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An extension theorem with an application
to formal tree series

Stephen L. Bloom* Zoltan Esik
Department of Computer Science Institute for Informatics
Stevens Institute of Technology University of Szeged
Hoboken, NJ 07030 Szeged, Hungary
Abstract

A grove theory is a Lawvere algebraic theory 1" for which each
hom-set T'(n,p) is a commutative monoid; composition on the
right distrbutes over all finite sums: (3> _,cp fi)-h = icp fi-h. A
matrix theory is a grove theory in which composition on the left
and right distributes over finite sums. A matrix theory M is iso-
morphic to a theory of all matrices over the semiring S = M (1,1).
Examples of grove theories are theories of (bisimulation equiva-
lence classes of ) synchronization trees, and theories of formal tree
series over a semiring S. Our main theorem states that if T' is a
grove theory which has a matrix subtheory M which is an iteration
theory, then, under certain conditions, the fixed point operation
on M can be extended in exactly one way to a fixedpoint opera-
tion on 7" such that T is an iteration theory. A second theorem
is a Kleene-type result. Assume that T is a iteration grove the-
ory and M is a sub iteration grove theory of T" which is a matrix
theory. For a given collection ¥ of scalar morphisms in T" we de-
scribe the smallest sub iteration grove theory of T' containing all
the morphisms in M U X.

*Partially supported by NSF grant 0119916.
tPartially supported by NSF grant 0119916 and BRICS.
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1 Introduction

In many areas of theoretical and applied computer science, one is inter-
ested in solving systems of fixed point equations:

ry = tl(l'l,...,l’n,yl,...yp)

(1)

Tp = (X1, Ty Yty Yp)-

where, for each i € [n], t; is a function ¢; : A"*? — A, for some structure
A. The structure may be a poset of some kind, and the functions may
be order-preserving or continuous. Of course, there are other possible
settings in which fixed points are of interest: one is when ¢; is a row matrix
with n—+p entries in some semiring, S. One example from language theory
is when S' is the idempotent semiring of all subsets of a free monoid >*,
with union as sum and complex concatenation as product. Another, is
when ¢; is a pair (a,v), consisting of a 1 by n 4+ p row matrix over a
semiring S, and an element v in an S-module. Continuing the language
example, with the same semiring, the power set of %*, the module might
be the collection of all subsets of infinite words on . Another setting is
when t; is a functor D"*? — D, where D is some category.

Depending on the context, some questions about such systems are

e Does the system have any solution?

e [s there a canonical (least, initial, etc.) solution?

Is there a unique solution?

If there are solutions, what do all solutions look like?

What are the properties of solutions?

We take as our framework for discussing fixed point equations the (one-
sorted) categories known as Lawvere algebraic theories [30], categories
whose objects are nonnegative integers, and n+p is the coproduct of n, p.
In the case that the ¢; denote order preserving functions A"*? — A™ on
a poset A, a function AP — A" is a morphism n — p (note the reversal
of direction to translate from products to coproducts). In the matrix
example, an nxp matrix over .S becomes a morphism n — p.
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Now, in an algebraic theory, we interpret the entire right side of the
system of fixed point equations (1) as a morphism ¢t : n — n + p, since
each t; determines a morphism 1 — n + p and the coproduct property
produces a corresponding morphism ¢ = (t1,...,t,) : n — n—+p. Thus, a
solution of the system is itself a morphism & : n — p which satisfies the
“fixed point equation”

§ = t- <£>1p>'

If we write a solution £ as (&1, ..., &,), then, for a theory of functions on
powers of a set A, each &; is a function A" — A and

&(y) = t(&), &), &), y)

En(y) = tal&1(y), &(y), -, 6aly),v),

where we write y for yq,...,y,.

Algebraic theories T' in which every system of fixed point equations has
a canonical solution are modeled as theories enriched by a function T :
T(n,n+p) — T(n,p), for each n,p > 0, such that, for each morphism
t:n—n+p,

th = - (1 1,).

Thus, the operation t — ¢! produces a canonical solution to the system
determined by the morphism t.

There has been a good deal of effort by both mathematicians and com-
puter scientists devoted to the question of whether fixed points to certain
systems exist at all. The names Brouwer [13], Banach [1], Tarski [41],
Kleene [23], and Scott [37] come to mind. The properties of the fixed
point operation in theories which occur naturally in the theory of com-
putation have been studied, mainly in the setting of language theory
([23, 35, 36, 14, 26]). One example of an equational property (other
than the fixed point property itself) of the fixed point operation is the
“composition identity”:

(f (9.0, @1))" = f-(g-(f,0m @ L))", 1),

all f:n—m-+p, g:m—n+p. Asaresult of a long series of papers,
there seems to be agreement that there is essentially one equational the-
ory which captures all of the equations valid in every computationally
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interesting theory. These equations may be described in any of several
equivalent ways:

e all equations valid in theories of complete partially ordered sets and
continuous functions;

e all equations valid in theories of continuous functors on w- complete
categories;

e all equations valid in theories of labelled trees;

e all models of a certain set of axioms.

The models for these equations are called iteration theories. The reason
for the qualification “essentially one” above is that certain iteration the-
ories, such as a theory of matrices over the semiring of binary relations
on some set, are special only in that they have a unique morphism 1 — 0.
Thus, in addition to the axioms mentioned, they also satisfy x = y, all
x,y:1—0.

The best set of axioms known for iteration theories is due to Esik, [22].
His axioms are divided into two parts: the “Conway identities”, which
contain only two axiom schemes, the parameter and double dagger iden-
tities, in addition to the composition identity above, and an identity for
each finite (simple) group. Each of the axioms is readily seen to hold in
any particular setting. However, the completeness of these axioms is not
at all obvious.

The parameter identity is

(f Mweog) = [y,

forall f:n —n+p, g:p— q. The double dagger identity is
fﬁ = (f ’ (<1n7 1n> ® 1p)>T7

all f:n — n+n+p. (A brief account of theories and the axiomatization
iteration theories is given in the appendix.)

There is a class of iteration theories in which the “nontrivial” systems
of fixed point equations have unique solutions: these theories were in-
troduced by Elgot in [19] under the term “(ideal) iterative theories”. In
such a theory, a morphism 1 — n either is one of the coproduct injections
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in:1—mn, i€ n], oris ideal; if f:1 — nisideal, sois f - g, for any
g :n — p. A morphism f : n — p is ideal if each component i, - f is.
For each ideal morphism f : n — n 4+ p in an iterative theory, there is a
unique € = f1 such that

§ = [-(61y) (2)

One class of examples of ideal iterative theories are the “contraction
theories”. If A is a complete metric space, the least theory containing all
proper contractions A™ — A is an iterative theory.

One might legitimately consider fixed point equations for ideal mor-
phisms as equations in which the variables to solve for occur only in
“guarded positions”. Thus, iterative theories might be described roughly
as theories in which systems of guarded equations have unique fixed
points. In iterative theories, the nonideal morphisms are somehow trivial,
and can be dealt with as in [5, 6]. Models in which “guarded statements”
of the required form have unique fixed points have been featured in many
places, for example in the metric semantics of de Bakker and his collab-
orators, see, e.g., [16, 17, 18], in the work of Milner, e.g., [32], and in the
classical paper axiomatizing the regular sets, by Salomaa, [35].

What about morphisms n — n + p in iterative theories which are not
ideal? For example, consider the case n = 1, p = 0 and f = 14, the
identity morphism. The corresponding fixed point equation is the trivial
equation in the variable £ : 1 — 0,

5 = 11'&7

which has all morphisms 1 — 0 as solutions. In [5, 6] it is shown that
for each choice of a solution to this one fixed point equation, there is a
unique extension of the fixed point operation to all morphisms such that
the resulting theory is an iteration theory.

The theme of extending the fixed point operation from subtheories in
which the solution is unique to the entire theory - while preserving its
properties - was continued in several settings: for matrix theories in
[8], and for matricial theories in [9]. A matrix theory is one in which
a morphism n — p is an nXp matrix over a fixed semiring. As an
application of the matrix extension theorem in [8], it was shown that if
the theory of matrices over the semiring S is a Conway or an iteration
theory, then so is the theory of matrices over the semiring of all formal
power series over S. In Section 3 we review that result.
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In the current paper, we continue playing the same tune, but in a dif-
ferent setting. We consider what we have called “grove theories” in [7],
motivated by an analogous use of the term in [3]. The detailed statement
of our main theorem will be given in Section 5 below.

An example of a grove theory involves a different kind of tree: the
synchronization trees. In Section 6, we use the extension theorem to
show that the theory of synchronization trees is an iteration theory. It
then follows that synchronization trees modulo bisimulation equivalence
and other behavioral equivalences form iteration theories. This result is
known, but our original argument made use of 2-categories and continuity
arguments, see [7].

In Section 7, we discuss a new example in more detail, the theory of
formal tree series [4, 29] over a semiring. We first formulate this theory
and then use the grove extension theorem to show that if the semiring
S is a Conway or iteration semiring, then for each signature 3, so is the
theory of formal ¥ -trees over S.

2 Preliminaries

We denote the set {1,2....,n} by [n]. The composite of morphisms
f:A— Bandg: B — C is written in diagrammatic order:

!
fg = A-=B>C
We give a review of Lawvere algebraic theories and various tree theories

in the Appendix. In particular, the axioms for Conway and iteration
theories are presented there.

3 The Matrix Extension Theorem

A matrix theory T is a pointed theory, i.e., a theory with a distin-
guished morphism 0;9 : 1 — 0, such that each hom-set T'(n,p) is a

commutative monoid, with neutral element 0,,,, = (010, ...,01) -0, such
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that

(f+9)-h = f-h+tg-h

k-(f+g9) = k-f+k-g,
Or,n'f = Or,p
f'Op,q = On,q

forall ff[g:nmn —p, h:p—qand k:r — ninT. A morphism
T — T of matrix theories is a theory morphism which preserves the
monoid structure on each hom-set.

In [20] it is shown that if T" is a matrix theory, then T is isomorphic to a
theory of matrices Matg over the semiring S = T'(1,1). A morphism n —
p in Matg is an nxp matrix over S. Composition of morphisms is matrix
multiplication, and the additive structure is defined in the expected way.

In matrix theories which are preiteration theories, one may define a “star”
operation on the square matrices by

a* = |a, 1n]T,

where a is n — n. Using this operation, the Conway identities take the
form of familiar identities for regular expressions, which is the reason for
the terminology. The double dagger identity becomes the “star sum”
identity:

(a+b)" = (a"b)*a’, (3)

where a,b : n — n, and the composition identity becomes the “product
star” identity:

(ab)* = 1,4+ a(ba)*d, (4)

where a : n — m and b : m — n. The parameter identity holds automat-
ically. See [14] and [8]. Also, in any Conway matrix theory, the dagger
operation is related to the star operation by:

la, b]T = a*b,

when a:n — nand b:n — p. A Conway, respectively iteration ma-
trix theory is a matrix theory which is a Conway theory, respectively,
an iteration theory. A morphism of Conway (or iteration) matrix theo-
ries is both a matrix theory morphism and a Conway theory morphism.
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If S is a semiring such that Matg is a Conway or iteration theory, then
we call S a Conway, or an iteration semiring. The collection of all
Conway (or iteration) semirings forms a variety of algebras whose sig-
nature is that of semirings enriched with a unary star operation. See

7].

In [8], the following “extension theorem” was proved. Suppose that S is
a subsemiring of the semiring R. Suppose further that there is an ideal
I of R such that R is the direct sum of S and I, in that any element x
of R can be written uniquely as x = s 4+ a, where s € S and a € I.

THEOREM 3.1 (MATRIX EXTENSION THEOREM) If Matg is an Con-
way (resp. iteration) theory, and if for each a € 1,b € R there is a unique
¢ € R such that £ = a& + b in R, then, there is a unique extension of the
dagger operation on Matg to Matg so that Matg becomes a Conway
(resp. iteration) theory.

It follows from this result that if the theory of matrices over the semiring
S is a Conway or iteration theory, then so is the theory of matrices over
the semiring of formal power series over S with variables in the set X.

Indeed, a formal power series r over the semiring S with variables in X
is a function r : X* — S. In this case, the semiring S is isomorphic
to the collection of functions r : X* — S such that r(u) = 0 for all
nonempty words v € X*, and the ideal I is the collection of all functions
a: X* — S with a(\) = 0, where X is the word of length zero.

4 Grove theories

A grove theory T is a pointed theory such that each hom-set T'(n, p) =
(T'(n,p),+,0,,) is a commutative monoid with neutral element 0,, ,, such
that

(f+g9)-h = f-h+g-h
Orn-f = 0Opp

in-(f+9) = in-ftin-g, i€]n]
in-Onp = 01p, i€[n],
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forall flg :n — p, h : p — qin T. (The last two equations say
that sums of vector morphisms are defined componentwise, as are the
neutral elements.) If T, 7" are grove theories, a morphism ¢ : T — T"
is a theory morphism that is a monoid morphism T'(n, p) — T"(n, p), for
each n,p > 0. T is a sub grove theory of 7" if T is a subtheory of 7",
and the monoid T'(n, p) is a submonoid of T"(n, p), for each n,p > 0.

Each matrix theory is a grove theory, but not conversely.
In any grove theory, for a nonnegative integer n, define the morphism
n:1—1as

n

—
n = 11++11

The following fact is easy to prove by induction.

PROPOSITION 4.1 In any grove theory T, and any nonnegative integer
n}

n-(f+g) = n-fi+n-g
n-()l,p = OLP’

all f,g:1—pinT.

Suppose that T' is a grove theory and Ty is a subtheory of T. We say
that T} is additively closed if Ty(n, p) is a submonoid of T'(n, p), for each
n,p=>0.

COROLLARY 4.2 The matriz theory Matyn of matrices over the semiring
of nonnegative integers is initial in the class of grove theories and matriz
theories.

A Conway or iteration grove theory is a grove theory which is also
a Conway or iteration theory. Thus, any Conway or iteration matrix
theory is a Conway or iteration grove theory. A morphism of Conway
or iteration grove theories is a grove theory morphism which is also a
Conway or iteration theory morphism.

We let N, denote the semiring consisting of the nonnegative integers
with an “infinite” element adjoined; the addition and multiplication are
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defined in the expected way. This semiring is a Conway and iteration
semiring when the star operation is defined by

. 1 =0
Tt o= )
oo otherwise.

The corresponding matrix theory is a Conway and iteration theory. In
Maty__, the equation 1* = 2* holds; in the dagger version,

(1o +2)" = (2-15+2)". (5)

PROPOSITION 4.3 The matriz theory Matn_ s initial in the class of
Conway and iteration grove theories satisfying (5) It is also initial in the
class of Conway and grove matriz theories satisfying this equation.

We now turn to the statement of the main result.

5 The grove extension theorem

The hypotheses take a while to state, but they are similar to those needed
for the matrix extension theorem. First we need a definition.

DEFINITION 5.1 Suppose that T is a grove theory and M is a sub grove
theory of T which is a matrix theory. A collection Ty of morphisms of T
1s an M-ideal if T

e contains all zero morphisms 0,, ,;

e is closed under addition, i.e., if f,g:n — p €Ty, then f+ g € Ty;

e is closed under right composition with any T-morphism, i.e., if [ :
n—pislTy and g : p — q is any morphism, then f-g:n — q is
m TO;

e is closed under left-composition with any M-morphism.
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5.1

The hypotheses

Assume that T is a grove theory and M is a sub grove theory of T' that
is a matrix theory. Further, we assume that

HI.
H2.

H3.

H4.

H5.

Ty is an M-ideal of T'.
Every f:n — pin T can be written uniquely as
[= a+fo

for some a € M, fo € Ty. We say: T is the direct sum of M and
To.

If a € M and f,g € T have appropriate sources and targets, then

a-(f+g) = a-f+a-g

M is a Conway theory, so that there is a *-operation on the square
matrices satisfying

(ab)* = 1,+a(ba)’d, a:n—m, b:m—n
(a+0)* = (a*b)*a*, a,b:n—n.

In particular, S = M(1,1) is a Conway semiring.

For every fo:n — n+pinTyand b: n — pin M, there is a unique
solution to the equation

and the solution is written

(0 ) + fo)".

THEOREM 5.2 (THE GROVE EXTENSION THEOREM) Under the above hy-
potheses, there is a unique way to define a dagger operation

f : T(nan+p) - T(?’L,p),

on each hom-set T'(n,n + p) extending that on M such that T becomes a
Conway theory. Further, if M satisfies the weak functorial implication,
so does T'; if M 1is an iteration theory, so is T
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The proof of this theorem is in Section 8. The “weak functorial implica-
tion” is defined in the Appendix.

We can revise the assumptions needed for the grove extension theorem
to apply only to “scalar morphisms”, i.e., those with source 1.

PROPOSITION 5.3 Suppose that T is a grove theory and S C T'(1,1) is
a Conway semiring. Then M = Matg is a sub grove theory of T which
is a Conway theory. Suppose that Iy is a collection of scalar morphisms
of T with the following properties:

1.sef, f:1—=pely, g:p—qeTlT = s-f-g¢€l.

2. f,g:1—-pely = f+gé€l.

3. 01p € Iy, allp > 0.

4. For any g : 1 — p in T there is a unique a : 1 — p € M and
f:1—pely such that g = [ + a.

5 Forany f,g:1—peT andanyseS,s-(f+g)=s-f+s-g.

6. Foranyb:1—pe M and any f: 1 — 1+ p in Iy, there is a
unique & : 1 — p € T such that

§ = ((0@b)+ 1) (1)

Then there is a unique way to define a dagger operation
f : T(nan+p) - T(?’L,p),

on each hom-set T'(n,n + p) extending that on M such that T becomes a
Conway theory. Further, if M satisfies the weak functorial implication,
so does T'; if M is an iteration theory, so is T .

Proof. We define Ty(n,p) as the collection of all morphisms f =
(f1,..., fn) such that f; € Iy, for each i € [n]. Then, the only point
which may not be clear is that for b: n — p in Matg, and f :n —n-+p
in Tj, there is a unique solution to the Elgot fixed point equation for
(0, ® b) + f. But this fact follows from the inductive argument in [11],
which shows that “scalar iterative theories” are also iterative theories.
This shows that the hypotheses of the grove extension theorem hold.

([

We now discuss two applications of the theorem.
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6 The theory of synchronization trees

Let A be a nonempty set. The theory ST(A) of synchronization trees
over A has been studied in [7]. We recall that a morphism 1 — p in this
theory is a tree t = (V) vg, £, £), where

1. V is a finite or countable set;

2. (V,ug, E) is a rooted tree - i.e., E C VXV, vy € V and, for each
v € V there is a unique path vy, vy, ..., v = v from vy to v.

3. L: E— AU]p| is a “labeling function”.

4. if l(u,v) € [p], then v is a leaf, and (u,v) is an “exit edge”.

A morphism s : p — ¢ is a p-tuple of trees 1 — ¢q. If t : 1 — p and
s = (s1,...,5p) are synchronization trees, the composite ¢ - s is the tree
obtained from ¢ by deleting any exit edge (u, v) labeled i € [p] and making
u the root of a copy of the tree s;; if £, s : 1 — p are synchronization trees,
t+s: 1 — pis the tree obtained from the disjoint union of the two sets of
vertices and edges by identifying the roots of s,¢ and otherwise making
no further identifications. Composition and sum is extended to n-tuples
of trees pointwise. (See [7] for all details.)

The tree 01, : 1 — p is the unique tree with only one vertex, the root,
and no edges. The morphism 0,,, is the n-tuple of the trees 0y .

In [7], it was shown that ST(A) is a grove theory.

PROPOSITION 6.1 Fach collection of treesn — p in ST(A) is a complete
metric space, where the distance between two trees n — p is the maximum
of the distances between their components iy t,i,-t'. Fortreest,t' : 1 — p,
define the distance d(t,t') to be 0 if t = t', or 1/2", where n is the
minimum depth for which the trees tin and t'|n are distinct. The tree t|n
is t “cut off” at level n; prune all vertices and edges at distance more
than n from the root.

Let Ex be the subtheory of ST(A) determined by the trees 1 — p all of
whose edges are exit edges; thus, for each i in [p], there are either finitely
many exit edges labeled ¢ or countably many such edges. Let N, denote
the semiring of the nonnegative integers with a point at infinity adjoined.
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For any synchronization tree ¢t : 1 — p in Ez, let m; denote the number
of edges in the tree labeled ¢ whose source is the root, for ¢ € [p]. We may
thus identify such a tree ¢t with the 1xp matrix m(t) = [my, ..., m,| over
No. This identification respects both the theory sum and composition
operations, as is easy to show. Thus, Ex is isomorphic to the theory of
all matrices over the semiring N, Matn__.

Now let Ty be the collection of all morphisms f = (fi1,..., fn) :n — pin
ST(A) such that each component f; is a tree with the following property.
No edge whose source is the root is labeled by an integer in [p]. These
trees have been called “guarded” in [7].

It is straightforward to check that the hypotheses listed in Proposition
5.3 hold. In particular, if f :n —n+pisin Ty and b : n — pis in Fx,
then there is a unique tree which is a solution of the iteration equation
for (0, ®b) + f : n — n + p, namely the equation

§ = (0n®b)+ /)€1y,

Indeed, the tree 0,, & b + f induces a proper contraction map C' on the
set of trees t : n — pin ST(A), where

Ct) = (On®b)+f)-(t1y).

The distance between C(t) and C(#') is at most 1/2 the distance between
t and t'. Thus, by the Banach fixed point theorem [1], C' has a unique
fixed point.

Thus, as a corollary to the grove extension theorem, we obtain

THEOREM 6.2 There is a unique way to define I on ST(A) extending
the corresponding operation on Ex, so that ST(A) is a Conway theory.
And since Ex is in fact an iteration theory, so is ST(A). Moreover, the
weak functorial implication holds in ST (A).

The fact that ST(A) is an iteration theory was proved in a totally dif-
ferent way in [7], using 2-categorical notions, initiality and continuity
arguments.
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7 Theories of formal tree series

Recall that Tx(X,,) denotes the set of finite 3-trees whose leaves are
labeled by letters in X,, U, and whose interior nodes with k successors
are labeled by letters in ;. The height, ht(t), of a tree t in Tx(X,) is
defined as usual.

Assume S is a commutative semiring.

DEFINITION 7.1 A formal Y-tree series s : 1 — p over S is a

function
S TZ(Xp> — 5.

We let S{(( X7 )) denote the set of all formal ¥-tree series 1 — p over S.
We write the value of s € S{{ X)) on the tree t as (s,t). The support

of s is {t € Tx(X,) : (s,t) # 0}.
The following fact is well-known.

PROPOSITION 7.2 The set S{{ ¥ )) is a complete metric space, where
for s, s € S({ 3P )), the distance function is defined as follows.

N 0 s=¢
Ao) = {1/2” n = min{ht(t) : (s,1) # (', 1)}

Each set S(( ¥* )) may be enriched with a commutative addition opera-
tion, defined by:

(81 + Sg,t) = (Sl,t) + (Sg,t), te Tz(Xp)

PROPOSITION 7.3 (S{( £?)),+,0,) is a commutative monoid, where 0,
15 the constant function with value 0 € S. a

DEFINITION 7.4 For any tree t € Tx(X,), let n(t) € S{{ XP)) be the
series defined by:

(1(t),u) = {1 vt

0 otherwise.
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We will need the following construction below.

DEFINITION 7.5 Suppose that t € Tx(X,) has exactly k leaves labeled

by variables in X,,. (There may be other leaves labeled by letters in 3. )

Say these leaves are labeled, from left to right, by x;,,...,x; . Lett in

Ts(Xk) be the tree obtained from t by relabeling these leaves w1, . .., xy,

respectively, and let f denote both the function f : [k] — [n] which maps

j € k] toi; € [n], (and the corresponding base morphism k — n). Then
t' !

t = 1—k——>n.
When k =0, t' is the same tree as t, and f = 0,.
DEFINITION 7.6 For any tree u € Tx(X,), let D,(u) denote the set of
all trees t € Ts(X,,) such that
u = t'{ug,...,u)
for some trees uy, ..., ur € Tx(X,), where t' is constructed from t as in

Definition 7.5.

We note that D,(u) is a finite set, which is nonempty when n > 0. In
particular, for i € [p],

Dn(xz) = {.Z'l,...,l'n}, (6)
since if x; = ' - (uy,...,ux), we have k = 1, ¢’ = 21 and u; = x;. Thus,
if t = x;, f(1) = j. Further, for a fixed u € Tx(X,) and ¢t € D,,(u), there
is a unique set of trees uy, ..., u such that u =1t"- (uy,... ug).

We define next the theory S({ ¥ )) of formal X-tree series over S.

DEFINITION 7.7 A morphism 1 — p in S({ 3 )) is a function in S{{ ¥ ));
a morphism n — p is an n-tuple (s1,...,S,) of morphisms 1 — p. For
seS({(X")), s, € S{(XP)), i€ n], and u € Tx(X,), we define

(5 (51 vsnhu) == > (s,8) (sy,un) - (syp ), (7)

teDy, (u)
where t =t' - f, as in Definition 7.5, and D, (u) is defined in Definition
7.0, and w,t',uy, ..., u are related as in that Definition. The composite

of (s1,...,8n) with r:n — q is defined by:

(S1y0ceySp)y 1 = (S1-T,...,Sp-T).
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For i € [n|, the coproduct injection i, : 1 — n is the series n(x;) in

S{CE" ).
When the semiring is the Boolean semiring, this composition is known

as the “OI” substitution, [21].

In order to make S({ ¥ )) into a grove theory, we extend the addition op-
eration to all hom-sets pointwise: for morphisms s,r :n — pin S{( X)),

with s = (s1,...,8,) and r = (ry,...,r,), we define
s+r = (s147T1,. 8+ 1)
0., = (0p,...,0,).

We omit the proof that S({ ¥ )) is a theory, and note only
PROPOSITION 7.8 S{{ X)) is a grove theory.

Indeed, since the sum of two n-tuples of morphisms 1 — p is defined
pointwise, we need only check that S{( ¥ )) is a commutative monoid,
and composition on the right distributes over sum. Both facts are easy
to verify. O

We will use the next fact several times.

LEMMA 7.9 Suppose s:1—n, s;:1—p, in S{{ X)), for each i € [n].
Then, for each variable x; € X,

(s-(s1,...,8n), Tj) = Z(s,xi) - (si,5).

1€[n]
Proof. Indeed, by (7),

(s-(S1,...,8n), Tj) = Z (8,t) - (5pa), w1) - == (Sfr), Uk),

teDp(z;)

where f,k are related to t by Definition 7.5. But then ¢ € X,,, by (7.6),
sothat k=1, t' =2y, and uy = ;. f t =2;, f(1) =7 and

(s-(S1,---18n), Tj) = Z(s,xi)-(si,:pj). O

1€[n]
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For any g = (s1,...,8,) : n — pin S({ 3 )), let u(g) denote the nxp
matrix in Matg, such that

w(g)ig = (si25)-
PROPOSITION 7.10 For f:n—pand g:p— q in S{ X)),

pw(f-g) = wulf)- nlg)
If f,g:n—pin S X)),

pu(f+g) = p(f)+ulg)

Proof. It is enough to prove both statements for the case n = 1.
The result for composition follows from Lemma 7.9, and for addition by
definition of f + g. O

Now let M (n,p) consist of all morphisms (s1,...,8,) :n — pin S{({ X))
such that, for each 7 € [n], the support of s; is a subset of X,.

PROPOSITION 7.11 M is a sub grove theory of S{( X)), i.e., On, €
M(nap); ifglag2 € M(nap)7 then g1+ g2 € M(nap)7 and th S M(pa (:I)7
g1 -h € M(n,q), for each n,p,q > 0. Also, n(x;) € M(1,p), for each
i € [p].

Proof. It is enough to prove these facts when n = 1. Now if ¢ ¢
Xy, (91 + 92.t) = (91,t) + (92,t) = 0, so that M(1,p) is closed under
addition. To show that M is closed under composition , write g, = s,
h = (s1,...,s,). Then, for any u € Tx(X,),

(s-hou) = Y (s,0) (5p0),u1) -+ (S0k), k),

t€Dnp (u)

as usual. But unless ¢ € X,,, the value (s,t) is 0. Thus, for t = x; € X,,,
=, k=1, f(1) =1 and u = u, so that (s-h,u) = >,,(s, ) -
(s;,u). But unless u € X, we have (s;,u) = 0. Thus, the support of s-h
is a subset of X,. O

COROLLARY 7.12 M 1is wsomorphic to the matrixz theory Matg.
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Proof.  This follows from Proposition 7.10 and from the fact that the
restriction of p to M is a bijection M — Matg. O

PROPOSITION 7.13 Ifa:n —pin M ands,s' : p— qin S{{ X)), then

a-(s+s) = a-s+a-s.

Proof.  We assume n = 1. Since the support of a is a subset of X, for
any u € Tx(X,), and any r = (ry,...,7,) : p — ¢, by (7),

(a-ru) = Z(a, x;) - (ri,u).
i€(p]

The result follows immediately. a
Let To(1, p) denote the set of morphisms fy : 1 — pin S({ ¥ )) such that
i€lp) = (s,z;)=0.

Let To(n,p) be those morphisms n — p such that each component is in

To(1, p).

We note the following obvious fact.

PROPOSITION 7.14 Any f :n — pin S{{ X)) can be written uniquely
as f =a+ g, wherea:n —pin M and g :n — p inT. a

PROPOSITION 7.15 Suppose that f,g € To(n,p). Then f+ g € To(n,p).
If a € M(k,n), then a- f € To(k,p). If h : p — q in S{{ X)), then
f-heTy(n,q). The constant function in S{{ XP )) with value 0 belongs
to To(1, p).

Proof.  We prove closure of Ty under left composition with morphisms
in M. It is enough to assume £ = 1, so let s : 1 — n in M and
g=(s1,...,8,) in Ty(n,p). By Lemma 7.9, for each z; € X,

(s-9, ;) = Y (s,) (s0,27).
i€[n]
But, for each i € [n], s; € Ty(1, q), so that (s;,z;) = 0. Hence (s-g, z;) =
0.

The fact that Tj is closed under right composition with any morphism is
proved in the same way, using Lemma 7.9 again. O



7 Theories of formal tree series 20

PROPOSITION 7.16 If g € To(1,1+p) andb: 1 — p in M, then there is
a unique £ : 1 —p e S{{ X)) such that

§ = (heb)+g)- (&1,

Proof. Recall that S{( ¥* )) is a complete metric space. We claim that
the function C': S{{ 37 )) — S{( ¥ )) defined by

Cls) = ((01®b)+g)(s,1p)

is a proper contraction on the complete metric space S({ ¥ )). It then
follows from the Banach fixed point theorem that C' has a unique fixed
point, which is the statement of the proposition.

Let r € S{{ X7 )) be defined as
r = (0080 +g.
Note that M (0, @ b) is the matrix
0, (b, x1), ..., (b,xp)].
We compute the value of r on each z; € Xi4,.
(T x) = (g7x1>20 j:1
Y (b, xj-1) + (g, 25) = (b,zj—1) j>1
since g € To(1,1 + p).

Now C(s) =1 (s,s2,...,S14p), where, for j € [p], s11; = n(z;). Thus,
by Lemma 7.9, for j € [p],

(C(s)oay) = (roam) - (s,25) + ) (bow) - (), ;)

i€[p]
= > (b,x) - (), ;)
i€[p]
= (b, xj).

since (r,z1) = 0. For an atomic tree o - 0,, with oy € X, (C(s),u) =
(9,00 - 014p). Thus, for any sy, se in S{( X7 )), C(s1) and C(s2) agree on
all trees in Tx(X,) of depth 0. For a tree u € T (X)) of depth at least 1,

(Cls)yu) = Y (1) (sp),wn) - (550 we),

teD14p(u)
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where u = t' - (uy,...,ug), t =t - f, as always. Let A be the collection
of all trees in Dyy,(u) that have at least one leaf labeled z;, and let
B = Dy 4,(u) — A. Then let

Ca(s,u) = Z Ci(s,u)

teA
CB(Sau) = th(sau)a
teB
where, for t € Dyy,(u),
Ci(s,u) = (1) (spy, ur) -+ (S, wn)-

Then (C(s),u) = Ca(s,u)+Cp(s,u). Note that for any s, s in S{{ 3P ))
and any t € B,

Ci(s,u) = Cy(s',u),

since for trees t € B, f(i) > 1, for all i € [k], so that the functions s
are in the set {n(z1),...,n(x,)}. Let B be this common value Cp(s, u).
So, (C(s),u) = B+ Ca(s,u). If C(s,u) # C(s',u), there must be at
least one tree t in A with Cy(s,u) # Cy(s’,u). Assume that ¢ is one such
tree. We know ht(¢) > 0. Assume further, for ease of notation, that
Y1) ={1,2,...,5}, for some j, 1 < j < k. Then

Ci(s,u) = (rjt) - (s,u1) -+ (s, uy)(Sp(+1) wirn) =~ (Spewy, wn)
Co(s'u) = (rt) - (s ua) - (' 1) (8p(+1), wya) - (S i) )
Hence, (s,u;) # (8',u;), for at least one i € [j]. Since
U:t,‘ <U1,...,uk>

and ht(t') = ht(t) > 0,

Since we have verified the hypotheses of the Proposition 5.3, by the grove
extension theorem, we get the following result.

COROLLARY 7.17 If S is a Conway or iteration semiring, there is a
unique extension of the fized point operation on M to all of S{{ X)) so
that S{{ X)) is a Conway or iteration theory.
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The proof of the grove extension theorem gives some more information
as to the value of s', for s: 1 — 1+ pin S{{ ¥ )).

Indeed, suppose we write s = [a, b] + g, where [a,b] : 1 — 1+ p in Matg
and g € Ty. Then we know, from this proof, that s' = (a*- (0; &b+ g))".
But

a-(0@b+g) = 01D (a’d)+ (a"-g),

and a* - g is in Ty. Thus, by the Banach fixed point theorem, s' is the
metric limit lim,, s,,, where

so = 0,
sp1 = (00 @ (a’d) + (a’g)) - (sn, 1)
= a’b+ (a*g) : <3m 1p>

We could have chosen any element in S{( ¥? )) as so. In the case that S
is a continuous, naturally ordered semiring, 0, is the least in S{({ X7 )),
so that, with s = 0, s = sup,, s,,, as well. O

8 Proof of the main theorem

We repeat here the hypotheses of the grove extension theorem.

We assume T is a grove theory, M is a sub grove theory of T" which is a
matrix theory, and

H1. Ty is an M-ideal in T
H2. Every f:n — pin T can be written uniquely as

f = a’+f07 CLGM, fOGTO
H3. If a € M and f, g € T have appropriate sources and targets, then
a-(f+g) = a-f+a-g

H4. M is a Conway theory, so that there is a *-operation on the square
matrices satisfying

(ab)* = 1,+a(ba)’d, a:n—m, b:m—n
(a+0b)* = (a"b)*a”, a,b:n—n.
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In particular, S = M(1, 1) is a Conway semiring. Of course, M has
a ' operation derived from * as usual: if @ is an nxn matrix and b
is nXp, then

@b = a*b:n—np.

H5. For every fo:n — n+pinTyand b: n — pin M, there is a unique
solution to the equation

§ = ((0n ) b) + fO) ’ <§7 1p>a

and we denote the solution by

¢ = ((0n@b)+fo).

THEOREM 8.1 (GROVE EXTENSION THEOREM) Under the above hypothe-
ses, there is a unique way to define a dagger operation t on T extending
that on M and the operation ¥ such that T becomes a Conway theory.
Further, if M satisfies the weak functorial identity, so does T'; if M is
an iteration theory, so is T.

Proof.
Uniqueness. First, we show that there is at most one such extension.

Suppose that T has such a dagger operation making it a Conway theory.
Then if g = ((0, ®b) + fo), for fo:mn —n+pinTyand b:n — pin M,
by the fixed point identity,

g]L - ((On ¥ b) + fO) : <gT’ 1p>
Thus
(0w @)+ fo) = (0, @b)+ fo)Y.
So any fixed point operation T must extend V.

We prove a proposition that will be used elsewhere.

PROPOSITION 8.2 Assume that T is a Conway grove theory with a Con-
way matriz subtheory M. Then, for any fo : n — n+p in T and
la, b] :m —n+pin M,

(fo+la, )" = (a- (0. @b) + fo))'.
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LEMMA 8.3 With the same assumptions on T, M, if a : n — n in M
and g:n—n-—+pinT,

(@®0nip+0,®9)7 = a’g:n—sn+p

Proof. Since ' extends the dagger operation on M,

(@D 0nip+0, 21, 00)" = [a, 1,, 0,,)
[a”, On,p]

a* @ 0.
Then, since
(@B 0ptp+0,8g9) = (aB0p4p+0,81,80,)- (1, (9,0, B 1,)),
we have, using the parameter identity,

(@© 0+ 0, @9) = (@B 0+ 0, ®1,80,)" - (9,0, & 1,)
= (a @Op) (9,0, @ 1p>
= a"-g O

We now complete the proof of Proposition 8.2. Suppose that f = ([a, b]+
fo)in—=n+pinT, fo€T,and [a, b] : n — n+ pin M. Then

fo= (a®0p)+ (00 b) + fo).
If g = ((0,, @ b) + fo), then,

7= ((a@0y) +9g)f
= (((a®0p1p) + (0, B g)) - (1,,1,) @® 119))T
= ((a®0nyp) + (0, D )",

using the double dagger identity,

= (a'-g),
by Lemma 8. This fact proves Proposition 8.2.
Now if fy € Ty, by Proposition 8.2,
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Indeed, since Ty is an M-ideal, a* - fo € Ty. Also,
a*-g = a - ((0,®b)+ fo)
= (0n®a’) + (a" - fo),

by H3. Thus, (a*-g)! = (a* - g)V, showing that T is determined by * and
v O

Existence.

We use the formula derived above to define T. So, given f = ([a, b]+ fo) :
n — n+ p, with [a, b] € M and fy € Ty, we define

fT= (a9,
where
g = (0, ®b)+ fo:n—=n+p.

Since f can be written as [a, b] + f; in exactly one way, f — fT is well

defined.
LEMMA 8.4 The dagger operation extends the dagger operation on M.

Proof. Choose fo = 0, 54+p € To. Then, by definition, if f = [a, b]+ fo =
la, b] : n — n + p, then

so that
a-g = 0,®a"b, and
ff = (0, ®ab)V
= a"b,
which is the dagger operation in M. O

LEMMA 8.5 The dagger operation extends V.

Suppose that f =0, ® b+ fo, so that a = 0,,,. Then, since 0}, ,, = 1,,

= fV. O



8 Proof of the main theorem 26

;From now on, we drop the use of V, so that

(a@0,) + ) = (a ),

whenever a : n — p € M and f = (0, ®b) + fo : n — n + p, with
b:n — pin M and fy € Tp.

To save space, we write f € Ty if f = (0, ®b)+ fo : n — n+p, as above.

LEMMA 8.6 Fora:n—ninM and f:n —n—+pe Ty,
(@ = a - (f- (@1,
Thus,

(a®0,) +f)f = o (f-(a" D 1))"

Proof. By hypotheses H1 and H3, a* - f € To. Thus, it is enough to
show that a* - (f - (a* ®1,))' is a solution of the fixed point equation for

a* - f.

a*- f-(a”-(f-(a"® 1p))Ta 1) = a - f-(aal) ((f (& 1p))Ta 1,)
= o (f (oLl

since the fixed point identity holds for morphisms in Tj.

In order to show that, equipped with this dagger operation 7" is a Conway
theory, we will show that it satisfies the parameter, composition and
double dagger identities (see [7], Chapter 6.2). For use in the argument,
we show first that it satisfies the fixed point identity.

PROPOSITION 8.7 The operation T satisfies the fived point identity.

Proof. Suppose that a :m —nin M and f:n —n+pin Ty. We want
to show

((a@Op)—}-f)T = ((a@op)+f)'<((a@0p)+f)Ta1p>>

in other words, that

(fa, O} + ) ((a*- )l 1,) = (a"- f)V
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But,
(fa, O]+ f)-{(a"- 1) = al@*- N+ f-{(a" ) 1,),
since composition on the right distributes over sums,
= a(a* - )+ f-(a" - (f (@@ 1L,) 1)

by Lemma 8.6,

= a*'f)Ta

again, by Lemma 8.6. Note that the morphism f - (a* & 1,) belongs to

To. We used the fact that by assumptions H5 and H4, the fixed point
identity holds for morphisms in M and Tj.

PROPOSITION 8.8 The composition identity holds.

Proof.  For notational simplicity, we prove this in the parameter-free
case. We will show that

((at+f)-(0+g) = (a+f)(b+g)(at+ (8)

where a :m — m, b: m — nin M and f : n — m, g:m—>ninT0.
The left hand side of (8) is

((ab)*(f - (b+g) + ag))'

and since the morphism (ab)*(f - (b + g) + ag) is in Tp, it is enough to
show that the right hand side of (8) is a solution of the iteration equation
for this morphism.

Let h abbreviate the morphism ((b+ g)(a + f))T, so that

ho= ((ba)*(g-(a+ f)+0bf)).
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Then,

(@) (f-(b+g)+ag)la+ f)-h = (ab)"f-(b+g)(a+f)-h

+(ab)*ag(a+ f)-h

= (ab)*f-h+ (ab)*ag(a+ f)-h

= a(ba)'bf -h+ f-h+alba)'gla+ f)-h

= a(ba)* (bf +gla+ ))((ba)"(bf + gla+ f))!
+f-h

= a((ba)*(bf +gla+ )+ f-h

= a-h+f-h

= (a+Hb+g)a+ ). O

PROPOSITION 8.9 The parameter identity holds.

First, we need the following fact.
LEMMA 8.10 Iff:n — n+pisin To, so is f-(1,®g), foranyg:p— q.

Proof. Indeed, if f = (0, ®b) + fo, as always, then fy- (1, @ g) is in T,
since Ty is closed under right composition with any morphism. Also,

f-(aog) = ((0,®b)+ fo) (1. g)
= (0, ® (bg)) + (fo- (1n @ g)).

Now, writing g = (a + go), where a : p — ¢ in M and gy : p — ¢q in Tp,
we have

bg = b-(a+g)
— boa+b-gp,

by H3. Now b-a € M and b- gy € Ty. Thus, we have

f-(a@g) = (0, @)+ f5, where
bV = b-a
fo = b-go+ fo- (1, Dg),

completing the proof. a
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Nowsupposethata:n—>ninM,f:n—>n—|—pinT0 and g:p —qin
T. We want to show that

((la, 0]+ ) - L@ g)) = (([a, O]+ ) g.

But

((la, 0]+ ) - (1@ g)) = (la, 0]+ f- (Lo @ g))
(@ f-La@g)l

Now, since the parameter identity holds for unique fixed points, ([7],
Chapter 5) and since the morphism a* - f - (1,, @ g) is in T,

(@f-Lueg)t = (@ff-g
= (([a’ 0] +f)T 9,

as was to be shown. O

We now turn to the double dagger identity.
PROPOSITION 8.11 The double dagger identity holds.

Proof.  We consider only the parameterless case. Let g = [a, b] + f :
n — n +n, where [a, b] € M and f € Ty. Let p = (1,,1,). We want to
show that

(g-pf = 4 (9)

But,

= (([a, )]+ f) - p)t
= (a+b+(f-p)!
= (a+by - (F- ).

Suppose that we can prove
((@+b)-f-p)-g'" = ¢, (10)

then, since (a +b)* - (f - p) € Ty, we have

((a+b)-f-pf = ¢,
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showing that (9) holds.
So we now prove (10).
g =
([a, 0] ([0 o]+ f))f
= (a”([0, B} + 1))
([0, a*b] +a*- f)T.

But, by the fixed point identity proved above,

([07 a*b] + a*- f)T = ([0’ a*b] + a*- f) ' <([O7 a*b] + a*- f)Tv 1n>
= ([0, at) +a"- f) - (¢" 1)
= a'b+a*-f-{g1,).

Thus,
g = ((a"b)ya" - f - {g, 1))
= ((a+b)"-f-{g" 1) (11)

We now complete the proof of (10).

(@+b)-f-p-g" = (a+b)*-f-(g'T g™

by the fixed point identity for g7,

= (a+0)"f-{g"1.) - ((a+b)" - f- (g 1))
= ((a +0) - (' 1)
= 4
by two applications of (11). O
This completes the proof that with the extension, T" is a Conway theory.

PROPOSITION 8.12 Suppose that the weak functorial implication holds
in M. Then it also holds in T

Proof.  Suppose that the diagram below commutes, where p: n — 1 is
the unique base morphism, a : n — n, b: 1 — 1in M, and f, g are in
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(a®0p)+f

n—+p

n
P| pdlp
1

(b®0p)+g 1+ p

Since T is the direct sum of M and Tp, we have
a-p = p-b
f-(p®1) = p-g.
Since the weak functorial implication holds in M,
at-p = p-b.
Since the weak functorial implication holds for unique fixed points,

= p-g.

In fact,
= p-b'yg,
so that
(@ N = p- ("9,
completing the proof.

Last, we show that if M is an iteration theory, so is 7'

31

PROPOSITION 8.13 If M satisfies the group equation associated with the

finite group G, then so does T.

Proof. Let h : 1 — n+p be any morphism and suppose that G is a group

of order n (whose underlying set is [n]). Let hg denote the morphism

n—n-+p:

<h'(p?®1p>7"'ah'(pg@lp»
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where the morphisms p : n — n are the base morphisms determined by
the group operation 7,5 — ¢ ® j of G:

pi) = iy

We use the same notation for morphisms in M: If a = [a1,...,a,]: 1 —n
in M,

gy o Gpfn)

ag =

ApG() -+ G(n)

It is known from [26] that
(ag)" = ba,

for some b = [by,...,b,| in M.

So assume that a: 1 - nin M and f:1 —-n+pin Ty. Let @ denote
the sum of the entries in a, so that @ = a - p, where p : n — 1 is base.

Let f=f-(p®1,).
We want to show that

((ac ®0,) + fa)' = p-(@&0,) + )" (12)
The left hand side is

((ac)" fa)' = (b~ fa)'.
But bg - f € TO, and
ba-fa-p = ba-p- [

where b is the sum of the entries of bg. Since the weak functorial impli-
cation holds for unique fixed points ([7], Chapter 5), we have

(ba - fo)t = p-(6- 1),
ie.,
((ac)" fe)' = p-(b- D"
But since the group identity holds in M, b is just @*. Thus,
(ac)'fe)l = p@ft
= p-((@®0p) +f)Ta
proving (12). O

The proof of the grove extension theorem is complete.
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9 A Kleene Theorem

Assume that T' is a Conway grove theory and M is a sub Conway grove
theory of T which is a matrix theory. For a given collection ¥ of scalar
morphisms in 7" we will describe the smallest sub Conway grove theory
of T' containing all the morphisms in M U .

In more detail, we are assuming that

1. T is a Conway grove theory and M is a sub Conway theory of T’ that
is a matrix theory. Thus, M has a *-operation on the pxp matrices,
for each p > 1, satisfying the star sum and product identities (3)
and (4) in Section 3 above. The hom-set M(1,1) is a Conway
semiring, which we denote by S.

2. If a € M and f, g € T have appropriate sources and targets, then
a-(f+g) = a-f+a-g
Let 3 be a collection of scalar morphisms in 7T'.

DEFINITION 9.1 A morphism f: 1 — n+ p is primitive of weight n if
f s a finite sum of morphisms of the sort

s-o-p (type 1)
0, ® (s-7) (type 2),
where s € S, 0: 1 —=keX, p:k—n+pand7:1 — p are base.

A morphism f = (fi,..., fy) : ¢ — p is primitive of weight n if each
component is primitive of weight n.

Note that any 1xp matrix in M is primitive of type 2, (when n = 0), so,

in effect, all morphisms in M are primitive (of type 2).

We list some easy consequences of these definitions.

PROPOSITION 9.2 1. If f : v — n+ p s primitive of weight n, so s
v f:m —n+p, for any base morphism v :m — r.

2. If f : 1 — n+ p is primitive of weight n of type 1, then f-~v:1 —
n + q is primitive of type 1, for any base y:n+p —n+q.
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3. If f 1 — n+p is primitive of of weight n of type 2, then f- (1, @
0m ®7) : 1 = n+m+q is primitive of weight n+m of type 2, for
any base vy :p — q.

4. If g : m — n+ p is primitive of weight n, and b: m — m s in M,
then b - g is primitive of weight n. Indeed, if m = 1, b = [s], say,
and g =qg1+ ...+ g, thenb-g=5s-g.+ ...+ s-g,, since left
composition with M-morphisms distributes over sums. And if g; is
primitive of any type, so is s - g;.

5. If f :m — n + p is primitive of weight n, then 04 @ f is primitive
of weight q + n.

6. If 0, ® f : m — g+ n+p is primitive of weight ¢ +n, then f s

primitive of weight n.

DEFINITION 9.3 A normal description k — p of weight n is a pair

D = (af),

where f :n — n+p is primitive of weight n, and o : k — n is base. The
behavior of the normal description D : k — p is the morphism

ID| = a-f"

Below, we will often write a primitive morphism f of weight n as

f = 7+(0n®a>7
where fis of type 1 and a:n — p € M.

A normal description D = («v, f) : k — p of weight n might be viewed as
an “automaton” with n internal states, and p exit states; the values of «
pick out the k start states among the internal states, and the behavior
of D is the morphism in 7" determined by this automaton.

The rest of this section contains a proof of the following “Kleene” type
theorem.

THEOREM 9.4 The smallest sub Conway grove theory of T containing
M and X consists of the behaviors of normal descriptions.
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Proof. Let D denote the collection of all morphisms of the form |D|, for
a normal description D.

First, it is clear that any sub Conway grove theory of T' that contains
S U XY will contain each morphism in D. Thus, we need show only that
this collection of morphisms is itself a sub Conway grove theory of T

D is closed under composition.

Suppose that D = («, f) : K — p has weight n and E = (8,9) : p — ¢
has weight m. Write

f = ?_'_(On@a)
g = §+(Om@b),

where a : n — pand b: m — ¢ in M. Then, define the normal description
D-FE as

D-E = (a®0y,,h),

where h : n+m — n+ m + ¢ is defined as follows:

h := (hy,hs), where

Note that a - 3 - ¢ is primitive, by Proposition 9.2. Thus, by Proposition
9.2, D-FE :k — qis a primitive normal description, of weight n + m.
Claim:

|D-E| = [D|-|E|.

Proof.  First, note that for any morphisms F' : n — n + m + ¢ and
G : m — m + ¢ in a Conway theory,

(F.o, @G = (F'-{G"1,).G)
by the pairing identity,

= ((F- (L& (G, 1), G7),
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by the parameter identity. Thus, when F' = h; : n — n 4+ m + ¢ and
G=g:m—m-+gq,so hy=0,®g,

((?-(1n@ﬁ@0q)+0n@a.ﬁ.g),(1n®<gT71q>))T
= F-(op-gt+0,@a-5-gH
(F+0n@a) (1,03 ¢t

Thus,
ID-E| = (a®0,,)-h!
= a-(1,®0,,) - A
= a-f1-g-4
= [D]-|E|.
D is closed under .

Suppose that D = (a, f) : k — k + p has weight n, so that a : k — n is
base and f = f+0,®[a, b] :n —>n+k+p, wherea:n—k, b:n—p
in M.

Define |D'| as (a, g), where

g = (¢-a)-(F-((In,0) ©1,) + (0, B b))
= ((@-a)"- - (1o, ) ©1,)) + (0, ® (a- )" - b).

We have used the fact that M has a * operation, and composition on the
left with M-morphisms distributes over sums.

We claim
D'l = |DI'.
Indeed,

DI = (a- (T + (0, & [a,b])")
= a - (F+0Ou@[a) - (ae1,))

by the composition identity,

= a (F+(0,®[a,0]) - (1, ® a® 1))
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by the parameter identity,
= a((f+0,@[a,0) - (L, ®a® L) (1, 1,) B 1)),
by the double dagger identity,

+ (0, @ [a,8])) - ((1n, @) ©1,))"

(L, @) @ 1p) +a- )!

= a-((a-a) - (f (Ln,a) ®1,) + (0, & D))’
f

(o

D is closed under +.

Suppose that D = («, f) and E = (3, g) are normal descriptions n — p of
weights w, s respectively. Define the normal description D+ E = (v, h) :
n — p of weight w + s+ n as follows:

h = (hy,ho, h3), where
hy = f-(1,90,80,®1,)
hy = ¢g-(0,®1;,¢0,®1,)
hy = a-hy+0-hy

v = 0,90, 1,.

Then, by two uses of the pairing identity,

hT = <fT7 gTa Oé’f' <fT7 1p>7 ﬁg <gT7 1p>>
so that |D + E| =~-h! = |D| + |E|. O
D is closed under pairing.

Suppose that D = («, f) and E = (3, g) are normal descriptions n — p of
weights w, s respectively. Define the normal description (D, E) = (v, h) :
n — p of weight w + s as follows:

h = (hy,hy), where
hl = f (1w S¥ Os Y] 1p)
hy == g (0, ®1,61,)

Y= <O"(1w®08)7 ﬁ'(ow@ls»
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Then, by the pairing identity,

VAN
so that
(D, E)| = ~-h
= {a-f1, 84"
= (D], [E]). O

D contains all morphisms in M.

For [a, b] : n — pin M, let D be the description (a, f), where
a = 1,
f = 0,®]a, b.
Then, by the left zero identity,
D] = a (0, [a, B))!
= Ja, b].
It follows that all base morphisms are in D.

D contains all morphisms in .

For o : 1 — k, let D be the description («, f), where

a = 1
[ = o (0a1y)
= 010
Then, by the left zero identity, ¢ = |D]. O

We have shown that the behaviors form a subtheory of T' containing
M U Y, closed under +,7. Since Conway grove theories are defined by
equations, any subtheory of a Conway grove theory closed under sum and
t will also be a Conway grove theory. This completes the proof. a
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11 Appendix: Theories and Trees

This section is intended as a quick review of the basic notions. We have
lifted a great deal from our tutorial paper [10].

A Lawvere algebraic theory T, or just theory for short, is a category
whose objects are the nonnegative integers in which the object n is the
copower of the object 1 with itself n-times. (Sometimes Lawvere theories
are defined dually with n being the nth power of the object 1.) See [30].

We may elaborate the definition somewhat by specifying the copower
injections i, : 1 — n, for i € [n]. Thus, the official definition of theory is
the following.

DEFINITION 11.1 A theory T is a category whose objects are the non-
negative integers, which has, for each n > 0, n “distinguished mor-
phisms” i, : 1 — n, i € [n], with the property that for any p > 0 and
any family of morphisms g; : 1 — p, i € [n], there is a unique morphism
g :n — p such that

in-g = g, 1€ ]n].
The uniquely determined morphism g is denoted (g1,...,¢,), and is
called the “tupling” of the g;. Note that tupling determines a bijection

n
A
7~ N

T(l,p)x...xT(1,p) — T(n,p),

so that one may specify a morphism f : n — p by giving its components
in-f:1—p, i€ [n]. We assume that when i =n =1, the distinguished
morphism i, is the identity morphism 1 — 1, so that (g) = g, for any
g : 1 — p. In any theory we write the identity morphism p — p as
1, :p — p. Note that 1, = (1,,...,p,), the tupling of the p distinguished
morphisms 1 — p.

The coproduct property implies that the object 0 is an initial object:
there is a unique morphism 0 — n, for each n > 0. We denote this
morphism by

0,:0 — n.

In any theory, a morphism with source 1 is called a scalar morphism.
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If T'and T" are theories, a theory morphism 7" — T” is a functor which
preserves the objects and distinguished morphisms. It follows that any
theory morphism preserves tupling. (Morphisms n — p in some theory T
might also legitimately be called “theory morphisms”, but we call them
T-morphisms, or just “morphisms”.)

There is an “initial theory” Tot, the theory of all total functions [n| —
[p], n,p > 0. If T is any theory, there is a unique theory morphism
Tot — T under which the function f : [n] — [p] is mapped to the
T-morphism

Fo= (fW)p-.o f(n)y) :n—p.

The morphisms f determined by functions are called base morphisms.

A theory is trivial if each hom-set T'(n, p) has at most one morphism. If
T is not trivial, the unique theory morphism from Tot is injective and
we usually assume without comment that Tot is a subtheory of every
theory.

It is useful to introduce the names

K:m —= n—+p

Aip —= n+p

for the base morphisms which correspond to the inclusion function [n] —
[n + p] and translated inclusion function [p] — [n + p|. Using these base
morphisms, we introduce two derived operations on theories: pairing,
which is a function

T(n,p)xT(m,p) — T(n+m,p)
fg = (f.9

for all n,m,p > 0, and separated sum, which is an operation

T(n,p)xT(m,q) — T(n+m,p+q)
fLg — [&g.

The definition of pairing is the following. For f:n — p, g: m — pin
T, i€ [n+ml,

_ . in-f ifi€|n]
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The definition of separated sum makes use of K : p — p+q, A : ¢ — p+q,
when f:n—p, g:m—q.

Jmge A ifi=n+j, jem].

There is an interesting calculus of theory terms built from the operations
of pairing and separated sum. For example, the following equations are
valid in all theories, when sources and targets are appropriate:

k-(f,g) = f
AA(f,9) = g
(k- f,X-f) = f
(fi{g,h)) = ({(f.9), 1)
(fsg)-h = (f-hg-h) (13)
fegeh) = (fegoh
(f®g) (hk) = (f-hg-k)
(f®g) (hok) (f-h)&(g-k)

Node Labeled Trees. Suppose that X = 3,,n > 0, is a ranked set, and
X = {x1,...,2,,...} is a countably infinite set of “variables” disjoint
from each set 3,,. We write X, for the set {xy,...,z,}.

A (possibly infinite) Y-tree ¢ : 1 — p is a rooted, finitely branching tree
whose leaves are labeled by letters in X, U ¥, and whose interior nodes
of outdegree n > 1 are labeled by letters in ¥,. Any such tree may be
modeled as a partial function ¢ : [w]* — U,>0%, U X, where [w] denotes
the positive integers, subject to the following conditions:

e The domain of ¢ is a nonempty, prefix closed subset of [w]*.

o If t(u) € X, for some u € [w]* and n > 0, then for any ¢ € [w],
t(ui) is defined iff 7 € [n].

o If t(u) € X, then t(ui) is not defined for any i € [w].

Let ¥ TR(1,p) denote the set of all such trees. The subset of trees in
Y TR(1,p) with a finite domain is denoted T%(X,). The tree 1 — p
whose root is a leaf labeled x;, ¢ € [p] is denoted i,,.
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One may compose a tree ¢ in ¥ TR(1, p) with a p-tuple of trees (g1, ..., g)
in ¥ TR(1,n) obtaining the tree denoted

t'<gla"'agp>

in ¥ TR(1,n) by attaching a copy of the tree g; to each leaf of ¢ labeled
x;, 1 € [p]. Note that

t-(1p..oypp) =t
ip {91 90) = 9 €D
We let X TR(n, p) denote the collection of n-tuples of trees in ¥ TR(1, p).

The Y-trees form a theory X TR, with n-tuples of ¥-trees in ¥ TR(1, p) as
morphisms n — p. A letter ¢ € ¥, is identified with the “atomic tree”

n(e):1—n

whose root is labeled o; the n-successors of the root are leaves, labeled
in order z1,...,x,.

For i € [p], the letter z; is identified with the tree n(x;), consisting only
of a root labeled x;.

The theory operation of tupling (g1, ..., ¢,) when applied to the n-tuple
(g1,...,9n) in X TR(1, p) produces the n-tuple (gi,...,g,), now consid-
ered a morphism ¢ : n — p. The composite of (t1,...,t;) : k — n with
this g is forced by (13) above to be defined as

(t1,...,tg)y-g = (t1-9,...,tx-q), ti:1—=n, g:n—s=p.
Note that if ¢ and the g; have finite domains, so does t- (g1, .. ., g,). Thus,
the finite trees form a subtheory of ¥ TR, denoted T%.

Ift:[w]—(U,2Xn) UX,isatree and u € [w*], we write ¢, for the tree
tu(v) = t(uww), ve W

A tree t is regular if the set {t, : v € [w*]} is finite. The collection of
regular trees determines another subtheory of ¥ TR, denote X tr.

Recall that when Y is ranked set, a 2-algebra B is a set equipped with
a function

og:B" —= B
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for each 0 € ¥,,. If B,C are X-algebras, a ¥-algebra morphism 5 :
B — (' is a function such that for all n > 0 and all ¢ € ¥,,,

h(O’B(bl, cey bn) = O'C(h(bl)v R h’(bn>>7

b; € B.

For each set p > 0, the sets ¥ TR(1, p) and Tx(1, p) are 3-algebras, where
foroc e ¥, t; € ¥TR(1, p),

o(ty, ..., ty) == o-{t1,... ty).
We take it that the following facts are well-known.

THEOREM 11.2 (FREE THEORIES) The theory Ty is the algebraic the-
ory freely generated by X2, i.e., for any algebraic theory T and any func-
tion h mapping ¥, — B(1,n), for each n > 0, there is a unique theory
morphism h* : Ty, — T such that

forallo e ¥,, n > 0.

12 Conway and Iteration Theories

DEFINITION 12.1 A preiteration theory is a theory equipped with a
dagger operation

for each n,p > 0. This operation need not satisfy any particular proper-
ties. A morphism ¢ : T — T’ of preiteration theories is a theory
morphism which preserves the dagger operation, i.e.,

p(ff) = ne(H, fin—sn+p.

Notation. In any preiteration theory, we let 1, , : n — p abbreviate
(1, ®0,)", and when p = 0, we write just L,, and when n = 1, just L.
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DEFINITION 12.2 A Conway theory is a preiteration theory satisfying
the following equational axioms:

1. PARAMETER IDENTITY

(f-Lwg)' = fg,

all f:n—n+p, g:p—q. Whenn =1, this equation is called
the scalar parameter identity.

2. COMPOSITION IDENTITY

(f'<ga0n@1p>)T = /- <(g'<f>0m@1p>)Ta 1p>a

all f:n—-m+p, g:m—n+p. Whenm =n =1, this equation
is the scalar composition identity.

3. DOUBLE DAGGER IDENTITY

fﬁ = (f ’ (<1na 1n> @ 1p))T>

all f :m — n+n+p. Whenn =1, this equation is called the scalar
double dagger identity.

A morphism of Conway theories is a preiteration theory morphism.

Since we have defined Conway theories by equations, they form a variety
of preiteration theories. We give several more non-trivial equations that
hold in Conway theories.

ProPOSITION 12.3 Fach Conway theory T satisfies the following iden-
tities.

1. (ELGoT) FIXED POINT IDENTITY
fT = f <fT71p>7

all f :nm — n+p. When n =1, this identity is called the scalar
fixed point identity.
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2. LEFT ZERO IDENTITY

(On@f>T = fa

all f :n — p. When n = 1, this identity is called the scalar left
zero identity.

3. RIGHT ZERO IDENTITY
(feo) = fleo,

all f :n — n+p. When n = 1, this identity is called the scalar
right zero identity.

4. PAIRING IDENTITY
all f:n—n+m+p, g: m—n+m-+p, where

ho= g {f{ 1nyy) :m—>m+p.

5. PERMUTATION IDENTITY
(m-f-r o) = - fh

forall f :n — n+p and for all base permutations m : n — n. Here
71 denotes the inverse of 7.

(There are several other axiomatizations of Conway theories, see [7].)

13 Iteration Theories

Suppose that G = (G, o) is a finite group on the set [n]. In each theory
T, we associate with G' the base morphisms p{ : n — n, i € [n], defined
by:

JorpE = (o) alljE] e,
p¢ = ((io 1), (i02)n,..., (1 on),).
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¢ From now on, we write just ij instead of ¢ o j. The morphism (ij),, is
the corresponding base morphism 1 — n. The morphisms p¢, denoted
sometimes just p;, are called the base morphisms associated with
the group G.

We define a morphism g : n — n + p for each scalar g: 1 — n + p.

g = (g-(pf@1,),...,9-(p§®1,)) :n—=n+p,

where 7, : n — 1 is the unique base morphism.

DEFINITION 13.1 The group-identity associated with G is the equa-
tion

9 = T (g-(moL), g:l—sn+p (14)

EXAMPLE 13.2 Suppose that G is the group of order 3. Then the identity associated
with G is the equation

(f, f-((23,33,13) & 1,), f-((33,15,2) & 1,)1 = 7 (f (@1,

where f: 1 — 3+ p.

DEFINITION 13.3 An iteration theory is a Conway theory which sat-
isfies all identities associated with finite (simple) groups. A morphism of
iteration theories is a preiteration theory morphism.

Free iteration theories are also tree theories.

Let X be a signature, and let L be a letter not in any set >,. X, is
the signature obtained from Y by adding the letter L to ¥Xy. In the tree
theory X, tr, 1, = 1.

THEOREM 13.4 [7] For any signature X2, the theory X, tr of reqular X -
trees is the iteration theory freely generated by 3; for any iteration theory
T and any function h : X — T which maps o € ¥, to a morphism
h(o):1—=mniinT, alln >0, there is a unique iteration theory morphism
h# X, tr — T such that

forall o € ¥, n > 0.
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EXAMPLE 13.5 Let L = (L, <) be a complete (or just w-complete) poset. Let Tp,
denote the theory whose morphisms 1 — n are the continuous (i.e., sup preserving)
functions L™ — Lj; the composite of f : 1 — n with (g1,...,gn) : n — p is the function

et I

For each continuous f : L""? — L™ and each a € LP there is a least b € L™ such that
b= f(b,a). This b is denoted ub. b = f(b,a). It was shown in several places that Tp,
is an iteration theory, where, for f:n — n+p, (ie., f: L™ — L")

fT(a) = pb. b= f(b,a).

There is a number of classes of theories whose identities are captured by
the axioms of iteration theories.

THEOREM 13.6 [7] An identity holds in all iteration theories iff it holds
in all theories Ty, for w-complete posets L.

Other representative classes are theories in which the fixed point opera-
tion is a “unique fixed point”, or alternatively, an “initial fixed point”.
See [10] for a thorough account.

A sufficient condition that a Conway theory satisfies the group identities
is that it satisfies the implication we have called the weak functorial
implication. (Actually, there is one such implication for each n > 1.) A
preiteration theory satisfies the weak functorial implication if, whenever
the square

n ! n—+p
Tn T®1p
1 5 1+p
commutes, then so does
ft
n p
Tn
g
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Here, 7,, : n — 1 is the unique base morphism.

For example, when L is an w-complete poset, T}, satisfies the weak func-

torial implication, since

J1 = sup s,
k

where the powers of f are defined by:

f(l) — f'(Ln€91p)
FED = (f® 1),

Similarly, g" = sup ¢®). But, for each k > 0,

0= gk,
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