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Abstract

In this survey we generalize some results on formal tree languages, tree
grammars and tree automata by an algebraic treatment using semirings,
fixed point theory, formal tree series and matrices. The use of these math-
ematical constructs makes definitions, constructions, and proofs more sat-
isfactory from an mathematical point of view than the customary ones.
The contents of this survey paper is indicated by the titles of the sections:

1. Introduction
. Preliminaries

2

3. Tree automata and systems of equations

4. Closure properties and a Kleene Theorem for recognizable tree series
5

. Pushdown tree automata, algebraic tree systems, and a Kleene The-
orem

&

Tree series transducers
7. Full abstract families of tree series

8. Connections to formal power series
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1 Introduction

The purpose of this survey paper is to generalize some results on formal tree
languages, tree grammars and tree automata by an algebraic treatment using
semirings, fixed point theory, formal tree series and matrices. The use of these
mathematical constructs yields the following advantages:

(i) The constructions needed in the proofs of the results are mainly the usual
ones.

(ii) The descriptions of the constructions by formal tree series and matrices
are more precise than the customary ones.

(iii) The proofs are separated from the constructions and are more satisfactory
from a mathematical point of view. Often they are shorter than the usual
proofs.

(iv) The results are more general than the usual ones. Depending on the
semiring used, the results are valid for classical tree automata or tree
grammars, classical tree automata or tree grammars with ambiguity con-
siderations, probabilistic tree automata or tree grammars, etc.

The prize to pay for these advantages is a knowledge of the basics of semiring
theory and fixed point theory.

It is assumed that the reader has some basic knowledge of semirings (see
e.g., Kuich [36)), fixed point theory (see Bloom, Esik [6]), and tree languages
and tree automata (see Gécseg, Steinby [24, 25|, Comon, Dauchet, Gilleron,
Jaquemard, Lugiez, Tison, Tommasi [14]). Formal tree series were introduced
by Berstel, Reutenauer [5], and then extensively studied by Bozapalidis [7, 8, 9,
10, 11], Bozapalidis, Rahonis [12], Kuich [38, 39, 40, 41, 43], Engelfriet, Fiilop,
Vogler [19] and Filop, Vogler [23].

We now give a short description of the contents of this survey paper.

In Section 2, we define those algebraic structures that will be used through-
out the paper. These structures include complete and continuous monoids,
semirings, and distributive ¥-algebras, where ¥ is any signature. We intro-
duce tree series and characterize the distributive X-algebras of tree series (with
coefficients in a continuous semiring) by a universal property. We use this char-
acterization to derive properties of tree series substitutions. Then we review the
basics of the fixed point theory of continuous functions, including the theorem
of Bekié¢, De Bakker and Scott regarding the solution of simultaneous least fixed
point equations. In Section 3 we define tree automata and systems of equa-
tions whose right sides consist of tree series. These notions are a framework
for the considerations of finite tree automata and pushdown tree automata, and
polynomial systems. The main result of this section is that (finite, polynomial)
tree automata and (finite, polynomial) systems are equivalent mechanisms. In
Section 4 we prove a Kleene Theorem for recognizable tree series that allows



also the definition of recognizable tree series by expressions which are analogous
to regular expressions. In Section 5, pushdown tree automata and algebraic
tree systems are introduced and shown that these mechanisms are equivalent.
Moreover, a Kleene Theorem for algebraic tree series is proved. Top-down tree
series transducers are introduced in Section 6. We concentrate on (top-down)
linear nondeleting recognizable tree series transducers and prove that they pre-
serve recognizability of tree series. Full abstract families of tree series (briefly,
full AFTs) are families of tree series closed under linear nondeleting recogniz-
able tree transductions and certain specific “rational” operations. These full
AFTs are introduced in Section 7. It is shown that the families of recognizable
tree series and of algebraic tree series are full AFTs. The last section brings
connections of formal tree series to formal power series. We first show that the
macro power series (a generalization of the indexed languages) are the yield of
algebraic tree series. Moreover, we prove a Kleene Theorem for macro power
series (and indexed languages). Then we show that algebraic power series are
the yield of recognizable tree series. Finally, we prove the important result that
the yield of a full AFT is a full abstract family of power series.

2 Preliminaries

In this section we first consider commutative monoids. The definitions and re-
sults on commutative monoids are mainly due—sometimes in the framework
of semiring theory—to Eilenberg [17], Goldstern [28], Karner [33], Krob [34],
Kuich [35, 36], Kuich, Salomaa [45], Manes, Arbib [47], Sakarovitch [53]. Our
notion of continuous monoid is a specialization of the continuous algebras as de-
fined, e. g., in Guessarian [31], Goguen, Thatcher, Wagner, Wright [27], Adamek,
Nelson, Reiterman [2].

In the second part of this section we consider distributive algebras. The
definitions and results on distributive algebras are heavily influenced by Boza-
palidis [10], especially by his notion of a K-TI'-algebra. He noticed that the
multilinear mappings of his well w-additive K-I'-algebras assure that certain
important mappings induced by formal power series are continuous. (See The-
orem 2 of Bozapalidis [10].) We have tried in the forthcoming definition of a
distributive algebra to simplify the used type of algebra but to save the impor-
tant results. Semirings are then introduced as a very important distributive
algebra.

In the third part of this section we introduce formal tree series. These formal
tree series form a distributive algebra.

In our paper we often will need certain results of fixed point theory. Hence,
in the fourth part of this section, we give a short introduction into the fixed
point theory of continuous functions and refer to a few results of this theory.

In the final part of this section we consider some important mappings con-
nected with formal tree series and show that they are continuous.



A commutative monoid (4,4, 0) is called ordered iff it is equipped with a
partial order < preserved by the + operation such that 0 < a holds for all a € A.
It then follows that a < a + b, for all a,b € A. In particular, a commutative
monoid (A, +,0) is called naturally ordered iff the relation C defined by: a C b
iff there exists a ¢ such that a 4+ ¢ = b, is a partial order. Morphisms of ordered
monoids preserve the order.

A commutative monoid (A, +,0) is called complete iff it has sums for all
families (a; | @ € I) of elements of A, where I is an arbitrary index set, such
that the following conditions are satisfied:

(1) Zie(]) a; = 07 Zie{j} a; = aj, Zie{ik} a; = aj + ag, fOI'j 7é ka
(ii) ZjeJ(Zite a;) = ey @i, if UjeJ Ij=Iand I; NI =0 for j #j.

A morphism of complete monoids preserves all sums.

Recall that a nonempty subset D of a partially ordered set P is called directed
iff each pair of elements of D has an upper bound in D. Moreover, a function
f: P — @Q between partially orderet sets is continuous iff it preserves the least
upper bound of directed sets, i.e., when f(sup D) = sup f(D), for all directed
sets D C P such that sup D exists. It follows that any continuous function
preserves the order.

An ordered commutative monoid (A, +,0) is called a continuous monoid iff
each directed subset of A has a least upper bound and the + operation preserves
the least upper bound of directed sets, i.e., when

a+sup D =sup(a+ D),

for all directed sets D C A and for all a € A. Here, a+ D is the set {a+z |z €
D}. A morphism of continuous monoids is a continuous monoid homomorphism.

It is known that an ordered commutative monoid A is continuous iff each
chain in A has a least upper bound and the + operation preserves least upper
bounds of chains, i. e., when a+sup C = sup a+ C holds for all nonempty chains
C in A. (See Markowsky [48].)

Proposition 2.1 Any continuous monoid (A, +,0) is a complete monoid equipped
with the following sum operation:

Zai = sup{Zai | EC I, E finite},
iel i€E
for all index sets I and all families (a; | i € I) in A. Any morphism between

continuous monoids is a complete monoid morphism.

A signature is a nonempty set X, whose elements are called operation sym-
bols, together with a mapping ar : ¥ — N, called the arity function, assigning
to each operation symbol its finite arity (N denotes the nonnegative integers).



We write X =Yg UX1 U...UX, U..., where X, k > 0, contains the operator
symbols of arity k.

Let X be a signature. Recall that a X-algebra (A, Q) consists of a nonempty
set A and a family of operations 2 = QU Q; U...UQr U... on A. Here
O = {w, | 0 € Ui}, and w, : A¥ — A is a k-ary operation for each o €
Yk, k > 0. (See Gécseg, Steinby [24], Gréatzer [29], Lausch, Nobauer [46],
Wechler [59].) Usually, we denote o € ¥ and w, € Q by the same letter. The
algebra (4, +,0,Q), where (A, +,0) is a commutative monoid and (A, Q) is a
Y-algebra, is called a distributive X-algebra iff the following two conditions are
satisfied for all w € Qf and all a,aq,...,ax € A, k> 1:

(i) w(ar,...,aj-1,0,aj41,...,a5) =0foral 1 <j <k,
(11) w(ala"waj*laaj+aaaj+1a"'7ak):
w(at, ..., aj-1,05,a541,...,a5) +wlai,...,a;-1,a,a;11,...,0%)

forall 1 <j<k.

A morphism of distributive X-algebras preserves both the monoid structure and
the operations w. In the sequel, ¥ =¥ UX; U...UX, U... will always denote
a signature. In connection with trees, a signature will be called ranked alphabet,
where the rank of an operation symbol is its arity.

A distributive Y-algebra (A, +,0,Q) is briefly denoted by A if 4+, 0 and ©
are understood. Similar algebras are considered in Courcelle [15] and Bozapa-
lidis [10].

A distributive X-algebra (4, 4+, 0, Q) is termed ordered iff (A, +,0) is ordered
and if each operation w € () preserves the order in each argument. When
the order is the natural order, this latter condition holds by distributivity. A
morphism of ordered distributive Y¥-algebras is an order preserving distributive
Y-algebra morphism.

A distributive 3-algebra (A, +,0,Q) is called complete iff (4,4,0) is com-
plete and the following additional condition is satisfied for all w € €, index

sets I,..., Iy, and aiy,...,a;, € A, i1 € L1, ..., i € I, k> 1
w(g iy s E a;,) = E E W(@iys--vyai,).
i1€lr i€k i1€lr i€l

Eventually, an ordered distributive ¥-algebra (A, +,0,Q) is called continuous
iff (A, +,0) is continuous and if the operations w € )y are continuous: For each
QlyeeeyQie1,Aix1,-. -0 € A, 1 < i<k, and for each directed set D C A,

w(ay,...,supD,...,ar) =supw(a,...,D,... ax).

A morphism of complete (resp. continuous) distributive X-algebras is both a
complete (resp. continuous) monoid morphism and a distributive -algebra
morphism. From Proposition 2.1 we easily derive:



Proposition 2.2 Any continuous distributive 3-algebra is complete. Any mor-
phism of continuous distributive X-algebras is a morphism of complete distribu-
tive X-algebras.

Let (A, +,0) be a commutative monoid, and - be a binary and 1 a nullary
operation on A such that (A, -, 1) is a monoid. Then the distributive X-algebra
(A,+,0, (-, 1)), written (A, +,-,0, 1), is called semiring. A semiring (A4, +,-,0,1)
is called commutative iff (4, -, 1) is a commutative monoid. It is called (natu-
rally) ordered, complete or continuous iff it is (naturally) ordered, complete or
continuous, respectively, as a distributive (-, 1)-algebra. Morphisms of ordered
semirings preserve the partial order. (Again, this condition holds automatically
when the partial order is the natural order.) Morphisms of complete or continu-
ous semirings are complete, or continuous distributive (-, 1)-algebra morphisms.

Example 1.1. Let ¥ = Uy Sk, Xk = {wr}, £ > 0. Consider a semiring
(A, +,-,0,1) and define wy, k > 0, to be the following k-ary operations: the
nullary constant wq is 1, the unary operation w; is the identity mapping and the
k-ary operation wy is the k-fold product, i. e., w(ay,...,ar) = ay---ag, k > 2.
Then (A,+,0,Q), @ = (wk | k € N) is a distributive X-algebra. If (A, +,-,0,1)
is a continuous semiring then (A, +,0, ) is a continuous distributive X-algebra.

O

Ezample 1.2. Consider a semiring (A4, +,-,0,1). Let ¥ = o U Xy, X = {w},
Y1 = {wq | @ € A}. Then the semiring A can be “simulated” by a distributive
Y-algebra (A, +,0,Q), where Qy = {w}, Q1 = {w, | a € A} and Q = 0 for
k > 2. Here w is the nullary constant 1 and, for all a,b € A, w,(b) =a - b.

Additionally to the laws of a distributive X-algebra, the following laws are
satisfied for all a,a1,a2,b € A:

Wa,y (w0«2 (b)) = Wai-az (b)a Wai+as (b) = Wa, (b) + Wa, (b)a
WO(b) = 07 wl(b) = ba wa(l) = a.

O

In the sequel, X will denote an alphabet of leaf symbols, disjoint from 3.

(Observe that an alphabet may be infinite.) By Tx(X) we denote the set of

trees formed over ¥ U X . This set Tx(X) is the smallest set formed according
to the following conventions:

(1) if o € ¥gUX then o € TE(X),
(i) if c € ¥g, k> 1, and ty,...,t, € T5(X) then o(t1,...,t) € Tx(X).

If 3 # () then X may be the empty set () denotes the empty set).

If ¥ is a finite ranked alphabet and X is a finite alphabet of leaf symbols
then Tx(X) is generated by the context-free grammar G = ({S}, XU X, P, S),
where P={S - w(S5,...,9) |weXy, k>1}U{S—>w|weZ UX}.



Sometimes it is more suggestive to employ a pictorial representation: The
tree w € Yo U X represents the rooted plane tree with just a single node labeled
by w; the tree w(ty,...,tx), w € T, t1,...,t, € Tn(X), k > 1, represents the
rooted plane tree where the root is labeled by w and has sons 1, ..., ¢, (in this
order).

The set Tx(X) may be turned into a -algebra by defining, for each o € %,
and t1,...,t, € Ts(X), wo(t1,...,tk) to be the tree o(t1,...,tx). It is well-
known that equipped with these operations, Tx(X) is freely generated by X:
Each function h : X — D, where D is a X-algebra, extends to a unique 3-
algebra morphism Tx(X) — D.

We now turn to formal tree series. They will form a distributive X-algebra.
Let A be a semiring. Then we denote by A{(Tx(X))) the set of formal tree
series over Tx(X), 1. e., the set of mappings s : Tx(X) — A written in the
form 7 cq (x)(8,t)t, where the coefficient (s,t) is the value of s for the tree
t € Tx(X). For a formal tree series s € A{Tx(X))), we define the support of
s, supp(s) = {t € Tx(X) | (s,t) # 0}. By A(T=(X)) we denote the set of tree
series in A{(Tx(X))) that have finite support. A power series with finite support
is called polynomial.

We first define, for s1, 82 € A{T%(X))), the sum s1 + s2 € A{(Tx(X))) by

51+ 82 = Z ((s1,1) + (s2,1))t.

tET):(X)

The zero tree series 0 is defined to be the tree series having all coefficients equal
to 0. Clearly, (A{(Tx(X))),+,0) is a commutative monoid.
For w € X, k > 0, we define the mapping @ : (A{Tx(X)))¥ — A(Tx(X))
by
B(s1,-o86) = Y (si,ta) e (s te)w (b, )

t1,..,tr€Tn(X)

8154455k GA«TZ(X)» _ _

Clearly, (A(T%(X))),+,0,%), where ¥ = (@ | w € %), is a distributive -
algebra, as is (A(Ts (X)), +,0,%) with the same operations. If A is (naturally)
ordered (resp. complete or continuous) then A{(T%(X))) is again a (naturally)
ordered (resp. complete or continuous) distributive X-algebra. The order on
A{Tx(X))) is the pointwise order. Also, when A is ordered, A(Tx (X)) is an
ordered distributive X-algebra.

Ezxample 1.3. Formal tree series have the advantage that the coefficient of a tree
in a series can be used to give information about some quantity connected with
that tree.

(i) (See Example 2.1 of Berstel, Reutenauer [5].) Define the height h(t) of a
tree t in Tx(X) as follows:

h(t)* 0 ifteXgUX,
S 14+ max{h(t;) |1 <i<k} ift=w(ty,...,tp), k>1.



Now height is a formal tree series in N{(7Tx(X))) defined as

height = > h(t)t.

teTs(X)

(ii) Consider formal tree series s in Ry (T%(X))) such that 0 < (s,t) <1 for
all t € Tx(X). Then (s,t) can be interpreted as a probability associated with
the tree t. Here R, is the semiring of nonnegative reals.

(iii) Consider formal tree series s in N> (T (X))), where N* = N U {co}.
Then the coefficient (s,¢) of t € Tx(X) can be interpreted as the number (pos-
sibly oo) of distinct generations of ¢ by some mechanism. (See Theorem 3.1.)

More examples can be found in Berstel, Reutenauer [5]. ad

We now exhibit a universal property of the above constructions. Note that
A{Tx(X))) may be equipped with a scalar multiplication A x A{(T%(X))) —
A(Ts(X))), (a,s) — as, defined by (as,t) = a(s,t), for all ¢ € Tx(X). When
s € A(Ts(X)), then also as € A(Tx(X)). This operation satisfies the following
equations:

a(bs) = (ab)s (1)

ls = s (2)
(a+b)s = as+bs (3)
a(s+s) = as+as (4)
a0 = 0, (5)

for all a,b € A and s,s" € A{(Tx(X))). It follows that
0s = 0,
for all s. Moreover, when A is commutative, we also have that
w(ais1,...,aksg) = a1...axw(s1,-..,Sk), (6)
for allw € X, k>0, and for all a; € A, s, € A(Tx(X)), 1 <i<k.

Theorem 2.3 Suppose that A is a commutative semiring and D is a distribu-
tive X-algebra equipped with a scalar multiplication A x D — D, (a,d) — ad,
which satisfies the equations (1)—(6). Then any function ¢ : X — D extends to
a unique distributive $-algebra morphism ¢* : A(Ts(X)) — D preserving scalar
multiplication.

Proof. 1t is well-known that ¢ extends to a unique X-algebra morphism P :
T5(X) — D. We further extend % to ¢* by defining

Ps)= D (s,0)e(t),

teTs(X)



for all s € A(T(X)). It is a routine matter to show that ¢* extends ¢ and is a
distributive Y-algebra morphism that preserves scalar multiplication. Since the
definition of ¢¥ was forced, the extension is unique. m|

A similar result holds when A is a complete semiring, so that A{(Tx(X))) is
a complete distributive Y-algebra.

Theorem 2.4 Suppose that A is a complete commutative semiring and D is a
complete distributive X-algebra equipped with a scalar multiplication Ax D — D,
(a,d) — ad, which satisfies the equations (1)-(6). Moreover, assume that

O ad = > ad (7)

el icl
S = Yad, )
el i€l

for all a,a; € A and d,d; € D, i € I, where I is any index set. Then any func-
tion ¢ : X — D extends to a unique complete distributive ¥-algebra morphism
of  A(Ts (X)) — D preserving scalar multiplication.

When A is ordered by <, we may order A{(Tx(X))), and thus A(Tx (X)), by
the pointwise order: We define s < s’ for s,s" € A{(Tx(X))) iff (s,t) < (¢, ¢t) for
all t € Tx(X). Equipped with this order, both A{(T%(X))) and A(Tx(X)) are
ordered distributive X-algebras. Moreover, scalar multiplication preserves the
order in both arguments. Eventually, when A is a continuous semiring, then
A(Tx(X))) is also continuous, and scalar multiplication preserves least upper
bounds of directed sets in both arguments.

Corollary 2.5 Suppose that A is an ordered commutative semiring and D is
an ordered distributive X-algebra equipped with an order preserving scalar mul-
tiplication Ax D — D, (a,d) — ad, which satisfies the equations (1)—(6). Then
any function o : X — D extends to a unique distributive S-algebra morphism
o' 1 A(Ts (X)) — D preserving scalar multiplication. Moreover, when A is a
continuous commutative semiring and D is a continuous distributive X-algebra
equipped with a continuous scalar multiplication Ax D — D, (a,d) — ad, which
satisfies the above equations, then any function ¢ : X — D extends to a unique
continuous distributive Y-algebra morphism of : A(Ts(X)) — D preserving
scalar multiplication.

In the sequel, A will denote a continuous (complete) commutative semiring
where sums are defined by Proposition 2.1. Let s be a formal tree series in
A(Tx(X))), and let D denote a continuous distributive ¥-algebra equipped with
a scalar multiplication A x D — A satisfying (1)—(6) which is also continuous.
The set DX of all functions X — D is also a continuous distributive X-algebra by
the pointwise operations and ordering as is the the set of all continuous functions
DX — D. Moreover, it is equipped with the pointwise scalar multiplication



which again satisfies (1)-(6) and is continuous. Now s induces a mapping s :

DX — D, h+ h¥(s) for h € DX.

Proposition 2.6 The function sP is continuous. Moreover, the assignment
s — sP defines a continuous function of s.

Proof. Tt is known that when ¢t € Tx(X), then the function t¥ : DX — D
induced by t is continuous, since it can be constructed from continuous functions
(namely, the projections and the continuous operations of D corresponding to
the symbols in ¥) by function composition, see, e.g., Guessarian [31]. Since
scalar multiplication and + are continuous, so is any function induced by a
series in A(T5(X)). But s is the pointwise supremum of the functions induced
by the polynomials } _, (s, t)t, where F is a finite subset of Tx(X). Since the
pointwise supremum of continuous functions is continuous, see Guessarian [31],
the result follows.

To show that the assignment s — s” defines a continuous function, let S
denote a directed set in A{(T%(X))). We need to prove that

(sups)? = supsP.
seS ses

But for any h: X — D,

(sups)P(h) = K(sups)
seS seS

= suph¥(s)
seS
= sups”(h)
seS
= (sups?)(h).
seS
O

JFrom now on we will write just h for hf and denote s” by just s.

In particular, formal tree series induce continuous mappings called substitu-
tions as follows. Let Y denote a nonempty set of variables, where Y N(ZUX) =
(), and consider a mapping h : Y — A{T%(X UY))). This mapping can be ex-
tended to a mapping h : Ts(XUY) — A(T=(XUY))) by h(x) =z, 2 € X. Now,
by the above result, for any series s € A{(Ts(X UY))), the mapping h — h(s)
is a continuous function of h. By the arguments outlined above, h(s) can be
constructed as follows. First, extend h to trees by defining

h(w(t, ... tn) = @(h(t1), ... hty)) =
2ty aners(xoy) (B0, 81) o (R(tR), t)w(ts - -5 1)

for w € X and t1,...,t, € T(X UY), k£ > 0. One more extension of h
yields a mapping h : A(Ts(X UY)) — A{(T=(X UY))) by defining h(s) =

10



Yters(xuy) (8, H)h(t). Now s(h) is just the value of this extended function
ons. IfY = {y1,...,yn} is finite, we use the following notation: h : ¥ —
A(Ts(X UY))), where h(y;) = s;, 1 < i < n, is denoted by (s;, 1 <1i <n) or
(81,...,5n) and the value of s with argument h is denoted by s(s;, 1 < i < n) or
s(s1,-..,8n). Intuitively, this is simply the substitution of the formal tree series
s; € A{(T»(X UY))) into the variables y;, 1 <i <mn, of s € A(T»(XUY)). By
Proposition 2.6, the mapping s : (A(Ts(X UY)))Y — A(T=(X UY))), i. e,
the substitution of formal tree series into the variables of Y, is a continuous
mapping. Moreover, s(s1,...,$y,) is also continuous in s. (So it is continuous in
s and in each s;.) Observe that s(s1,...,8n) =3 e (xuy) (8, DE(s15- ., 8n).

In certain situations, formulae are easier to read if we use the notation
s[si/yi, 1 < i < n] for the substitution of the formal tree series s; into the
variables y;, 1 < i < n, of s instead of the notation s(s;, 1 <i < n). So we will
use sometimes this notation s[s;/y;, 1 <14 < n).

In the same way, s € A{(T(XUY))) also induces a mapping s : (A{(Ts(X)))Y
AT (X)),

Our substitution on formal tree series is a generalization of the Ol-substitutions
on formal tree languages. We do not consider generalizations of the I0-substitution.
Bozapalidis [11], Engelfriet, Fiilop, Vogler [19] and Fiilop, Vogler [23] consider
these generalizations to formal tree series.

The construction of tree series and the above freeness results can be general-
ized to a great extent. Suppose that D is any »-algebra and A is any complete
semiring. Then the set of functions A — D, denoted A{(D)), is a complete
distributive ¥-algebra. We call the elements of A{(D)) series and denote them
as 3 4ep(s,d)d, or 3 cqinnes) (s, d)d. The sum of any family of series is their
pointwise sum. The zero series serves as zero. Moreover, for each w € ¥, k > 1,
and for each s1,...,s, € A{(D)),

w(s1y...,8%) = Z( Z (s1,d1) ... (sk,dg))d.

deD d:w(dl,“‘,dk)

Note also that A{(D)) is equipped with a scalar multiplication A x A{(D)) —
A((D)). Note that equations (1)—(6) and (7), (8) hold. When A is a continuous
semiring then, equipped with the pointwise order, A{(D)) is a continuous dis-
tributive Y-algebra and scalar multiplication is continuous. We are now ready
to state the promised generalization of Theorem 2.4.

Theorem 2.7 Suppose that A is a complete commutative semiring and D’ is a
distributive X-algebra equipped with a scalar multiplication A x D' — D' which
satisfies the equations (1)-(6) as well as (7) and (8). Moreover, assume that
D is a X-algebra. Then any X-algebra morphism ¢ : D — D’ extends to a
unique complete distributive Y-algebra morphism ¢ : A{(DY) — D’ preserving
scalar multiplication. When A is a continuous commutative semiring and D’ is
a continuous distributive Y-algebra and the scalar multiplication A x D' — D’
is continuous, then so is the function @¥.

11



Theorem 2.3 can be generalized in the same way. For more on series over
Y-algebras we refer the reader to Kuich [42, 44].

In the sequel, we shall make use of some basic facts about least fixed points
of continuous functions that we review next.

A complete partially ordered set, or cpo, for short, is a partially ordered set P
which has a bottom element, usually denoted L, such that sup D exists for each
directed set D C P. Note that continuous monoids and continuous distributive
Y-algebras are cpo’s. When P and @) are cpo’s, a function f : P — @ is called
continuous if f preserves the least upper bound of directed sets (see also above).
It is clear that any composition of continuous functions is continuous, and any
direct product of cpo’s is a cpo equipped with the pointwise order. Moreover,
when P, (Q are cpo’s, the set of continuous functions P — @ equipped with the
pointwise order is also a cpo.

Suppose that P and Q;, i € I are cpo’s and let [[,.; Q; denote the direct
product of the Q;. Then for any j € I, the jth projection function [[,.; Qi — Q;
is continuous. Moreover, a function f : P — Hie ; Qi is continuous iff each
“component function” f; : P — @; is continuous. And when [ is finite, say
I'={1,...,n}, then a function f : [],.; Q; — P is continuous iff it is continuous
separately in each argument, i.e., when

flai,...,supD,...,a,) =sup f(a,...,D,... a,)

holds for each 1 < i < n, a; € Pj, j # 1, and for each directed set D C F;. In
the sequel, we will use these facts without any further mention.

Due to a well-known fixed point theorem, that we recall now, cpo’s and
continuous functions have been used widely to give semantics to recursive defi-
nitions, see, e.g., Bloom, Esik [6], Guessarian [31].

Theorem 2.8 Suppose that P and Q) are cpo’s and f is a continuous function
P x @ — P. Then for each q € Q there is a least p € P with p = f(p,q),
called the least fixed point of f with respect to the parameter q. Moreover, the
function QQ — P that takes q to the least fized point p is continuous.

In fact, a similar result holds not only for continuous functions, but for any
order preserving function f : P x Q — P. But when f is continuous, the least
fixed point can be constructed as the least upper bound sup p,,, where pg = L
and pp+1 = f(pn, q), for all n > 0. (The set {p, | n > 0} is a chain, and is thus
directed.)

In Bloom, Esik [6], the function @ — P arising from Theorem 2.8 that
provides the parameterized least fixed point for a given continuous function
f:PxQ— Pis denoted ff. Here, we will mainly use the notation px.f(x,y)
or, for f: P — P, also fix(f).

We now recall three very important elementary facts about least fixed points
of continuous functions. Theorem 2.9 is independently due to Bekié¢ [3] and De
Bakker, Scott [16]. For Proposition 2.10, see also Niwinski [49].
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Theorem 2.9 Suppose that f : PX QX R — P and g: PXQ X R — Q
are continuous functions, where P,Q, R are cpo’s. Let h: PX Q X R — P x Q
denote the “target pairing” of f and g, so that h(z,y, z) = (f(z,y, 2), 9(z,y, 2)).
Then

W@, y)h(x,y, 2) = (pz.f(z, k(z, 2), 2), k(uz. f(z, k(z, 2), 2), 2))
where k(x, z) = py.g(z,y, 2).

Proposition 2.10 Suppose that f: P X P x Q — P is a continuous function,
where P and Q) are cpo’s. Then

pr.py-f(r,y,z) = pz.f(r,z,2).

Proposition 2.11 Suppose that f: P x Q — P and g : R — Q are continuous
functions, where P,Q, R are all cpo’s. Then

p-f(x,9(2)) = h(g(2)),
where h(y) = px.f(z,y).

We refer to the equation in Theorem 2.9 as the Beki¢-De Bakker-Scott rule.
The equation in Proposition 2.10 is usually referred to as the diagonal equa-
tion, or the double iteration equation. In the terminology of Bloom, Esik [6],
Proposition 2.11 asserts that the parameter identity holds.

The above results describe three equational properties of the least fixed
point operation on continuous functions. For a complete description, we refer
the reader to Bloom, Esik [6]. Least fixed points of continuous functions on
cpo’s are also least pre-fixed points. In Esik [21], it is shown that the equational
properties of the least fixed point operation on continuous functions on cpo’s
are exactly the same as that of the least pre-fixed point operation on ordered
preserving functions on partially ordered sets in general.

In the sequel, Y,Y’, Z will denote sets of variables that are disjoint from X
and X, and Y, k > 1, will denote the set of variables {y1,...,yr}. Moreover,
Yy = (0. Furthermore, I and I’ will denote arbitrary index sets.

Given a set S, S1*!2 will denote in the sequel the set of matrices indexed by
I x I with entries in . (E.g., (A{(Ts(X)))!"*!" denotes the set of matrices M,
such that the (i, (i1, ...,i))-entry of M is in A(Ts(X)),i €', i1,...,ix € 1.)

Our tree automata will be defined by transition matrices. A matric M €
(A((TE(XUYk)»)I/XIk, k> 1, I' and I arbitrary index sets, induces a mapping

M : (A(Te(XUY )N ox (AT (X UY)) ! — (AT (X uy ")) !

(there are k argument vectors), defined by the entries of the resulting vector as
follows: For Pi,..., Py € (A(Tx(X UY")))!*! we define, for all i € I,

MPry.o o Pe)i =230 e Migin i) (P)igs o (Pr)iy) =
Dinoinel 2oteTo(xuvy) Mi(ir,. i) OU(P )iy, -5 (Pr)iy) -
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Theorem 2.12 Let M € (A{(Ts(XUY))! *1", k > 1. Define M € (A{(Ts(XU
Vi)' ! m >k, by

M iy, oim) = Oisin Qi1 " Ot ming s Mii (i, i)

foriel iy,...,im € 1.
Then, for Pi,..., Py € (A(Ts(X UY")))IxL

M(Py,...,Py,)=M(Py,...,P).
Proof.
(Pp,...,Py)i =

M
Disrimel Mz (i) (PL)iys -5 (P i) =

le, im EI d; yim 5’Lm im—1 " 5ik+2,ik+1Mi,(i1,...,ik)((Pl)il7 ceey (Pk')'bk) =
>

M

i1, ,zkeI i,(41,.. ,zk)((Pl)ila"'v(Pk)ik):
Pl,.. Pk)za el

O

For the definition of the tree series transducers we will need a generalization

of the substitution defined by a matrix in (A{(Ts(X U Yk)»)ﬂﬂk, kE>1 A

matrix M € (A(Ts(X UY, ) *UX20™ 70 =Lz, .., 2}, k> 1, induces a
mapping

M : (A(Ts(XUY N - x (AT (X UY)) " — (AT (X uy ")) !

(there are k argument vectors) defined by the entries of the resulting vector as
follows: For Pi,..., Py € (A(Tx(X UY")))!*! we define, for all i € I,

MI[P,,...,P]; =
> M (v 250 )Gz ) (B ins - -5 (B i) -

i1,tm €1, 1<51,00,Jm <k

Theorem 2.13 Let C = {((i1,21),.-, (ik,2x)) | @1,...,0x € I} and M €

(A(Ts (X UY))NI*UX20" | > 1, such that My o =0 fori € I' and o € (I x
_ ’ k —

Zy)*~C. Define M € (A(Ts(XUY)))" ™" by M; iy, i) = Mi 221 (ik20))

foriel, iy,...,ix € I. Then, for P,..., Py € (A<<T2(XUYI)>)

M(Py,...,Py) = M[Py,..., Py.

Proof.
M[Py,..., Py =
Diviived Mi (G20, Ginoz)) (P -5 (Pi)iy ) =

Zh,---,ikef M; ,(11,...,zk)((P1)11a . (Pk) )
M(Pl,...,Pk)i, iel.
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3 Tree automata and systems of equations

In this section we define tree automata and systems of equations (over semi-
rings). These notions are a framework for the consideration of finite tree au-
tomata and pushdown tree automata, and polynomial systems. The definitions
are slightly adapted from Kuich [38]. The main result of this section is that (fi-
nite, polynomial) tree automata and (finite, polynomial) systems are equivalent
mechanisms.

Our tree automata are a generalization of the nondeterministic root-to-
frontier tree recognizers. (See Gécseg, Steinby [24, 25] and Kuich [38].) A
tree automaton (with input alphabet ¥ and leaf alphabet X over the semiring
A)

A= (I,M,S,P)

is given by
(i) a nonempty set I of states,

(ii) a transition matriz
M € (A{Ts(X UY,)))>I™ | for some m > 1,

(iii) a row finite row vector S € (A{(Ts(X U Y1), called the initial state
vector,

(iv) a column vector P € (A{(Tx(X)))!*!, called the final state vector.

The approzimation sequence (o7 | j € N), 07 € (A(Ts(X)))*1, j > 0,
associated with 2 is defined as follows:

o’ =0, otV =M(@o?,...,0")+ P, j>0.

(There are m argument vectors a7.) The behavior ||2|| € A{Tx(X))) of the tree
automaton 2 is defined by

124 = Si(o:) = S(0),

i€l

where o € (A{(Ts (X)) *! is the least upper bound of the approximation se-
quence associated with 2. Since 0/ < o7*! for all j, and since (A{(Ts(X U
Y, ))) P! has all directed least upper bounds with respect to the pointwise
order, it follows that this least upper bound and, hence, the behavior of 2 exist.

A tree automaton A = (I, M, S, P) is called finite iff T is finite. A tree
automaton 2 = (I, M, S, P) is called simple iff the entries of the transition
matrix M, of the initial state vector S and of the final state vector P have the
following specific form:

(i) the entries of M are of the form »Z) ;o > ex, @wwW(Y1,- .-, Yk)+
ZwEEUUX auw + ay1, aw,a € A;

15



(ii) the entries of P are of the form ZwGZOUX AW, Gy, € A;
(iii) the entries of S are of the form dy;, d € A.

It is called proper iff there are no terms ay; in (i). Observe that the term ay;
in (i) corresponds to e-moves in ordinary automata.

Intuitively, a simple tree automaton 2l recognizes a tree t € Tx(X) with
coefficient (|||, t) as follows in a nondeterministic way.

At the root of ¢, % may be in any initial state i € I, i.e., in a state with
(S,i) # 0. We now describe a computation starting in the initial state ig € I and
its weight. Consider any node of ¢ labelled by w € ¥, k > 1. If in the recognition
procedure 2 is in state i and (M; .. 4,.),w(¥1,-..,Uk)) = a; # 0 then A
proceeds in parallel at states i1,...,7; at the roots of t1,...,t,,, respectively.
Consider any node of ¢ labelled by w € ¥gU X. If, in the recognition procedure,
2l is in state i and (P;,w) = a; # 0 or (M; (... i,.),w) = a; # 0 for some
i1,...,0m € I, then 2A terminates this branch of its computation. If, in the
recognition procedure, 2 is in state i and (M; ... i), Y1) = a; # 0 then A
moves to state 7.

The weight of such a computation starting in the initial state i is (.S, 1p)
multiplied with all the semiring elements a; occuring in the procedure described
above. The coefficient (||2||,¢) is then the sum of all weights of all possible
computations.

In Kuich [38], tree automata were defined by a sequence of transition matri-
ces. But, essentially, these tree automata are equivalent to our tree automata
by Theorem 2.12.

Consider the case that A is the semiring N°°, i. e., we consider tree series in
N (T (X))). A simple tree automaton is called 1-simple iff all the coefficients
ay,ain (i), a, in (ii) and d in (iii) belong to {0, 1}. By Seidl [55], Proposition 3.1,
the coefficient (||2(||, ) of the behavior of 2 is the number (possible co) of distinct
computations for ¢.

Theorem 3.1 Consider a 1-simple tree automaton A and let d(t), t € Tx(X),
be the number (possibly co) of distinct computations of A for t. Then

2= > db)t e NT(Tu(X)).

teTs (X)

We now turn to systems.

A system (with variables in Z = {z; | i € I}) is a system of formal equations
z; = pi, © € I, I an arbitrary index set, where each p; is in A{(T»(X U Z;))).
Here Z; is, for each ¢ € I, a finite subset of Z with |Z;| < m for some m > 0.
The system can be written in matrix notation as z = p(z). Here z and p denote
vectors, whose i-th component is z; and p;, ¢ € I, respectively. A solution to
the system z = p(z) is given by o € (A{(Tx(X))))*! such that o = p(c). A
solution o of z = p(z) is called least solution iff ¢ < 7 for all solutions 7 of
z = p(z).
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The approzimation sequence (09 | j € N), 07 € (A(Ts(X)))I*L, j > 0,
associated with the system z = p(z) is defined as follows:

o’ =0, oIt =p(e?), j>0.

Since 07 < g7t for all j, and since (A{Tx(X)))!*! has least upper bounds
of all directed sets, the least upper bound o = sup(c’ | j € N) of this ap-
proximation sequence exists. Moreover, it is the least solution of the system
z =p(2).

Our systems are a generalization of the systems of linear equations of Berstel,
Reutenauer [5]. A system z; = p;, i € I, is called proper iff (p;, z;) = 0 for all
i,j € I. It is called finite iff I is finite.

Theorem 3.2 For each system there exists a proper one with the same least
solution. A proper system has a unique solution.

Proof. The construction is as follows. Consider a system z = p as defined above.
Write it in the form z = Mz + r, where M € A1 and (r,z;) = 0 for 4,5 € I.
Then, by the diagonal identity (Proposition 2.10), the systems z = Mz + r and
z = M™r have the same least solution and, by construction, z = M*r is a proper
system. An adaption of the proof of Proposition 6.1 of Berstel, Reutenauer [5]
proves the second sentence of our theorem. Clearly, this unique solution is at
the same time the least solution. a

We now show that tree automata and systems are mechanisms of equal
power. For a given tree automaton 2 = (I, M, S, P) as defined above we con-
struct the system with variables in Z = {z; | i € I}

= Y, Mg, i(Zineszi,) + B, G€l

11, tm €1
Here we have substituted the variables z;,, ..., z;, for the variables y1,...,ym
in M; ,...i,,)(W1,- -, Ym). In matrix notation, this system can be written as

z=M(z,...,z2)+ P.

Here z is an I x 1-vector whose i-th component is the variable z;, i € I.

As before, the approximation sequences associated with this system and to
the tree automaton 2 coincide. Consider now the system with variables in
{Zo} uz

Zozzsi(zi), Z:M(Z,...,Z)—l-P.

iel
Then the zo-component of its least solution is equal to ||2]|.
Conversely, consider a system z = p(z) as defined above. Let Z; = {z;,, ..., 2i, },
i € I, and p; = pi(ziy,-..,%), & < m. Construct now the tree automaton

A= (Z,M,S,0), where, for all 4, j1,...,jm € I,

M 2z ) W oo Ym) = 005 O g1 Ojiradiss Ogiine = Ogu,ia Pi(Y1s - -+ Uk) -
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Moreover, choose a z;, € Z and let S., (y1) = y1, Sz, (y1) = 0 for 2; # 2.

Let (67 | j € N) and (77 | j € N) be the approximation sequences associated
to z = p(z) and 2, respectively. We claim that ¢/ = 77 for j > 0 and show it
by induction on j. The case j7 = 0 being clear, we proceed with j > 0. Then we
obtain, for all ¢ € I,

P i—1 -1\ _
=M ), =
-1 J—1y _
Zjhm,jmel MZi,(anijm)(TZn v Tz, )=
. P W oY Oy Lot J—1) =
J1ye-eyJm €I 517]7"5‘77n7]7n71 5]k+27]k+15]kﬂk ) 5]1711]71(7_@1 ""77_ij )7
(i1 G=1\ o (1 j—1y _ J
pl(Tzl_1 v T )fpl(cle_1 pe 0L )=0].

Hence, ||2(|| is equal to the z;,-component of the least solution of z = p(z).
Observe that we could place, for k = 0, p; into P,, instead into M,
Theorem 3.3 summarizes the above considerations.

7,,(27,,...727,)'
Theorem 3.3 A power series s € A(Tx(X))) is a component of the least solu-
tion of a system iff s is the behavior of a tree automaton.

We now consider polynomial tree automata and polynomial systems and
show that they are mechanisms of equal power.

A tree automaton A = (I, M, S, P) is called polynomial iff the following
conditions are satisfied:

(i) The entries of M are polynomials in A(Tx(X UYy,)).

(ii) The entries of the initial state vector S are of the form S; = d;y1, d; € A,
1€1.

(iii) The entries of the final state vector P are polynomials in A(Tx(X)).

A system (with variables in Z) z; = p;, i € I, is called polynomial iff each p; is
a polynomial in A(T(X U Z;)), i € I.

The same constructions that proved Theorem 3.3 prove also the next theo-
rem.

Theorem 3.4 A power series s € A{(Tx(X))) is a component of the least solu-
tion of a polynomial system iff s is the behavior of a polynomial tree automaton.

A system z; = p;, i € I, is called simple iff p; is a sum of terms of the
following form:

(i) aw(ziyy..-y2i,), 6 € A, w € X, i1, ..., i € [, 1 < k < m, for somem > 1,
(ii) aw,a € A, w € o U X,

(ili) az1, a € A.
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Theorem 3.5 Let s € A(Tx(X))) be a component of the least solution of a
finite polynomial system. Then there exists a finite polynomial system that is
simple and proper such that s is a component of its least solution.

Proof. By Theorem 3.2 and Lemma 6.3 of Berstel, Reutenauer [5]. ]

Corollary 3.6 The following statements on a formal tree series in A{(Tx (X))
are equivalent:

(i) s is a component of the least solution of a finite polynomial system;

(i) s is a component of the unique solution of a finite polynomial system that
is also simple and proper;

(iii) s is the behavior of a finite polynomial tree automaton;

(iv) s is the behavior of a finite polynomial tree automaton with one initial
state of weight 1 that is also simple and proper.

Proof. By Theorems 3.5 and 3.4, the statements (i), (ii) and (iil) are equivalent.
By the construction in the proof of Theorem 3.3, statement (iv) is implied by
statement (iii). O

If a formal tree series in A{(T%(X))) satisfies one and, hence, all statements
of Corollary 3.6 we call it recognizable. The collection of all recognizable tree
series in A((Tx(X))) is denoted by A™°({(T%(X))). In the theory of tree languages,
recognizable tree languages are defined only for finite alphabets % and X. We
allow also infinite alphabets ¥ and X. This is justified by the observation that,
for s € A™°((Tx(X))), there exist finite alphabets ¥’ and X', ¥’ C ¥, X’ C X,
such that supp(s) C T/ (X'). Moreover

Arec <<TZ (X)>> _ U Arec <<TX‘/ (X/)>> )

3/CY finite, X/CX finite

Example 5.1.1 (See Berstel, Reutenauer [5], Examples 6.2 and 4.2.) Our basic
semiring is Z, the semiring of integers. Let ¥ = £,UX9, 31 = {6}, 35 = {&, ®}.
We will evaluate arithmetic expressions with operators ©, ®, ®, and operands
in the leaf alphabet X.

Define an interpretation eval of the elements of X, i.e., eval : X — Z. Ex-
tend it to a mapping eval : T5(X) — Z by eval(6(t)) = —eval(t), eval(B(t1,t2)) =
eval(t1) + eval(te), eval(®(t1, t2)) = eval(ty) -eval(ta) for t,t1,t2 € Ts:(X). Then
eval =37, cq () eval(t)t is a formal tree series in Z((Tx(X))).

Consider the proper system

21 = ®(21,22) + B(22,21) + ®(21,21) + (—1) © (21) + D x eval(z)z,
zo = D(22,22) + (22, 22) + S(22) + ZzGX .

Tn the examples we often refrain from our convention that the basic semiring is continuous.
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Let (01,02) be its unique solution. Then we claim that o; = eval, o3 = char,
where char = 3, . (x) - The claim is proven by substituting (eval, char) into
the equations of the system:

@ (eval, char) + @(char, eval) 4 ©(eval, eval) — S(eval) + >y eval(z)r =
Ztl,tQGTg(X) eval(tl) b (tl, tg) + Ztl,tQGTg(X) eval(tg) b (tl, t2)+
Dot ey (x) eval(ti)eval(t2) @ (1, t2) + 3 epy (x) —eval(t) © t+
Y opex eval(z)r =
Dot taeTs(x) @Val(®(t1,t2)) ® (T, t2) + 24, 4, emy (x) €Val(®(t1, 12)) @ (t1,12)+
Yiers(x)eval(et)) 6t + 3 cxeval(z)r =

tems(x) eval(t)t = eval,

@ (char, char) 4+ ®(char, char) + &(char) + 3> s o =
ZtthETZ(X) @(tla t2)+
Dot taeTn(x) @ t2) + X iery (x) O(t) + Xpex @ = char.

Consider now the finite tree automaton A = (Q, M, S, P), where QQ =
{z1,22}, 8oy = 91, Sz, =0, Py = 3 cxeval(x)z, P, = 3 .y, and the
nonnull entries of M are given by

le,(Zl,Zl) = (_1) S (yl)’ MZ2,(Z2,Z2) = 9(?]1),

le,(zl,zl) - ®(y1ay2)7 le,(zl,zg) = @(ylayQ)a

le,(zg,zl) - @(ylayQ)a Mzg,(zg,zg) = @(ylayQ) +®(y1ay2) .
Then we obtain |||| = o1 = eval.

Let X = {a,b,c} and t = B(©a,®(b,c)). Then there are two computations
for t starting at z; and none starting from z5. These two computations are given
in the following pictorial form:

/\ /\
ATEAY

eval(a) 1 1 1 eval(b) eval(c)

Hence, (||2]],t) = —eval(a) + eval(b)eval(c). 0

Example 3.1 gives also an intuitive feeling, how a finite nondeterministic
root-to-frontier tree recognizer is simulated by a finite tree automaton over the
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semiring B. Formally, we have the following theorem that is a slight adaption
of Theorem 3.6 of Kuich [38].

Theorem 3.7 For each finite nondeterministic root-to-frontier tree recognizer
A in the sense of Gécseg, Steinby [24] there exists a simple proper finite poly-
nomial tree automaton A over the Boolean semiring B auch that ||A|| = T(A),
and vice versa.

4 Closure properties and a Kleene Theorem for
recognizable tree series

In this section we prove a Kleene Theorem for recognizable tree series. (See
Thatcher, Wright [58], Bozapalidis [10], Gruska [30], Gécseg, Steinby [24, 25],
Kuich [37].) This Kleene Theorem allows the definition of recognizable tree
series by expressions which are analogous to regular expressions.

We first show that A™¢{(T%(X))) is a distributive X-algebra.

Theorem 4.1 (A™(Tx(X)),+,U,Y) is a distributive $-algebra closed under
scalar product that contains A(Ts(X)).

Proof. Let s; € A™(Tx(X))), 1 < j < m, where m > 2 is greater or equal to
the maximal rank of an operation symbol in X, be the first components of the
unique solution of the simple proper finite polynomial systems (written in matrix
notation) 27 = p’(27), 1 < j < m, with mutually disjoint variable alphabets.
Let o7 be the unique solution of 27 = p’(27), 1 < j < m, with o] = s;.

(i) Consider the system

ZOZP%(Zl)—i_p%(ZQ)a Zl:pl(zl)a 22:]72(22)-

It is again simple and proper. We claim that its unique solution is given by
(s1 + s2,0%,0%) and show it by substitution:

pi(et) +pi(0®) =01 +oi =s1+s2,  Po?) =0’ j=12.

(ii) Let w € X, k > 0, and consider the system

20 = w(zl,...,25), Pd=p(F), 1<j<k.
It is again simple and proper. We claim that its unique solution is given by
(0(s1,...,8%),0%,...,0%) and show it by substitution:
B0l 0t) =B(s1e ), Plod) =), 1<j<h.

(iii) Let a € A and consider the system

20 = ap}(zl), 2l = pl(zl) .
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It is again simple and proper. We claim that its unique solution is given by
(as1,0') and show it by substitution:

ap%(al) = asy, pl(al) =ol.

(iv) For s € A(Tx(X)), s is the unique solution of the system zy = s. O

In thesequel, Z = {z; | j > 1}, Z, = {z; | 1 < j < n}, Zy = 0. We introduce
the following notation: Let s € A{(Tx(X U Z,))). Then we denote the least o €
A((Ts(XU{z1,. .., 2i-1, Zit1, - - -, 2n}))) such that s(z1, ..., 2i-1,0, Zig1, .-+, 20) =
o by pz;.s(z1,...,2n), 1 <1 <n. This means that pz;.s is the least fixed point
solution of the system z; = s(z1,...,2i,...,2,); this system consists of one
equation only and its single variable is z;.

A distributive X-algebra (V, +,0, %), V C A(Tx(X UZ))) is called rationally
closed iff V is closed under scalar product and for all s € V and z € Z the
formal tree series pz.s is again in V. By definition, A™" (T (X U Z))) is the
least rationally closed distributive ¥-algebra containing A(Tx (X UZ)). Observe
that for each s € A™' (T (X U Z))) there exists an m > 0 such that supp(s) C
Te(X U Z).

We will prove that A™(T5(X U 2Z))) = A™¢(Tx(X U Z))). Before proving
the main result of this section we apply a few results of the fixed point theory
of continuous functions to systems.

(1) The parameter identity. Let r € A{(T=(X UY))) and denote ' = py.r,
yeVY. Lety, #yand 1, € A(Tu(X U —{y})), 1 < i < n. Then
T/ Y1, s T/ Yn] = 0y (P71 Y15 - - T/ YUn))-

(2) The Bekié¢-De Bakker-Scott rule. Consider the system y; = r;, 1 <14 <
n, 1, € A(Tx(X UY))) with variables yi,...,y, and m € {1,...,n}. Let

(Om+1,-.-,0n) be the least solution of the system y; = r;, m+1 < i <
n. Furthermore, let (71,...,7,) be the least solution of the system y; =
ri[0m+1/ym+17 o -aan/yn]7 1 <7< m. Then

(Tts ey Ty O 1 [TL/ Y15 -+ s Tin /Yl + -5 O[T/ Y1, -+ o T/ Ym])

is the least solution of the original system y; =r;, 1 <i < n.
We first show that A™(Tx (X U Z))) is closed under substitution.

Theorem 4.2 Assume that s(z1,...,2,) andoj, 1 < j <n, are in A" ({(Ts(XU
Z)). Then s(o1,...,04) is again in A (Ts(X U Z))).

Proof. The proof is by induction on the number of applications of the operations

@ € %, 4, scalar product and p to generate s(z1,. .., z,) from polynomials.
(i) Let s(z1,...,2,) € A(Ts(X U Z)). Since s(o1,...,0,) is generated from
01,...,0n by application of sum, w € ¥ and scalar product, we infer that

5(017 R Jn) € Arat«TZ(X U Z)>>
(ii) We only prove the case of the operator p. Assume that, for 1 < 5 < n,
supp(s) C T (X U Z,,) for some m > 0. Choose a z = z; € Z with k > m.

22



Without loss of generality assume that s(z1,...,2,) = pz.r(21,...,2n,2) (the
variable z is “bound”), where (21, ..., zn, z) € A (T (X UZ))). By induction
hypothesis, we have (o1, ...,0p,2) € A (T%(XUZ))). Hence, s(o1,...,0,) =
pz.r(or,...,on,2) € A(Ts(X U Z))) by the parameter identity. O

Theorem 4.3 (Bozapalidis [10], Section 5.) A™* (T (X UZ))) = A {(Tw(X U
Z))-

Proof. (i) We show A™(Tx(X U Z))) C A™(Tx(X U Z))). The proof is by
induction on the number of variables of finite polynomial systems. We use the
following induction hypothesis: If 7 = (r1,...,7,), 7 € A™(Tx(X U 2))),
1 < < n, is the least solution of a finite polynomial system z; = ¢;(21, ..., Zn),
1 < ¢ < n, with n variables z1,...,2,, where g;(21,...,2,) € AT (X U Z))
then 7; € A (T (X U Z))).

(1) Let n = 1 and assume that s € A™(Tx(X U Z))) is the least solution
of the finite polynomial system z; = p(z1). Since p(z1) is a polynomial, s =
pz1.p(z1) € A (Ts(X U 2))).

(2) Consider the finite polynomial system z; = ¢;(z1, ..., 2n41), 1 <i < n+1,
n > 1. Let 7(21) = (12(21), .. - s Tat1(21)), Ti(21) € AT (X UZ)),2<i <
n+1, be the least solution of the finite polynomial system z; = ¢;(21,. .., 2nt1),

2 <i < n+1. By our induction hypothesis we infer that 7;(z1) € A™*(Tx(X U
Z))). Since q1(21,...,2n+1) is a polynomial, it is in A™"(Tx(X U Z))). Hence,
by Theorem 4.2, p(z1) = qi(z1,72(21), ..., Tnt1(21)) is in A™(Tx(X U Z)).
This implies that pz1.p(21) is in A™(Tx(X U Z))). Again by Theorem 4.2,
Ti(nz1.p(z1)) € A(Ts(X U Z)), 2 < i < n+ 1. By the Bekié¢-De Bakker-
Scott rule, (puz1.p(21), 72(pz1-p(21)), - -+, Tnt1(z1.p(21))) is the least solution of

the finite polynomial system z; = ¢;(21,...,2n+1), 1 <@ < n+ 1. Hence, the
components of the least solution of z; = ¢;(21,...,2n4+1), 1 <i <n+1, are in
AT (X U Z))).

(ii) We show that A™({(Tx(X U Z))) is a rationally closed distributive %-
algebra that contains A(Tx(X U Z)). This will imply A™(Ts(X U Z))) C
A (Tx(XUZ))). By Theorem 4.1 (with XUZ instead of X), A™(Tx(XUZ)))
is a distributive X-algebra closed under scalar product that contains A(Ts(X U
Z)). Hence, we have only to show that pz.s, s € A*(Tx(X U Z))), is in
A (T (X U Z))). Let (12(21),...,Tn+1(21)) be the least solution of the finite

polynomial system z; = p;(z1,...,2n+1), 2 < @ < n+ 1, and take s = 72(21).
Consider now the finite polynomial system z;3 = pa(z1), 2; = pi(z1, .-, Znt1)s
2 <i<n+ 1. Then, by the Beki¢-De Bakker-Scott rule, pz1.72(21) is the first
component of its least solution. O

Analogous to the regular expressions (see Salomaa [54]) and to the XZ-
expressions (see Gécseg, Steinby [25]) we define now recognizable tree series
expressions. Assume that A, %, X, Z and U = {+, -, 4, [, ]} are mutually disjoint.
A word F over AUX U X UZUU is a recognizable tree series expression over
(A%, X, Z) iff
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(i) E is a symbol of X U Z, or

(ii) E is of one of the forms [Ey + Es], w(En,..., Ey), aE1, or pz.Ey, where
Eq, Es, ..., Ey are recognizable tree series expressions over (4,3, X, Z),
weEYE k>0,ac A, and z € Z.

Each recognizable tree series expression F over (4, X, X, Z) denotes a formal
tree series |E| in A{Tx(X U Z))) according to the following conventions:

(i) If Fis in X U Z then E denotes the tree series E, i.e., |E| = E.

(ii) For recognizable tree series expressions E1, ..., Ej over (4,3, X,7Z), w €
Y, k>0,a€ A, z€ Z, we define

[Er + Eo]| = |Eq| + |Eo|,
|w(E1a'~'7Ek)| = ‘D(|E1|a'~'7|Ek|)a
laE1| = a|Eql,

|pz.Er| = pz.| Byl .

Let ®; and ®5 be mappings from the set of recognizable tree series expressions

over (A, X, X, Z) into the set of finite subsets of X U Z defined by
(i) ®1(z) =0, P2(2) = {a}, z € X,

(i)

aEl) = (I)j(El),

/LZEl) = (I)](El) — {Z}, j = 1,2

for recognizable tree series expressions Eq, Fa, ..., Ey over (4,5, X, 7),
w€X, k>0,a€ A and z € Z.

(
(
Ew(Eh .. .,Ek)) = (I)](El) u...u (I)j(Ek),
(

Given a recognizable tree series expression E over (4,%, X, 7Z), ®1(E) C Z
contains the “free variables” of F, while ®5(E) C X contains the used symbols of
the leaf alphabet X. This means that |E| is a formal tree series in A{(Ts (P2 (E)U
®,(F)))). Theorem 4.3 and the above definitions yield some corollaries.

Corollary 4.4 A tree series s is in A (T5 (X UZ)) NA(Ts (P2(E)UP1(E)))
iff there exists a recognizable tree series expression E over (A,%, X, Z) such that
s=|E|.

Corollary 4.5 A tree series s is in A (T (X UZ))NA(Tx(P2(E)))) iff there
exists a recognizable tree series expression E over (A, X, X, Z) such that s = |E|,
where ®1(E) = 0.

Corollary 4.6 A tree series s is in A™(Tx(P2(FE))) iff there exists a rec-
ognizable tree series expression E over (A,3,X,Z) such that s = |E|, where
o, (FE)=10.
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Observe that our Corollary 4.4 is stronger than “Kleene’s Theorem” of Boza-
palidis [10], Section 5, since we can use our Theorem 4.2 and do not need “clo-
sure under substitution” in the definition of an rationally closed distributive
Y-algebra.

We summarize our results in a Kleene-like theorem (see Bozapalidis [10]).

Theorem 4.7 The following statements on a power series r € A{(Tx (X)) are
equivalent:

(i) 7 is a component of the least solution of a finite polynomial system;
(ii) 7 4s the behavior of a finite polynomial tree series automaton;

(iil) there exists a recognizable tree series expression E over (A, X, X, Z), where
¢1(E) =0, such that r = |E|.

Proof. By Corollary 3.6 and Theorem 4.3. O

In the characterization of the recognizable tree languages, Gécseg, Steinby [25]
use the following closure operation for a tree language r(y1,...,Yn,y) €

B{Te(X U{yt,- s Uns Y))s ¥ = Yng1:

To’y(yla"'aynay):{y}a
TjJrLy(ylﬂ coy Yns y) :T(yh oy Yn, Tj’y(yla ) ynay)) U T.jyy(ylv vy Yn, y)a j > 07
T*y(yla cee s Yn, y) = UJZO Tj7y(y17 vy Yn, y)

(Here we use the isomorphism between P(Tx(Y)) and B{Tx(Y))).) Consider
now the finite polynomial system over B with just one variable yq

Yo :T(yla"'aynayo) +y

Using the equality

rj+17y(y1a"'7ynay) = T(yla'"7ynarj’y(y1a"'7ynay)) + v, .7 > 0;

an easy proof by induction on the elements of the approximation sequence shows
that its least solution is given by 7Y (y1, . . . , yn, y). Hence, uyo.(r(y1, -, Yn, o)+
Y) =1 (Y1, Yn, Y)-

Bozapalidis [10] had the idea to replace pyo.(r(y1,...,Yn,%) + y) by
wy.r (Y1, .-, Yn,y). (For context-free languages, Gruska [30] used implicitely
this closure operator; see Kuich [37].) We have used this closure operator of
Bozapalidis [10] in our paper. The essential difference of the two closure opera-
tors is that 7Y (y1, ..., Yn,y) € B{Tx(XUY,U{y})), while py.r(y1,...,yn,y) €
B(Ts (X UY:)).

By the parameter identity we can even say more:

pY-r(Ys - Ynsy) = (Y1, -, Yn, 0).
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Hence, our interpretation of a recognizable tree series expression over (B, X, X, Z)
that is given below is different from that by Gécseg, Steinby [25].

Each recognizable tree series expression F over (B, X, X, Z) denotes a tree
language |E| C Tx(X U Z) according to the following conventions (expressions
of the form 0F;, 1E; are not needed):

(i) The tree language denoted by x € X is {z}.
(ii) The tree language denoted by z € Z is {z}.

(iii) For recognizable tree series expressions E1, Fs, ..., Ey over (B, X, X, Z),
we X, k>0,and z € Z,

[Er + Es]| = [E1| U |E,|,
|W(E17~'~7Ek)| :®(|E1|7~'~7|Ek|)a
|pz.E1| = pz.|Ex).

In the next theorem we use the notation of Gécseg, Steinby [25].

Theorem 4.8 The following statements on a tree language L C Tx(X) are
equivalent:

(i) L is generated by a regular ¥ X -grammar;
(ii) L is recognized by a nondeterministic finite root-to-frontier ¥.X -recognizer;

(iii) L = |E|, where E is a recognizable tree series expression over (B, X, X, Z)
and ¢1(E) = 0.

Observe that Theorem 4.8 is stronger than Proposition 9.3 (Kleene’s Theorem)
of Gécseg, Steinby [25], since we do not need “closure under substitution” for
our tree expressions over (B, X, X, 7).

Ezxample 4.1. Let ¥ = Yo UX1UXg, X9 ={c¢,d}, X1 ={g}, B2 ={f},2,:1€ Z
and consider the recognizable tree series expression [g(c)+pz1.[f (¢, z1)+ 2]] over
(B,%, X, Z). It denotes

lg(e)+uz1.[f (e, 20) 42l = gle)+2+f (e, 2)+ f (e, fle, 2))+f (e, f(e, fle, 2))+- -

Moreover,

lg(c) + pz1.[f(e; 21) + dlI| = llg(c) + pz1.[f (e, 21) + 2])|[d/=1] -

Compare this with the second paragraph on page 21 of Gécseg, Steinby [24]. O
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5 Pushdown tree automata, algebraic tree sys-
tems, and a Kleene Theorem

In this section we consider pushdown tree automata and algebraic tree systems.
Moreover, we prove a Kleene Theorem due to Bozapalidis [11].

Guessarian [32] introduced the notion of a (top-down) pushdown tree auto-
maton and showed that these pushdown tree automata recognize exactly the
class of context-free tree languages. Here a tree language is called context-free
iff it is generated by a context-free tree grammar. Moreover, she showed that
pushdown tree automata are equivalent to restricted pushdown tree automata,
i. e., to pushdown automata, whose pushdown store is linear.

Kuich [43] generalized these results of Guessarian [32] to formal tree series.
He defined pushdown tree automata whose behaviors are formal tree series and
showed that the class of behaviors of these pushdown tree automata coincides
with the class of algebraic tree series. Here a tree series is called algebraic iff it
is the initial component of the least solution of an algebraic tree system with
initial function variable. These algebraic tree systems are a generalization of the
context-free tree grammars (see Rounds [51] and Gécseg, Steinby [25]). They
are a particular instance of the second-order systems of Bozapalidis [11]. The
presentation follows Kuich [43].

A pushdown tree automaton (with input alphabet ¥ and leaf alphabet X)
over the semiring A

q:; = (erazvvav‘SvpoaP)

is given by
(i) a finite nonempty set Q of states;
(ii) a finite ranked alphabet ' = o UT'; U... Uy, of pushdown symbols;
(iii) a finite alphabet Z = {z1,..., 25} of pushdown variables;
(iv) a finite alphabet Y = {y1,...,yr} of variables;
€ (AT (X UY)))*Q called the initial state vector;

(vi

po € T'g, called the initial pushdown symbol;

i)
)
)
(v) a pushdown tree transition matriz M of order k;
) S
(vii) p
)

(viii) a finite family P = (Py., ... 2,.) | 9 € T'm, 0 <m < m) of final state
vectors Py, .y € (A(Ts(X))9Y, g€, 0 <m < m.

Here a pushdown tree transition matriz of order k is a matrix
M e (A(Ts(X U yk)>)QxQ’“)TF(Z)xTF(z)k

which satisfies the following two conditions:
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(i) for all t,tq,...,tx € Tr(Z)

22 Mgz 2 (01 (512 ) sk (21 ens2m))
where the sum extends over all vy, ...,v; € Tr(Zpm),

My 4y,..t) = - such that t; = vj(u1,...,um), 1 <j <k,
1ft:g(“h"'7“7ﬂ)a germa ULy ewoyUm € TF(Zm);
0, otherwise.

(ii) M is row finite, i. e., for each g € T';,,, 0 < m < 1, there exists only finitely
many blocks My, . 2.y (v1,....05), Where vi,...,vx € Tr(Zy,), that are
unequal to zero;

Observe that if the root of ¢ is labeled by g € I';,, then My 4, ;) # 0 implies
tt1, .. te € To(Zm).

Intuitively, the definition of the pushdown tree transition matrix means that
the action of the pushdown tree automaton with tree t = g(uy, ..., u;,) on its
pushdown tape depends only on the label g of the root of ¢. Observe that a
pushdown tree transition matrix of order k is defined by its finitely many nonnull
blocks of the form My, . . ). (v1,...06)> 9 € I'm-

Let now Zg = {(zi)q | 1 < i < m, g € Q} be an alphabet of variables
and denote Zj = {(zi)g | 1 <i<m, ¢ € Q}, 1 <m < m, Z% = (). Define
F e (A{Ts(X U Zg)))@x1)Tr(2)x1 By it entries as follows:

(i) (Ft)q = (Pg(zlguwz'm.))q ift = g(ul,...,um), g € I', 0 < m < m,
ULy vy Um ETF(Z’m)a qEQa

(11) (le)q = (Zi)tb 1 § i S ma UES Q;
(ili) (Fy)q =0, otherwise.

Hence, F},, 1 <4¢ < m, is a column vector of dimension ) whose g-entry, ¢ € @,
is the variable (z;),-

The approzimation sequence (77 | j € N), 77 € ((A(Tx(XUZgq)))@*1) T (Z)x1]
7 >0, associated with P is defined as follows:

=0, Y= M, )+ F, §>0.

This means that, for all ¢t € Tr(Z), the block vectors 77 of 77 are defined by

=0, 7= S My, )+ F 520,
tl,...,tkETr(Z)
Moreover, for all t € Tr(Z), q € Q,
(Tto)q =0,
(thﬂ)q = Ztl ,,,,, tr€Tr(2) qu,...,quQ
(Mitr,eeo0))a(ar o) (T )ars - (7)) + (F)g 4 2 0.
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Hence, for all g € T'),, 0 < m <, and all uy,...,un € Tr(Zy,), we obtain,
for all j > 0,

J+1 _
Tg(utetim) — ZvlgwkaeTF(zm) )
J J
Mg(zla---7zm)a(U17~~-aUk)(Tvl(ul,,.,,um)’ te ’Tvk(ul,m,um))

+Pg(21,m,zm)

and
Tt =F,., zn€Z.

Let 7 € ((A{Ts(X U Zg)))@*1)Tr(Z)x1 be the least upper bound of the
approximation sequence associated with 3. Then the behavior ||B|| of the
pushdown tree automaton P is defined by

1Bl = S(7p0) = Z Sq((Tpo)q) -

q€Q

Observe that ||| is a tree series in A{(Tx(X))). Furthermore, observe that
(rt)q € A(T=(XUZq)), t € Tr(Z2), g € Q, induces a mapping from (A(Tx(X U
Zo)))™9 into A(T(X U Zq)).

We now construct a polynomial tree automaton 2 that is “isomorphic” to the
pushdown tree automaton . Let M € (A(Tx(X U Y;))) TP (D)xQx(Tr(2)xQ)"
and F' € (A(Ts(X U Zg)))Tr(£)x@)x1 he the isomorphic copies of M and F,
respectively. Observe that M is row finite. Furthermore define S € (A(Tx (X U
Y1)>)1><(TF(Z)><Q) by S’(po,q) = Sq, S’(tyq) =0,t # py, q € Q. Specify the
polynomial tree automaton 2 with input alphabet > and leaf alphabet X U Zg
by

2 = (TF(Z) X QﬂMaSaF)'

Then it is clear that ||2|| = [||FB]|, i. e., our pushdown tree automaton fits
into the general definition of a polynomial tree automaton. But for techni-
cal reasons, we prefer to work with the transition matrix M in ((A(Tx(X U
Y;)))@x @) Ir(2)xTr(D)" gnd with the final state vector F in ((A(Tx(XUZg)))@*1)Tr(2)x1,

Clearly, this means that all notions concerning tree automata (e. g., simple
tree automata) are also notions for pushdown tree automata.

Observe that we have adapted the definition of a pushdown tree automaton
as given in Kuich [43] to fit into our general definition of a polynomial tree
automaton.

Consider now the polynomial system constructed from 2 as in the proof of
Theorem 3.3 and transfer it isomorphically to a system that “belongs” to ‘I,
i. e,

y=M(y,...,y)+F. ()

Here y € ({(yt)q | t € T (2), ¢ € QYN Tr(Z)x1 ig a vector of variables (Yt)q,
t € Ir(Z), ¢ € Q, such that (y;)q is the t-g-entry of y.
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The equations of the linear system (x) are, in block notation, for ¢t € Tr(Z),

Ye = Z Mtv(tlwntk)(ytm'"?ytk)+Ft7
ty,.. t€TH(Z)

where y; is a Q x 1-vector, whose g-entry is the variable (y;)q, ¢ € Q; and for
te TF(Z)a qc Q7

(yt)q = Ztl,,,,,tkeTp(Z) qu,,,,,qkeQ
(Mt,(thm,tk))%(‘hwak)((ytl)th7 RN (ytk)Qk) + (Ft)q :

Hence, for all g € T, 0 < m <, and all uq,...,u, € ITr(Z,), the equations
in matrix notation are

Yg(ui,..sum) = Zvl,m,vk €T (Zm)
Moz, (010eon) Yor ur o) s - - - s Yog (e stinn))
P21, 2m) -

and, for z; € Z,
Here v;(u1,...,um), 1 < i < k, denotes v;[u;/z;, 1 < j < m]. The least
solution of this polynomial system is the least upper bound of the approximation
sequence associated with .

An example will illustrate the notions connected with pushdown tree au-
tomata. This example is already given in Kuich [43].

Ezample 5.1. (Guessarian [32], Example 3). The pushdown tree automaton M
of Example 3 of Guessarian [32] is specified by our concepts as follows: The
input alphabet is F' = {b,c1,ca}, rank(b) = 2, rank(¢;) = 0, i = 1,2; X is
the empty set. &B - (Q7H7 {2}7{y1ay2}7M7 Sa Zo,P), where Q = {QOaQIaQ2}7
II ={G,C, Zp}, rank(G) = 1, rank(C) = rank(Zy) = 0, P = (Pc, Pz,, Pg(2)),
and M is defined by

(Mz,,¢(¢))a0,00 = Y15
(Ma(2),6(6(2)))a0,a0 = Y14

(MG (2),(2,2) a0, (a1,a2) = (Y1, Y2),
(Ma(2),(22) )qis(aia) = b(y1,92), i = 1,2,

All other entries of the Zy, C' and G(z) block row of M; and M, are zero;
moreover, (Pc)q, = 0 and Pz, = 0, Pg(.) = 0; furthermore, S;, = y1, Sy, =
Se¢. = 0.
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The important entries of the vectors of the approximation sequence associ-
ated with 8 are defined as follows for all v € Ty ({z}) and j > 0:

TZo )qo = (Té(c))qm (T%jl)(h’ =0, i=1,2;

(

(TC )qo =Y (Té‘Jrl)qz' =¢, 1=1,2; (Tngl)qz' = Zqi> 1=0,1,2;
(

(

Let G¥(C) € Tu(0) be defined by G°(C) = C, GF*1(C) = G(G*(C)), k > 0,
and consider the equations for G¥(C), k>0, > 0,7 =1,2:

(ng(lcﬂqo =0, (ng(lcﬂql = Ci;
(7, é;t(lc)) = ( Gk+1(c))qO +b(( Tek— 1(c))qw(TG’“ 1(C))qz)
(TG’“(C))% b(( Tak— 1(c))qn(TG’“ 1(C))q1)

Let 7 =sup(7? | j € N). Then, for k > 1,i= 1,2,

(Tao(c))ao = 05 (Tao(e))a; = i
(Tar(0))ao = (Tar+1(¢))go + 0((Tar-1(c))ars (Tar-1(0))az) »
(Tariey)a: = 0((Tar-1(c))asr (Tar-1(c))as) -

Hence (7gr(cy | k > 0) is the least solution of the polynomial system

(2:0) (Zo)qv = Cq, 1= 1 2'

(2k) g0 (Zk+1)qo +0((2k—1)q1s (26-1)g2), k> 1,
(2k)g: = 0((26-1) s> (2k-1)g,), 1= 1,2, k> 1.

2

By Theorem 3.2, (7gx(¢) | k > 0) is also the least solution of the system

(ZO)QO =0, (ZO)%‘ =c¢i, 1=1,2;

(2k)g0 = ijk—l b((2)ar» (25)qz)s k=1,

(Zk)fh = b((zkfl)qm (Zkfl)lh)v =12 k>1.
This system is proper and has the unique solution (7Gx | k > 0). Observe
that this system is not polynomial.

Define now the trees t! € Tp(0), i = 1,2, j > 0, by
t)=c;, T =bt, ), i=1,2,j>0.

Let

(Sk)qO = Z b(tivt%)v (Sk)qq, :tfv k=>1, (SO)QO =0, ( )

50)q; = Ci, i=1,2.
j>k—1
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Then ((sg)q, | k>0, i =0,1,2) is a solution of this proper system and, hence,
(Sk)(h = (TG’“(C))qw k=>0,i= 07 15 2. Since ||§'13|| = (TZo)qO = (TG(C))QO’ we infer
that ||| = (s1)q, = ijo b(t1,13).

This example indicates also a method to prove in a mathematically rigorous
manner that the behavior of a pushdown tree automaton equals a certain formal
tree series. O

We now will refer to a result for pushdown tree automata that is analogous to
Theorem 6.2 of Kuich [36] for pushdown automata. Intuitively, it states that the
computations of the pushdown tree automaton governed by a pushdown tape
with contents t(u1,...,um) (i. €., Te(u,,....um))» Where t(z1,...,2m) € Tr(Zm)
and u; € Tr(Zy), 1 < i < m, are the same as the computations governed
by a pushdown tape with contents t(z1,...,zm) (i. €., Te(z1,....2m)) applied to
the computations governed by pushdown tapes with contents wuy, ..., un, (i. e.,
Tt(zl,,,,,zm)[Tuq,/qu,; 1 <i<m)).

Theorem 5.1 Let 7 be the least solution of the polynomial linear system (x).
Then, for allt(z1,...,2m) € Tr(Zm), 1 <m <m, andu; € Tr(Zy), 1 <i<m,

Tt(ur,..tm) — Tt(zl,...,Zm)[Tui/Fzm 1< < m] .

We now introduce algebraic tree systems. The definitions follow Kuich [43].
Let @ = {Gy,...,Gn}, N X = (), be a finite ranked alphabet of function
variables, where G; has rank r;, 1 <14 <n, and m = max{r; | 1 <i <n}.

Let D = A(T»(XUZ,.)) x...x A(T=(X UZ,,)) and consider tree series
si € A{(Tsue(X U Z,)), 1 <i<n. Then each s; induces a function §; : D —
A{(Ts(X U Z,.)). For (11,...,7,) € D, we define inductively 3;(71,...,7,) to

(i) zmifs;=zm, 1 <m<r;zifs; =2z, 2 € X;

(11) @({1(7—17~..77—7’1)7'..7{’)“(7_1)"'77—7’1)) if Si :w(tl""7tT)’ w e ZT’
ti, ..., tr € Tyua(X U Z,,);

(111) Tj(fl(Tla...,Tn)a"'aij(Tla'~'7Tn)) if s = Gj(tl""’tTj)’ Gj € (I)’
t1,. 5 tp; € Txue(X U Z,,);

(iv) at(r1,...,m) if s; =at,a € A, t € Txye(X U Z,.,);

(V) Zje] 77]‘(7'1,...,7'»,1) if 5; = Zje] ri, r; € A«TEU(I)(X U Z.,-q,)», jJ € J, for
an arbitrary index set J.

The mappings s;, 1 < i < n, and the mapping § : D — D, where 5 =
(81,...,8k) are continuous. This can be shown for s; € Tyue(X U Z,) by
induction on the structure of s;. The case that s; is of the form G;(¢1,... ,trj)
follows from the continuity of substitution as shown by Proposition 2.6. Since
scalar multiplication is continuous, it follows now that each s; = at, where
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a € Aandt € Tyye(X U Z,) also induces a continuous function. The general
case s; € A{(Txue(XUZ,))) can now be handled using the fact that summations
preserve least upper bounds of directed sets. Hence, § has a least fixed point
in D. (See also Lemmas 4.24 and 4.3 of Guessarian [31]; Lemmas 3.1 and 3.2
of Engelfriet, Schmidt [20]; Bloom, Esik [6]; Esik [21].) In certain situations,
formulae are easier to read if we use the notation s;[71/G1, ..., Tn/Gy] instead
of the notation §;(71,..., 7).

An algebraic tree system & = (®,Z,%, FE) (with function variables in ®,
variables in Z and terminal symbols in ) has a set E of formal equations

Gi(z1y. oy 2r,) = 8i(21, oy 2r,), 1< i<m,

where each s; is in A(Txue(X U Z,,)). A solution to the algebraic tree system
S is given by (71,...,7,) € D such that 7; = 3;(11,...,7n), 1 <i <n,i. e, by
any fixed point (1,...,7,) of § = (31,...,8,). A solution (o1,...,0,) of the
algebraic tree system & is called least solution iff o; C 7, 1 < i < n, for all
solutions (71, ...,7,) of &. Since the least solution of & is nothing else than the
least fixed point of § = (81,. .., 8,), the least solution of the algebraic system &
exists in D. (See Wechler [59], Section 1.5.)

Theorem 5.2 Let 6 = (,Z,5,{G; = s; | 1 < i < n}) be an algebraic tree
system, where s; € A(Tsue(X U Z,,)). Then the least solution of this algebraic
tree system & exists in D and equals

fix(s) = sup(s’(0) | j € N),
where 57 is the j-th iterate of the mapping § = (31,...,8,) : D — D.

Theorem 5.2 indicates how we can compute an approximation to the least solu-
tion of an algebraic tree system. The approzimation sequence (77 | j € N), where
each 79 € D, associated with the algebraic tree system & = (®, Z, 3, {G; = s; |
1 <i < n})is defined as follows:

=0, 7t =35(7%), jeN.

Clearly, the least solution fix(5) of & is equal to sup(7/ | j € N). An algebraic
tree system & = (@, 7, %,{G; = s; | 0 < i < n},Gp) (with function variables in
o = {Gy,G,...,Gy}, variables in Z, terminal symbols in X) with initial func-
tion variable Gy is an algebraic tree system (®, Z, %, {G; = s; | 0 < i < n}) such
that G has rank 0. Let (79, 71,...,7,) be the least solution of (®, 7, %, {G; =
s; | 0 < i <mn}). Then 79 is called the initial component of the least solution.
Observe that 79 € A{Tx(X))) contains no variables of Z.

Our algebraic tree systems are second-order systems in the sense of Boza-
palidis [11] and are a generalization of the context-free tree grammars. (See
Rounds [51], and Engelfriet, Schmidt [20], especially Theorem 3.4.)
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A tree series in A{(Tx(X))) is called algebraic iff it is the initial component of
the least solution of an algebraic tree system with initial function variable. The
collection of all these initial components is denoted by A&({(T%(X))). There is no
restriction of the alphabets ¥ and X in the definiton of an algebraic tree series,
i. e., they may be infinite. This is due to the fact that, for s € A8 (T (X))) there
exist finite alphabets ¥/ and X', &' C 3, X’ C X, such that supp(s) C Ts (X').
Moreover,

A (T (X)) = U AMB (T (X)) .

3/ CY finite, X/CX finite

Given a pushdown tree automaton P = (Q,T,Z,Y, M, S, po, P), we now
construct an equivalent algebraic tree system & = (®,Zg,%, E,yo) with ini-
tial function variable yo. (The construction follows Kuich [43].) Here & =
{woy U{Wgeza,2m))a | 9 € Ty 0 <m < m, ¢ € Q}. The function variable
Ya(zrzm))ar 9 € Ty, 0 <m <, g € Q, has the rank m|Q|. By definition,
the @ x 1-vector Yy(z,.....2,)s 9 € I'm, 0 < m < m, is the column vector with

g-component (Yy(z,.,...,z,.))q> 4 € Q-
For the specification of the formal equations in £ we have to introduce, for
t € Tr(Zp), 1 <m <m, vectors g in (Tq,(Zg))QXl as follows:

@g(m ,,,,, U ) — yg(21,m,zm)(:gu17 s Dum ) s
g € I'p, Ula'~'7um€TF(Zm)a 1<m<m;
gg:ygagero; (gzi)q:(zi)QalgiSmaqu'

Written componentwise, the first equation reads

(?Qg(ul,m,um))q = (yg(zl,m,zm))q(@ui)q’v 1<i<m, ¢ € Q)

for g € oy w1, .oyt €TI0 (Zn), 1 <m < m, g € Q. Observe that

(?jg(m,m,zm))q = (yg(zhm,zm))q((zi)q/a 1<i<m, ¢ € Q)

for g € 'y, 1 <m < m, ¢ € Q. Observe further that yg.,, . 20) Gurs - - Jum )
means yg(zl,m,zm)[guq,/inv 1 <i<m]and (yg(zl,...,zm))q((gi)q’7 1<i<m, ¢ €
Q) means (Yg(z,,....20))q[(Ui)g' /(2i)gs 1 < i <m, ¢" € Q]. The formal equations
in F are now given in matrix notation:

yO = S(yp()) )
yg(zl ..... zm)((zi)q’7 1 S Z S m) ql e Q) =
(ngg/} Mi(9,...,9) + F)g(zl,...,zm) =

Do1<h<hs 2atrrtneTr (Zon) Mr)g(1,zm) (1 eeti) Ttas - -5 Gt) + Po(ar,zm)
gel,, 0<m<m.
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We now give explicitely the formal equations, except the first one, with index g €
Q. Observe that indexing by ¢ € @ is needed only in examples. In theoretical
considerations, we save the indexing by states ¢, q1, . .., qn, i. €., we use the form
given above.

(yg(zly»»»,zm))q((Zi)q’7 1<i<m, ¢ € Q) =
21319312 Ztl,...,tkETr(Zm) Z‘hgwqueQ

(M) g(z1,mrs2m),(t1eti) ) as (@) (Tt )ars -+ Gt )ae) + (Poan,nzm))a s
gel,, 0<m< m q€eqQ.

We denote this system of formal equations by ().
The next theorem is a key result for proving the equivalence of pushdown
tree automata and algebraic tree systems with initial function variable.

Theorem 5.3 If 7 is the least solution of the polynomial linear system (x) then
(Tgz1venzm) | 9 € Ty 0 < m < m) is the least solution of the algebraic tree
system (xx).

Corollary 5.4 The initial component of the least solution of the algebraic tree
system & coincides with ||PB]].

Corollary 5.5 The behavior of a pushdown tree automaton is an algebraic tree
series.

Ezample 5.1 (continued). We now construct step-by-step for the pushdown tree
automaton ‘P the algebraic tree system & with initial function variable such
that [|B|] is the initial component of its least solution. We first consider the
linear system () written in the form

§=M(y,9)+F
and write down explicitely the equations for g (.), 9z, and gc:
G(Z))QU = (QG(G(Z)))qo + b((?%)qu (yz)%)v
G(z))lh - b((yZ)qm (yz)ql)’ 1= ]-a 27

(

(

(92,) 90 = (yG( ))qo; (yZO)qi =0, :=1,2,
(yc)qO =0, (QC)qi =c, 1=1,2.

> D D D

Now we express the components of § by yg(.), ¥z, and yc; and obtain the
algebraic system (s:):

(yG(z) )qo (Zqo ) 2q1s Zqz) = (yG(z) )qo ((yG(z) )qo (Zqo ) 2q1 s Zqz)v
(yG(z))ql (Zqo y 2q1 %q2 )7 (yG(z))Q2 (ZQO )y 2q1 s Z‘h)) + b(qu ) Zth)a

yG(Z))th (Zqoazquztlz) = b(zqiv Zqi)a 1=1,2,

yZo)qo = (yG(z))qo ((yc)%v (yC)Q1 ) (yc)qz)a

yZo)(h =0,1=12,

yc)qO =0,

Yco)g =G, i =1,2.

Py
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The algebraic tree system & = (9, Z, F, E, yo) is now specified by

¢ = {(yG(Z))qw (yZo)qm (yc)(h | 1=0,1, 2} U {y0}7 where the ranks of (yG(Z))qw
(Y2o)gs» (Yo)qs are 3,0,0, respectively, for i = 0,1,2;

Z = {Zqov Zq1s 2112}5

F is the set of equations specified above augmented by the additional equation

Yo = (yZO)qO'
Observe that the construction of P from & is essentially the same construc-
tion as given by Guessarian [32] in her proof of Theorem 1. |

The converse of Corollary 5.5 can be proved and yields the main result of
Kuich [43]. It is also the main result of this section.

Corollary 5.6 The following statements on a formal tree series s in A{(Ts(X)))
are equivalent:

(i) s is an algebraic tree series;
(ii) s is the behavior of a pushdown tree automaton;

(iil) s is the behavior of a simple pushdown tree automaton with one initial
state of weight 1.

If our basic semiring is N, i. e., if we consider tree series in N> (T (X))),
we can draw some stronger conclusions.

Let G = (®, Z, 3, R) be a context-free tree grammar, where ® = {G1,...,G,}
and R is the set of rules

Giz1,...,z,) —t, 1<j<m, 1<i<n.

Denote by d;(t), 1 < i < n, the number (possibly co) of distinct leftmost
derivations of t € T (X U Z,,) with respect to G and starting from G;. Let
S = (9,Z,%,FE) be an algebraic tree system, where E is the set of formal
equations

Gi(z1,...,20,) = Y t, 1<i<n.

1<j<n;
Then there exists the following theorem.
Theorem 5.7 (Bozapalidis [11], Theorem 11ii)) Let G = (®,Z,%,R) and
S = (9,7Z,%5, F) be the context-free tree grammar and the algebraic tree system,
respectively, considered above. Let d;(t), 1 <i < n, be the number (possibly cc)

of distinct leftmost derivations of t € Tx,(X UZ,.,) with respect to G and starting
from G;. Then the least solution of © 1is given by

(). dmtl1<i<n).

teTs(XUZ,,)

Theorems 5.7, 3.1 and Corollary 5.6 yield the following theorem.
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Theorem 5.8 Let d: Tx(X) — N, Then the following statements are equiv-
alent:

(i) There exists a context-free tree grammar with initial function variable,
and with terminal alphabet ¥ and leaf alphabet X such that the number
(possibly 0o ) of distinct leftmost derivations of t € Ts:(X) from the initial
function variable is given by d(t).

(ii) There exists a 1-simple pushdown tree automaton with input alphabet X
and leaf alphabet X such that the number (possibly co) of distinct compu-
tations for t € Tx(X) is given by d(t).

A context-free tree grammar with initial function variable, and with terminal
alphabet ¥ and leaf alphabet X is called unambiguous iff, for all ¢t € Tx(X),
the number of distinct leftmost derivations of ¢ with respect to G is either 1
or 0. A 1-simple pushdown tree automaton with terminal alphabet ¥ and leaf
alphabet X is called unambiguous iff, for all t € T (X), the number of distinct
computations for ¢ is either 1 or 0.

Corollary 5.9 Let L C Tx(X) be a tree language. Then L is generated by an
unambiguous context-free tree grammar iff Y .., t is the behavior of an unam-
biguous 1-simple pushdown tree automaton.

A pushdown tree automaton B = (Q,T', Z,Y, M, S, po, P) is called restricted
iff ' = {po} UT}y, i. e., except for the initial pushdown symbol py of rank 0, all
other pushdown symbols have rank 1.

The next theorem augments the list of equivalent statements of Corollary 5.6.

Theorem 5.10 The following statements on a formal tree series s in A{Ts (X))
are equivalent

(i) s is an algebraic tree series;
(i1) s is the behavior of a restricted pushdown tree automaton;
(iii) s is the behavior of a simple restricted pushdown tree automaton.

We now turn to formal tree series in N {(Tx(X))).

Theorem 5.11 Let d: Tx(X) — N°°. Then the following statement is equiva-
lent to the statements of Theorem 5.9:

(iii) There exists a 1-simple restricted pushdown tree automaton with input
alphabet ¥ and leaf alphabet X such that the number (possibly oco) of
distinct computations for t € Tx(X) is given by d(t).

Corollary 5.12 Let L C T%(X) be a tree language. Then L is generated by an
unambiguous context-free tree grammar iff Zte 1 t s the behavior of an unam-
biguous 1-simple restricted pushdown tree automaton.
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We now prove a Kleene Theorem due to Bozapalidis [11]. For the remain-
der of this paper, ®o, = {G; | i > 0} denotes an infinite ranked alphabet of
function variables, where G; has rank r;, i > 0, and for each » > 0 there are
infinitely many function variables with rank . Let ¥ = SU{Gy,, ..., G, } and
D= AT, (X U Zp, ) % -+ x A(T5(X U Z,,))) for some mutually different
yevesin,k1,...,km > 0. Consider a tree series s € A«Ti:u{cil,...,Gin}(X U
Z)). (The function variables Gy, , ..., Gk, are considered here to be ranked
symbols like in ¥.) Then s induces a function 5§ : D — A(Te(X U Z,))) as
defined above.

We now consider an algebraic tree system & = ({G;,,...,G;, }, Z,f),E),
where F is Gij(zl,...,zmj) = sj(zl,...,znj,Gil,...,Gi"), 1 <j <mn, and
S5 € A<Tﬁ)U{G7,1,...,Gin}(X U Z,«ij ))

The least solution of & is in D. The collection of components of least
solutions of all such algebraic systems (with free choice of mutually differ-
ent iy,...,in,k1,...,kyn > 0) is denoted by A*2(Txue (X U Z))). Observe
that each power series in A8 ((Tx g (X U Z))) is in fact a power series in
A28 (Ts e (X U Z,.))) for some finite ® C @, and some r > 0.

Before proving our results we apply a few results of the fixed point theory
of continuous functions to algebraic tree systems. An extended algebraic tree
system 6 = (®,Z,%, FE) and its least solution are defined as an algebraic tree
system and its least solution with the exception that the right sides of the
equations G;(z1,..., %) = 8i(21,...,2r,), 1 <i <mn, are now in A(Txus(X U
Ze).

(1) The parameter identity. Let r € A{(Tsus., (X U Z))), and denote ' =
pG.r, G € @ Let Gy # G, 7 € Al(Txy@..—{aH(X UZ)), 1 <i < n, and
0; € A(T(XUZ)),1<j<k Thenr'[o1/z1,...,06/26,71/G1,...,Tn/Gn] =
pG.(rlo1/z1y. .-, 0k /28,71 /G1, -« o, T /Grl).

(2) The Bekié-De Bakker-Scott rule. Consider the equations G;(z1, ..., z,) =
si(z1y.-y2r,), 1 < i < n,s; € A(Txue(X U Z,,))) of an extended algebraic
tree system & = (®,7,%, F), where ® = {G1,...,G,}, and m € {1,...,n}.
Let (Tm+1,.-.,7n) be the least solution of the extended algebraic tree system
&' = (9,2Z,%,E), where &' = {G41,...,Gn}t and E' = {Gy(z1,...,2,,) =
si(z1,...,2r,) | m4+1 < i < n}. Hence, 7; € A{Tsuqa,,...any (X U Z,)),

m+ 1 < i < n. Furthermore, let (71,...,7,) be the least solution of the ex-
tended algebraic system &” = (®”,Z, X, E"), where ®” = {G4,...,G,,} and
EU = {Gi(zl, .. .,Zri) = Si(Zl, e 7Zri)[Tm+1/Gm+1; .. .,Tn/Gn] | 1 S 7 S m}
Then

(T1y ooy Tins Tmt1[T1 /Gy o o s T /Gy« o s T[T /Gy o oy T /Gin])

is the least solution of the original extended algebraic tree system.
We now proceed analogously to Section 4.

Theorem 5.13 (A%8(Ts e (X UZ)), +,U,SUD) is a distributive XU Py -
algebra closed under scalar product that contains A(Tsue., (X U Z)).
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 Hence, for G € ®o of rank r and o1,...,0, € A"8(Txue. (X U Z)),
G(oy,...,0.) is again in A8 (Ts e (X U Z)).

Proof. We only prove the second sentence. The proof of the first sentence is
analogous to the proof of Theorem 4.1.

Let 01,...,00 € A(Tsu(ay, .....Gr, } (X U{21,..., 2,}))). Then there exist r
algebraic tree systems Gy;(z1,...,2i,,;) = 8¢5, 1 <t <r, 1 < j < n,, where the
rank of G4 is k, such that the first components of their least solutions are oy.

Consider now the algebraic tree system

H(Zl,...,Zk) :G(Gu(zl,...,zk),...,Grl(zl,...,zk)),
th(zlﬂ"’7zitj):8tj7 ]-Stgralgjgnr

By the Beki¢-De Bakker-Scott rule, the H-component of its least solution is then
given by G(o1,...,0.). O

A distributive ¥ U ®-algebra (V,+,0, S U &), V C A{(Tsue. (X U Z))
is called equationally closed iff V is closed under scalar product, and for all
s € Vand G € ®,, the formal tree series uG.s is again in V. Here uG.s
denotes the least solution of G(z1,...,2,) = s, where r is the rank of G. By
definition, A*"{(Txus. (X U Z))) is the least equationally closed distributive
¥ U ®-algebra containing A(Txus. (X U Z)). Observe that each power series
in A*M(Txue (X UZ))) is in fact a power series in A{(Txus (X U Z,))) for some
finite ® C $,, and r > 0.

We will prove that A" (Tsye. (X U Z)) = A¥8(Tsue (X U Z)). We
first show that A*"({(Txue (X U Z))) is closed under substitution for function
variables.

Theorem 5.14 Consider tree series s and oj, 1 < j < n, in A*"(Txue, (XU
Z)Y) and assume that s(z1,...,2r,Giyy...,Gy,)) € A<<T2U{Gi17~»gGi y (XU Z2))

and o; € A(T4(XUZ,, ), where 32 = SU{Gy, ..., G, } andiir, ... in ki, ki >
0 are mutually disjoint.
Then 5(z1, ..., 27,01, ...,0n) is again in AT (Tsuse, (X U Z))).

Proof. The proof is by induction on the number of applications of the operations
w e X, G e d, sum, scalar product and ; to generate s(z1y .oy 20, Giyy oo, Gy )
from polynomials.

(i) Let s(z1,...,2r,Giyy ..., G;) € A<T2U{G“,...,Gin}(XUZT‘»' Since 5(z1, ..., Zry 1y« ., On)
is generated from o1,...,0, and zi,...,%. by application of sum, @ € ¥,
G,,...,Gr, , and scalar product, we infer that 5(21, ..., 2., 01, ...,0,) € AN (T e (XU
2)).

(ii) We only prove the case of the operator u. Choose a G € @, with rank r
that is unequal to Gy, , ..., G, , Gk, , - . ., Gg,,. Without loss of generality we as-
sume that s(z1,..., 2., Gi,, ..., Gy, ) = uG.s'(z1,...,2r,Giyy ..., Gy, , G). By in-
duction hypothesis, we have that s'(z1, ..., 27, Giy, - . ., G4, , G) is in A (Txye (XU

m )
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Z)). Hence 5(z1,...,27,01,...,0n) = pG.5 (21, ..., 2r,01,..., 00, G) isin A" (Txys, (XU
Z))) by the parameter identity. O

Theorem 5.15 (Bozapalidis [11], Section 6.) A (Tsus, (XUZ)) = A¥8(Txue. (XU
Z))

Proof. We show that A&(Ts e (X U Z)) C A*(Txie (X U Z)). The
proof is by induction on the number of variables of algebraic systems. We use
the following induction hypothesis:

If (11,...,7), 7 € A¥8(Tsue (X U Z)), 1 < j < n, is the least solution
of an algebraic system Gj(z1,...,2r;) = 8j(21,...,2r;,G1,...,Gn), 1 < j <
n, with n function variables G1,...,Gyp, where s;(z1,...,2,,,G1,...,Gp) €
A<TZU<I>OQ (X @] Z)> then Tj € Aequ<<T2Uq>oo (X @] Z)>>

(i) Let n = 1 and assume that s € A¥8(Ts s (X U Z))) is the least
solution of the algebraic system Gi(z1,...,2r,) = p(21,...,2r,G1). Since
p(z1,...,2r,,G1) isapolynomial, s = uG1.p(21, ..., 2r,, G1) € A (Tnus, (XU
2)).

Consider the algebraic system G (21, ..., zr;) = 8j(21, ..., 2r;, G1, ..., Gny1),
1<j<n+1,n>1. Let (TQ(Gl), . ,Tn+1(G1)), Tj(Gl) S Aa1g<<TZU<I>OQ(X @]
Z)), 2 < j < n+l, be the least solution of the algebraic system G (21, ..., 2r;) =
si(21,.- .5 2r;,G1y. .., Gny1), 2 < j < n+ 1. By our induction hypothesis we
infer that 7;(G1) € A*™(Txus. (X U Z))). Hence, by Theorem 5.14, p(G1) =
51(21, ceey Ry Gl,TQ(Gl), PN ,Tn+1(G1)) is in Aequ«TZLJq)OQ (X @] Z)>> This im-
plies that pGi.p(G1) is in A (Txuse (X U Z)). Again by Theorem 5.14
7;(uG1.p(G1)) € A* M (Txue. (XUZ))), 2 < j < n+1. By the Bekié-De Bakker-
Scott rule,

(1G1.p(G1), T2 (pG1.p(G1)), - -, Tat1(pG1.p(G1)))

is the least solution of the algebraic system G (21, ..., 2r,) = 8j(21,- -+, 2r;, G1, ..., Gny1),
1 < j < n+ 1. Hence, the components of the least solution of this algebraic
system are in A*"{(Txus. (X U Z)).
(ii) We show that A%8(Txy e (XUZ))) is an equationally closed distributive
Y U ®.-algebra that contains A(Tx (X U Z). This will imply A°"(Txue., (X U
Z)) C A8 ((Ts e (XUZ))). By Theorem 5.13, we have only to show that uG.s,
s € AMe((Ts e (XUZ)) isin A8 (Txue  (XUZ)). Let (12(G1), ..., Tni1(G1))

be the least solution of the algebraic system G(21, ..., zr;) = sj(21,...,2r,,G1, ..., Gny1),
2 < j<n+ 1, where GG is of rank ro and take s = 75. Consider now the alge-
braic system G1(z1,...,2m,) = 82(21,. -+, 2ry, G1, -, Gny1), Gj(21,...,2r;) =

sj(21,.- .5 2r;,G1y. .., Gny1), 2 < j < n+ 1. Then, by the Beki¢-De Bakker-
Scott rule, uG1.52(21,. -+, 2ry, G1,72(G1), ..., Tn+1(G1)) = pG1.172(G1) is the
first component of its least solution. O

We now introduce algebraic tree series expressions. Assume that A, %, X, Z, &
and U = {+,-, i, [,]} are mutually disjoint. A word E over AUSUXUZU® ., UU
is an algebraic tree series expression over (A,3, X, 7, ®) iff
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(i) Eisin XU Z, or

(ii) E is of one of the forms [E) + Es], w(FE1,...,Ex), G(E1,...,Ey), aFx,

or uG.Ey1, where Fi,...,FE) are algebraic tree series expressions over
(A2, X, Z, D), for w € ¥ of rank k, G € O, of rank k, & > 0, and
a € A

Each algebraic tree series expression E over (A, 3, X, Z, ®,) denotes a formal
tree series |E| in A{(Txus,, (X U Z))) according to the followin conventions:

(i) If Eis in X U Z then E denotes the tree series E, i.e., |[E|=E

(ii) For algebraic tree series expressions E1, ..., E, over (4, X, X, Z, @), w
Y of rank k, G € &, of rank k, kK > 0, a € A, we define

[[E1+ Es]| = |E1| + |Eaf

lw(En, ..., By)| = @(|E1l, ..., [Ek]),
|G(E1a'~'7Ek)| = G(|E1|7~'~7|Ek|)a
laEr| = al B,

Let &1, @5, 3 be mappings from the set of algebraic tree series expressions
over (A, 3, X, Z, &) into the set of finite subsets of X U Z U @, defined by

(i) x) =0, Po(z) = {x}, (I)g(ac) 0,zeX,

Dy (
Pq(z) ={z}, Pa(z) =0, P3(2) =0, z € Z.
(ii) @;([Er + Ea]) = ©;(E1) + ©;(Er), j =1,2,3,
q)j(w(Elv "7Ek)):q)j(E1)U LU ( )aj:172737
q)j(G(Elﬂ 7Ek)):q)](E1)U Uq) (Ek)7]:1727
P3(G(Ey, ..., Ey)) = 3(Ey) U... U ‘I’s(Ek) U{G},
®j(aky) = <I>j(E1) j = 1,2 3,
for algebraic tree series expressions El, cory By oover (A5, X,7,P), w

Yof rank k, G € &, of rank k, K > 0, a € A.

Given an algebraic tree series expression E over (4,3, X, Z, &), ®1(E) C Z
contains the variables of E, ®3(F) C X contains the used symbols of the leaf
alphabet X and ®3(F) C G contains the “free function variables” of E. This
means that |E| is a formal tree series in A(Txua,(p)(P2(£) U 21(E))).

Theorem 5.15 and the above definitions yiel some corollaries.

Corollary 5.16 A tree series s is in A" (Txye,, (XUZ))NA(Tsua, (k) (P2(£)U
O, (E))) iff there is an algebraic tree series expression E over (A, 3, X, Z, ®w)
such that s = |E|.

41



Corollary 5.17 A tree series s is in A1 (Txyus. (X U Z)) N A(Ts(D2(FE)))
iff there is an algebraic tree series expression E over (A, 3, X, Z, ®s) such that
s = |E|, where ®1(E) = ®3(E) = 0.

Corollary 5.18 A tree series is in A8 (Ts(®2(E))) iff there evists an alge-
braic tree series expression E over (A, X, X, Z,®o) such that s = |E|, where
3,(E) = &3(E) = 0.

We summarize our results in a Kleene-like theorem.

Theorem 5.19 The following statements on a power series r € A{(Tx(X))) are
equivalent.

(i) r is an algebraic tree series,
(i) r is the behavior of a simple pushdown tree automaton,
(#ii) r is the behavior of a simple restricted pushdown tree automaton,

(iv) there exists an algebraic tree series expression E over (A, X, X, Z, @),
where ®1(E) = ®3(E) = 0, such that r = |E|.

If we interprete algebraic tree series expressions in B{(Txus. (X U Z))) then we
get analogous results on formal tree languages.

Ezample 5.2. Consider the algebraic tree system & = (®,7,%, E,Gy) with
initial function variable Gy, specified by ® = &g U $o, &g = {Go}, P2 =
{G}a Y =3 = {b}7 X = {ClaCQ}a and E = {GO = G(clacQ)aG(ZhZQ) =
G(b(z1, 21),b(22, 22)) + b(21, 22)}. (This algebraic system is a simplified version
of that in Example 5.1.) The initial component of its least solution is given by

HG.IG(b(er, 1), blea, c2)) + bler, ea)]| = S b(H, 1)
7>0

where t9 = ¢;, /T = b(t),¢]),i=1,2,j > 0. i

2 1771

6 Tree series transducers

Tree transducers have been introduced in Rounds [50, 52] and Thatcher [56,
57]. Kuich [39] generalized a restricted form of top-down tree transducers to
tree series transducers which map formal tree series into formal tree series.
Engelfriet, Fiilop, Vogler [19] and Fiilop, Vogler [23] generalized this approach
and defined bottom-up and top-down tree series transducers as generalization
of frontier-to-root and root-to-frontier tree transducers in the sense of Gécseg,
Steinby [24, 25].

In this section we only consider the case of top-down tree series transducers.
(The bottom-up tree series transducers use a generalization of 10-substitutions
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and are difficult to handle.) Our definition of top-down tree series transducers
is different but equivalent to the definition of Engelfriet, Fiilop, Vogler [23].
We then define linear nondeleting recognizable tree series transducers and
show that they preserve recognizability of tree series.
We define

(A(Te(X)N" " = | (A(Ts(X)N) "

m>0

A tree representation p (with state set @, ranked input alphabet X, input leaf
alphabet X, ranked output alphabet X', output leaf alphabet X', over the semiring
A) is a family g = (u | £ > 0) of mappings

pr Sk — (AT (X' UY)))@X@XZ)" | > 1,
po s o U X — (AT (X))@,

such that, if g (w) € (A{Ts (X' UY)))@*(@*ZK)™ for some m > 0 and w € X,
k> 1, then pup(w) € (A{(Ts (X' U Y,,)))@*(@*Z)™  Observe that ug(w),
w € Y, k > 1, induces a mapping

(W) 2 (AQTo(X) D <o x (AYTR (X))@ — (A(TS(X)) P
(there are k argument vectors; see the definition before Theorem 2.13).

Since ((A{Ts (XM (up(w) | w € Ty, k > 0)) is a X-algebra, the

mapping
po : X — (A(Ts (X))

can be uniquely extended to a morphism
g Ts(X) — (A(To (X))

by
plw(ty, .. te)) = pe(@)[p(ta), . plte)],
for w e X, t1,...,tp € Tn(X), k > 0.
One more extension yields

o AYTS(X)) — (A(Te (X))@

by
u(s) = Z (s;,t) @ u(t), seA(Ts(X)),

teTs(X)

where ® denotes the Kronecker product. (See Kuich, Salomaa [45], Section 4.)
In our case this means that each entry of u(t) is multiplied by (s,t). Hence, for

q€qQ,
p(s)g = Z (s, t)ult)g, s€ A(Ts(X)) .

teTs (X)
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We have denoted a tree representation p and the mapping p : A{(Tx(X))) —
(A{Te (X")))@*! induced by it by the same letter x. This should not lead to
any confusion.

A (top-down) tree series transducer (with state set @, ranked input alphabet
3, input leaf alphabet X, ranked output alphabet Y, output leaf alphabet X',
over the semiring A)

T=(@QnS)
is given by
(i) a nonempty finite set @ of states,
(i) a tree representation p with Q,%, X, ¥/, X' over A,

(iil) an dnitial state vector S € (A{Ts/ (Z1)))*?, where S, = az21, a4 € A,
q€@Q.
The mapping
IE]] - A(Ts(X))) — A(T (X))
realized by a tree series transducer T = (Q, u1, S) is defined by

I1F1](s) = S(u(5)) = 2o geq(Sar 21)1(s)q =
24 2ters(x) a8 pt)g, s € A(Ts(X))) .

A tree representation u is called polynomial iff the entries of the images of
Lk, k > 0, are polynomials. A tree series transducer ¥ = (Q, p,S) is called
polynomial iff u is a polynomial tree representation.

Ezample 6.1. (See Example IV.1.6 of Gécseg, Steinby [24].) Let Q = {ao, a1, a2},
Y=%={c}, X ={az}, ¥ =X, uX}, ¥ ={w}, T = {wa}, X' = {z, 2%}
The nonnull entries of pg and py are given by
Mo(x)al = xllv ,LLO(x)tm - lJQ )
M1 (U)ao,((al,zl),(ag,zl)) = W2(y1; y2) )
H1 (U)al,(al,zl) = w1 (yl)’ Nl(a)az,(a2,21) = w1 (yl) .

Let S = (z1,0,0) and consider the tree series transducer ¥ = (Q, (po, 1), S).
We claim that, for n > 0,

and prove it by induction on n.
We have

/J/(I)aq, = /J’O(x)ai =Z;,
and, for n > 0,
w(o" (x))a; = m(U)[ul(U”‘l(fv))]ai =

M1 (O—)ai,(aq,,zl)[wilil(x‘)] =
wl(yl)(w?_l(xg)) :w?(mg)a i=1,2.



Hence, we obtain for n > 1,

I1E]|(e™(2)) = (0™ (2))a; =

pa (o) (0" (@))]ag =

H1 (U)a07((a1721)7(a2721))(M(Un_l (m))al ) :U’(o-n_l(x))(h) =
wa (Wi~ (@), wi T (7))

Given a formal tree series

s =(s,r)z + Z(Sa o"(x))o"(z),

n>1

we obtain

IZ11(s) = D (5,0 (@) )wa (@i (@) i~ (a3)) -

n>1
O

In connection with Example IV.1.6 of Gécseg, Steinby [24], Example 6.1
gives also an intuitive feeling, how a root-to-frontier tree transducer in the sense
of Gécseg, Steinby [24] is simulated by a top-down tree series transducer over
the semiring B. Formally, we have the following theorem.

Theorem 6.1 (Engelfriet, Fiilop, Vogler [19], Theorem 4.12). A mapping is
realized by a Toot-to-frontier tree transducer iff it is realized by a polynomial
top-down tree series transducer over the semiring B.

Let Q) ={(¢,2) | g € Q}, 1 <i < k. Then there is a one-to-one correspon-
dence between Q) x -+ x Q) and Q* by

((q1,21)5 -5 (q2) & (a1, -+ k)

q1,---,qr € Q. A tree representation (uy | k > 0) is called nondeterministically
simple iff

pe 2 S — (AT (X' UYR)))@X (@ x@) - > 1

If (uk | & > 0) is a nondeterministically simple tree representation then we
will work with the isomorphic copies pg(w)’ of pr(w), & > 0, in (A{(Tx (X' U
Yk)>>)QXQk, k > 0. By Theorem 2.13,

uk(w)’(Pl, ey Pk) = uk(w)[Pl, ceey Pk]

for Pj € (A{(Ts(XUY")N)*1 1< j <k andw € X, k > 0. Hence, we can
define a nondeterministic simple tree representation to be a family of mappings
(1 | & > 0), where

i Sk — (AT (X' UY)N@RY k>1,
po : Do UX — (AT (X")))@x1,
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The morphic extension of g is again defined by p(w(t1, ..., tk)) = pw(w)(w(ts),. .., u(te)),
wE Vg, t1,...,tk € T(X), k > 1, and, for s € A{(Tx(X))), we define again
1(8) = Dsery(x)(5:1) @ p(t).

A nondeterministic simple tree series transducer is now a tree series trans-
ducer T = (Q, u, S), where p is a nondeterministic simple tree representation
and ||T[[(s) = S(u(s)) = Xgeq(Sq: 21)u(s)q for s € A(Ts(X))).

We now introduce linear and nondeleting tree representations and tree series
transducers. A tree t € Tx(X UY}), k > 1, is called linear iff the variable y;
appears at most once in ¢, 1 < j < k. Atreet € Tx(X UYy), k > 1, is
called nondeleting iff the variable y; appears at least once in ¢, 1 < j < k. A
tree series s € A(Ts(X UYz)), k > 1, is called linear or nondeleting iff all
t € supp(s) are linear or nondeleting, respectively. A nondeterministic simple
tree representation y is called linear or nondeleting iff all entries of pu(w), w € Xy,
k > 1, are linear or nondeleting tree series, respectively. A nondeterministic
simple tree series transducer ¥ = (Q, u, S) is called linear or nondeleting iff p
is linear or nondeleting, respectively.

Theorem 6.2 (Kuich [39]) Let, for some k> 1, s € A(T=(X UYy)) be linear
and nondeleting, and s;; € A(Tx(X))), a;; € A foriy € I;, 1 < j < k. Then

S(Z Wiy Siyy - s Z @iy, Siyy ) = Z Z iy ooy, S(Siyy vy Sip)

i1€l i €1 1€l i €1

Theorem 6.3 Let w € 3y, k > 1, s1,...,8: € A(T%(X))), and p be a linear
and nondeleting tree representation with state set Q. Then

plw)(p(s1); - plsk)) = (@(s1, - 88)) -

Proof. We first compute the left side of the equality of the theorem for index
1€ Q:

(W) (p(s1)s -5 p(sk))g =
M(w)q,(th,“‘,Qk)(u(sl)(ua o >N(Sk)%) =

W ggrnman (Y, (Lt)ut)gs - Y (e ti)ultr)g,) =

q1,--,qL€Q t1€Ts(X) treTs(X)

Z Z (Slvtl)'"(Skatk)u(w)q,(QL»»»,Qk)(M(tl)(h7-'-aﬁ'(tk)%) =

q1,qkE€Q t1,... 1 €T (X)

Yo (sita) e (smote)p@(tn, - tk))g -

ti,.. ot €T (X)

Here the third equality follows by the assumption that u is a linear and non-
deleting tree representation and by Theorem 6.2. We now compute the right
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side of the equality of the theorem for index ¢ € Q:

u(aj(sla RN}

Sk))q =
u( Z ( Z (s1,t1) - (k, t))t)q =

tET(X) wlty,....ty)=t

D0 D (snt) - (shtr))p(t)g

teTs (X) w(ty,....ty)=t
(Slatl) e (Skvtk):u‘(w(tla v 7tk))q .
t1,...,tp€TS(X)

Since both sides of the equation of the theorem coincide, the theorem is proven.
O

If A is an idempotent continuous semiring then ), ;a = a for all a € A,
and we do not need the condition in Theorem 6.2 that s is nondeleting.

Theorem 6.4 Let A be an idempotent commutative continuous semiring. Let,
for some k > 1, s € A(Ts(X UYy)) be linear, and s;; € A(T=(X))), a;; €
{0,1} C A forij € I;, 1 < j <k. Then

S(Z @iy Siqy - Z iy Sif,) = Z Z iy« @iy S(Siqy ooy Sip) -

1€l ik €1y i1€lr i€l
Proof. Assume that the variables z;41,...,2; do not appear in s but the vari-
ables z1,...,z; do. Then s(z1,...,25) = §'(21,...,2;) and
s( g @iy Siyy - - E ai, Sip,) =
1€l ix €Il
!/ —
S( E Ay Sipy vy E aijsij)—
1€l i;€l;

Z Z Qiy oS (Siyy . 85,) =

i1€1 i; €15

ZZ Z ...Zai1~~~aiks(si1,...,sik).

1€l ij€l5i511€1541 ip €1

Theorem 6.4 implies at once the following corollary to Theorem 6.3.

Corollary 6.5 Let w € Xy, k > 1, s1,...,8; € B{T%(X))), and p be a linear
tree representation with state set Q. Then

(@) (ls1), s pls1)) = p@(s1, -, 51))

In case of the Boolean semiring B it is easy to see by Example 6.1 that
our polynomial tree series transducers do not preserve the recognizability of
tree series. (See also the example in the last paragraph of page 18 of Gec-
seg, Steinby [25].) On the other hand, linear root-to-frontier tree transducers
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do preserve recognizability of tree languages. (See Thatcher [56]; and Gécseg,
Steinby [24], Theorem 2.7, Lemma 6.5 and Corollary 6.6.) In the rest of this
section we show that linear nondeleting recognizable tree transducers do pre-
serve recognizability of tree series. We show this by a construction based on
finite recognizable systems.

A system z; = p;, 1 < i < nis called recognizable iff each p; is in A™ (T (XU
Zu)).

We show that the least solution of a finite recognizable system has recogniz-
able components.

Theorem 6.6 Let z; = p;, 1 <1i < n, be a finite recognizable system with least
solution o. Then o; € A™(Tx (X)) for all1 <i < n.

Proof. Without loss of generality let z; = p;, 1 < i < n, be a proper finite
recognizable system. Since p; € A™(Tx(X U Z,)), 1 < i < n, there exist
proper finite polynomial systems y;; = ¢;;, 1 < j < my, m; > 1, where the
y;; are new variables and ¢;; € A(Tx(X U Z, U {y:1,...,Yim,})), such that
the y;1-components of their least solutions 7; are equal to p;. Consider now

the proper finite polynomial system z;, = gi1(#1,.- -, 2n, Yits- - -+ Yimi), Yij =
Gij (21, s ZnsYits -5 Yims)s 1 < j < m;, 1 < i < n, and observe that it
has a unique solution. We claim that this unique solution is given by o U
((1:)j(o1,...y0n) | 1 < j <my, 1 <i<n). Substitution of this vector yields,
for 1 <j<m; 1<i<n,

g1 (o1, 00y (Ti)1(01, s 0n)y oo (Ti)ms (0150 0n)) =

(ti)1(o1y. . on) =pi(o1,...,0n) =04y

Gij (01,00, (T)1(01, -y 00)s ooy (Ti)ma (01, - oy 0n)) = (1) (01, ..y on) -
Hence o U ((13);(01,...,0n) | 1 < j <m;, 1 <1i<n)isthe unique solution of
the proper finite polynomial system and o € (A™ (T (X)))"**. O

Consider a finite system y; = p;(y1,...,Yn), 1 <i < n, wherep; € A(Tx(XU
Y.))), and a linear nondeleting tree representation p = (uy | k > 0) with state
set @, where py : Xy — (A(Ts (X' U Z;€)>>)QXQIC7 k>1, and po: o UX —
(A{Ts (X)L Let (yi)g, 1 < i < n, ¢ € Q, be new variables and denote
YQ’; ={(yi)g | 1 <i <k, ¢ €@} Extend the definition of p to the domain
SUXUY,, by

po : Yo — (A{Te (YE)N 9,

where p(y;)q = (¥j)q, 1 < j <n, ¢ € Q. By this extension, we obtain that
piTe(X UY,) = (A(Ts (X UYE))N)*L.

Lemma 6.7 Consider s(y1,...,yn) € A(T(XUY,))) and a linear nondeleting
tree representation p with domain XUXUY,,. Let s1,...,s, € A(T=(X))). Then

w(s)lul(s;)a/ Yi)a 1< <m, g€ QI =p(s(s1,...,5n)).
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Proof. We first consider a tree ¢ € Tx(X UY,,) and show by induction on the
form of ¢ that H(t)[ﬂ(sj)q/(yj)qv 1<j<n, ¢€Q]=pn(s1,...,sn))

(i) For t = y;, 1 <i < n, we obtain u(y;)[u(s;)/n(y;), 1 <j < n] = pu(si) =
,u’(yi(sla ceey Sn))

(i) For t = @, v € Yo U X, we obtain p(z)[u(s;)/pu(y;), 1 <j < n] = p(x) =
p(x(s1,...,8n)).

(iii) For t = w(t1,...,tg), w € X, t1,...,tx € T(X UY,), k > 1, we obtain

plwlte, ..o te))pls;)/p(y;), 1 <j<n]=

u(w)(u(tl)[ (SJ)/u(y ) L<g <nloo.,plte)[u(s;)/mly;), 1< <n])=
M(w (u(tl(slv""sn))a 7/J'(tk(517---73n))) =

w(@O(t1(81, - s8n)ye vy tk(S1y-..y8n))) =

p((@(tr, - te))(S15- - - 8n))

Here we have applied the induction hypothesis in the second equality and The-
orem 6.3 in the third equality.
Finally, we obtain

n(s)[p(s;)/m(y;), 1< j <n]=

DteTs(xuy,)(5:1) @ p(t )[ )/ (yj), 1<j<n]=
teTs(xUY,) (5:1) @ p(t(s1 Sn)) =

I tero(xuy, ()51, s )) = p(s(s15-- -, 8n)) -

O

Theorem 6.8 Consider a linear nondeleting tree representation p with domain
YUXUY,. Let Yi = pi(yla cee 7yn); 1<i < n, where Di € A<<TZ(X U Yn)»;
be a finite system with least solution o. Then u(c) is the least solution of the
finite system p(y:) = u(pi(y1, - yn)), 1 < < n.

Proof. Let (07 | j € N) and (77 | j € N) be the approximation sequences of
Yi = pi(y1s--syn), 1 <@ < myand p(y:) = w(pi(yis---,90)), 1 <@ < m,
respectively. We claim that 77 = p(o)), 1 < i < n, j > 0, and show it by
induction on j. The case j = 0 is clear. Let j > 0. Then, for 1 <17 <mn,

]+1 ,u'(pl(yla cee 7yn))[7_]z/:u‘(yk)v 1<k< n] -
u(pz(yll, yn))l(on)/ilyr), 1 <k <n]=
p(pi(ol,....08)) = u(el*h).

Here we have applied the induction hypothesis in the second equality and
Lemma 6.7 in the third equality. The claim now implies our theorem. O

A nondeterministically simple tree representation p = (uy | & > 0) is called
recognizable iff pp(w) € (A™({(Tx (X' U Z;Q)))QXQ}C for w € ¥i, k> 1, and
po(w) € (A (T (X)))Q*! for w € Yo U X. A nondeterministically simple
tree series transducer T = (Q, i, S) is called recognizable iff u is a recognizable
tree representation.
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Theorem 6.9 Consider a linear nondeleting recognizable tree representation .
Let s be in A™(Ts(X)Y). Then u(s) is in (A™{(Ts/ (X)L,

Proof. By Corollary 3.6, s is a component of a finite simple polynomial system
yi = pi, 1 <i <n. By Theorem 6.8, p(s) is a component of the finite recogniz-
able system u(y;) = u(pi), 1 < i < n. Hence, Theorem 6.6 proves our theorem.

O

Corollary 6.10 Consider a linear nondeleting recognizable tree series trans-
ducer ¥ and a recognizable tree series s. Then ||Z||(s) is again recognizable.

The proof of Corollary 6.10 is mainly based on the application of Theorem 6.3.
If B is the basic semiring and we apply Corollary 6.5 instead of Theorem 6.3
then we get the following corollaries.

Corollary 6.11 Let B be the basic semiring. Consider a linear recognizable
tree series transducer T and a recognizable tree series s. Then ||Z||(s) is again
recognizable.

Corollary 6.12 (Thatcher [56], and Gécseg, Steinby [24], Corollary 6.6.) Lin-
ear root-to-frontier tree transducers preserve recognizability.

7 Full abstract families of tree series

Full abstract families of tree series (briefly, full AFTSs) are families of tree se-
ries closed under linear nondeleting recognizable tree transductions and certain
specific operations. We will show that the families of recognizable tree series
and of algebraic tree series are full AFTs. Our first construction will show that
the mappings realized by linear nondeleting recognizable tree series transduc-
ers are closed under functional composition. The construction is analogous to
the construction of Engelfriet [18] in Lemma 4.2 (see also Gécseg, Steinby [24],
Theorem IV.3.15).

Recall that Zg = {(zi)q |1 > 1, ¢ € Q} and Zg ={(zi)g |1 <i<k, ¢qeQ}
for kK > 1. We now define, for r1,...,rr € @, the operator

Privere  A(T(X U ZE)) — A(Te(X U{(21)rys- - (z1)r 1))
as follows: For s € A{(Tx(X U Zg)» and t € Ts(X U{(21)rys--+, (2k)re }),
(s,t) iff the variables (21)r,,. .., (2k)rs
(Pry,..re(8),8) = appear exactly once in t,

0 otherwise.

Let 1/ be a linear nondeleting recognizable tree representation with state set Q1
mapping ¥ U X into matrices with entries in A™°(Tx/ (X’ U Z))). Furthermore,
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let 1" be an extended linear nondeleting recognizable tree representation with
state set Q2 mapping ¥’ U X’ U Z into matrices with entries in A™° (T~ (X" U
Z\UZg,)). Define the recognizable tree representation p with state set Q1 X Q2
mapping ¥ U X into matrices with entries in A™(Tx/ (X" U Z))) by

/JO(x)(ql,th) = //O/(M/O(x)(h)qw forz edoUX, ¢1 € Q1, @2 € Q2,

() (@102, ((r130) o (r0)) =
Ps1,...,5k (:u'k (Nk(w)ql,(7'1,...,7'k))qz)[Zl/(zl)51a s 7Zk/(zk)5k] )
forweXy, k>1, qi,71,...,7 € Q1, q2,51,...,5; € Q2.

Then, by Kuich [40], Lemma 2.3, (u, | k£ > 0) is a linear nondeleting recognizable
tree representation and, for ¢ € Tx(X) and ¢1 € Q1, ¢2 € Q2,

'u’(t)(Q17Q2) - M//(Nl(t)lh )q2 :
This construction yields the first theorem of this section.

Theorem 7.1 Let p' (resp. p'’) be a linear nondeleting recognizable tree rep-
resentation with state set Q1 (resp. Q2) mapping XU X (resp. ¥’ U X') into
matrices with entries in A (T (X' U Z))) (resp. A (Txn (X" U Z)))). Let
T1 = (Q1, 1, 51) and F2 = (Q2, 1", S2) be linear nondeleting recognizable tree
transducers. Then there exists a linear nondeleting recognizable tree transducer
% such that ||Z]|(s) = ||Z2]|(||Z1]|(s)) for all s € A(Ts(X))).

Proof. The linear nondeleting recognizable tree transducer ¥ = (@1 X Qa, 1,
S1 ® S2) is defined by the linear nondeleting recognizable tree representation p
constructed above.

Let (S1)q = aq 21, aq, € A, 1 € Q1, and (S2)g, = bg, 21, bg, € A, @2 € Q2.
Then (S1 © S2)(g1,02) = Aq1bg21 for g1 € Q1, @2 € Q2. We now obtain, for
s € A(To (X)),

| Z2l(1%1]1(s)) = 2 0,e0, Doz 2otsemy, (xn (1%l (8), 22) pa(t2) g, =

Zq26Q2 qu ZtQGTE/(X’)(qute Qgy ZtleTZ(X)(Sv tl)ﬂl (tl)qu

qu €Q: ng €Q2 Qgy bq2 Ztl €T (X) (Sa tl) ZtQGTE/(X’)(Ml (tl)qu
(1,42)€@1 x @2 @a10az 2oty e (x) (8, 81 1(E1) (g1,00) =

IZ11(s) -

(
(

to)p2(t2)qs
to)pa(ta)g, =

O

We make the following convention for the rest of Section 7: The set Y
(resp. Xoo) is a fixed infinite ranked alphabet (resp. infinite alphabet) and %
(resp. X)), possibly provided with indices, is a finite subalphabet of Y, (resp.
X). Our basic semiring will be A{(Ts__(X)))-

Any nonempty subset of Us,cy, Uxcx, A(T=(X))) is called family of tree
series. A mapping

U U A=) - U U aaseo)

3UC¥o0 XCXoo 3UC¥o0 XCXoo
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is called linear nondeleting recognizable tree series transduction iff there exist
¥, X, ¥ X' such that, for s € A(Tx(X))), 7(s) € A{(Ts (X"))), and, for s ¢
A(Ts(X))), 7(s) = 0 and there exists a linear nondeleting recognizable tree
series transducer ¥ such that 7(s) = [|Z]|(s) for s € A(T=(X))).

For a family £ of tree series, we define

M(L) ={7(s) | s € £ and 7 is a linear nondeleting
recognizable tree series transduction} .

Observe that, by Theorem 7.1, M(M(L)) = M(L). A family £ of tree series is
said to be closed under linear nondeleting recognizable tree series transductions,
and is called a recognizable tree series cone iff £ = M(L).

We first consider recognizable tree series. Theorem 6.9 yields at once the
next theorem.

Theorem 7.2 A™(Tx__ (X)) is a recognizable tree series cone.

Theorem 7.3 Let £ be a recognizable tree series cone and assume that £ con-
tains some tree series s such that (s,x) =1 for somex € Xo,. Then A™(Tx_ (X)) C
L.

Proof. Consider a recognizable tree series r and the linear nondeleting recogniz-
able tree transducer ¥ = ({q}, (ux | £ > 0), z1), where po(z) =7, po(z’) = 0 for
v #z, 1 € Xoo, and pip(w) =0, w € X, of rank k > 0. Then ||Z]|(s) =r. O

Analogous to the REC-closed families of tree series of Bozapalidis, Raho-
nis [12] we introduce equationally closed families of tree series. A family £ of
tree series is called equationally closed whenever the following conditions are
satisfied:

(i) 0 € L.
(ii) If s1,82 € £ then s1 + s9 € £.

(i) If w € ¥ is of rank k& > 0 and sq,...,s; € £ then @(sy,...,s;) € &; if
T € X then z € £.

(iv) If s € £ and = € X then the least solution pz.s of the equation = = s is
in £.

Hence, a family £ of tree series is equationally closed iff (£,4+,0,(® | w €
Yoo) U X is a distributive Yoo U Xoo-algebra that satisfies condition (iv), i.e.,
our “rational” operations are 0, addition, top-catenation and least solutions of
equations. (Observe that we do not ask for the closure under substitution as
Bozapalidis, Rahonis [12] do for their REC-closed families of tree languages.)

Theorem 7.4 A™(Ts_ (X)) s an equationally closed family of tree series.
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Proof. By Theorem 4.1. m]

We are now ready to introduce full AFTs. We use the notation F(£), £ a
family of tree series, for the smallest equationally closed family of tree series
that is closed under linear nondeleting recognizable tree series transductions
and contains £. A family £ of tree series is called full AFT iff £= F(£).

Theorem 7.5 A™(Ts_ (X)) is a full AFT.

Proof. By Theorems 7.2 and 7.4. a
We now consider algebraic tree series.

Theorem 7.6 A¥8((Ts, (X)) is an equationally closed family of tree series.

Proof. By Theorem 5.13. m]

We will show that A8 (T (X)) is a full AFT closed under linear non-
deleting algebraic tree series transductions. Some definitions and results are
needed before that result.

A nondeterministically simple tree representation p = (ug | k > 0) is called
algebraic iff pp(w) € (A28 (Ts (X' U Zk)>>)QXQk for w € ¥k, kK > 1, and
po(w) € (Ae(Ts (X)) for w € Yo U X. A nondeterministically sim-
ple tree series transducer ¥ = (Q, p, S) is called algebraic iff 1 is an algebraic
tree representation. Linear nondeleting algebraic tree series transductions are
defined analogously to linear nondeleting recognizable tree series transductions.

Theorem 7.7 (Kuich [41], Corollary 3.6.) Let T be a linear nondeleting alge-
braic tree series transducer and s be an algebraic tree series. Then ||Z]|(s) is
again algebraic.

Theorem 7.8 Let 1 and %o be linear nondeleting algebraic tree transducers.
Then there exists a linear nondeleting algebraic tree transducer ¥ such that

IZ11(s) = l[Z2l[(|I%1]](s)) for all s € A(Tx(X))).

Proof. The construction of ¥ from ¥T; and %5 is analogous to the construction
in the proof of Theorem 7.1. Theorem 7.7 proves that p is algebraic. O

For a family £ of tree series, we define

male(g) = {7(s) | s€ £ and 7 is a linear nondeleting
algebraic tree series transduction }.

Observe that by Theorem 7.8, M8 (M218(L)) = M2le(L). A family £ of tree
series is said to be closed under linear nondeleting algebraic tree series trans-
ductions, and is called an algebraic tree series cone iff £ = IMe(L).

Theorem 7.9 Let £ be an algebraic tree series cone and assume that £ contains
some tree series s such that (s,x) = 1 for some x € Xo. Then AM8((Ts (Xoo)) C
L.
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Proof. Similar to the proof of Theorem 7.3. |
Theorem 7.10 A8(Tx_ (X)) is an algebraic cone.
Proof. By Theorems 7.6 and 7.7. m]

Corollary 7.11 A*8(Ts, (X)) is a full AFT that is closed under linear non-
deleting algebraic tree series transductions.

8 Connections to formal power series

The application of the yield-mapping to formal tree series yields formal power
series. We will first show that macro power series are the yield of algebraic tree
series. Here, macro power series are introduced as a generalization of the OI
languages of Fischer [22] and the indexed languages of Aho [1]. Moreover, we
show a Kleene Theorem for macro power series and indexed languages. Then
we show that algebraic power series are the yield of recognizable tree series.
Finally, we prove that the yield of a full abstract family of tree series is a full
abstract family of power series.

We now introduce macro power series. Let ® = {Gy,...,Gp}, 2N2 =0,
where G; has rank 7;, 1 < ¢ < n, be a finite ranked alphabet of function
variables. We define T'(®, X') to be the set of words over 2UX U{(JU{)}U{,}
satisfying the following conditions:

(i) X U{e} C T(®, X);
(ii) if t1,t0 € T((I),X) then t1ts € T((I),X);

(iii) if G € ®, where G is of rank r > 0, and ¢1,...,t. € T(®,X) then
Glt1,....,t,) € T(D, X).

The words of T(®, X) are called terms over ® and X. By A{(T(®, X)) (resp.
A(T(®, X))) we denote the set of power series whose supports are subsets (resp.
finite subsets) of T'(®, X).

Let D' = A((X UZy,)*) x...x A((X U Z,,)*)) and consider power series
si € A(T(®,XUZ,)), 1 <i<n. Then each s; induces a function 5; : D’ —
A((X U Z,,)*). For (11,...,7,) € D', we define inductively 5;(71,...,7,) to be

(i) zmifsi=zm, 1 <m<ryaifs;, =z, € X;
(ii) If_l(Tl,...,Tn)t_g(Tl,...,Tn) if §; = tyta, t1,12 € T((I),XUZ”);

(i) 71 (1, )y oo s by (71,000 ) if 55 = Gt ... tr)), Gy € @,
byt € T(®, X UZ);

(iv) a-t(11,..., ) if s;=at,a € A, t € T(P,X U Z,.,);
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(V) 2jes i, m) i si =350 5, 1 € A(T(®,XUZ,,)), j € J, where
J is an arbitrary index set.

The mappings 5;, 1 < ¢ < n, are continuous and the mapping 5§ : D' — D’,
where 5 = (51,...,8,), is again continuous. This is proved similarly to the
proof of the continuity of the mappings defined in connection with algebraic
tree systems (below Theorem 5.1).

A macro system & = (9,7, X, E) (with function variables in ®, variables
in Z and terminal symbols in X) has a set E of formal equations

Gi(z1y. oy 2r,) = 8i(21,. .0y 2r,), 1 <i <,

where each s; is in A(T(®, X U Z,,)).

A solution to the macro system & is given by (71, ...,7,) € D’ such that ; =
5i(t1,...,™), 1 <i < m,i. e, by any fixed point (71,...,7,) of § = (51,...,5n).
A solution (o1, ...,0,) of the macro system & is called least solution iff o; < 7,
1 < ¢ < n, for all solutions (7,...,7,) of &. Since the least solution of & is
nothing else than the least fixpoint of 5§ = (51,...,35,), the least solution of the
macro system & exists in D'.

Theorem 8.1 (Kuich [43], Theorem 5.1.) Let 6 = (®,Z,2,{G; =5, |1 <i <
n}) be a macro system, where s; € A(T(®, X U Z,.,)). Then the least solution
of this macro system & exists in D' and equals

fix(5) = sup(5'(0) | i € N),
where 5%, is the i-th iterate of the mapping § = (51,...,5,) : D' — D'.

Theorem 8.1 indicates how we can compute an approximation to the least
solution of a macro system. The approzimation sequence (77 | j € N), where
each 77 € D', associated with the macro system & = (®, 7,3, {G; = s; | 1 <
i < n}) is defined as follows:

=0, 7t =359, jeN.

Clearly, the least solution fix(5) of & is equal to sup(r? | j € N). A macro
system & = (PU{Go}, Z,%,{G; = s5; | 0 < i < n},Gp) (with function variables
in ®U{Gy}, variables in Z, terminal symbols in ¥) with initial function variable
Gy is a macro system (P U{Go},Z,%,{G; = s; | 0 < i < n}) such that Gy has
rank 0. Let (79, 71,...,7,) be the least solution of (® U {Go},Z, X, {G; = s; |
0 < i < n}). Then 7 is called the initial component of the least solution.
Observe that 79 € A{Tx(X))) contains no variables of Z.

A power series r in A{(X™*)) is called macro power series iff r is the initial
component of the least solution of a macro system with initial function variable.

Analogous to the proof of Theorem 3.4 of Engelfriet, Schmidt [20] it can
be shown that, in the case of the Boolean semiring, r € B({(X™*)) is a macro
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power series iff supp(r) € X* is an OI language in the sense of Definition 3.10 of
Fischer [22]. Moreover, by Theorem 5.3 of Fischer [22], r € B{(X™*)) is a macro
power series iff supp(r) € X* is an indexed language (see Aho [1]).

We now define a mapping yd : A{(Txus(X U Z))) — A(T(®, X U Z))). For
s € A((Tsue(XUZ))), yd(s) is called the yield of s; yd(s) is defined inductively
to be

(i) zmifs=zn e Z;zif s=ux,z € X,

(i) yd(t1)...yd(ty) if s = f(t1,...,tr), [ € Ep, t1,...,tr € Txua(X U 2),
r > 0; (observe that yd(f) = ¢ if f € Xg);

(111) Gz(yd(tl),,yd(tn)) if s = Gi(tl,...,t,«i), tl;---atri S TEU‘P(X U Z),
1<1<n;

(iv) ZtGT):u@(XUZ)(S’ t)yd(t) if s = ZteTEm(xuz)(svt)t-

Observe that yd(s) € A{((X U Z)*) if s € A(Ts(X U Z))). Hence, our map-
ping yd is an extension of the usual yield-mapping (see Gécseg, Steinby [25],
Section 14).

We will connect algebraic tree series and macro power series by the yield-
mapping in our next theorem.

Given an algebraic tree system & = (®, 7, X, {G;(z1,...,2r,) =5; |1 <i <
n}), we define the macro system yd(&) to be yd(&) = (@, Z, X, {Gi(21,...,2r,) =
yd(s:) | 1< < n})

Theorem 8.2 (Kuich [43], Theorem 5.5.) If (71,...,7,) is the least solution of
the algebraic tree system & then (yd(m1),...,yd(m,)) is the least solution of the
macro system yd(&).

Corollary 8.3 If s is an algebraic tree series then yd(s) is a macro power
series.

Corollary 8.4 Let {e,e} C X, where o and e have rank 2 and 0, respectively.
Then a power series v € A{X*)) is a macro power series iff there exists an
algebraic tree series s € A(Tx (X)) such that yd(s) =r.

Ezample 8.1. Let & = (9, 7,%, E, Zy) be the algebraic tree system specified by

(i) ® = {Go,G1,G2, Zp}, where the ranks of Go,G1, G2 are 3 and the rank
of Zy is 0;

(ii) Z = {20721,22};
(iil) ¥ =%y = {b}, X = {c1,c2};
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(iv) the formal equations of E are

GO(ZOaZhZQ) = GO(GO(ZOaZhZQ)a Gl(ZOaZIa22)7G2(ZO721522)) + b(zlaZQ)v
Gi(ZO,Zl,ZQ) = b(Zi,Zi), = 1,2,
Zo = Go(O,Cl,Cg).

Then the initial component of the least solution of & is 3_ .- b(t],t}), where

t{ and t%, j > 0, are defined in Example 5.1. The macro system yd(&) =
(®,Z,X,E', Zp) is specified by the following formal equations of E':

GO(Z(), 21, 22) = GO(GO(Z(), 21, ZQ)) Gl(Zo, 21, ZQ)) GQ(ZOa 21, 22)) + 2122,
Gi(z0, 21, 22) = 2z, 1 = 1,2,
Zo = Go(0,¢1,¢2).

The initial component of the least solution of yd(&) is 3, @ O

We now introduce macro power series expressions. Assume that A, X, Z, &,
and U = {+,-, , [,]} are mutually disjoint. A word E over AUX UZU®,, UU
is a macro power series expression over (A, X,Z, &) iff

(i) Eisin XU ZU{e}, or

(ii) E is of one of the forms [E} + Esl, [E1Es], G(En, ..., Ey), aE; or pG.Eq,
where F1,..., F) are macro power series expressions over (A, X, Z, @)
for G € &, of rank k, k > 0, and a € A.

Each macro power series expression E over (A, X, Z, &) denotes a formal
power series |E| in A(T(®, X U Z))), where ® is some suitable finite subset of
® ., according to the following conventions:

(i) If Fisin X U ZU{e} then E denotes the term E, i.e., |E| = E.

(ii) For macro power series expressions FE1,..., Ey over (A, X,Z,®,), G €
b, of rank k, k > 0, a € A, we define
[E1 + Es]| = |Eq| + | Exl,
|[E1Es]| = | Er||Esl,
|G(Er, ..., By)| =32,
|aE1| = a|E1|,
|nWG.Er| = pG.|E1l.

wwer@,xuz)(Bilt1) . (1Bl t) Gt - . - ),

.....

We now define a “yield-mapping” Y, which maps algebraic tree series expres-
sions over (4, %, X, Z, @) to macro power series expressions over (A4, X, Z, @),
in the following manner:

(i) if Eisin X U Z then Y(F) = E,
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(ii) for algebraic tree series expressions E1,. .., Ey over (4,3, X, Z,P), w €
Y ofrank k, G € &, of rank k, k > 0, a € A we define
Y([Er + E»]) = [Y(E1) + Y(Ey)],
Y((Br, ..o B)) = [ [Y(EY(E2)] - Y(E)]
(including Y(w) =€ for k =0, Y(w(E1)) = Y(Ey) for k= 1),
Y(G(E17 R Ek)) = G(Y(El)a s 7Y(Ek‘))7
Y(aEl) = G,Y(El),

We claim that yd(|E|) = |Y(E)| for an algebraic tree series expression over
(A,3, X, Z, ). The proof is by induction of the form of E. We only show the
case E = yG.E;. We obtain

yAd(|E]) = yd(uG-|E1|) = pG.yd(|Er|) = pG[Y(EL)| = [Y(uG-Er)| = [Y(E)|.

Here the second equality follows by the continuity of the mapping yd and the
third equality follows by the induction hypothesis.

We now define the mappings @1, ®,, 3 analogous to these mappings in
Section 5.

These considerations, together with Corollaries 5.18 and 8.4 imply the fol-
lowing result. It can be considered as a Kleene Theorem for macro power series.

Theorem 8.5 Let {o,e} C X, where o and e have rank 2 and 0, respectively.
Then a power series r € A{X*)) is a macro power series iff there exists a
macro power series expression E over (A, X, Z, @) such that r = |E|, where
@, (FE) = d3(FE) =0.

If the basic semiring is B, then Theorem 8.5 can be considered as a Kleene
Theorem for indexed languages.

Ezample 8.2. Consider the macro system MM = (®,7Z, X, E,Gy) with initial
function variable Gy, specified by ® = &g U Po, &g = {Go}, P2 = {G}, X =
{c1,c2} and E = {Go = G(c1,¢2),G(21,22) = G(27,22) + 2z122}. Since M =
yd(&), where & is defined in Example 5.2, we obtain that the initial component
of the least solution of 9 is given by 3, ' cd = |pG.[G([eic], [eaca]) +
[c1¢2]]|- Observe that this macro power series expression is Y(E) where E is the
algebraic tree series expression given in Example 5.2. O

We now show that algebraic power series are the yield of recognizable tree
series.

Let z; = pi, pi € A(T=(X U Z,))), 1 < i < n, be a simple proper finite
polynomial system with least solution (o1,...,0,). Consider the proper alge-
braic system z; = yd(p;), yd(p;) € A{((X U Z,)*)), 1 <i <n. Then it is easily
proved that its least solution is given by (yd(o1),...,yd(o,)). This proves the
next theorem.

Theorem 8.6 If s is a recognizable tree series then yd(s) is an algebraic power
series.
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Corollary 8.7 Let {e,e} C X, where o and e have rank 2 and 0, respectively.
Then a power series v € A{X*)) is algebraic iff there exists a tree series in
A (T (X)) such that yd(s) =r.

For A = N°°, Theorem 8.6 and Theorem 3.9 of Kuich [36] imply the following
wellknown result of formal language theory. (See also Bucher, Maurer [13],
Section 3.3, Gécseg, Steinby [25], Section 14, and Seidl [55].)

Theorem 8.8 Let G be a context-free grammar. Then for w € L(G) there are
d(w) different leftmost derivations for w in G iff there are d(w) nonisomorphic
derivation trees of G with result w.

The Kleene Theorems of Section 4 imply by Corollary 8.7 Kleene Theo-
rems for algebraic power series and context-free languages. (See Kuich [37],
Gruska [30].)

We now turn to the theory of full abstract families of tree series and make
the following convention for the rest of Section 8: The set Yo, (resp. Xoo) is a
fixed infinite ranked alphabet (resp. infinite alphabet) and ¥ (resp. X)), possibly
provided with indices, is a finite subalphabet of Yo (resp. X ). Moreover, ¥o,
contains a symbol e of rank 2 and a symbol e of rank 0.

We will show that, for a full AFT £, yield(£) is a full abstract family of
power series (briefly, AFP). Here yield(£) = {yd(s) | s € £}.

Theorem 8.9 Let £ be a equationally closed family of tree series. Then yield(£)
is closed under addition, multiplication and star and contains 0 and 1.

Proof. (i) Let r1, o € yield(£). Then there exist s1, s2 € £ auch that yd(s;) = 74,
i = 1,2. Sincer £ is closed under addition, s = s1 + s2 € £ and yd(s) =
r1 + 1o € yield(£). Since £ is closed under top-catenation, s’ = e(s1,s2) € £
and yd(s") = rire € yield(£).

(ii) Let s € £ and assume that x € X does not appear in s. Consider the
equation x = e(s,x)+e. Itsleast solution ux.(e(s, x)+e) is in £. Hence, the least
solution pz.yd(e(s,z) +e) = px.(yd(s)z +¢) = yd(s)* of z = yd(e(s,z) +¢e) =
yd(s)z + ¢ is in yield(£). Moreover, yd(0) = 0 and 0* =1 are in yield(£). O

A multiplicative morphism
v X" = (A(X™)9C

is called a power series representation. A power series representation v is called
rational (resp. algebraic, macro) iff the entries of v(z), x € X, are rational (resp.
algebraic, macro) power series. A power series transducer 3 = (Q,v, S, P) is
called rational (resp. algebraic, macro) iff v is a rational (resp. an algebraic, a
macro) power series representation and the entries of S and P are rational (resp.
algebraic, macro) power series. A power series transduction is called rational
(resp. algebraic, macro) iff it is realized by a rational (resp. an algebraic, a
macro) power series transducer.
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Lemma 8.10 Let v be an algebraic power series representation defined by v :
X — (AMe((X"*))QXRQ. Then there exists a linear nondeleting recognizable tree
representation u with state set Q x Q mapping XU X into matrices with entries
in AT (X' U Z2)), ¥/ = {e,e}, such that, for all s € A{(Tx(X))) and
Q1,492 € Q;

yA(1()(g1,02)) = V(yd(5))g1.g2 -

Proof. We construct = (g | & > 0):

(i) For x € X and q1,¢q2 € Q we construct juo(z)(q, ¢,) according to Corol-
lary 8.7 with the property that yd(uo()(g,,q.)) = V(%) ,q2-

(ii) For w € ¢ and q1, g2 € Q we define 110(w)(q,,¢5) = g1 ,42¢, Where § is the
Kronecker symbol; hence, yd(u(w)q,,¢2)) = 941,026 = V(€)q1,q2-

(iii) For w € X, k > 1, and q1,92,71,. -, 7k, S1,- - -, Sk € @, we define

:u’k'(w)(q17q2)7((7'1,81),---,(7'k7$k)) = 5‘117?“155177”2 .- '551@71,%5%,(12
o (z1,0(z0,0(...0 (2k_1,2k)...)))-

We first consider a tree t € Tx(X) and show that yd(u(t) (g, ,¢,)) = Y(yd(t)) g1 o>
q1,q2 € Q. The proof is by induction on the structure of trees in Tx(X). The
induction basis is true by (i) and (ii). Let now ¢t = w(t1,...,tx), w € X, k > 1,
t1,...,tx € T (X). Then we obtain, for ¢1,¢2 € Q,

yd(”(t)(qhtp)) - yd(u(w(tla s 7tk))(Q1,q2)) =
YA @ 2o, nsk €@ P9 (1,020, (1,81 (i 50))
[:U/(tl)(rl,sl)/zlv v au(tk)(rk,sk)/zk]) =
yd(zh ,,,,, rL€EQ Zsl,...,skEQ 6Q1,7‘1 531,r2 ce 5Sk—177'k 5Sk,(h
O (1t(t1) (r1,51)» O (1(t2) (15,50) 5 O(- -5 @ (B(k—1) (i) PR (10 50)) -+ ) =
Zsl,...,sk,leQ yd(u(tl)((h,51))yd(/~‘(t2)(s1,52)) s
YA (t—1) (si s 0))YA(ER) (511 00)) =
Zsl,...,sk,leQ V(yd(tl))fhyslV(yd(tQ))Sl,@ s
s V(yd(tk—l))SkfzﬁkaV(yd(tk))Ska,(h =
v(yd(th) ... yd(te))gi,ge = v(yd(t))gr,q. -

Hence, for s € A{(Tx(X))) and q1,¢2 € Q,
YA(1(8)(g1,42)) = Lovers(x) (8 )YAR(t) (g1,42)) =
ZtGT):(X)(S7t)y(yd(t))q17q2 = v(yd(s))q: g -

O

A nonempty family of power series is called algebraic cone iff it is closed

under algebraic power series transductions. Observe that each algebraic cone

is a (rational) cone, i.e., a family of power series closed under rational power
series transductions.

Theorem 8.11 Let £ be a full AFT. Then yield(£) is an algebraic cone.
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Proof. Let s € £, s € A(Tw(X))), r = yd(s), and 3 = (Q,v, S, P) be an
algebraic transducer. We will show that ||3]|(r) € A{(X"*)) is again in yield(£).
Observe that [|3[|(r) = Sv(r)P = 32, ,coSaV (") qPe. where Sg, Py €
AME( X)), g € Q. By Corollary 8.7 there exist s4,p, € A (Ts (X)), ®,¢ €
Y/, such that yd(s,) = Sy, yd(pq) = Py, ¢ € Q. By Lemma 8.10 there exists
a linear nondeleting recognizable tree representation p with state set Q x @
such that yd(1(s) (g, ,42)) = V(7)1 .. for all g1, ¢2. Since £ is equationally closed,

Zq17q26Q .(Sqn.(N(S)(qhth)aptp)) is in £. Hence,

yd(Z‘h#ﬁEQ .(S‘h ’ .(M(S)(thyqz)’p(h))) =
Zth ,q2€Q yd(sql )yd(:u(s)(tn 7Q2))yd(p(h) =
ZQ1,¢12€Q SQ1V(T)Q17Q2PQ2 = 31](r)

is in yield(£). O

Corollary 8.12 Let £ be a full AFT. Then yield(£) is a full AFP that is closed
under algebraic transductions.

Corollary 8.13 The family of algebraic power series is a full AFP closed under
algebraic transductions.

Corollary 8.14 The family of algebraic power series is a full AFP closed under
substitutions.

Theorem 8.15 Let £ be a full AFT closed under algebraic tree series trans-
ductions. Then yield(£) is a full AFP closed under macro power series trans-
ductions.

Proof. Similar to the proof of Theorem 8.11. a

Corollary 8.16 The family of macro power series is a full AFP closed under
macro power series transductions.

Corollary 8.17 The family of macro power series is a full AFP closed under
substitution.

We now turn to the language case, i. e., our basic semiring is now P(Tx__ (X))-
We use without mentioning the isomorphism between P(Tx_ (Xoo)) and B{Tx, (Xoo)))-
A family £ of tree languages is called equationally closed iff (£ ,U,0, (@ |
w € Yoo) U X)) is a distributive Yoo U Xoo-algebra that satisfies the following
condition:

If L € £ and v € X then the least solution px.L of the tree
language equation z = L is in £.

61



Define § (£) to be the smallest equationally closed family of tree languages that
is closed under linear nondeleting recognizable tree transductions and contains
£. A family £ of tree languages is called full abstract family of tree languages
iff £=F(2).

We now connect our full abstract families of tree languages with full AFLs
(see Salomaa [54], Ginsburg [26] and Berstel [4]).

Theorem 8.18 Let £ be a full abstract family of tree languages. Then yield(£)
1s a full AFL that is closed under algebraic transductions.

A substitution o is called context-free iff o(z) is a context-free language for
each r € X.

Corollary 8.19 Let £ be a full abstract family of tree languages. Then yield(£)
1s a full AFL that is closed under context-free substitutions.

Corollary 8.20 The family of context-free languages is an AFL closed under
substitution.

Corollary 8.21 (Aho [1], Theorem 3.4.) The family of indexed languages is an
AFL closed under substitution.
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