pacletson the network placesit is only requiredthatif therearesomeold
paclets on a network place,sayplace A, in M; thenthereshouldalsobe someold
pacletsonplaceA in M, in orderfor themarkingsM; and Ms to beequialent. This
equialencespecificatioris however not consistentandthe necessargheckabore is
ableto revealthis, sinceit turnsoutthatthedetermined-TSsarenot bisimilar.

Below we demonstratéhat the checkbasedon bismulationcanonly be usedas
a necessargonditionon the equivalencespecificatiorto be consistent.We do so by
meansof an example shawving that there exist equivalencespecificationswhich are
not consistenbut for which the determined.TSsarebisimilar. The left-handside of
Fig. 10.2 shaws a simple CP-netconsistingof a singletransitionT andtwo placesA
andB. The coloursetE consistf the singleelemente. For this CP-netwe consider
the equivalencespecificationn which all binding elementsareconsideredequivalent
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andtwo markingsareconsiderecequialentif they arethe samewhenthe markingof
placeA is ignored.

The determinedLTSs are shavn in the middle and on the right hand side of
Fig. 10.2. As it can be seenthesetwo LTSs are clearly bisimilar. However the
equialencespecificationis not consistent. To seethis considerthe two markings
My, M'" € [[Myp)] whereM'(A) = M'(B) = empty. M, is equivalentto M’ and
My[(T,())), but M’ is a deadmarkingandthereforethe equivalencespecificationis

not consistent.
(T,<>) (T,<>)

Figure10.2: CP-net(left) andLTSsdeterminedy SSO(middle) andSSE(right).

10.6 Conclusions

The motivation to write this papercamefrom our work with developingtool support
for SSEJ78]. Our prime focuswason statespacesvith symmetriefOS-graphsvith
permutationsfor CP-netsas definedin [67]), becauseheir usefulnessvas already
recognised.Thejournal [35] containsfour paperd23,34,65,68] thatall demonstrate
the potentialof usingsymmetryin statespaceverification. A commondenominator
for thefour paperds thatsymmetryis conceved asa structuralproperty describedy
permutation®f similar components.

The generalityof SSEsallowed us to experimentwith differentkinds of user
suppliedequivalencerelations.During thesesxperimentsve realisedhenew perspec-
tive of SSEs.In this paper we sawv that SSEsallow equivalenceghataredynamic,in
the sensehatthey expressthatsomeinformationbecomesgrrelevantasthe execution
of a systemprogresseskurthermorethe useof SSEsallowed usto verify configura-
tions of the consideregrotocolwhich could not be handledusingordinaryfull state
spaces.Oneof the main potentialsof verificationby meansof SSEsis thatit allows
verificationof larger configurationf the systemunderconsiderationThisis in par
ticular importantin systemswvhich have seseral parametersDueto stateexplosionit
mayonly be possibleo verify the systemby meanof full statespacesvhenalmostall
parameterbiave smallvalues.By applyingSSEsit is possibleto verify configurations
of the systemwhereseveral of the parametersave large values.

An interestingguestioris of coursewhetherthekind of equivalencespecifications
presentedh thispapemeneralised,e.,applyto othersystemsWe believe they do. We
believe thatthe notion of beingold of the examplecanbe foundin variousdisguises
in mary systemsn particularfor protocolson thetransportayerof theISO reference
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model. Suchcommunicatiorprotocolsare often designedusing standardechniques
liketimers,retransmissiongndsequencaumberstherebyinherentlyintroducingthe
conceptof anold paclet. We are currently conductingadditionalcasestudieson the
useof SSEswithin this domain,whichincludessliding window protocols.

The complity of the consisteng proof is a dravback of verification basedon
SSEs.However, the confidencén the consisteng of anequivalencespecificationcan
behighly increasedvith theaid of thecondensedtatespacdool usingthetechniques
discussedh thispaper Thetechniquepresentedeliedonthepossibilityof generating
the ordinary statespacefor small configurationsof the systemandthuscomply with
theobsenationthatthe mainpotentialof verificationbasedn SSESs theverification
of large configurationsf systems.Futurework includesinvestigatinghow the proof
of consisteng canbefurthercomputeraided.

In statespacesvith symmetrieg OS-graphswith permutationsof [67]), proving
consisteng of a proposedspecificationcanbe doneby atrivial analysisof all static
inscriptionsof the CP-net. No ingenuity is required,and the proof can be highly
computeraided. In the approacheso symmetryof [23,34], it is the responsibility
of the userto definethe symmetriesof the systemand ensuretheir consisteng. In
contrast,[65] presentsa procedurewhich automaticallydetectsthe symmetriesof a
system. The basicideais to imposenarrav syntacticalrestrictionson the modelling
languageensuringthat only symmetricconstructionsare expressible. Similar ideas
have beenusedfor Well-formed Petri Netsin [13]. The work [13] hasbeenfurther
developedn [55] makingit possibleto handlesystemsvhich have bothsymmetricand
asymmetrigarts.It would be of interestto investigatevhetherthe partial symmetries
suggestedn [55] canbe usedto capturethe notion of old paclets of the transport
protocol.

In thecondensedtatespaceool theusermakesqueriesusinga numberof built-in
gueryfunctionsimplementingproof rulesfor SSEs.Thesequeryfunctionscover the
standaralynamicpropertiesof CP-netsuchasboundsonplaceslivenesandfairness
of transitionsetc. However, SSEsalsomalesit possibleto usetemporallogicssuchas
CTL or LTL [1,31,64] asquerylanguage.The Design/CPNASK-CTL Library [20]
which canbe usedwith the condensedtatespacetool makesit possiblefor the user
to write queriesin anaction-andstateorientedvariantof CTL.

Anotherissuewhich deseresattentionin future work is the combinationof state
spaceswith equivalenceclassesand other reductionmethods,suchas partial order
reductionmethods. It wasshavn in [32] that partial orderand symmetryreduction
can be combinedin sucha way that the truth value of CTL andLTL formulasare
presered. It is obviousto pursuesimilarideasin the frameavork of statespaceswith
equialence<glasseslin conclusionwe do believe thatthe obserationsmadeandthe
reductionsxhibitedin this paperarevery encouragindor verificationbasedn SSEs.
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Chapter 11

Finding Stubborn Setsof Coloured Petri Nets
Without Unfolding

The paperFinding StubbornSetsof Coloured Petri NetsWithout Unfolding constitut-
ing this chaptethasbeenpublishedasa conferenceaper86].

[86] L. M. KristenserandA. Valmari. Finding StubbornSetsof ColouredPetriNets
Without Unfolding. In Proceeding®f 19th InternationalConferenceon Ap-
plicationand Theoryof PetriNets (ICATPN’98). J. DeselandM. Silva (Eds).
Volume 1420 of LectureNotesin ComputerSciencepp. 104-123,Springef
Verlag,1998.

The contentof this chapteris equalto the conferencepaper[86] exceptfor minor
typographicathanges.

129
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Finding StubbornSetsof ColouredPetriNets
Without Unfolding

L. M. Kristensen A. Valmari

Abstract

In this paper we addressthe issueof using the stubbornset methodfor
ColouredPetri Nets (CP-nets)without relying on unfolding to the equivalent
Place/TansitionNet (PT-net). We give a lower boundresultstatingthat there
exist CP-netsfor which computing“good” stubbornsetsrequirestime propor
tional to the sizeof the equivalentPT-net. We suggestnapproximatve method
for computingstubbornsetof process-partitione@P-netswhich doesnot rely
on unfolding. The underlyingideais to addsomestructureto the CP-netwhich
canbeexploitedduringthe stubbornsetconstructiorto avoid the unfolding. We
demonstrateéhe practicalapplicability of the methodwith both theoreticaland
experimentalcasestudies,in which reductionof the statespaceaswell assav-
ingsin time areobtained.

Topics: Systemdesignand verificationusing nets, Analysisand synthesis,
Higherlevel netmodels,Computertoolsfor nets.

11.1 Intr oduction

Statespacemethodshave proven powerful in the analysisandverificationof the be-

haviour of concurrensystems. Unfortunatelythesizesof statespace®f systemsend
to grow very rapidly whensystemsecomebigger This well-knowvn phenomenolis

oftenreferredto asstateexplosion andit is aseriougproblemfor theuseof statespace
methodsn the analysisof real-life systems.

Many techniquedor alleviating the stateexplosionproblemhave beensuggested,
suchasthe stubbornset method[120,127]. It is one of a group of rathersimilar
methodsfirst suggestedn the late 80's and early 90's [49,50,101,102]. It is based
onthefactthatthetotal effect of a setof concurrentransitionsis independenof the
orderin which the transitionsare executed. Therefore,it often sufiicesto investigate
only oneor someorderingsin orderto reasoraboutthe behaiour of the system.

In stubbornset statespacegenerationan analysisof the dependenciebetween
transitionsis madeat eachstate,andonly certaintransitionsareusedto generatem-
mediatesuccessostates. The “stubbornset” is the setof thesetransitions,together

*Departmenbf ComputerScienceUniversity of Aarhus,DK-8000AarhusC., DENMARK.
E-mail: Imkristensen@daimi.au.dk.

fTamperdJniversityof TechnologySoftwareSystemd aboratoryPOBox 553,FIN-33101Tampere,
FINLAND. E-mail: ava@cs.tut.fi.
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with somedisabledtransitions.The disabledtransitionshave no significance put are
includedin thestubbornsetfor technicalreasonsTheremainingtransitionsareeither
takeninto accountin somesubsequerdtatesor the situationis suchthatthey canbe
ignoredaltogethemwithout affecting analysisresults. The setof transitionsthatis in-
vestigatedn a given statedependsn two factors: dependenciebetweerntransitions
suchasconflict (bothtransitionswantto consumehe sametoken), andthe properties
thatareto be checled of the system.In this paperwe concentraten thefirst factor

In thefield of Petrinets,stubborrsetshave beenappliedmostlyto elementarnand
Place/TansitionNets (PT-nets). This is because transitionof a high-level Petrinet
suchasa Coloured Petri Net[66] (CP-netor CPN), is really a pacled representation
of severallow-level transitionsjn CP-netterminologyreferredto asbindingelements
Thedependencanalysimeededy thestubborrnsetmethodis difficult with high-level
nets,becausefor instancea high-level transitionmay simultaneoushhave a binding
elementhatis concurrenandanothembindingelementhatis in conflictwith abinding
elementof someother high-level transition. In [125] this problemwas avoided by
effectively unfolding the CP-netduring the constructionof stubbornsets. However,
theunfoldedform of a high-level netmaybemuchbiggerthanthe high-level netitself
andmay evenbeinfinite. As a consequencejnfolding may be very time-consuming
andshouldbe avoided. An algorithmbasedon constraintsystemdor alleviating the
impactof unfoldinghasbeengivenfor Well FormedColouredPetriNetsin [7].

An alternatve stubbornsetconstructionfor high-level netwould beto treateach
high-level transitionasa unit andconsidera high-level transitiont, asdependenon
anotherhigh-level transitiont;, unlessit is certainthat no binding elementof ¢, de-
pendson ary binding elementof ¢;. In essencethis stratgy replacesthe detailed
low-level dependenciey high-level dependenciethatapproximatehelow-level de-
pendencief$rom above. Suchapproximationglo not affect the correctnessf the re-
sultsobtainedwith stubbornsets,but they tendto make the stubbornsetsbiggerand
wealen the reductionresults. In our experience the reductionresultsobtainedwith
this coarsestratgy have usuallybeenvery bad.

Efficient constructionof “good” stubbornsetsof high-level netsseemsthus to
requiremore information than can be obtainedfrom the structureof the high-level
netwithout unfolding, but someapproximatiorfrom above hasto be madein orderto
avoid unfoldingtoomuch. In this papemwe suggessucha stratgy, anddemonstratés
power with a coupleof examples.The new methodis basedn addingsomestructure
to the high-level net. The high-level netis divided into disjoint subnets suchthat
eachsubnetcorrespondeitherto a setof parallelprocessesxecutingthe samecode
or to a variablethroughwhich two or more processesommunicatea fifo queue,
for instance).Stubbornsetconstructionusesknowledgeof this structurein orderto
preventthestubbormsetsfrom becomingoobig. Whendependenciesetweerbinding
elementdaveto beanalysedthemethodapproximatedrom above to avoid unfolding.
We will presentour methodin the framewnork of CP-netsbut the sameideasshould
alsobe applicableto mostotherhigh-level netformalisms.

The paperis organisedasfollows. Sectionll.2recallsthe basicfactsof CP-nets
and stubbornsetsthat are neededo understandhe restof this paper In Sect.11.3
we will prove atheoremthat, in essencesaysthat sometimes'good” stubbornsets
cannotbe constructedvithout the costof unfolding. The structurewe addto CP-nets
is describedn Sect.11.4. Our nev methodis givenin Sect.11.5andis illustrated
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with anannotatedexamplein Sect.11.6. Sectionl1.7 givessomenumericaldataon
the performanceof the nev methodon somecasestudies. Sectionl11.8 containsthe
conclusionsandsomedirectionsfor futurework.

11.2 Background

This sectionsummariseshe basicfactsof CP-netsand stubbornsetsneededo un-
derstandhe restof the paper The definitionsand notationwe will usefor CP-nets
aregivenin Section11.2.1,andthey follow closely[66] and[67]. Sectionl11.2.1lis
not muchmorethana list of notation,so we assumehat the readeris familiar with
PT- andCP-netstheir dynamicbehaiour, andthe unfolding of a CP-netto a PT-net.
Sectionll.2.2introduceghenecessarpackgroundn stubborrsets.

11.2.1 Coloured Petri Nets

A multi-set ms overadomainX is afunctionfrom X into the setof naturalnumbers.
A multi-setms is written asa formal sumlike >~ ms(z)' xz, wherems(x) is the
numberof occurrencesf theelementz in ms. We assumehataddition(+), subtrac-
tion (—), multiplication by a scalar equality (=), andcomparison<) aredefinedon
multi-setsin the usualway. |ms| denoteshe size of the multi-setms, i.e., the total
numberof elementswith their multiplicities takeninto account.S;;s denoteghe set
of multi-setsoveradomains.

A CP-net[66] isatuple CPN = (X,P,T,A,N,C,G,E,I) whereX is a set
of colour sets P is asetof places T is a setof transitions, and A is a setof arcs
N is a node function designatingfor eacharc a source and destination. C' is a
colour function mappingeachplacep to a colour setC(p) specifyingthe type of
tokenswhich canresideon p. G is aguard function mappingeachtransitiont to a
booleanexpressionG(t). E is anarc expressionfunction mappingeacharca into
anexpressionF(a). Finally, I is aninitialisation function mappingeachplacep to a
multi-set!(p) of type C(p) s specifyingtheinitial markingof theplacep.

A token elementis a pair (p, ¢) suchthatp € P andc € C(p). For acolourset
S € X, thebasecolour setsof S arethe colour setsfrom which S wasconstructed
usingsomestructuringmechanisnsuchascartesiarproduct,record,or union.

Forz € P UT thepostsetof z, denotedOut(z), istheset: {z' € PUT | Ja €
A : N(a) = (z,2")}. Similarly, the presetof x denoted/n(z) is the set: {z’' €
PUT |Ja€ A: N(a) = (2/,2)}.

Sinceit is possibleto have several arcsbetweena placeanda transitionandvice
versawe denoteby A(x;, x2) for (z1,z2) € (P x T) U (T' x P) thesetof arcsfrom
x1 10 z9, anddefinetheexpressionof (x1,z9) as: E(x1,z2) = EaeA(mm) E(a).

The setof variables of a transitiont € 7' is denotedVar(t). For a variable
v € Var(t), Type(v) € ¥ denoteshetype of v. A binding element(¢,b) is a
pair consistingof atransitiont andabinding b of datavaluesto its variablessuchthat
G(t)(b) evaluatego true. For anexpressiorezpr, expr(b) denoteshevalueobtained
by evaluatingthe expressionexpr in the binding b. A binding elementis written in
theform (¢, (v1 = ¢1,v9 = co,... , v, = ¢p)), Wherevy,... ,v, € Var(t) arethe
variablesof t andcy, ... , ¢, aredatavaluessuchthate; € Type(v;) for1 < i < n.
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For abinding element(t, b) anda variablev of ¢, b(v) denoteghe valueassignedo
v in the binding b. B(t) denoteghe setof all bindingsfor ¢. The setof all binding
elementss denotedB E.

In agivenmarking M of a CP-netthemarkingof aplacep is denotedV (p). M
denotegheinitial marking. If abindingelement(t, b) is enabledin a marking M/,
(denotedM, [(t, b))), then(¢, b) mayoccur in M; yielding somemarking M. Thisis
written M;[(¢, b)) M. Extendingthis notion, an occurrencesequences a sequence
consistingof markingsM; andbinding elementst;, b;) denotedM; [(t1,b1)) M, ...
M, —1[(tn—1,bn—1)) M, andsatisfyingM;|(t;,b;))M;4+1 for 1 < i < n. A reachable
marking is a markingwhich canbe obtained(reached)y an occurrencesequence
startingin theinitial marking.[) denoteghe setof reachablenarkings.

Below we defineplaceweights,placeflows and placeinvariants. The definition
is identicalto Def. 4.6in [67] exceptthatwe definethe weightsto maponly between
multi-sets.This is donefor simplicity reasonssincewe do not needthe moregeneral
notionof weighted-setskor two setsA and B the setof linearfunctionsfrom A to B
isdenoted A — B]r.

Definition 21 ([67], Def. 4.6) For a CP-netC'PN a setof placeweightswith range
A € Y isasetof functionsiW = {W,},cp sud that W), € [C(p)yms — Amslr for
allp e P.

1. Wis aplaceflow iff:

V(t.b) € BE: Y Wy(E(p,t)(b) = Y_ W, (E(t.p){b))

peEP peEP
2. Wdetermines placeinvariant iff:

VM € [Mo) : Y W,(M(p)) = > W,(Mo(p)) O
pEP peP

Thefollowing theoremis centralto placeinvariantanalysisof CP-nets.It statesthat
thestaticpropertyof Def. 21 (1) is sufiicientto guarante¢hedynamicpropertyof Def.
21(2).

Theorem2 ([67], Theoem4.7)Wis a placeflow = W determines placeinvariant.
O

11.2.2 Stubborn Sets

Statespaceconstructionwith stubbornsetsfollows the sameprocedureasthe con-
structionof the full statespaceof a Petrinet, with one exception. Whenprocessing
a marking, a setof transitions(or binding elementsn the caseof a CP-net),the so-
calledstubborn set is constructedOnly the enabledransitiongbindingelements)n
it areusedto construcinen markings.This reduceghe numberof new markings,and
may leadto significantreductionin the sizeof the statespace.To getcorrectanalysis
results,stubbornsetsshouldbe chosensuchthat the statespaceobtainedwith them
(from now oncalledSSstatespace preserescertainpropertiesof thefull statespace.
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The choiceof stubbornsetsthusdependn the propertieghatarebeinganalysedr
verified of the system. This hasled to the developmentof several versionsof the
stubbornsetmethod.However, it is commonto almostall of themthatthe following
theoremshouldhold:

Theorem 3 Let M be any marking of the net, Stub a stubbornsetin M, n > 0,
t € Stub, andty, ta,... ,t, & Stub.

1. f M [t1> My [t2> B [tn—1> M, [tn> M, [t> ]\/[7/L’ thenM [t>

2. If M [t1) My [t2) ... [tn—1) My—1 [tn) M,, and M [t) M’, thenthere are Mj,
M, ..., M) sudthat M’ [t1) M] [t2) ... [tn) M), and M, [t) M]. O

It is alsorequiredthatif M, is notadeadmarking(a markingwithout enabledransi-
tions),then Stub containsatleastoneenabledransition(bindingelement).

From this theoremit is possibleto prove that the SS statespacecontainsall the
deadmarkingsof the full statespace. Furthermore|f the full statespacecontains
an infinite occurrencesequencethen so doesthe SS statespace. By adding extra
restrictionsto the constructiorof stubbornsets the stubbornsetmethodcanbe made
to presere morepropertiesput thattopicis beyondour presentnterest.With PT-nets,
Theorem3 holdsif stubbornsetsaredefinedasfollows:

Definition 22 Let(P, T, A, W, I) beaPT-net. ThesetStub C T is stubbornn mark-
ing M, if thefollowing hold for everyt € Stub:

1. If 3t € T : M [t1), thenTty € Stub : M [ts).
2. If =M [t), thendp € ot : M (p) < W(p,t) N ep C Stub.
3. If M [t), then(et)e C Stub. O

Becausehisdefinitionanalyseshedependenciesetweertransitionsatarathercoarse
level, it is notan“optimal” definitionin the senseof yielding smallestpossiblestub-
bornsetsandsmallestSSstatespaceshut we will useit in thefollowing becausef its
simplicity. Oncethe basicideasof our new CP-netstubbornsetconstructiormethod
areunderstoodthey canbe appliedto moredetaileddependencanalysisf required.

Definition 22 givesa conditionwith which one cancheckwhethera given setof
transitionss astubbornsetin agivenmarking. Part (1) saysthatunlesgshemarkingis
a deadmarking,the stubbornsetshouldcontainat leastone enabledransition. Parts
(2) and(3) canbe thoughtof asrulesthat, given a transitiont thatis intendedto be
in the stubbornset, producea setof othertransitionsthat mustbe included. In the
caseof (3), thesetis just (et)e C Stub. Part(2) requiresthe selectionof someplace
p € et, suchthatp containsfewer tokensthant wantsto consumeandthenproduces
thesetep. If therearesereral suchplacesmoststubbornsetalgorithmsjust make an
arbitrarychoicebetweenthem. A somavhatexpensve algorithmthatinvestigatesall
choicedfor p is explainedin [121].

Importantfor the restof this paperis thatthe rulescanbe thoughtof asspanning
a dependencgraph the nodesof the grapharethe transitions,andthereis an edge
from t; to ¢y if andonly if the above rules(with a fixed arbitrary choiceof the p in
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(2)) demandhatif t; is in the stubbornset,thenalsots mustbe. A stubbornsetthen
correspondso a setof transitionghatcontainsanenabledransitionandthatis closed
underreachabilityin the dependengcgraph. Therefore to constructa stubbornset, it
sufiicesto know thedependencgraphandthe setof enabledransitions.

In this paperwe will notactuallygive ary concretealgorithmfor finding stubborn
setsof CP-nets. Instead,we describea methodfor obtaininga “good” dependengc
graph from which onecanconstruct'good” stubbornsetswith the old algorithmsthat
rely ondependencgraphs.

11.3 The Necessityof Unfolding

Becauseavery CP-netcan be unfoldedto an equivalent PT-net, and becausegood
dependencgraphsfor PT-netsareknown, onecanalwaysconstructa stubbornsetof
a CP-netby first unfoldingit to a PT-net. Unfolding is, however, often expensve, so
onewantsto avoid it. We will demonstraten this sectionthat, unfortunately there
aresituationswheregoodstubbornsetscannotbe constructed— notevennamedasa
matterof fact— without unfolding or doingsomethingequallyexpensve. We will do
thatby analysingthe behaiour of the CP-netin Fig. 11.1. The CP-nethas9 places,
8 transitions,andall but two of its placeshave coloursetN = {1,2,... ,n}. The
remainingplacesps andpg have a colour setcontainingonly one element(colour)
denoted(). Thevariablex is of type N. In theinitial markingplacep,; containsthe
tokenswith colour1...n. Theremainingplacesareinitially empty

Let H beary subsebf N, andlet My bethe markingwhereM (p;) = M (ps) =
M(ps) = M(py) =0, M(p2) = M(ps) = H, M(ps3) = M(pr) = N — H, and
M (ps) = N. This markingcanbereachedrom theinitial markingby letting ¢; and
to occurwith suitablebindingsfollowed by the occurrenceof ¢7. We will consider
thestubbornsetsin My obtainedby unfoldingthe CP-netto a PT-net,andthenusing
Def. 22.

In My, all binding elementsof ¢; are enabled,and they are the only enabled
bindingelementsn My . Assumethatabindingelement(¢s, (x = h)) whereh € H
isin astubbornsetStub. Rule(3) of Def. 22 forcesusto includethebindingelements
(t4, (x = h)) and(tg, (x = h)) into Stub. The binding element(ts, (x = h)) is
disabledexactly becausehereis no token of colour & in p;. Sorule (2) forcesthe
inclusionof (t2, (z = h)) into the stubbornset. Rule (2) shouldthenbe appliedto
(t2, (x = h)), but this doesnot male the stubbornsetgrow ary more, becausehe
only input placeof ¢, hasnho inputtransitions.

Thebindingelementt4(z = h)) is disablechecause¢hereis notokenonpg. Rule
(2) of Def. 22 forcesusto includethebindingelementsts, (x = k)) into Stub, where
k € N. Thebinding elementgts, (x = k)) aredisabledbecause, andps; do not
containtokenswith the samecolour For thosevaluesof k thatarenotin H, rule (2)
takestheanalysighroughthetokenelement(ps, k) to ¢; but notto arywhereelse.But
whenthevalueof k isin H, theanalysigoroceedshrough(ps, k) to (t5, (z = k)). So
we seethat Stub mustcontainall the binding elements¢s, (z = k)) wherek € H.
On the otherhand,the setconsistingof thosebinding elementgogethemwith certain
disabledbindingelementsatisfiedDef. 22, andis thusstubbornn My.

Assumenow that Stub containsa binding element(ts, (x = h)) whereh ¢ H.
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Figurell.1l: CP-netdemonstratinghe necessityof unfolding.

Rule(3) leadsto (ts, (x = h)), fromwhichrule (2) takesusthrough(pg, k) andfurther
throughps to (t5, (x = k)) for every k € N. As aconclusion,Stub mustcontainall
enabledbindingelements.

Therearethusonly two possibilitiesfor the stubbornsetin My : eitherthe stub-
born set consistsof the binding elements(ts, (x = k)) wherek € H plus some
disabledbinding elementspr the stubbornsetcontainsall enabledbinding elements.
Theexistenceof theabose CP-netimpliesthefollowing lower boundresult.

Theorem4 The sizeof the equivalentPT-net PTN is a lower boundon the worst-
casetime compleity of anyalgorithmthat computesion-trivial stubbornsets(if they
exist) accoding to Def. 22, in all markingsencountegd during the SSstate space
constructionof a CP-netCPN.

Proof. Theamgumentpreceedinghetheorendemonstratetheexistenceof a CP-net
anda marking Mg with two possiblestubbornsets: eitherthe stubbornsetconsists
of the binding elements(ts, (x = k)) wherek € H plus somedisabledbinding
elementspr the stubbornsetcontainsall enabledbinding elements.The latteris the
trivial stubbornset,sothe stubbornsetconstructionalgorithmshouldfind the former
set. But, dependingon the history of the CP-net, H may be just ary subsetof N.
Since|N| = n, thealgorithmhasto deliver atleastn bits to beableto unambiguously
specifyits answer To dothatit need<s2(n) time. However, the CP-netis of constant
size(or of size®(logn), if youwantto chage the bits thatareneededo specifyn).
Sincethesizeof theequivalentPT-netobtainedby unfoldingthe CP-netin Fig. 11.1is
©(n), constructinga non-trivial stubbornsetrequiresat leasttime proportionalto the
unfolding.

We areleft with proving thatary suchalgorithmfor SSstatespaceconstruction
hasto considerthe markingsMy for all possiblechoicesof H C N. It suficesto
provethat My is containedn the SSstatespacevhenchoosinghestubborrsetswith
thefewestpossibleenabledvindingelementssincechoosingarger stubbornsetswill
only addmarkingsto the SSstatespace.Becausdtq, (x = k)) and(tq, (x = k)) are
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Figurel11.2: CPNmodelof the databasesystem

in conflictfor every k € N it is relatively straightforvard to checkthatevery SSstate
spaceof the CP-netrelying on Def. 22 containsghe markingsiM g forall H C N. O

It is worth observingthatin the abore constructionit alreadytakesn bits to de-
scribeM g, sothecostof unfoldingis notamajorfactorof thetotal costof statespace
constructionfor the CP-netin Fig. 11.1. Even so, the exampledemonstratethat the
constructionof non-trivial stubbornsetssometimesequiresanalysisat the level of
unfolding.

11.4 Process-Rrtitioned CP-nets

In this sectionwe explain our nevw methodfor computingstubbornsetsof CP-nets.
The methodis first explainedin an informal way and then followed by the formal
definitions.Beforethat,weintroduceanexamplesystermusedto clarify thedefinitions.

11.4.1 The Data BaseExample System

Thedistributeddatabasesystemfrom [66], depictedn Fig. 11.2,is usedasarunning
examplethroughouthis andsubsequergections.

The CP-netdescribeghe communicationbetweena set of databasemanagers
maintainingconsistentopiesof a databasein a distributed system.The statesof the
manageraremodelledby the threeplaceswaiting (for acknaviedgements)inactive,
andPerforming (anupdaterequestedby anothemanager) Themanageraremodelled
by the colour setDBM = {ds,... ,d,} wheren is the numberof managers.The
messagei the systemare modelledby the colour set MES. A messagés a pair
consistingof a senderanda recever. In Fig. 11.2,the namesDBM, E, andMES in
italics positionednext to the placesdenotethe colour setsof places. £ denoteshe
coloursetconsistingof asingleelemente.
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The actionsof the managersare modelledby the four transitions. Update and
Send Messages (SM) modelsa manageupdatingits copy of the databaseandsend-
ing a messageo every othermanagersothatit canperformthe sameupdateon its
copy. Receive a Message (RM) modelsamanagereceving arequesfor updatingits
copy of thedatabaseandSend an Acknowledgement (SA) modelsthe sendingof an
acknavledgemenimessageafter a requestedipdatehasbeenperformed.Receive all
Acknowledgements modelsthe managemreceving the acknavledgementsentback
by the othermanagers.To maintainconsisteng betweenhe copiesof the database,
the placePassive ensuregnutual exclusionfor updatingthe database. Initially, all
managersareon Inactive andall messageareon Unused. This is shavn by the ini-
tial markingsMES andDBM positionednext to the placesUnused andinactive. The
initial markingof placePassive is the multi-set1’e. Theinitial markingsof initially
emptyplacesareomittedin thefigure.

11.4.2 Informal Explanation

For the constructionof stubbornsets,we will distinguishoneor moresubnetf the
CP-netwhichwe will call processsubnets Theprocessubnetsnaybeconnectedo
eachotherby sharingcommonborder places but areotherwisedisjoint. Togetheithe
processubnetontainall thetransitionsandplacesof the CP-net.A processsubnet
modelgthestatesandactionsof oneor moreprocessethatrunthesameprogramcode.
The databasesystemhasonly oneprocesssubnet.

Eachtransitionin the CP-netbelongsto someuniqueprocesssubnet.We require
that eachtransitionhasa distinct variable,which, whenboundin an occurrenceof a
bindingelementof thattransition,identifiesthe processxecutingtheactionmodelled
by the transition. We will call this variablethe processvariable. In the database
system,SM andRA have the processrariables, whereasRM andSA have the process
variabler. Thiswill allow usto make a disjoint partitioningof thebindingelementof
atransitionaccordingto the following definition.

Definition 23 Let pv; be the processvariable of a transitiont € T, andlet ¢ €
Type(pvy). Thee-binding-classof t denoted [pv; = ¢] is thefollowing setof binding
elements{(t,b) € BE | b(pv;) = c}. 0

Thetermbinding classwill be usedwhenthe particularchoiceof ¢ is notimportant.

Therearethreetypesof placesn processubnetsprocesglaces)ocal placesand
borderplaces.

Procesylacesareusedto modelthecontrolflow of theprocessedn thedatabase
systemthe placesWwaiting, Inactive, and Performing are processplaces. Eachtoken
residingonsuchaplaceis assumedio have acolourwhichidentifiesthecorresponding
processandis referredto asa processtoken. Whenwe have a specificprocessn
mind, identifiedby the colourc, we will talk aboutthe c-process-token.

We assumethat in ary reachablemarking thereis exactly one c-process-tokn
presenin a given processsubnetfor a givenc. This corresponds$o a processhaving
only one point of control. Therefore,eachtransitionhasat leastone input and at
leastone output processplace (processplace connectedo an incoming/ outgoing
arc). The arc expressionsshouldensurethat an occurrenceof a binding elementin
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the c-binding-clasf a transitionremoresexactly onec-process-tokn from its input
procesglacesaddsexactly onec-process-tonto its outputprocesglaces anddoes
notaffect ¢’-process-tonswherec’ # c. Becausef this,aprocesgokenresidingon
aproceslacedeterminenebinding classof eachof its outputtransitions hamely
the c-binding-classvhich canremove the processoken. We will thereforetalk about
the correspondingbinding classesof a processtoken residingon a processplace.
Forinstancejn theinitial markingof the databasesystemthe correspondindpinding
classesof the d;-procesgtoken on Inactive are: the d;-binding-classof SM, thatis,
SM|s = di]; andthed;-binding-clasof RM, thatis, RM[r = d;].

Local placesareusedto modelstateinformationlocal to a process.Intuitively, a
tokenresidingon sucha placecanonly beremoved by a specificprocessandatoken
addedby oneprocescannotbe removed by anothemprocessin the databasesystem
thelocal placesin the processubnefare: Unused (which a databasemanageuseso
storeunusednessagesindReceived (which adatabasemanageusesto temporarily
storeareceved message).

The border placesconnectthe processsubnetsand model asynchronougom-
municationbetweenprocessesincluding communicationbetweenprocessesn the
sameprocessubnet.Therearetwo kinds of borderplaces:shared placesandbuffer
places A token residingon a sharedplace may be removed by sereral processes,
whereasatokenresidingon a buffer placemay only beremaovedby a specificprocess.
In the databasesystemtherearetwo buffer places:Sent andAcknowledged, andone
sharedplace:Passive.

11.4.3 Formal Definitions

We now presentthe formal definitionsof the conceptsinformally introducedin the
previous section. First we give the definition of a processsubnetof a CP-net. An
explanationof theindividual partsof the definitionis givenbelow.

Definition 24 Aprocessubnetisatuple(CPN, Py, Pioc, Poors Pous, 2, PV, Prid),
whee

1. CPN = (,P,T, A,N,C,G, E.I) is a CP-net.

2. P, C P is asetof processplaces P,. C P is a setof local places and
by, C Pisasetof borderplacessud that:

PprmBac:PprﬂPbor:Plocmpbor:O)andP:PprUPlocUPbor-

3. Pyyy C Py, isasetof buffer places
4. = € ¥ isacommorbasecoloursetof C(p) for all p € P, U Pioc U Pyyf.

5. PV is a function associatingwith ead transitiont € T a processvariable
PV (t) = pvy € Var(t) sut that Type(pvy) = E.

6. Prld = {Prld,},cp is a setof placeweightswith range = suc thatfor p €
P, U Pjoe U Py, s, Prid, projectsa multi-setover C'(p) into a multi-setover
thecommorbasecolour set= (cf. item4) andmapsany multi-setinto theempty
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multi-seton the remainingplacesin P. Thecolour Prld,(c) is the process
identity of thetokenelementp, ¢).

7. In theinitial markingthere is exactly onetokenwith a givencolourin = onthe
processplacesof the processsubnet:

> Pridy,(My(p)) =E (11.1)
PEPpr

8. Thefollowing equationshold for all transitionst € T'andb € B(t):

> Pridy(E(p,t)(b) = Y Pridy(E(t,p)(b) =1V (b(pvr)) (11.2)
PEPpr PEPpr

Vp € Proc U Pyuy = Pridy(E(p,t)(0))(b(pvr)) = |Pridy(E(p,t)(b))| (11.3)

Vp € Ploc : Pridy(E(t,p)(8)(b(pvr)) = |Pridy(B(t.p)B)|  (11.4)
O

In the definitionabore, item 1 to item 5 areratherstraightforvard. Item 6 definesthe
weightswhich are usedto projectout the processdentity of tokenson the process,
local, andbuffer placesof the processsubnet.In the databaseexample,the common
basecoloursetusedto modeltheidentity of the processess DBM. Theweightonthe
procesgplaceswaiting, Inactive, andPerforming is theidentity functionon multi-sets.
On thelocal placeReceived it is the projectioninto the secondcomponent.On the
local placeUnused it is theprojectioninto thefirst componentThisis alsotheweight
on the buffer placeAcknowledged, becauseve requiredin Equation(11.3) of item 8
thateachtoken in a buffer placehasa uniqueprocesgshat may consumet, andthat
processs identifiedby thefirst componentOnthe buffer placeSent theweightis the
projectioninto the secondcomponent.

ltem 7 expresseshatagivenprocesiasonly asinglepoint of control. Noticethat
the colourset= is interpretedasa multi-setin the equation.

Equation(11.2) in item 8 expresseghat the occurrenceof a binding elementof
atransitionin the subnetremovesexactly onetoken from the input processlacesof
the transition,and addsexactly onetoken to the output processplacesof the transi-
tion. Furthermorethe colour of the tokensremoved andaddedmatcheshe binding
of the processvariableof the transition. This equationensureghatin ary reachable
marking, the processlacescontainexactly onetoken of eachprocesddentity in =.
Equation(11.3)in item 8 expresseshata token residingon a local or buffer placeof
thesubnetanonly beremovedby the occurrencef bindingelementdelongingto c-
binding-classesf transitiondn thesubnetwherec is theprocessdentity of thetoken.
Similarly, Equation(11.4) expresseshattokensaddedto a local placeby the occur
renceof a binding elementget the processdentity of the processthat addedthem.
Togethertheseimply thattokensin alocal placeareprocesse@ndtokensin a buffer
placeareconsumedy oneprocesonly.



142 CHAPTER11. STUBBORNSETSOF COLOUREDPETRINETS

We now continuewith the definition of correspondindpinding classes By Equa-
tion (11.2)in Def. 24, for atokenresidingon a procesplace,they arethosebinding
classeshatcontainbindingelementavhich canpotentiallyremove thetokenfrom the
procesylace.

Definition 25 Let(CPN, Py, Pioc, Poors Pous, =, PV, Prld) beaprocessubnetLet
€ P,.. Thecorrespondingoinding classe®fatokenelementp, c) denoted” B(p, c)
are CB(p. c) = {t[pvy = Prld,(c)] | t € Out(p)}. O

We now define processpartitioning of a CP-net,which divides a CP-netinto a
numberof processsubnetsand ensureghat thesesubnetsare only allowed to share
borderplacesandareotherwisedisjoint.

Definition 26 A procesgartitioning of a CP-net
CPN = (X,P,T,A,N,C,G,E,I) is a setof n processsubnetof the CPN:
{(CPNZ7 P;;T'/ Pfoc’ Pgor'/ Pbluf’ =L PVE, PrIdz)}iEI:{l,Z... n}s satisfying:
1. Thesetof placesof the CP-netis the unionof the placesin the processsubnets:
P = Uie[ P

2. Thesetof transitionsof the CP-netis a disjoint union of the transitionsin the
processsubnetsT = J,.; 7" andVi,j € I : [i # j = T"NTI = ).

3. Thesetof arcsin the CP-netis a disjointunionofthearcsof theprocessubnets:
A:UielAiandVi,jeI: i 4= AnA =0

4. If two processsubnetsiavecommorplacesthenthey are border places:Vi, j €
I:[i#j=P NP CP

5. If a placeis a buffer place of someprocesssubnet,thenonly that subnetcan
consumeokensfromit: Vi € I :Vp € Py, ; : Out(p) C T". O

If aborderplaceis nota buffer placeof ary processubnetthenit is calleda shared
placeof the procesgartitioning.

We cannow formulatea propositionstatingthattheprocesplacesf theindividual
processubnetsrerelatedby a placeinvariant.
Proposition3 Let {(CPN*,P.. P\ ., P} . Pg'uf, =i PV PrIdi)}id:{m,m ) be

s & pro
a processpartitioning of a CP-netCPN. For i € I definethe setof place weights

Prld = {Prld,},cp by:

Prid, : peP,

11.
Orps @ otherwise (11.5)

Prid, — {

wheke 0,5 denoteghe functionmappingany multi-setinto the emptymulti-set. Then
thefollowing holds:

VM € [Mo) : Y Prid,(M(p)) = =’ (11.6)
peEP
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Proof. FirstweprovethatPrId isaplaceflow. Fort ¢ T theplaceflow condition
in Def. 21 is clearly satisfiedsinceall input and output placesof ¢ thenhave 0;;¢
asweight. For ¢ € T" the placeflow conditionis guaranteedy Equation(11.2) of
Def.24. Hence py Theoren?, Pr1d determines placeinvariantandtheproposition
now follows from Equation(1) of Def. 24. O

11.5 Stubborn Setsof Process-Rrtitioned CP-nets

In Sectionl1.2.2we pointedoutthatmoststubbormsetconstructioralgorithmsrely on
the notion of dependencygraphs In the caseof PT-nets,theverticesof a dependengc
grapharethetransitionsandeachedge(t;, t2) representarule of theform “if ¢; isin
the stubbormset,thenalsots mustbe! To constructa stubbornsetit suficesto know
the dependencgraphandthe setof enabledransitions.Several differentalgorithms
for this taskhave beensuggested.

Thegoalof thissectionis to definedependencgraphdor process-partitiorceCP-
netssuchthattheirsizeis proportionatto the numberof transitionsof the CP-nettimes
the numberof tokenson processplacesin the initial markingratherthanthe size of
the equivalentPT-net. To achiere this, verticesof the new dependencgraphswill be
correspondinginding classesnsteadof binding elements. Although stubbornsets
will eventuallybe definedas setsof binding elementsthe discussioris simplified if
we alsotalk aboutstubbornsetsof binding classes:

Definition 27 A setStub of binding classess stubbornin a marking M € [M,), if
andonlyif thefollowing hold for everyt[pv; = ] € Stub:

1. If H(tl,bl) € BE : M[(tl,b1)>, then3 tg[pth = C/] € Stub and (tg,bg) S
tolpvy, = ]+ M[(t2,b2))

2. DisabledRule (D-rule): assumehat¢[pv; = ¢] maycontaindisabledbinding
elementgeitherit is not knownwhethert[pv; = ¢| containsdisabledbinding
elementsor it is knownthatit does).For ead input border placeof ¢, consider
the processsubnetscontaininga transitionwith this placeas an outputplace
Thecorrespondindgindingclasse®ftheprocesdokenelementsn theseprocess
subnetsnustbein Stub.

3. Enabled Rule (E-rule): assumehat¢[pv; = ¢| doescontainenabledbinding
elements.For ead input shaed placeof ¢, considerthe processsubnetscon-
tainingatransitionwith thisplaceasaninputplace Thecorrespondinginding
classeof the procesdoken elementsn theseprocessubnetsnustbein Stub.

4. A processtoken with processidentity ¢ is locatedon one of the input process
placesp, oft in M andCB(p, ¢) isin Stub.

A setof bindingelementss stubborn,if andonlyif it is theunionof a stubbornsetof
bindingclasses. O

The edgesof the new dependengc graphsaredeterminedaccordingto D- andE-
rulesin item 2 and 3. Item 4 ensureghat only binding classegresultingfrom the
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useof the D- and E-rule areincludedin the stubbornset. The reasonfor the word

“may” in D-ruleis thatoftenit is impossibleor impracticalto decidewithoutunfolding
whethera binding classcontainsdisabledbinding elements:‘Unnecessaryuseof D-

rule makesthestubborrsetlarger, but doesnotendangecorrectnesssowe mayallow

it. Thisis aninstanceof approximatingrom above wherea preciseanalysisrequires
unfolding. On the otherhand,ary algorithm that constructsthe full statespaceof

a CP-netmustfind all enabledbinding elements. Therefore,when formulating E-

rule, we assumedhat it can be decidedwhetherary given binding classcontains
enabledbinding elements. This is not important, though; also E-rule can be used
unnecessarilyithout affecting correctness.Note that if ¢[pv; = ¢| containsboth
enabledanddisabledbinding elementsthenbothrulesmustbe applied.

Stubbornsetsof process-partitiorte CP-netscanbe constructedrom the depen-
deny graphgustasin the caseof PT-nets,with the exceptionthata vertex now rep-
resentdinding classeshatmay consistof severalbinding elements.To startthe con-
struction,one canpick a procesgoken in someprocesssubnetsuchthatat leastone
of the correspondingbinding classesontainsan enabledbinding element. We will
illustratethe new dependencgraphsandtheir usein Sect.11.6.

To shav the correctnessf the new methodfor constructingstubbornsets,we will
needan auxiliary notion of process-closw PrCi(t,b) of a binding element(t, b).
It is definedasthe setof binding elements(t’, ') suchthat¢’ is a transitionof the
sameprocesssubnetast and ¥’ (pvy) = b(pvt). In otherwords, PrCi(t,b) is the
setof thosebinding elementsmodellingthe actionsof the processdentified by the
bindingelement(t, b). This notionis extendedo setsof bindingelementdy defining
Prel(B) = Ug,pyep Prl(t,b).

Theorem5 Let PPC bea process-partitionedCP-net,and PTN the PT-netthatis
obtainedby unfolding PPC. Let Stubppc be a stubbornsetof binding elementf
PPC in thesenseof Def. 27. Then PrCI(Stubppc) is a stubbornsetof PTN in the
senseof Def. 22. O

Theproofof thetheorems omittedbecausef lack of space Thetheorensays,in
essencehatthe processlosureof theunfoldingof ary stubbornsetobtainedwith the
new dependencgraphss a stubborrsetof theunfoldedPT-net(albeitnot necessarily
an optimal one). Therefore,and becausea CP-nethasexactly the samebehaiour
asthe equivalentPT-net[66], the analysisresultsobtainedwith a process-partitiorte
CP-netandits stubbornsetsare the sameaswhat would be obtainedwith ordinary
stubbornsetsandthe unfoldedPT-net. BecauseéPT-net stubbornsetsare guaranteed
to presere deadmarkingsandpossibility of non-terminationpur process-partitioree
CP-netstubbornsetsalsopresere theseproperties.

11.6 Stubborn Setsof the Data BaseSystem

We now illustratetheuseof D- andE-ruleonthedatabasesystenfor n = 3 database
managern theinitial marking M, andin two subsequemnnarkings.

Stubborn setin M. Assumethatwe selectthe d;-process-toén in the only pro-
cesssubnet.Sincethe d;-process-toén is on Inactive we initiate the constructionby
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Figure11.3: Computatiorof the stubbornsetsin M (left) and M (right).

including{SM|[s = di|, RM|[r = d;]} into the stubbornset. We now apply the D-
andE-rulerecursvely.

First we considerSM|[s = d;]. Sincethe transitionSM hasonly one variable,
andthatvariableis the processrariable,in this caseit is possibleto determinghatthe
binding classcontainsno disabledbinding elements.Thus, it suficesto apply only
E-rule. SM hasthe sharedblacePassive asaninput place.Thereis only oneprocess
subnetin the whole system,thusthereis only one processsubnetwith a transition
having Passive asaninputplace.All procesdokensof this processubnetarelocated
on Inactive andhencewe includethe following correspondindpinding classego our
stubbornset: {SM|[s = di], RM[r = d1]} and{SM|[s = da], RM[r = d3]} and
{SM][s = ds|, RM[r = ds]}.

We now considerRM[r = d;]. In theinitial marking this binding classcon-
tains only disabledbinding elements,hence(only) D-rule is applied. The transi-
tion hasoneinput buffer place: Sent. We locatethe procesgokensin processsub-
netscontaininga transitionwith Sent asan output place,which leadsus to include
{SM[s = di], RM[r = di]} and{SM|[s = ds], RM|r = ds]} and{SM]|s =
d3}7RM[T = d3}}

We have now processedhe binding classesSM|[s = di] and RM[r = di],
and have found out that we also have to investigatethe binding classes{ SM|[s =
ds], RM[r = do]} and{SM|s = ds], RM[r = ds|}. Becausehey aresymmetricto
thefirst casetheiranalysigevealsthattheinclusionto thestubborrsetof SM [s = d;]
andRM|r = d;] for ary i € {1,2,3} will forcetheinclusionof SM[s = d;] and
RMr = d;] alsowith theothertwo possiblevaluesof i. Thesedependencielsetween
bindingclassesanbeillustratedwith the dependencgraphdepictedon theleft hand
sideof Fig. 11.3. The dependengc graphcontainsall enabledbinding elementsand
hasonly onestronglyconnectedcomponentHence ary stubbornsetmustcontainall
the enabledindingelementsn theinitial marking.

Stubborn setin M;. Considemow the marking M, reachedby the occurrenceof
thebindingelement(SM, (s = di1)) in M, (thetwo othercasesorrespondingdo ds
andds aresimilar by symmetry andwe will skip them). Assumethatwe choosethe
do-process-toln locatedon Inactive. Thuswe initiate the constructionby including
{SM|[s = da], RM|[r = ds]} into the stubbornset.

Continuingwith the applicationof the rules until all binding classeshave been
handledyields the dependengc graphon the right handside of Fig. 11.3. Again, all
enabledbinding elementsnustbe includedinto the stubbornset. As a matterof fact,
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Figurell.4: Computatiorof the stubbornsetin Ms.

ananalysisperformedat the unfoldedlevel shavs thatit is not necessaryo take ary

otherenabledbinding elementshan (RM, (s = di,r = ds)) into the stubbornset,
but our methodfails to seethatthis is the case.As wasmentionedn theintroduction,
making the stubbornsetanalysisat too detaileda level would causethe analysisto

collapseto the unfoldingof the CP-netwhich we wantto avoid. It is betterto keepthe

analysissimpleandevery now andthenincludemorebinding classeshanabsolutely
necessary

Stubborn setin M,. Considemow the marking M, reachecby the occurrenceof
the binding element(RM, (s = di,r = da)) in M;. Assumethatwe pick the ds-
process-to&n on Inactive. Thus, we initiate the constructionof the stubbornsetby
including {SM (s = ds], RM[r = ds]} into the stubbornset. Continuingwith the
applicationof therulesyieldsthedependencgraphin Fig. 11.4.

An importantaspectof the dependengc graphis that thereare no edgesout of
SA[r = ds]. Thereasonis thatboth D-rule and E-rule look at input borderplaces,
but SA hasnoneof them: Performing is a procesglaceandReceived is alocal place.
Hencewe canchoose{SA[r = d»]} asthe stubbornsetin M,. It containsonly one
enableddindingelement:(SA, (s = dy,r = da)).

It is worth noticing that this resultgeneraliseso all databasemanagersandre-
mainsvalid evenif the total numberof the databasemanagerss not three. Thatis,
independenof the numberof the databasemanagersthe set{SA[r = d;]} is stub-
bornwheneer (SA, (s = d;,r = d;)) is enabledfor some: andj. In the markings
reachedrom now on, thereis only a singleenabledbinding elementuntil the initial
markingis reachedagain.

The numberof markingsin the full statespacefor the databasesystemis 1 +
n3"~1 = ©(n3"). Observingthat the numberof tokenson the placeReceived is
always at mostone with the new methodfor computingstubbornsets,the number
of markingsin the SSstatespaceis 1 + n(2" 1 + (n — 1)2"2) = ©(n?2"). With
unfoldingit is possibleto getareducedstatespacewith asfew as1+n(1+2(n—1)) =
©(n?) markings.Thereductiongiven by our nev methodis thusnotasgoodaswhat
may be obtainedf oneis willing to do the expensve unfolding.

11.7 Experiments

To obtain evidenceon the practicaluse and performancewith respectto reduction
obtainedandtime usedto generatehe SSstatespaceanexperimentalprototypecon-
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Full statespace SSstatespace
IDBM]| || Nodes| Arcs | Time || Nodes| Arcs | Time
3 28 42 1 25 30 1
109 224 1 81 104 1

406 | 1,090 2 241 | 330 2
1,459 | 4,872 16 673 | 972 9
5,104 | 20,426| 142 | 1,793\ 2,702 40

17,497| 81,664| 1,139| 4,609 7,184 157

N|O| 01 A~

Table11.1: Verificationstatisticsfor the databasesystem.

taining the nav methodhasbeenimplementedon top of the statespacetool of De-
sign/CPN[16].

In this prototype the usersuppliesthe informationon processubnetsandspeci-
fieswhich placesareprocesgplacesjocal placesetc. Oncethe informationhasbeen
supplied the SSstatespacecanbe generatedully automatically The prototypeuses
a simpleheuristicfor choosingbetweenthe possiblestubbornsets. In eachmarking,
oneof thestubborrsetscontaininga minimumnumberof enabledindingelementss
selectechsthe stubbornset. It is worth notingthatin generalthis mayfail to leadto
the bestpossiblereductionof the statespace.

Below the prototypeis appliedto two casestudies: the databasesystemfrom
the previous sectionsandto a stop-and-wit protocol. All measurepresentedn this
sectionwereobtainedon a SunUltra SparcEnterprise3000workstationwith 512 MB
RAM.

Distrib uted data basesystem. Firstwe considerthedatabasesystemfrom the pre-
vious sections.Table 11.1 containsthe sizes(nodesandarcs)of the full statespace
andthe SS statespacefor varying numberof databasemanagers.In addition, the
generatiortimesfor the statespacegin CPU secondspareshavn. A carefulinspec-
tion of Table11.1shawvsthatthe experimentakizesfit thetheoreticakizesobtainedn
Sect.11.6.

Stop-and-wait protocol. We now considera larger examplein the form of a stop-
and-vait protocolfrom the datalinkcontrollayerof the OSI network architectureThe
protocolis takenfrom [5].

The CP-netof this stop-and-wit protocolis a hierarchicalCP-netconsistingof
five pages.The CP-nethasfour processubnetanodellingthe threadsn therecever
and senderparts of the protocol. It hassix borderplaces. Two borderplacesare
usedto modelthe communicatiorbetweerthethreadsn therecever andthe sender
respectrely, andtwo borderplacesmodelthe communicatiorchannelsetweenthe
sendelandtherecever.

Table11.2shawvs the verificationstatisticsfor the stop-and-wait protocolfor vary-
ing capacitieof thedatachanne(ChanD)andtheacknavledgementhanne(ChanA),
andvaryingnumberof paclets(Packets)sentfrom the sendetto therecever. The CP-
net of the stop-and-wit protocoluseslists, stringsandintegersastypesof the vari-
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Full statespace SSstatespace
ChanD | ChanA | Packets || Nodes | Arcs | Time || Nodes| Arcs | Time
1 1 2 7,929| 27,708 44 5,065 9,469 42
1 1 3 12,163| 42,652 83 7,775| 14,580 76
2 1 2 19,421| 70,847 259 | 12,428| 24,268| 186
1 2 2 20,303| 74,936| 291 | 13,157| 25,825| 199
2 2 2 49,515 190,383| 947 | 32,145| 65,792| 579
3 2 2 110,963| 433,409| 5,618 72,169| 150,006| 3,812
2 3 2 115,751 453,995| 6,157 | 75,721| 157,528| 3,991

Table11.2: Verificationstatisticsfor the stop-and-wit protocol.

ablesof the transitions,andis thereforean exampleof a CP-netwherethe unfolding
approacHailsto work. As aconsequenceaye cannotcomparehereductionsobtained
with the new methodandthe algorithmbasedon unfolding.

11.8 Conclusionsand Future Work

We addressetheissueof computingstubbornsetsof CP-netswithout relying on un-
folding to PT-nets.It wasshavn thatthe problemis computationallyhardin thesense
that thereare CP-netsfor which computinga non-trivial stubbornset requirestime
proportionalto the sizeof the unfoldedCP-net.A methodfor process-partitione@P-
netswasgivenwhich avoidsthe unfolding by exploiting additionalstructureon top of
the CP-net.The methodapproximateshe unfoldedstubbornsetsfrom above, thereby
not necessarilyielding the bestpossiblestubbornsetswith respecto the reduction
obtained.

The practicalapplicability of the suggestednethodwas assessetty somecase
studies.A commondenominatofor the experimentsvasthatthe reductionobtained
morethancancelleuttheoverheadnvolvedin computingthestubbornsets.Hence,
judgingfrom the experimentsthe suggestednethodseemsn practiceto give reason-
ably goodstubbornsets,at a very low costwith respectto time. This indicatesthat
the methodseemdo be a goodcompromisédn the trade-of betweemot makingtoo
detailedananalysisof dependencieandat the sametime gettinga reasonableeduc-
tion. Equallyimportant,unlike the methodbasedon unfolding,the nev methoddoes
notfail to work whencoloursetswith aninfinite domainareusedastypesof variables
of transitions.

Anotherinterestingaspectariseswhen combiningthe stubbornset methodwith
reductionby meansof symmetryassuggestedh [125]. If the methodfor computing
stubbornsetsin this paperis combinedwith symmetryreduction,thenit may result
in the samereductionaswhenthe stubbornsetsobtainedwith unfoldingis combined
with symmetryreduction. This is, for instance the casewith the databasesystem
studiedin this paper Therefore,althoughthe stubbornsetsare not as good asthe
stubbornsetsobtainedwith unfolding,they may still yield equallygoodresultswhen
symmetryis appliedon top. This suggestaisingthe symmetrymethodasa way of
furtherimproving the results.Futurework will includework in this direction,aswell
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asthe applicationof the nev methodto more elaborateversionsof the stubbornset
methodthatpresere moreproperties.

Our methodrequiresthe userto supply someinformation regardingthe process
subnetsprocesplaces]ocal placeshorderplacesgtc. It is reasonabléo assumehat
the developerof a CPN modelis ableto supply suchinformation,asit is similar to
declaringtypesin a programminganguageAlso, thekind of informationwhich must
be suppliedseemaaturalfrom the point of view of concurrensystems However, in
orderto usethe methodon large examples,the validity of the suppliedinformation
mustbe checled automatically Onepossibleapproacho this would beto exploit the
techniqueslevelopedin [116] for placeinvariantanalysisof CP-nets.
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Chapter 12

Impr oved Question-GuidedStubborn Set
Methods for State Properties

ThepaperimprovedQuestion-Guide&tubbornSetMethodsor StatePropertiescon-
stituting this chapterhas been publishedas a technicalreport [87] and is submit-
ted to the 21st InternationalConferenceon Application and Theory of Petri Nets
(ICATPN’00).

[87] L. M. Kristensenand A. Valmari. Improved Question-GuidedstubbornSet
Methodsfor StateProperties.Technicalreport, Departmenif ComputerSci-
ence,University of Aarhus,Denmark,1999.DAIMI PB-543.

The contentof this chaptelis equalto thetechnicalreport[87] exceptfor minor typo-
graphicalchanges.
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Improved Question-Guide&tubbornSet
Methodsfor StateProperties

L. M. Kristensen A. Valmari

Abstract

We presenttwo new question-guidedtubbornset methodsfor stateprop-
erties. The first methodmakesit possibleto determinewhethera marking is
reachablen which a given statepropertyholds. It generaliseshe resultson
stubbornsetsfor statepropertiesecentlysuggestetby Schmidtin thesensehat
that stubbornsetmethodcanbe seenasanimplementatiorof our moregeneral
method.We proposealsoalternatve, more powerful implementationshat have
thepotentialof leadingto betterreductionresults.This potentialis demonstrated
on somepracticalcasestudies.

As anextensionof thefirst methodwe presenasecondnethodwhichmakes
it possibleto determineif from all reachablemarkingsit is possibleto reacha
markingwherea givenstatepropertyholds. The novelty of this methodis thatit
doesnotrely on ensuringthatno transitionis ignoredin the reducedstatespace.
Again, the benefitis in the potentialfor betterreductionresults.

Topics: Systemdesignandverificationusingnets,Analysisandsynthesif
nets,Computertoolsfor nets.

12.1 Intr oduction

Statespacemethodshave proven powerful in the analysisandverificationof concur

rent systems. Unfortunately the statespacesf systemstendto grow very rapidly
when systemsbecomebigger This well-knovn phenomenons referredto asstate
explosion andit is aseriousproblemfor the useof statespacemethodsn theanalysis
of real-life systems.

Many techniquedor alleviating the stateexplosionproblemhave beensuggested,
suchasthe stubbornset methods[120,129]. They comprisea subgroupof rather
similar methodsfirst suggestedn the late 80’s and early 90’s [49,50,101]. These
methodsarebasedon the factthatthe total effect of a setof concurrentransitionsis
independenof the orderin whichthetransitionsoccurs.Thereforejt oftensuficesto
investigateonly oneor someorderingsin orderto reasonaboutthe behaiour of the
system.

*Departmenbf ComputerScienceUniversity of Aarhus,DK-8000AarhusC., DENMARK.
E-mail: Imkristensen@daimi.au.dk.

fTamperdJniversityof TechnologySoftwareSystemd aboratoryPOBox 553,FIN-33101Tampere,
FINLAND. E-mail: ava@cs.tut.fi.
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Thispapepresentswo new stubborrsetmethodsvhichmale it possibleo reason
aboutstateproperties A statepropertyis apropertythattalksaboutonly onemarking.
Forinstance M (p) < 10 is astateproperty whereasiM’ € [M) : M'(p) > M (p) is
not.

Thefirst stubbornsetmethodmalesit possibleto answerthe following question:
“is it possibleto reacha markingwherea given statepropertyholds?” The method
is question-guided.e., it takesa statepropertyasinputandgeneratea reducedstate
space.Thisreducedstatespacewill containa markingwherethe propertyholdsif and
only if thereexistsareachablenarkingin which thestatepropertyholds. This method
is important,becausavith it onecan,e.g.,find placeboundsandcheckreachabilityof
a (perhapsncompletelyspecified)marking, more efficiently thanwith existing stub-
bornsetmethodg4109,123,124]. Themethodpresenteds basedntheideasin [109],
but triesto computebetterstubbornsets. This canpotentiallyleadto betterreduction
results.

The secondquestion-guideanethodmalesit possibleto answerthe question:“is
it possiblefrom all reachablenarkingsto reachamarkingwhereagivenstateproperty
holds?” This methodcanfor instancebe usedto checklivenesof a singletransition
with betterreductionresultsthan an earlier method[124] that checklivenessof all
transitionssimultaneously It can also be usedto checkwhethera given (perhaps
incompletelyspecified)marking is a home marking more efficiently than with the
techniquedescribedn [109].

The paperis organisedasfollows. Section12.2recallsthe basicfactsof Place/-
TransitionNets(PT-nets),statespacesandstubborrsetsusedin therestof this paper
Sectionl2.3givesaninformalintroductionto thefirst stubborrsetmethodby meansof
asmallexample. Sectionsl2.4-12.7formally develop the new stubbornsetmethods,
and Sect.12.8 considerstheir implementation. Section12.9 discussespplications
of the first methodto boundednespropertiesof PT-nets. Section12.10gives some
numericaldataon the performanceof thefirst methodon somecasestudies.Finally,
we sumup theconclusionsn Sect.12.11.

12.2 Background

This sectionbriefly summariseshe basicfactsandnotationof PT-nets,statespaces,
andstubbornsetsusedin the restof the paper We assumehatthe readeris familiar
with thedynamicbehaiour of PT-netsandthe basicideasof statespacegalsocalled
occurrencegraphsor reachabilitygraphs/trees).

Definition 28 A Place/Transition Net s tuple PTN = (P, T, A,W, M;), whee P
is a finite setof places,T is a finite setof transitionssudh that PNT = @), A C
(P xT)uU(T x P)isasetofarcs,IW : A — N, is an arc weightfunction,and
M : P — Ny istheinitial marking O

We useM; astheinitial markinginsteadof themorecorventional M. Thisallows us
to use M, asthefirst markingof occurencesequencewhich do notnecessarilystart
in theinitial marking. If a transitiont is enabledin a marking M; (denoted)M, [t)),
thent mayoccurin M; yieldingsomemarkingMs. Thisis written M; [t) Ms. Extend-
ing this notation,an occurrencesequencés denotedMy[t1) M - - - M,,_1[t,)M,, and
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satisfiesM;_1 [t;) M; for 1 < i < n. Whentheintermediatenarkingsin anoccurrence
sequencarenotimportantwe will write it asMg[t1ts - - - t,) M,,. A readablemark-

ing is a markingwhich canbe obtained(reachedby anoccurrencesequenceatarting

in theinitial marking.By [M) we denotethesetof markingsreachablérom amarking

M. Foraplace(transition)z, ex denoteghe setof inputtransitions(places)f x, and

xe is asimilar notationfor outputtransitiong(places).The notationis extendedo sets
by taking the union of ex (xe) over eachmemberz of the set. In a marking M, the

markingof aplacep is denotedV (p).

Definition 29 The Full StateSpaceof a PT-netis a directedgraph SG = (V, E),
wheeV = [My) andE = { (M;,t,Ms) € V x T x V| Mi[t)Ms }. O

In therestof this papewe assumehata PT-net( P, T', A, W, M) with afinite full
statespaceSG = (V, E) is given. For someof the stubbornsetalgorithmspresented
in this papemwe will exploit thestrongly connectedomponentsA stronglyconnected
componen{SCC)is a non-emptysetC' of reachablenarkingssuchthatif M € C
thenC ={ M' | M’ € [M) A M € [M') }. An SCCis saidto beaterminalstrongly
connecteccomponentff A € C implies[M) C C.

Statespaceconstructiorwith stubbornsetsfollows the sameprocedureasthe con-
structionof the full statespaceof a PT-net, with one exception. Whenprocessing
marking,a setof transitionsthe so-calledstubbornset is constructed.Only the en-
abledtransitionsin the stubbornsetare usedto constructsuccessomarkings. This
meansthat only a subsetof the relation M [t) M’ is usedfor the constructionof the
reducedstatespace. We denotethis subsetby M|t)ssaM’', and define M|ty - - -
tn)ssacM' and [M)gse asfor the full statespacebut now basedon the relation
M]t)ssqgM'. Thestubbornsetreducedstatespace(from now on calledthe SSstate
spac¢ canbedefinedasadirectedgraphSSG = (Vssa, Essa) basedntherelation
M][t)ssgM' in asimilar way asthe full statespace.We definethe (terminal) SCCs
for the SSstatespaceanalogouslyto the casefor thefull statespace.

The choiceof stubbornsetsdependson the propertieghatare beinganalysedor
verified of the system. Many stubbornsetalgorithmsare suneyed in [129]. They
all assumehatthe stubbornsetsusedin eachmarkingsatisfycertainconditions,and
stubbornset methodsfor different propertiesare obtainedby using different condi-
tions. However, it is commonto almostall of themthat the conditionslisted below
shouldhold. Below T5(M) denoteghe stubbornsetusedin themarking M .

Dl If t € TS(]W()), t1,... ,lpn Qé TS(]W()), Mo[tltg . -tn>Mn, andMn[t>M7’l, then
thereis M suchthat M [t) M) and M{j[tita - - - t,) M],.

D2 If M, hasanenabledransition,thenthereis atleastonetransitiont, € 75(M)
suchthatif ¢1,... ,t, ¢ Ts(My) and My[tits - - - t,) M, then M, [ty). Any
transitionwith this propertyis calleda key transitionof T5(Mj).

The conditionsD1 and D2 as suchare not suitedfor constructingstubbornsets
sincethey referto occurrencesequencesTherefore the constructiorof stubbornsets
is in practiceimplementedy relying onrulesthatreferonly to thestructureof the PT-
netandthe currentmarking,andwhich expresssuficient conditionsto make D1 and
D2 hold. Thetutorial [129] lists anumberof such.Below we give asimpleproposition
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which guaranteeshat D1 and D2 hold. The propositionanalyseshe dependencies
betweertransitionsatarathercoarsdevel, andit is notoptimalin thesensef yielding
smallestpossiblestubbornsetsand smallestSS statespaces.We will useit only for
illustrationpurposes.

Proposition4 The conditionsD1 and D2 hold if the following hold for every ¢ €
To(M):

1. f3t,eT - M [t1>, thendt, € TS(M) M [t2>.
2. If =M [t), thendp € ot : M(p) < W(p,t) N op C Tg(M).

3. If M [t), then(et)e C Ts(M). O

Theimportantaspecof Prop.4 is thatthethreeitemscanbereadasrules.ltem 1
specifieghatif thereis an enabledransition,thenan enabledtransitionhasto bein
thestubborrset.ltem 2 specifieghatif a disabledransitiont hasbeenincludedin the
stubbormnset,someplacep in the presetof ¢ which doesnot containenoughtokensfor
t to be enabledmustbe chosenandits presetincluded. Finally, item 3 specifieshat
if anenabledransitiont hasbeenincludedthenthe postsebf the presetof ¢ mustbe
included.A numberof algorithmsfor constructingstubborrsetsbasecdn propositions
like Prop.4 aregivenin [129].

12.3 An Example

In this sectionwe introducethe first of our improved stubbornsetmethodsin anin-
formal way usingthe simple PT-netshawvn in Fig. 12.1. Figure 12.2 shavs the full
statespaceof this PT-net. Node 1 correspondso theinitial marking. Eacharchasan
associatedhbel giving the nameof thetransitionto which it correspondsFor a node
n we denotethe correspondingnarkingby M,,.

Supposéahatwe wantto checkthatthereexists a reachablenarkingin which the
placep,y containsat leasttwo tokens. This canbe expressedasthe state property
¢ = M(p1o) > 2. My is theonly suchmarking.

The stubbornsetmethodin [109], in thefollowing referredto asthe attractor set
method would definean attractor setin ), denotedA, (MM, ), for the atomic state
propositionM (p1p) > 2. Therole of the attractorsetis to ensurethatin eachstepof
theSSstatespaceconstructionprogresss madetowardsamarkingwheretheproperty
holds. Theattractorsetin M; would consistof thetransitionswhich canaddtokensto
p1o- HenceAy(My) = {t5,t6}. Theattractorsetmethodrequiresthe attractorsetto
beasubsebf thestubbornsetin eachmarking. If we apply Prop.4, thenthe stubborn
setin My will be{t,tq,t3,t4,15,1¢}. Hencebothenabledransitions(t; andts) are
in the stubbornsetin M;.

If we considerthe marking M5 thenthe attractorsetremainsthe sameasin M,
andProp.4 givesus{ts, 4, t5, ts} asthe stubbornset. Again, all enabledransitions
areincludedin the stubbornset. The situationin Ms is symmetricto Ms. In My, the
transitiont, will bein thestubborrset. Thesituationin Mg is symmetricto M, andin
Ms, thetransitionsts andig will bein the stubbornset. In M; and Mg, thetransition
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Figure12.2: Full statespacdor the PT-netin Fig. 12.1.

tg andts, respectiely, will bein the stubbornset. In conclusionthis meansthatthe
attractorsetmethodyields an SSstatespaceconsistingof markingsi/; to M.

It canhowever be obsered thatit is possibleto selectstubbornsetsduring the
constructionof an SS statespacewith fewer enabledtransitionsthanthoserequired
by the attractorsetmethod. This could potentiallyleadto morereduction. The basic
ideain our new methodis to relaxthe requirementhatthe attractorsetmustalways
be containedn the stubbornset.

Supposéhatthe requiremenimposedby the attractorsetweretotally removed.
From Prop.4 it follows thatin M; we canselect{t,,t4} or {¢1,t3} asthe stubborn
set. Supposéahatwe select{t1,¢3}. Propositiond impliesthatit is possibleto select
{t5} or{ts,ts} asthestubborrsetin Ms. If in M, we selectthelatter, thenin M5 we
canselect{ts}, {ts}, or {t7} asthestubborrset.

If in M5 we selecthestubbormsetconsistingof {¢7} only, thentheconstructiorof
the SSstatespacewill terminateatthis point, since M5 is alreadyincludedin it. This
meanghatwe would wrongly concludethattheredoesnot exist amarkingin which ¢
holds. The problemis thatwe have not ensuredrogresstowardssuchamarking. The
attractorsetmethodensuregprogressn eachmarkingof the SSstatespaceby always
including the attractorsetin the stubbornset. Insteadof this strongrequirementve
will ensurethat from eachmarkingin the SS statespaceeventuallyprogresscanbe
made,.e.,amarkingis reachablén the SSstatespacen which progresss made.

For this purposewe introducethe notionof up sets An up setis asetof transitions
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chosensuchthat at leastone transitionin it hasto occurin orderto make the state
propertyhold. Hencethe up setsare similar to attractorsets. However, unlike the
attractorsetmethod,we will not requirethat the up setis always containedin the
stubbornset. Moreover, we will additionally exploit that the statepropertieswhich
we consideraregrowing Booleanfunctions. This makesit possibleto ensureprogress
towardsthe propertyby eitherreducingthe lengthof anoccurrencesequencéeading
to a markingwherethe statepropertyholds, or by increasingthe numberof atomic
statepropositionswhich aresatisfied. This requiremenwill ensurethatts or ¢ is in
the stubbornsetin Ms. Similarly, it will ensurethattg is in the stubbornsetin M7,
andthatts is in thestubbornsetin Msg.

Ensuringeventualprogresss howevernotsuficientfor preservingstateproperties.
As a simple example,supposehat we wantto shav thata markingis reachablén
which M (p3) = 0 and M (ps) = 1. This corresponds$o shaving that AM» or My is
reachablelf {¢s,t4} is selectedasthe stubbornsetin M, thenneitherof My and My
will bein the SSstatespace.The problemis thatin M; the only enabledransitionin
the stubbornsetis t,, andanoccurrencef this transitioncanchangethe value of the
statepropertyfrom True to False. To accounffor thiswe introducethe notionof down
sets A down setis a setof transitionschosensuchthat a transitionin the dovn set
hasto occurin orderto make the propertynot hold. We will ensurehatif anenabled
transitionwhichis in the down setis in the stubbornset,thenthetransitionsin theup
setarealsoin the stubbornset. Thiswill ensurehatif ¢, is in the stubbornsetin M;
thenalsot; is.

12.4 StateProperties

We considerstate propertiesexpressedas formulasthat are composedof so-called
atomicstatepropositionsusingonly the logical operators' A" and“V” andparenthe-
ses“(” and"“)”. For a stateproperty ¢ we denoteits atomic statepropositionsby

©1,92,--- ,¢n, andlet I = {1,2,... ,n} denotethe setof indicesof the atomic
statepropositions. The atomic statepropositionsand statepropertiesare interpreted
onthemarkingsof the PT-net,andtheresultingtruth valuesaredenotedy ¢; (M) and

¢(M). The atomicstatepropositionsare definedaccordingto the following syntax,
wherep, p1, andp, denotearbitraryplacesandk is anintegerconstant.

@i = M(p) = k| M(p1) = M(p2) | M(p) =k | M(p1) = M(p2) |
M(p) < k| M(p1) > M(p2) | M(p) # k | M(p1) # M(p2)

We have notincludedM (p) > k andM (p) < k asatomicstatepropositionssince
they canbe expressedas M (p) > k + 1 and M (p) < k — 1, respectrely. The set
of atomicstatepropositionscouldbe extendedprovidedthatthe correspondingip and
down setsto bedefinedin Sect.12.5areimplementedgroperly

Above only conjunctionanddisjunctionwere allowed asthe Booleanoperators.
However, the atomic statepropositionsare closedundernegation(p; andp, may be
swappedwhenneeded)so formulaswhich usenegationcanalways be re-writtento
a form allowed by the abore syntaxusing De Morgan’s equivalencegi.e., =(¢1 V
P2) = =1 N\ =g and—(p1 A ¢2) = —d1 V —e). Therefore the syntaxdoesnot
restrictgenerality It is however importantfor the correctnessf the lateralgorithms
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thatformulasaregivenin a nggation-freeform, i.e., thatthey have beenpreprocessed
beforebeingprovidedasinputto thealgorithms.

Definition 30 Let M bea markingand¢ a statepropertyconstructedromtheatomic
statepropositions{ ¢; | i € I }. Thesetoftheindicesof theatomicstatepropositions
which are satisfiedn M is denotecbn,(M). Thesetof theindicesof theatomicstate
propositionswhich are not satisfiedn A is denotedff4(A7). Formally:

ong(M) = {i €1 |p;(M)}andoffy(M)={iel|-p(M)} 0

If weletB = {True, False}, treatthe ¢;’s asagumentsymbols,anddefineFalse <
True, thena statepropertyformula ¢ determines monotonicallyincreasingBoolean
functionfrom B™ to B.

Thefollowing propositionlists importantpropertiesof the statepropertyformulas
whichwill be exploitedlater.

Proposition5 Let M and M’ be markingsand ¢ a stateproperty constructedrom
the atomicstatepropositions{ ¢; | ¢ € I }. Thenthefollowing holds:

1Viel:pi(M)<pi(M)= ¢(M) < (M)
2. (M) A—-(M') = 3i € I : (M) A —pi( M) 0

Item 1 stateghat¢ is amonotonicallyincreasingBooleanfunction. Item 2 stateghatif
¢ is satisfiedn M but notin M’ thenthereexistsatleastoneatomicstateproposition
whichis satisfiedn M but notsatisfiedn M’. Iltem 2 is aconsequencef item 1.

12.5 Up/Down and Satisfiability Sets

To describethe requiredpropertiesof the stubbornsets,we definetwo setsof tran-
sitionsrelatedto a stateproperty¢: anup setanda downset Theup setof ¢ in a
marking M is asetof transitionschosersuchthatif ¢ doesnotholdin M thenatleast
onetransitionin theup setmustoccurbefore¢ canstartto hold. Thedownsetof ¢ is
asetof transitionschosersuchthatit containsatleastall transitionswvhoseoccurrence
canchangethe valueof someatomicstatepropositiony; of ¢ from True to False. In
additionto thesetwo setswe definethe satisfiabilitysetof ¢ in M asasetof indices
of theatomicstatepropositionssuchthatat leastoneatomicstatepropositionthathas
its index in the sethasto changéts valuefrom False to True in orderto make thestate
propertyhold.

The implementationof concreteup and down setswill be determinedfrom the
atomic statepropositionsand Booleancombinators. However, the propertiesof up
anddown setsaregeneralconceptsandnot tied to the specificsetof stateproperties
consideredn this paper Therefore we defineup anddown setsaspropertiesof a set
of transitions A similar remarkappliesto satisfiabilitysets.

Definition 31 Let¢ bea statepropertyconstructedromtheatomicstatepropositions

{ ¢i| i€l }andlet My € [M;). A setoftransitions7’ C T hasthe up set

propertyin M, with respecto ¢ iff the following holdsfor all occuriencesequences
My[tity - - - t,) M, startingin Mj:
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(M) Nop(M,,) = 3j: 1<j<nAt;eT

A setof transitionsT” C T hasthedown setpropertywith respecto ¢ iff thefollowing
holdsfor all markingsM, M’ € [Mr), all t € T,andall i € I:

M [t) M! A gi(M) A ~ps(M') = t € T

A setofindicesJ C I hasthesatisfiability setpropertyin M, with respecto ¢ iff the
following holdsfor all occurencesequenced/y[tita - - - t,) My,:

—|¢(M0) A (b(Mn) = die J: ﬂ(pi(Mo) A @z(Mn) O

The propertiesof up setand satisfiability setarerelative to the currentmarking
whereashedown setpropertyis not. Thisis deliberateanddueto theway ourmethods
will later usethesesets. It is worth observingthat the definition of up (down) set
propertyallows approximation®f the up (down) setsto be used:if 77 C T andT”
hasthe up (down) setpropertythenalso7” hasthe up (down) setproperty A similar
remarkappliesto indicesandthe satisfiabilitysetproperty Thiswill beexploitedlater
oncewe shav how to constructsuchsets.Moreover, if a markingin which ¢ holdsis
reachabldrom a marking M thena satisfiabilitysetin M existsandit is non-empty
becausef Prop.5. Fromnow onwe will assumehatwe have analgorithmthatgiven
a stateproperty¢ producessomedown setdown,, andadditionally givena marking
producessomeup setup,, (M) andsomesatisfiabilitysetsat, (M ). Wewill give such
analgorithmin Sect.12.8.

12.6 Presewing Reachability of State Properties

Thissectionpresentshenew stubborrsetmethodfor determiningvhetherareachable
markingexists in which a given statepropertyholds. The methodconsistsof obey-
ing the D1 conditionfrom Sect.12.2andtwo additionalconditionsformulatedin the
following definition. An explanationof the definitionwill be givenbelow.

Definition 32 Let M beamarkingand¢ a statepropertyconstructedromtheatomic
statepropositions{ ¢; | i € I }. AsetT;(M) C T is Reahability of a StateProperty
Preserving(RSPP)stukborn in M, iff thefollowing hold:

D1 Ifty,... ,tn & Ts(M), t € Ts(M), M|tito---t,)M,, and M,[t)M], thenthere
is M’ suchthat M [t) M’ and M [t1to - - - t,,) M.

SPPLIf =¢(M) and3t : M [t) At € downy At € T5(M) thenupy (M) C Ts(M).

SPP2 For every i € sat,(M) there is an occurencesequenceMy|t1)M[to) - - -
[tn) M, sud that M = My, t; is a key transitionof 73 (M;_,) for 1 < j < n,
andg(My) V upy, (Mn) € Uj—o Ts(M;). =

Theintuitive purposeof SPP1is to ensurghata next stepin the SSstatespacecanbe
takenin sucha way thatwe do not getfurther away from a markingwhere¢ holds.
SPP1lrequiresthatif we have taken an enabledtransitionin the dovn set,thenwe
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have alsoincludedthe transitionsin the up set. The latter transitionsrepresena step
towardsa markingwhere¢ holds,sincewe know thata transitionin the up sethasto
occurin orderto make ¢ hold. Thereforeif onetransitionmakesregressthenthere
is anothertransitionthatmakesprogresslt is alsopossiblethatno enabledransition
makesregressor progress.

SPP2pntheotherhand,is thereto ensue progress- to ensurethatwe will even-
tually getcloserto amarkingwhereg holds.If ¢ holdsin M thenSPP2holdstrivially
sincewe canthenchoosen = 0. If SPP2doesnottake usdirectly to amarkingwhere
¢ holds,thenit ensureghatthereis a pathin the SSstatespacewherewe eventually
try every transitionin the up setof someatomicstatepropositionwhich hasto change
its value. This representprogresssincesuchan additionalatomic stateproposition
hasto besatisfiedn orderto make the statepropertyhold. SPP2statests requirement
to every element € sat, (M) becauseat, (M) is anupperapproximatiorandwe do
not necessarilknow which membeiis important.

We now turn to the correctnes®f the RSPP-stubborset method. The key to
establishingorrectnesss thefollowing lemma.

Lemmal Let¢ bea stateproperty SG = (V, E) thefull statespaceand SSG =
(Vssa, Essa) an SSstatespaceconstructedusing RSPP-stubborisets. Let M, €
Vssa be a markingsud that —¢(M,) and for which there existsan occurrencese-
quenceMy[t1) Mits) - - - [tn) M, sud that ¢(M,,) holds. Thenthere is a marking
M{ € [My)ssa sud that thefollowing holds.

1. Thee are transitionst’, t5, ... ,t,, andmarkingsM;, M, ... , M, sud that
Mg[th) Mi[t5) - - - [tr,) My, and¢(M;, ) holds.

2. Theoccurencesequencen item 1 leadingto a markingwhere ¢ holdsis no
longer thantheoriginal occurtencesequence.e., m < n.

3. Thelengthof the occuriencesequencén item1 hasdeceasedj.e., m < n, or
the setof the atomicstatepropositionsof ¢ which are satisfiedhasgrown,i.e.,
ong(Mp) C ong(My). 0

Proof of Lemma 1. Since—¢(M,) and ¢(M,,) thensaty (M) containsan: such
that —p;(My) and ;(M,,). Since—¢(My) andT5(My) (the RSPP-stubborsetin
M,) satisfiesthe condition SPP2thereexist key transitionst, ... , ¢, andmarkings
M()l. .. ,Mk c 7VSSG SUChthatiMo = ]\40 [1?1>55ng [EQ>SSG s ['Ek>sggj\4k, and
$(My) V up,, (M) € Uh_o To(M;).

If $(M;) holdsfor some0 < j < k thenthe claim holdsby choosing)M{ = M;
andm = 0. In this casem < n since—¢(M;) and¢(M,,). Fromnowv on we may
thereforeassumethatVy, 0 < j < k : =¢(M;). In therestof the proof the following
factis needed:

() If {t1,... . ty} NTy(M;) = 0 forevery0 < h < I < k, then,dueto the key
transitionpropertyof ¢4, ... ,t; andD1, therearemarkingsMo, ..., M; such
thatM,, = My[t; - - - ;) M; andM;[t; - - - £,) M;. Furthermoreif we assumehat
thereexistsasmallesindex h suchthatt;, ; € down, thend(My), . . . , ¢(Mp,)
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hold dueto the down setproperty Thus, —¢ (M) andgb(Mh) and SPP1lim-

pliesthat() # {t1,...,tn} Nup,(My) C Ts(My) contraryto our assump-
tion. Consequentlyt,... ,t; ¢ downg andwe thereforehave ong (M) C

on¢(]\_41) c ... C on¢(]\_41), on¢(M0) - on¢(M1) c ... C ond)(Ml), and
(M), ... ,¢(M;) hold.

We now split the proofin two cases.

CaseA: {ti,...,tn} NTs(M;) # 0 for some0 < j < k. In this casewe canpick

the smallestsuch; andapply (1) for [ = j. SinceTs(M;) containsatleastone
of thetransitionsty, to, . .. , t,, thenwe canpick the first suchtransitiont;, and
applyD1on M;ty -« -t 1tptpi1 - tn>]\?[j to obtaina marking M"” suchthat
M;[tp)M"[ty -ty _1tyyq - - - t,) M;. Theclaimnow holdswith M} = M” and
m=mn — 1.

CaseB: {t1,...,t,} NTy(M;) = () for every0 < j < k. In this case(1) givesus

thaton,(Mp) C ong (M) andon¢(M0) - on¢(Mk.). If ong(Mo) = ony (M)
thenwe musthave oneof thet, s, ... ,t, in up,, (M}) andby SPP2alsoin
U;?':O T+(M;) which contradictsheassumptionthat{¢1, ... , t, } NTs(M;) = 0
for every0 < j < k. Thereforeon,(Mj) C ong(M;,) andthe claim holdswith
M} = M, andm = n. O

Thefollowing theoremstateghatif thereexistsa markingin the SSstatespacefrom
which it is possibleto reacha marking wherethe statepropertyholdsthenthe SS
statespacealsocontainsa markingin which the statepropertyholds. The correctness
of the RSPPstubbornset methodfollows immediatelyfrom the theoremby letting

My =

M.

Theorem 6 Let ¢ be a stateproperty SG = (V, E) bethefull statespace SSG =
(Vssa, Essa) an SSstatespaceconstructedisingRSPP-stubborsets,andlet M, €
Vssa. Then:

M € [My) : ¢(M) < IM' € [My)ssa : p(M") O

Proofof Thm. 6. The<« directionfollowsfromthefactthatVssqa € V andEgsgsg C
E. For establishinghe = directionwe apply Lemmal inductively to obtain M, €
[M0>Sgg,M2 S [M0>Sgg, ..., until we find an M,, € [M0>SSG suchthath(Mn)
holds. The induction hypothesisis that thereis a marking Mé and an occurrence
sequencer; suchthat M;[o;) M and ¢(M) holds. Wheni = 0 this holds with
M(g = M.

Definethe distanceA(M’, o, ¢) betweena marking M’ € Vssg anda marking

M, € V which satisfiesp andwhich canbe reachedrom 1/’ by the occurrence
sequence asfollows (|o| denoteghelengthof the occurrencesequence):

A(M';0,¢) = ([I] +1) - [o] + [off s (M")]

Thereasorfor the rathercomplicateddefinition of distancds thatif atamarkingwe
choosea transitionwhich decreasethe lengthof the occurrencesequencédeadingto
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a markingwhere¢ holdswe may at the sametime switch someof the atomic state
propositionoff.

If ¢ doesnothold in M;_;, thenLemmal givesa marking M; € [M;_1)ssc,
an occurrencesequencer;, anda marking Mé) suchthat Mi[ai>M; and ¢ holdsin
M;. Items 2 and 3 of Lemmal ensurethat A(M;,0;,¢) < A(M;-1,0i-1,9).
Clearly0 < A(M;,0;,¢) < oo, soeventuallythis procesgerminatesn a marking
M,, € [My)ssq in which ¢ holds. O

12.7 Presewning Home State Properties

This sectionpresentsa new stubbornset methodfor determiningwhetherfrom all
reachablenarkingsit is possibleto reachamarkingwhereagivenstatepropertyholds.
This canbe formally expressedasdeterminingwhethervM € [M;) : AM' € [M) :
¢(M'"). Themethodpresenteds basedon the obseration thatby negationthis is the
sameasdeterminingwhethera reachablanarkingexistsfrom whichit is not possible
to make the given statepropertyhold. This canbeexpresseds3M € [M;) : VM' €
[M) : =¢(M'). Wewill use“¢ € [M)” asanabbreiationof IM’ € [M) : ¢(M')
(from M amarking M’ canbe reachedwhere¢ holds),and“¢ € [M)ssg” asan
abbreiationof IM’ € [M)ssa : ¢(M').

Themethodconsistf obegying theconditionsfrom theRSPP-stubborsetmethod
from Sect.12.6andtwo additionalconditionsformulatedin thefollowing definition.

Definition 33 Let M beamarkingand¢ a stateproperty Aset7s(M) C T is Home
StatePropertyPreserving(HSPP) Stulbornin M, iff 75(M) is RSPPstubbornin M
andthefollowing hold:

D2 Ift1,... ,ty ¢ To(M), t € Ts(M), Mltita- - ta) My, and M [t), thenM,, [t).

SPP3 For everyt € down, thereis anoccurencesequencé/ [ty) - - - [t,) M, sut
that M = My, t; € Ts(M;_y) for 1 < j < n,andt € Ty(M,,). 0

Theintuitive purposeof T5(M ) beingRSPPstubbornin the context of thismethod
is to ensurethatwe from ary markingin the SS statespacealways attemptto make
¢ hold (recall that we aretrying to shav that thereexists a reachablemarking from
which ¢ cannotbe madeto hold). The D2’ conditionis like the D2 conditionfrom
Sect.12.2,exceptthatit requiresall enabledransitionsin the stubbornsetto be key
transitionsand allows 73(M) = (). Togetherwith the D1 conditioninheritedfrom
RSPPthis implies that HSPPstubbornsetsare strong stubbornsets[129]. SPP3is
thereto ensue progressto ensurethat we eventually get closerto a marking from
which ¢ cannotbemadeto hold. Thisis formulatedin termsof transitionsgn thedown
setsincesuchatransitionhasto occurin orderto make ¢ nothold.

The correctnes®f the HSPPstubbornset methodfollows immediatelyfrom the
following theoremby letting My = Mj.

Theorem7 Let ¢ be a stateproperty SG = (V, E) bethefull statespace SSG =
(Vssa, Essa) anS'S statespaceconstructedisingHSPPstubbornsetsandlet M €
Vssa. Then:
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IM € [My) : ¢ ¢ [M) < IMgssg € [Mo)ssa : ¢ ¢ [Mssa)ssa O

Proof of Thm. 7. The < directionfollows immediatelyfrom Thm. 6. We prove the
= directionby shaving the following for a strictly decreasingequencef valuesof
n:

(1) Thereare My, t7,... .ty and M™ suchthat M§ € [Mo)ssa, My L7ty ---t7)

rrn

M™and¢ ¢ [M™).

Initially we get(1) for somefinite non-ngative valueof n from theleft handside
of thetheoremif we chooseM ' = M. If ¢ ¢ [M{), theng ¢ [M{)ssa, SOM{ can
be choserasthe Mg andtheright handsideof thetheoremholds. This happensat
the latestwhenn = 0. Therefore we getour resultby shaving thatif (1) holdsfor
somen and¢ € [M['), then(1) holdsalsofor somem suchthat0 < m < n.

Sowe assumehat¢$ € [M) holds. Thm. 6 assertshe existenceof ¢/, ... .t}
and M(’)/, ... ,M,/l, suchthat Mj = Mél, Mél[tlll>sggM{/[tg>ssg ‘. [t%>sggM}/l/ and
#(M;'). We first establishthe existenceof an occurrencesequenceVy[t; ) ssq My
[t2)ssG - - - [tk)ssa My, suchthat M = My and{t7,... ,t"} NTs(M;) # () for some
1 < j < k. Wesplittheproofin two cases.

CaseA: If atleastonet?, ... ,t belongsto T5(M() U - -- U Ts(M;}'), thenwe just
choosek = h andt; = ¢/ andM; = M/ for 1 < i < h.

CaseB: If noneof ¢7,... ¢ isin Ty(M) U - - - U Ts(M,)), thendueto D1 andD2/
thereis M suchthat M}'[t7 ---t7)M; and M™[t] - - - t]) M; . Becauseof ¢ ¢
[M™) weknow that—¢(DM; ). Becausey(M]') holds,thereist} € {t7,... ,t
suchthatt} € down,. Therefore SPP3givesthe desiredoccurrencesequence.

We cannow choosethe smallestj suchthat {¢7,... .t} N Ts(M;) # (. Let:
be the smallestnumbersuchthatt? € 7y(M;). Dueto D1 andD2' thereis M"~!
suchthat M;[t? - - - t")M™=1 and M™[t; --- £;)M™ 1. We have ¢ ¢ [M"™ 1), be-
causeotherwise¢ ¢ [M™) would not hold. Due to D1 thereis M ' suchthat

M) ssa My [t - 2ty - - - t2) ML, We thushave (1) for n — 1. O

12.8 Implementation

We now considerthe implementationof the RSPPand HSPPstubbornsetmethods
presentedh theprevioussectionsin Sect.12.8.1we shav how to construcup, down,

andsatisfiability sets. In Sect.12.8.2we discusddifferentwaysof implementingthe

conditionsD1, D2/, andSPP1-3.

12.8.1 Implementation of Up/Down and Satisfiability Sets

In this sectionwe shav how to defineup, dowvn and satisfiability setsfor the state
propertiesconsideredn this paper The constructionis in all three casesspecified
inductively usingthe syntacticalstructureof the stateproperties.We endthe section
with apropositionwhich stateghatthe definedup, down, andsatisfiabilitysetsposses
the up, down, andsatisfiabilitysetpropertiesasdefinedin Def. 31. Firstwe give the

definitionof up sets.
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Definition 34 Let M bea markingand ¢ a stateproperty Theup setup, (M) in M
is definedasfollows. If ¢ holdsin M wedefineup, (M) = (. If ¢ doesnotholdin M
wedefineup, (M) accoding to thefollowing cases:

Case¢ = M(p) <k : upy(M) consistsof the transitionswhich canremoe tokens
fromp andwhich addat mostk tokensto p:

upy(M) ={teT |W(pt)>W(t,p) A\W(.p) <k}

Case¢ = M(p) = k : If p containstoo few tokensthenup,, (M) consistsof thetran-
sitionswhich canaddtokensanddo not require additionaltokensto be present
onp, andif p containstoo manytokensthenup, (1) consistsof thetransitions
which canremaoretokensfromp andwhich add at mostk tokens:

upy(M) =
dj{tETlW(p,t)<W(t,p)AW(p,t)SM(p)} if M(p) <k
{ {teT|W(pt)>W(tp) AW(tp) <k} if M(p) >k

Casep = M(p) > k : up,(M) consistsof the transitionswhich canaddtokensand
which do not require additionaltokensto be presenton p:

upy (M) ={t €T | W(p,t) <W(t,p) \W(p,t) < M(p) }

Casep = M(p) # k : up,(M) consistofthetransitionswhich canchange themark-
ing of p andwhich do not require additionaltokensto be presenton p:

upg(M) ={t e T |W(p,t) #W(t,p) \W(p,t) <k}

Casep = M(p1) > M(p2) or ¢ = M(p1) > M(p2) :

upy(M) ={teT|W(t,p1) — W(p1,t) > W(t,pa) — W(pa,t) }

Casep = M(py) = M(p2) : upy(M) =

{ {teT|[W(t,p1) —W(p1,t) > W(t,p2) — W(pe,t) } if M(p1) < M(p2)
{teT|[W(t,p)—W(p1,t) < W(t,p2) — Wi(pz,t) } if M(p1) > M(p2)

Casep = M(p1) # M(p2) -

upy(M) ={t e T |W(t,p1) = W(p1,t) # W(t,pa) — W(pa,t) }

Casep = ¢1 A ¢2 @ upy(M) istheup setof one; which doesnotholdin A/:

(=61 (M) A upy (M) = upy, (M)) V' (=2(M) A upy(M) = upy, (M))
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Casep = ¢1 V ¢2 @ upy(M) = upy, (M) U upg, (M) O
Next we give the definitionof down sets.

Definition 35 Let M be a markingand ¢ a stateproperty Thedownsetdowny is
definedasfollows:

Casep=M(p) <k : downy, ={teT|W(pt)<W(t,p) N\W(p,t) <k}
Casep = M(p) =k : downy ={teT |W(pt)#W(tp) ANW(pt) <k}
Casep = M(p) #k 1 downy ={t €T [W(pt) #W(t,p) ANW(t,p) <k}
Casep = M(p) >k : downy={teT|W(p,t)>W(t,p) AW(tp) <k}

Casep = M(p1) > M(p2) or ¢ = M(p1) = M(p2) :
downy = {t €T | W(p1,t) — W(t,p1) > W(pa,t) — W(t,p2) }

Caseop = M(pl) = M(pg) or ¢ = M(pl) =+ M(pg) .
downy = {t €T | W(t,p1) — W(p1,t) # W(t,p2) — W(p2,t) }

Casep = 1 Ao 0Or ¢ = ¢1 V o . downy = downy, U downy, O
Finally, we give the definition satisfiabilitysets.

Definition 36 Let M beamarkingand¢ a statepropertyconstructedromtheatomic
statepropositions{ ¢; | i € I }. Thesatisfiabilitysetsat,(M) in M is definedas
follows. If (M) holdsthensat, (M) = (. Otherwiseit is definedasfollows.

Casep = ¢; :saty(M) ={i}

Casep = ¢1 V ¢ : saty(M) = saty, (M) Usaty, (M)

Case¢p = ¢1 A ¢ : sat,(M) is thesatisfiabilitysetof one¢; which doesnotholdin
M:
(1 (M) N saty(M) = satg, (M)) V (m¢p2(M) Asaty(M) = satg, (M)) O

Thefollowing propositionstateghattheup, down, andsatisfiabilitysetsdefinedabove
have therequiredproperties.Theproof of the propositionis basedn structuralinduc-
tion on the statepropertiesandis not containedn this paper

Proposition6 Let M bea markingand assumehatup¢(M) C T, downg C T, and
saty (M) C I are constructedaccoding to Def 34, Def. 35, andDef. 36, respectively
Thenthefollowing hold:

1. up, (M) hastheupsetpropertyin M with respecto ¢.
2. down, hasthedownsetpropertywith respecto ¢.

3. saty (M) hasthesatisfiabilitysetpropertyin M with respecto ¢. O



12.8. IMPLEMENTATION 167

12.8.2 Implementation of RSPPand HSPP Stubborn

We now considertheimplementatiorof D1, D2/, andSPP1-3 Theimplementatiorof
D1, D2 andSPP1is ratherstraightforvard. Techniquesor ensuringD1 andD2’ are
well-establishedsee,e.qg.,[129] for a suney), andSPP1canbe handledwith similar
techniques.Below we suggesthreeimplementation®of SPP2and SPP3. The more
complex implementationfiave the potentialof leadingto betterreductionf thestate
space.

Attractor Set. A simpleway to implementSPP2is to ensurethatin eachmarking
M encounterediuring the SS statespacegenerationwe have up,, (M) C T5(M)
for every i € saty(M). In the caseof SPP3we alsoensurethatdown, C Tg(M).
This guaranteethatthen in the formulationof SPP2and SPP3canbe chosento be
zero. SPP1is autgmaticalIyg_uaranteed;in_ceU{ icsaty (M) } UPgi(ar) Ts(M) has
theup setpropertyin M. Thisimplementatiorof SPP2Zcoincideswith theattractorset
methodsuggestedh [109].

Terminal SCC Detection. A more powerful implementationof SPP2can be ob-
tainedby exploiting strongly connecteccomponentgSCCs)and the fact that for a
directedgraphit is always possibleto reachthe nodesbelongingto someterminal
SCC.This factimpliesthatif all enabledransitionsin the stubbornsetsusedarekey
transitions,thena sufficient conditionfor SPP2and SPP3to hold is that for every i
thereexistsanoccurrencesequencesatisfyingSPP2andSPP3in eachof theterminal
SCCsof the SS statespace. Stubbornsetsin which all enabledtransitionsare key
transitionsare also referredto as strong stubbornsets Strongstubbornsetsare al-
readyguaranteedh caseof HSPPdueto D2'. In caseof RSPPwe canobtainstrong
stubbornsetsby simply ensuringalsoD2’ in additionto D1, SPP1andSPP2.

Checkingthatthe terminal SCCssatisfythe requiremenformulatedabore canbe
doneon-the-flywhen combininga depth-firstgenerationof the SS statespacewith
generationof SCCsby meansof TARJAN'S algorithm[48]. If aterminal SCCC' is
aboutto be completecandthe constructiorof the SSstatespaceds aboutto backtrack
from the marking A/, thenwe checkthateither (M) holdsin somelM € C or for
eachatomicstatepropositiony; we have thatup,,, (Mo) € Uy yrec y 1s(M). If we
find anatomicstateproposition: suchthat1) up,,, (Mo) € Uy prec y Is(M) and2)
the stubbornsetin My, T2 (M) containingup,, (Mo) — Uy prec 3 Ts(M) contains
enabledransitionswhich arenotin 7¢(M,), thenwe extendthe stubbornsetusedin
My with T3¢ (My). The extensionof the stubbornsetis simpleto implementsince
the union of two stubbornsetsareagaina stubbornset. SPP3requiresalsothe check
thatfor everyt € downy, thereisa M € C suchthatt € T5(M).

Theuseof terminal SCCswasfirst suggestedh [124] for a conditionwhich from
animplementatiorpoint of view resemblesSPP2and SPP3.The conditionwaslater
called“S” in [129]. We referto [124] for additionaldetailsaboutits implementation.

Cycle Detection. An approximatiorto ensuringthatan occurrencesequencexists
satisfyingSPP2and SPP3in eachof the terminal SCCsis to ensurethe strongerre-
guirementthat suchan occurrencesequencexists in eachof the SCCs. This can
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implementedwithout the useof TARJAN’s algorithm,andwe canrely on depth-first
generatiorandstrongstubbornsetsonly. Thealgorithmoperatesasfollows.

Wheneer we reacha marking M, during the SS statespacegenerationwhich
is on the depth-firstsearchstack,we searchbackwardsin the stackthroughmarkings
Mp, My,1,. .. , My andcheckwhetherfor all i we havethatup,,, (M;) C U?;l Ts(M;).
For all atomicstatepropositioni suchthatup,, (M) < U;_, Ts(M;) we computea
new stubbornsetin M, 75 (M) containingup,, (M:) — Uj_, Ts(M;), andextend
the stubbornsetusedin M, with 75" (M). Again, SPP3requirestaking alsodown,,
into accountin thecheck.

12.9 Applications

In this sectionwe develop stubbornsetmethodsfor boundednesgropertiesbasedon

the RSPPstubbornsetmethod. The consideredoundednesproperties areinspired
from how boundednespropertiesof High-level PetriNetsareinterpretedat the level

of the equivalentPT-net. The purposeof this sectionis twofold. Firstly, to develop
methodsfor a generalset of boundednespropertiesas such,and secondlyto illus-

trate how the resultsof this papercanbe appliedasa tool for developing stubborn
setmethodsfor statepropertiescomposedf atomicstatepropositionsbeyond those
consideredn this paper

Best Upper Bounds. An integer k is an upperboundfor a setof placesP’ C P

iff VM € [My) : 3>, cp M(p) < k. We areinterestedn finding the minimal such
k, denotedhe bestupperboundof P’. Oneapproachs to checkthe stateproperties
PF(M) = > pepr M(p) > k startingwith £ = 0 andincrementingk until a & is

found for which a markingwith > ., M(p) > ko is notreachable ko — 1 is then
thebestupperbound.A problemwhich hasto besolvedbeforethis approactworksis

thatwe have notallowed ) M(p) > k asanatomicstateproposition.However,

all thatis neededto make our stubbornset algorithmwork in this caseis to define
properup anddown setsfor this “new” atomic stateproposition. The up setfor ¢*

canbe definedasthe setof transitionswhich addstokensto P’ andwhich doesnot

requireadditionaltokensto be presenton P’. The down setcan be definedasthe
transitionswhich canremove tokensfrom P’ andwhich producedessthank tokenon

P’. Formally:

upge(M) = {teT| Y Wpt)< > Wtp)Ad Wpt)< > Mp)}

peP’ peEP’! peEP’! peP’!
downge = {teT| Y Wpt)> Y WtpAY Witp) <k}
pEP! peP’ peP’

An alternatve is to obsere that up, is independendf £ and down. canbe
approximatedrom abore by removing“ > . o, W (¢, p) < k” fromits definition. This
meansthat the stubbornsetsusedarethenindependentf k. It thereforesuficesto
generatgust asingleSSstatespace.
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BestLower Bounds. An integer k is a lower boundfor a setof placesP’ C P iff
VM € [My) : > ,cp M(p) > k. We areinterestedn finding the maximal such
k, referredto asthe bestlower boundof P’. Similarly to the upperboundcasewe
considestatepropertiesof theform: ¢* (M) = > per M(p) < k startingwith k& = 0
andcontinuinguntil thefirst ko is foundfor which amarkingwith > », M (p) < ko
is reachable. .k is thenthe bestlower bound. The up anddown setsfor the atomic
stateproposition) _ . ., M (p) < k canbedefinedasshavn below. If oneisinterested
in generatingonly a single SS statespacewhenfinding the bestlower boundof a set
of places,thenthe dependencof k£ canbe eliminatedlike for the bestupperbound
caseby approximatinghe up anddown setsto becomendependentf k.

upge(M) = {t| > Wpt)> > W(tp)A Y W(tp) <k}

pEP! peEP’! peEP!
downg = {t| > Wipt)< Y W(t.p)AVpeP :W(pt)<k}
peP’ peP’

12.10 Experimental Results

We have implementedhe RSPPstubbornsetmethodon top of the statespacetool of
Design/CPN[16]. The prototypeimplementsthe Attractor Setand Cycle Detection
algorithmsgiven in Sect.12.8.2. The constructionof stubbornsetsis basedon the
strong componenglgorithm describedn [129] adaptedo take the condition SPP1
into account.

Tablesl2.1and12.2 givesnumericaldataon the reductionobtainedwith the two
implementedalgorithmson someexamples.For PETERSON’s andHYMAN’s mutual
exclusionalgorithmswe consideithetwo statepropertieorrespondingo mutualex-
clusion(Mutual Excl.), andthateachof thetwo processesanreachthecritical section
(Reach. of CS). For theReader/Writeprotocolwe considetthreestatepropertiesthe
writers cangetwrite accesgReach. of Write), the threereaderscangetreadaccess
(Reach. of Read), andthe protocolguaranteesxclusive write (Excl. Write). For the
Reader/Writgprotocolwe considera configurationwith 2 writers and3 readers.For
the Master/Slae protocolwe considetwo propertiesamarkingis reachablén which
the masterasrecevedaresponsdrom all slaveswhichin turn have returnedo their
idle state(Doneldle), andthemastemever continueseforehaving recevedaresponse
from all slaves(DoneWIdle). FortheMaster/Slae protocolwe considerconfigurations
with 3,5and6 slaves.

Table12.1givesinformationaboutthe performanceof the Cycle Detectionalgo-
rithm. Thetablecontainstwo main parts. In the Up set Driven partthe construction
of the stubborrsetis initiatedfrom thetransitionsn the up setandit favoursstubborn
setscontainingtransitionsin the up set. In the Up set/Enabling Driven partthe con-
structionof the stubbornsetis initiated from the transitionsin the up setbut it does
not favour stubbornsetscontainingtransitionsin the up set. The DFG columnsrepre-
senta depth-firstgeneratiorof the statespacewith early termination i.e.,assoonasa
markinghasbeenfound wherethe statepropertyholdsthe generatiorstops.The CG
columnsrepresenticompletegenerationi.e., the generatiorcontinuessventhougha
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Model/ Up setDriven Up set/Enablindriven

Property DFG CG Min DFG CG Min
Nodes Arcs | Nodes Arcs | Length || Nodes Arcs | Nodes Arcs Length

Peterson

Reach.of CS 9 8 36 59 9/6 6 5 34 51 6/6

Mutual Excl. - 48 84 - - - 47 79 -

Hyman

Reach.of CS 5 4 60 95 5/5 8 7 38 46 8/8

Mutual Excl. 19 19 64 106 17/12 18 20 45 57 12/12

Reader/Writer

Reach.of Write 3 2 77 221 3/3 7 6 14 17 717

Reach.of Read 3 2 85 197 3/3 14 17 14 17 77

Excl. Write - 46 111 - - - 24 37 -

Master/Slave

Doneldle-3 60 67 229 548 60/15 30 30 130 152 30/15

Doneldle-5 230 277 7,837 32,412 | 230/23 691 790 1,654 2,172 483/23

Doneldle-6 516 622 | 46,781 233,276 | 513/27 1,744 2,084 5,600 7,658 | 1053/27

DoneW!Idle-3 - - 231 562 - - - 185 272 -

DoneW!Idle-5 - 7,839 32,494 - - 3,745 6,592

DoneWldle-6 - 46,783 233,470 - - 16,769 31,168

Table12.1: Experimentatesults— Cycle detectionalgorithm.

markinghasbeenfound wherethe statepropertyholds. This givesinformationabout
how large a statespacethe correspondinglgorithmconsidersn the worst-case For

thosepropertieswhereno markingis reachablevherethe propertyholds,depth-first
andcompletegeneratiorcoincide,andonly the numberdor the completegeneration
is given. Theentriesin theMin Length columnsareof theform =z /y, wherez givesthe

numberof nodesin a shortesipathleadingto a markingwherethe propertyholdsfor

the depth-firstgeneration(if suchoneexists), andy givesthe correspondinghumber
for the completegeneration.This givesinformationabouthow goodthe algorithmis

at providing shortwitnesspaths.

Tablel2.2givesinformationaboutthe performancef the Attractor Setalgorithm
andthe full statespace. The table containstwo main parts. The Full State Space
part lists the size of the full statespace.In the Attractor Set Method part, the DFG
andCG columnsrepresentiepth-firstgeneratiorwith earlytermination andcomplete
generationyespectrely. The BFG columnrepresents breadth-firsigeneratiorwith
earlytermination.Theentriesin theMin Length areof theform z /y, wherex givesthe
numberof nodesin a shortesipathleadingto a markingwherethe propertyholdsfor
the depth-firstgeneration(if suchoneexists), andy givesthe correspondinghumber
for the BFG generation.It wasproved in [109] that the latter equalsthe numberof
nodesin oneof the shortesipathsof thefull statespace.All statespaceseportedon
in this sectionweregeneratedn lessthan2 minutesona 166 Mhz PIl PC.

If we first comparethe numberdor the completegeneration(CG) in Tables12.1
and12.2thenin all caseghe Up set/Enabling Driven implementatiorgivesmuchbet-
ter reductionthanthe Attractor Set Method. The Up set Driven implementatiorgives
approximatelythe samereductionasthe Attractor Set Method. As a consequencef
thisthe Up set/Enabling Driven implementatioroutperformghe Attractor Set Method
in the caseswherethe statepropertydoesnot hold. If we considerthe setof state
propertiesvhich holdsthenfor thefirst threeexamplesheAttractor Set Method seems
slightly betterthanthecycle detectioralgorithmin termsof yielding smallstatespaces
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Model/ Full Attractor SetMethod

Property StateSpace DFG BFG CG Min.
Nodes Arcs || Nodes Arcs | Nodes Arcs | Nodes Arcs Length

Peterson 58 116

Reach.of CS 9 8 10 11 39 67 9/5

Mutual Excl. - - - - 50 90 -

Hyman 80 160

Reach.of CS 7 6 14 17 60 95 715

Mutual Excl. 36 42 49 76 64 106 30/12

Reader/Writer 136 532

Reach.of Write 3 2 3 2 77 221 3/3

Reach.of Read 3 2 3 2 85 197 3/3

Excl. Write - - - - 118 419 -

Master/Slave

Doneldle-3 232 588 61 79 212 520 229 548 45/15

Doneldle-5 7,840 32,656 1,623 4,144 7,700 31,966 7,837 32,412 575/23

Doneldle-6 46,784 233,856 9,819 37,155| 33,092 156,317 | 46,701 233,276 || 1566/27

DoneWIdle-3 232 588 - - - - 231 562 -

DoneWIldle-5 7,840 32,656 - - - - 7,839 32,494

DoneW!Idle-6 46,784 233,856 - - - - | 46,783 233,470

Table12.2: Experimentatesults- Full statespaceandattractorsetalgorithm.

andgeneratinghortwitnesspaths.However, whenwe turnto thelarger Master/Slave

example,thenthe Up set/Enabling Driven implementatioragainoutperformsthe At-

tractor Set Method in termsof reductionandit is still ableto generatea shortwitness
path. Theintuitive reasorfor the Up set/Enabling Driven implementatiorto be better
in thesecasesds thatif the statepropertyis located“far” from theinitial marking(as
is the casefor the Master/Slave example),thenthe Attractor Set Method andto some
extentalsothe Up Set Driven implementatiorhave a high risk of investigatingwrong
branchesf the statespacefirst. For the caseswvherethe statepropertyholdsthe Up

set/Enabling Driven implementatiorihereforeseemso represenagoodsolutionto the
trade-of betweergeneratinghortwitnesspathsandconsiderindarge statespaces.

12.11 Conclusions

We have presentedwo new stubbornsetmethodsfor reasoningaboutstateproper
ties. Themethodfor determiningwhetherareachablanarkingexistsin which a given
statepropertyholdswasbasedon ideasfirst presentedn [109]. The maindifference
betweerour nev methodand[109]is in how progresdowardsthe statepropertyis en-
sured.We have replacedhealwaysprogressconditionof [109] with thewealer even-
tual progresscondition,which have the potentialof leadingto betterreductionresults,
andwhich containsthe alwaysprogressonditionasa specialcase.We have demon-
stratedthe potentialon somepracticalcasestudiesby meansof animplementatiorof
thenen method.The casestudiesshavedthatthe new stubbornsetmethodis signifi-
cantlybetterwhenthe statepropertydoesnotholdsin ary reachablenarking.Whena
reachablenarkingexistsin which the statepropertydoeshold, thenit representgood
solutionto the trade-of betweenshortwitnesspathsandlarge statespacesFroman
implementatiorpoint of view the morepowerful implementationsvhich we have sug-
gestedfor the eventualprogressconditionrequiresstrong stubbornsets whereador
thealwaysprogressmplementatiorit suficesto useweakstubbornsets
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We have extendedthe first stubbornset methodto obtaina secondstubbornset
methodrepresenting novel techniquefor determining,e.g.,whethera markingis a
homemarking, andfor checkinglivenessof only a single transition. Like existing
methodsfor checkinglivenessof transitionsit relies on strongstubbornsets,but it
doesnotrequireignoring to beeliminated.

As an applicationto boundednesgropertieswe have illustratedthe use of the
resultspresentedn this paperasatool for developingstubbornsetmethodsfor state
propertiesbeyond thoseconsideredn the paper In fact, it canbe obsered that we
only directly referredto PT-netsin theimplementatiorof up anddown setsandhence
the suggestednethodscanbe transferredo other modelling formalisms— provided
thatthey allow for the definition of setsof transitionssatisfyingthe propertiesof up
anddown sets.
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